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Fixed particle number constraint in a simple model of a thermal expanding
system and pp collisions at the LHC
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Two-boson momentum correlations at fixed particle number constraint are studied in a simple
analytically solvable model of a thermal expanding system. We show that the increase of expansion
rate, as well as increase of particle multiplicity, enhances the ground-state contribution to particle
momentum spectra and leads to suppression of the Bose-Einstein momentum correlations. The relations of
these findings to the multiplicity-dependent measurements of the Bose-Einstein momentum correlations in

high-multiplicity p + p collision events at the LHC are discussed.
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I. INTRODUCTION

Notwithstanding the evidence of the hydrodynamic
expansion in high-multiplicity p + p collision events at
the CERN Large Hadron Collider (LHC), for recent
reviews see, e.g., Refs. [1,2], robust interpretation of the
multiplicity-dependent Bose-Einstein momentum correla-
tions of identical particles created in such collisions is still
absent. To a good extent this is due to the fact that some
peculiarities of the data, such as saturation effect in the
multiplicity dependence of the interferometry correlation
radius parameters (so-called HBT radii) for high charged-
particle multiplicity [3,4], as well as low values of the
correlation strength parameter A [3,4], are at variance with
the expected behavior for emission from hydrodynamically
expanding thermalized systems.1 A systematic and quanti-
tative analysis and theoretical interpretation of the multi-
plicity-dependent Bose-Einstein momentum correlations
may therefore elucidate the nature of the particle emitter
in p + p collisions at the LHC in crucial ways.

In a recent paper [6], fixed particle number constraint
was applied to a quantum-field thermal state of the non-
relativistic ideal gas of bosons at fixed temperature trapped
by means of a harmonic chemical potential. It was

'Let us make a reservation, however, that a semiquantitative
prediction of the saturation effect for the interferometric radii at
large multiplicities in p + p collisions, assuming thermalization
and hydrodynamic expansion of the arising system, was under-
taken, in fact, in Ref. [5].
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demonstrated in this paper that increase with N of the
particle number density is accompanied for fairly high N by
the noticeable ground-state Bose-Einstein condensation,
and that such a condensation leads to suppression of the
two-boson momentum correlation function. It is worth
noting that this effect takes place at fixed N in the thermal
ensemble where averaged over all multiplicities mean
particle number density is below the critical one and,
therefore, there is no grand-canonical ground-state con-
densation. In the present work, we further develop the
model of Ref. [6] aiming to account for the system’s
expansion and thereby to bring the model closer to p + p
collision experiments. We find an exact analytical solution
of the quantum thermal model with the system’s expansion
and show that suppression of the Bose-Einstein momentum
correlations, i.e., decrease of the A parameter, is increased if
intensity of the flow increases. We attribute such a
suppression to the ground-state contribution to particle
momentum spectra and suggest that certain features of the
multiplicity-dependent two-boson momentum correlations
at high multiplicities in p + p collisions at the LHC can be
interpreted as a signature of the presence of ground-state
condensate.

I1. QUASIEQUILIBRIUM STATE OF EXPANDING
NONRELATIVISTIC BOSON FIELD

We begin with a brief overview of a standard procedure
for constructing a relevant statistical operator p (see, e.g.,
Ref. [7]). It has been known for a long time (see Ref. [8])
that for a given set of relevant observables A, the actual
expectation values of which (A,)(¢) are known at some
given time, the statistical operator p(t), “least biased” as for
unmonitored degrees of freedom, can be found from the
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maximum of the von Neumann entropy, S = —Tr[pInp],
subject to the constraints

(An) (1) = Tr[A,p(1)], (1)

Trlp(s)] = 1. (2)

This can be done by varying the functional §'[p'], where
a,(t) and (®(¢) — 1) are Lagrange multipliers,

S'lp'] =D an(Tr[A,p] = (A,))
— (@ = 1)(Tr[p] - 1), (3)

with respect to p’ and then putting variation 55’ [p'] equal to
zero,

= —Trlp' Inp/|

68'[p'] = =Tr Kln p+®+ ZanAn> 5/;’} =0. (4
It yields

o0 = Sewp(- > a0 Ar). 5)

=Tr [exp( Za )} (6)

is the normalizing factor making Tr[p(¢)] = 1. The statistical
operator (5) is sometimes called the relevant statistical
operator. One can see that it corresponds to the generalized
Gibbs state described by some set of observables. If a true
state of a system is unknown or very complicated, then one
can utilize reduced (incomplete) description (5), character-
ized by the knowledge of mean values of some observables
only, to make a reasonable estimate of any other observable
B at that time by means of the equation (B)(¢) = Tr[Bp(t)].
The crucial point here is the choice of the set of relevant
observables, which is adequate for the reduced description
of a system. For example, for a thermalized hydrodynami-
cally expanding system, the relevant observables are the
energy-momentum tensor and currents of conserved quan-
tities. The corresponding relevant statistical operator for
such a system is called sometimes the “quasiequilibrium
statistical operator.”

Here, to make the problem tractable, we choose
as relevant observables mean values of energy and momen-
tum density, as well as particle number density, of a
free nonrelativistic scalar field defined at some moment
of time. We begin with the Lagrangian density for a
free real relativistic scalar field in Minkowski spacetime
x = (t,r), r=(x,y,z) [we use the convention ¢"’ =
diag(+1,-1,-1,-1)],

where

Z = exp(®)

L (op\? 1 [(09\? m?
(o) () 5o

The canonical momentum field is then 7 = éﬁ, where an
overdot denotes a derivative with respect to time, and the
Hamiltonian density is given by

1
H = Eﬂ'z
where V = (0, 0,,03) = (d/dx,d/dy,d/dz). The corre-
sponding energy-momentum tensor reads

2
b (VR + g Q

™" (x) = P — g™ L. 9)

There are different methods to arrive at an effective
nonrelativistic description for a real scalar field. Typically
these methods start with an appropriate field redefinition.
Here, for the sake of convenience, we relate the complex
nonrelativistic field ¥ to the real relativistic field ¢ by using
the relations (see, e.g., Ref. [9])

¢(t,r) = (e=™Y(t,x) + e™Wi(z,r)), (10)

1
\V2m

z(t,r) = —i\/%(e—"mﬂll(z,

Equations (10) and (11) give a one-to-one mapping
between the complex-valued ¥ and the real-valued ¢
and its conjugate momentum z. The quantization prescrip-

tions [p(r. 1), 2(r.v')] = i@ (r =), [p(t.¥). p(1.7)] =

[z(2,r), z(¢,1')] = O result in the commutation relations

r) —e™¥i(s,r)).  (11)

[W(t,r), ¥ (1,1)] = 6 (r - 1), (12)

and
[P(z,r),¥(t, 1) = [‘PT(t, r),‘l”(t, r)]=0. (13)

The Fourier-transformed operators are defined as

W(t,p) = (21)3/2 / Pre- (i r),  (14)

Wi(1,p) = (21)3? / Pre®¥i(rr).  (15)

They satisfy the following canonical commutation
relations:

[¥(z.p). ¥'(1.p)] = 6 (p — P'). (16)
and
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[¥(r.p). ¥(t.p")] = [¥'(t.p). ¥'(r.p")] =0.  (17)

In order to take the nonrelativistic limit in the
Hamiltonian density, one can substitute Eqgs. (10) and
(11) into Eq. (8). The corresponding expression contains
rapidly oscillating terms proportional to e*2™¢, These terms
are usually neglected in the nonrelativistic limit, because in
the limit of large m they average to zero on timescales
larger than 1/m, and the remaining terms are expected to be
slowly varying compared to the timescale 1/m. We then
obtain the following nonrelativistic Hamiltonian density®:

1
H(t.r) = T(,r) = - VEVE' + mP¥". (18)

In a similar way, using Eq. (9) and neglecting terms with
fast oscillatory factors e®™, we obtain that (j = 1, 2, 3)

TO (1, 1) = —%(q‘aﬁw —pioiw). (19)

In the nonrelativistic approximation, the particle number
density is given by

N(t.x) = P, (20)

The quasiequilibrium statistical operator, associated
with the expectation values of the selected observables
(18)—(20), reads’

1

== 21
p=h (21)

where Z is the partition function,

Z =Trlp], (22)
and
P =exp [— / drp(r) <1 7%
1 —u’(r)
l/lj (r) 0i
+ T — u(r)Pe' | |. (23)
1 —u(r)
Here = 1/T is inverse temperature, u = (u',u?, u?)
(u; = —u') is collective velocity, u is chemical potential,

j=1,2, 3, and summation of repeated indices is implied.
Given (18) and (19), we may now consider the effective
description for such a model in the nonrelativistic limit

It is noteworthy that this expression can be also obtained as a
leading term in a low-energy (p?>/m? < 1) expansion by using a
nonlocal field redefinition proposed in Ref. [9] instead of the
local one defined in Eqgs. (10) and (11).

3For simplicity, we will suppress the dependence on 7.

. 1,2 ~ o
when —=——~ (1 +3u”) and \/1‘17 ~ u. Then, taking into
account that u?(3- V¥VY' + mP¥") » w?mP¥’ in the
nonrelativistic limit of large m, we obtain

L 00 L T - T
(1+2u (r))T ~2mV‘PV‘I’ +m 1—|—2u (r) |PY'.
(24)

Finally, taking into account Egs. (18), (19), and (24), one
can rewrite (23) in the form

where
fi=p—m. (26)

If actual expectation values (7%) = 0, then u = 0 and
the quasiequilibrium statistical operator (25) describes a
nonexpanding system of noninteracting nonrelativistic
bosons. Below we demonstrate that the quasiequilibrium
statistical operator of an expanding system, see Eq. (25),
can be rewritten to such a form by means of a simple
unitary redefinition of ¥ and W' fields, if the collective
velocity u belongs to the class of the potential velocity
fields,

u(r) = —%Vﬁ(r), (27)

where 6 is a dimensionless flow potential. For this aim let
us rewrite the operator-valued fields ¥ and W' in terms of
the fields ¥ and W' as follows:

P(r) = e ?P(r), (28)
Wi (r) = 00§ (1), (29)
One can see that
[(r). ¥ ()] = 6% (r — 1), (30)
and
[(r). ¥(r)] = [¥'(r). ¥'(r)] = 0. (31)

Substituting (28) and (29) into (25) and accounting for
Eq. (27), we have
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p=exp [— / Brp(r) (ﬁ =iV D[V — g(r)w*ﬂ .
(32)

Hence, we obtain that the quasiequilibrium statistical
operator p = p/Z describes the expanding state of field
Y, see Eq. (25), and nonexpanding state of the transformed

field ¥, see Eq. (32).

II1. FIXED PARTICLE NUMBER CONSTRAINT IN
EXACTLY SOLVABLE MODEL OF THE
QUASIEQUILIBRIUM STATE

Calculations of expectation values with statistical oper-
ator are significantly simplified if the corresponding stat-
istical operator can be diagonalized in some representation.
To make it possible with the quasiequilibrium statistical
operator p, see Egs. (21), (25), and (32), below we assume
that f# = 1/T is constant and that the chemical potential
A(r) reads

A m *
pr) = =2 (@2l + 2 (33)

where u* = const. Such a choice for the chemical potential
means a ‘“harmonic trap” distribution of particles. Then
Eq. (32) takes the form

.[7 = e—ﬁK’ (34)

where K is defined by

K= / d%‘i‘Wr)(—ﬁVz—ﬁ(r))‘i‘(r). (35)

It is worth noting that K does not commute with the
Hamiltonian H = f d*rH(t,r), see Eq. (18). Therefore, the
zero-temperature ground state of the statistical operator is
an eigenstate of K but not of H.

It is well known that K, see Eqgs. (33) and (35), can be
diagonalized in the oscillator representation

V) = 3 aln kDb B O)EE).  (36)

n,k,[=0

where the creation a'(n,k,[) and annihilation a(n,k,[)
operators satisfy the commutation relations

la(n k1), a" (0", K 1')] = 8, Sibir. (37)
and

la(n,k, ), a(n' K1) = [a'(n, k1), a" (0, K, I')] = 0.
(38)

Functions ¢,(x), ¢;(y), and ¢,(z) are the harmonic
oscillator eigenfunctions, for example,

- G)oo(46))

(39)
where H,(x/b,) is the Hermite polynomial, and
1
€, = Wy <n + —) , (40)
2
b, = (mw,)~"/2. (41)

In such a basis, the K reads

K= (€, + €x + e, —p)al (n, k, Da(n, k,1). (42)
=0

n,k,l

This implies that statistical operator p = p/Z involves
states with a various number of particles N and describes
a grand-canonical ensemble.* To consider the canonical
subensemble, where the number of particles is fixed, one
needs to make the corresponding projection and define the
canonical statistical operator,

1

=—)p 4
PN ZNPN’ (43)

which corresponds to subensemble of events with fixed
particle number constraint. Here py = PypPy, where Py
is the projection operator that automatically invokes the
corresponding constraint, and Zy is the corresponding
canonical partition function that is needed to insure the
probability interpretation of the ensemble obtained in the
result of this projection, Zy = Tr[py]. Corresponding
formalism was developed in Ref. [6] and the reader is
referred to this paper for details of the calculations. Taking
into account that p does not depend on y* [this depend-
ence is factored out in Eq. (43)], one can rewrite Eq. (43) as

1
_ ~0
PN = Z?V PN- (44)

Here we denote py and Zy associated with u* = 0 as p
and Z%, respectively. The canonical partition functions
satisfy the recursive formula [10]

“Note that the mean particle number (N), defined by the grand-
canonical ensemble, as well as the particle number N, are the
same for P, ‘i’, and a particles because transformations (28) and
(36) do not mix creation and annihilation operators and preserve
the standard commutation relations.
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nZ) = ZZe-Yﬂﬂzz - (45)

where & =¢,,,=¢,+¢& +e, Z)=(000)=1, and
n=1,...,N.

The goal of this study is to evaluate the two-boson
momentum correlation functions at fixed multiplicities for
an expanding system. Such a correlation function is defined
as the ratio of the two-particle momentum spectrum to one-

particle ones and can be written at fixed multiplicities as

<\PT <P1)‘PT(P2)\P(P1)\P(P2)>N
<TT (P )lP(Pl)>N<‘PT (P2)¥(P2))n

Here and below (...)y =Trlpy..., k= (p; +p2)/2,
q=p,—PpP;, and Gy is the normalization constant.
The latter is needed to normalize the theoretical Bose-
Einstein correlation function in accordance with normali-
zation that is applied by experimentalists: C**P(k,q) — 1
for |q| = oo.

The assumption of the potential velocity field (27) and
transformations (28) and (29) allow one to apply for
calculations of the one- and two- particle spectra the same
technique that was used in Ref. [6] for a nonexpanding
system. We start by using expectation values of operators a
and o' (these expressions are calculated in Ref. [6] and are
provided below for the reader’s convenience),

Cy(k,q) = Gy

(a* (J1)a J,JZZE”I’S“ 'Y (47)

(@' (J1)a' (32)a(is)a(ia))y
N—1 N—s 0

! Z !
_ spej, ,—s'Pej; “N—s—
= (5j1j45j2J3 +5J1J35J2J4 Zze Ve P Z?i/ =,

s=1 ¢=1

(48)

where for notational simplicity we write j instead of
(n,k,1). The next step is to utilize Eqgs. (47), (48), and
(36) to obtain expectation values (¥'(r;)¥(r,))y and

(W ()W ()W (r3)®(ry)) . Then, for example,

(7 () W(r2))
0 00 [e] (o]
= Zzg szz & (x1) P (1) (21) P (x2)
s=1 n=0 k=0 (=0
% ¢k( ) (Zz) sﬂw —spw n+k+1) (49)

where the eigenfunctions are defined by Eq. (39). In order
to keep things as simple as possible, here and below we
assume that o, = w, = 0, = w, then by, =b,=b, =
and

b = (mw)™"2, (50)

see Egs. (39) and (41). Utilizing the integral representation
of the Hermite function,

b\" b oo
.(5) = (5) s [ e o

one can simplify corresponding expressions. This was done
in Ref. [6], and the results can be written as

N 0
(P (r)W(ry))y =D D D(ry. 1y, fos),  (52)
s=1 N

Z

N—1 N—s ZON—;—; R
- Z Zb ((D(l'l, rs, ﬂws) (rg, Iy, ﬂa)s )
s=1 s'=1 N
+ (1, 1y, fs)D(ry, 15, fws’)) (53)
where
1 1
&(ry, 1y, fs) = (2x)32 » (sinh(fws)) >/
wexp [ FitTT
P\ ™ 267 tanh (ps)
rr
5 54
X exp(bz smh(ﬁws)) ( )

To evaluate particle momentum spectra for an expanding
system, one needs first to specify the velocity profile. Here,
for the purpose of illustration, we chose flow profile in the
linear isotropic form,

u(r) = «r. (55)
Then the solution of Eq. (27) can be written as

o(r) = — m’;‘a . (56)

Equation (56) allows us to relate ¥ with ¥, see Eqgs. (28)
and (29), and thereby to define the expectation values
(P¥(r))¥(ry))y and (¥ (r,) ¥ (ry)P(r;)'¥(ry))y for an
expanding system. It is then a simple matter to perform
Fourier transformations and calculate one- and two-particle
momentum spectra, which are defined as corresponding
expectation values for Fourier-transformed field operators
(14) and (15). The results are
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Zy-
Zy

@(py. p1. fws.x),  (57)

N—1 N—s ZO ,

=303 B (s, ) o s )
s=1 s'=1 N
+ @(p1. p2. fws. ) P(pa, P1. foos’ k), (58)

respectively. Here we introduce notation

¢(pl » P2, ﬂws7 K)
B 4 mAbt) 2

bz
xp (_ 4(1 + m’2bY)

(2 sinh(Bws))3/?
pos\  (p2—p1)’
X {(Pl + P2)2 tanh (T) + 7tanh(ﬂ—§”)
+2i(p3 — p%)mkbz] ) ) (59)

One can see that, for a nonexpanding system, i.e., for x = 0,
Eqgs. (57)—(59) are reduced to the corresponding expres-
sions presented in Ref. [6].° Furthermore, one can easily see
that

|(D(plvp27ﬁa)s”<)| :§3|¢(§p1,§p2,ﬂws,0)|, (60)

where

1
- <1
V1 + m*2b*

Finally, to completely specify the two-boson correlation
function (46), one needs to estimate the normalization
constant Gy. It can be realized by means of the limit
|q] — oo at fixed k in the corresponding expression. One
can readily see that proper normalization is reached if

ZO ZO 2
Gy = -2 ( N-') ) 62
N 0 ZIOV ( )

ZN—Z

§= (61)

This value coincides with normalization constant calculated
in Ref. [6] for a nonexpanding system. Equations (46),
(57)—(59), and (62) serve in the next section as the starting
point for the investigation of multiplicity and flow depend-
encies of two-particle Bose-Einstein momentum correla-
tions at fixed particle number constraint.

Note that here we slightly simplified and optimized the
notations as compared to Ref. [6].

IV. TWO-BOSON MOMENTUM CORRELATIONS
AT FIXED MULTIPLICITIES IN THE THERMAL
MODEL OF AN EXPANDING SYSTEM

In the following, we focus on the multiplicity and flow
dependencies of the correlation function (46). Below we
assume that the model provides qualitatively reasonable
estimations of these dependencies beyond the nonrelativ-
istic region p?/m* < 1. To discuss relations to p + p
collisions at the LHC, we utilize for numerical calculations
the set of parameters corresponding roughly to the values at
the system’s breakup in p + p collisions at the LHC
energies. For specificity, we take the particle’s mass as
of a charged pion, m = 139.57 MeV, and the temperature
T = 150 MeV. Following Ref. [6], we introduce parameter
R such as

|
Y= RVpm

and treat R as a free parameter instead of w. For R we use
1.5 fm. Using Eq. (63), one gets

(63)

and

b - - ATR, (65)

1
N/ mw
where Ay is the thermal wavelength, which we defined as

Ap = ——. (66)

It is convenient to relate parameter « in Eq. (55) with a
physically meaningful parameter in relativistic particle and
nucleus collisions, namely, with mean flow velocity of the

system at fixed particle number constraint /(u?),, where

[ dxdydzu* (¥ (r)®P(r))y

(u2),, = |
N [ dxdydz (P (r)¥(r))

(67)

Substituting (55) into the right-hand side of Eq. (67), we
have

(u?)y = k*(r?)y = 3> (x?) . (68)
where

[ dxdydzx* (¥ (r)®P(r)) y

() = |
N7 [dxdydz{(¥F(r)®(r))y

(69)

Because of relations (28) and (29), (¥ (r)¥(r))y =
(¥ (r)¥(r))y, thereby the mean spatial size of the system
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R=15fm
N —— k=0.0 fm!
0.5 \.\ -=-- k=0.1 fm™
~. —= k=0.2 fm™?
~.
~.
~.
044 e
=
A 0.3-
o
S S~ao
vV | Tl
024 T e L
0.1
0.0
0 10 20 30 40 50 60
N

FIG. 1. The +/(u?)y dependence on N at different x.

at fixed multiplicity /(x?)y does not depend on intensity
of flow. A corresponding expression has been calculated in

Ref. [6]. For the used set of parameter values, \/(x?)y is
close to R. Figure 1 shows mean flow velocity at fixed

multiplicity /(u?) as a function of N for several different
values of the strength of the expansion parameter . For k
we use 0.0, 0.1, and 0.2 fm™.

Then we investigate how the two-boson momentum
correlation function (46) is affected by the flow. The
results are plotted in Fig. 2 for various values of k at
k =10.25 GeV/c. One can see that the intercept of the
correlation function Cy(k,0) decreases when the strength
of the expansion parameter x increases.

To have some insight into why it happens, it is useful to
calculate the ground-state contribution to particle momen-
tum spectra, n(,)\,(p, k). To derive this expression, one needs

R=1.5fm, N =20, k =0.25 GeV/c

1.6
—— k=0.0fm™!
-—- k=0.1fm™?!
L3N] —- k=02 fm™!

0.9

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
q(GeV/c)

FIG. 2. Correlation functions with k = 0.25 GeV/c, N = 20,
R = 1.5 fm at different k. See the text for details.

to take k =7/=n =0 in Eq. (49), and then follow the
derivation of the one-particle momentum spectrum
ny(p,x) = (7 (p)¥(p))y, see Eq. (57). The result is

n(p K):XN:ZON““ bre Ve exp| — b’
NAE? 2% B (1+m2b*)/ 1+ m22b* )

s=1

(70)

While ny(p, ) and n%(p, ) both depend on & and thereby
on «,

ny(p.x) = 53’11\1(51’70)» (71)

n(p. k) = Enf(ép.0), (72)

see Egs. (57), (59)—(61), and (70), the occupation of the
ground state Ny = [d’pn%(p,«) and the ground-state
condensate fraction Ny/N do not depend on x at fixed
N. On the other hand, because n%(p,0)/ny(p,0) is a
decreasing function of particle momentum, we obtain
that n%(&p,0)/ny(£p,0) increases when ¢ decreases.
Accounting for Eq. (61), we then conclude that an increase
of x results in an increase of the n%(p,«)/ny(p, k) ratio,
because

ny(p.x) _ ny(ép.0)
ny(p.x)  ny(ép.0)’

(73)

see Eqs. (71) and (72). In Fig. 3 we plot this ratio as a
function of particle momentum for several different values
of the x parameter. The curves show that the ground-state
fraction of the particle momentum spectra increases at
moderately high momenta when « increases, signaling the

R=15fm, N =20

— k =0.0 fm™!
-=-- k=0.1fm™

0.00 0.05 0.10 0.15 0.20 0.25 0.30
p(GeV/c)

FIG. 3. The n%(p)/ny(p) ratio as a function of particle
momentum p for N = 20, R = 1.5 fm, and for several different
values of k. See the text for details.
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increasing importance of the ground-state contribution to
particle momentum spectra. This implies that particle
emission at such momenta becomes more coherent when
intensity of flow increases, leading thereby to the decrease
of the intercept of the two-boson momentum correlation
function: It is well known that the intercept of the two-
boson momentum correlation function for a chaotic emis-
sion is equal to 2, and that the intercept is equal to 1 for a
coherent emission; see, e.g., Ref. [11].

One observes from Fig. 2 the essential non-Gaussianity
of the correlation functions beyond the region of the
correlation peak. Such a non-Gaussianity was discussed
for a nonexpanding system in Ref. [6], where it was
demonstrated that Cy(k,q) can be rather well fitted by
the two-Gaussian expression. If the fitting procedure is
restricted to the correlation peak region, then the correlation
function is well fitted by the one-Gaussian expression

CY(k.q) = 1 +A(k, N)e RN (74)
where 1 + A(k, N) is equal to the intercept of the corre-
lation function Cy(k, 0). In order to make contact with the
previous findings of Ref. [6], one can relate correlation
functions of an expanding system Cy(k, q, k) with the ones

for a nonexpanding system Cy(k,q,0). This can be
accomplished using Egs. (46) and (57)—(60). The result is

C(k.q.x) = Cy(¢k.£q.0). (75)
This relation means, in particular, that

Ak, N, k) = A(Ek, N, 0), (76)

Rupr(k, N, k) = {Rupr(¢k. N, 0). (77)

R= 1.5fm, k= 0.25 GeV/c
0.8

— k=0.0fm™?
NS -=-- k=0.1fm™!
074 < —- k=02fm!
0.6
—
4
~ 05
=
~<
0.4 1
0.3
0.2 , , , , ,
10 20 30 40 50 60
N

FIG.4. The Aatk = 0.25 GeV/c for several different values of
k. See the text for details.

It follows from Eq. (77) that increase of « at fixed £k results
in decrease of Rygrt.

Figure 4 displays the A parameter as a function of N for
various values of k. All three curves reveal a consistent
trend: increase of N results in decrease of the A parameter,
1.e., the intercept of the correlation function is reduced.
Reasons for such a behavior were discussed in detail in
Ref. [6]. In short, increase of N results in an increase of the
value of the ground-state fraction Ny/N, leading for fairly
high N to the noticeable Bose-Einstein condensation in the
corresponding ground state of the fixed N canonical
ensemble state. Such a condensation strengthens the
coherent properties of the canonical ensemble state and
results in the decrease of the intercept of the two-boson
momentum correlation function when N increases.

Figure 5 shows Rygy fork = 0.0 and x = 0.2 fm~! as a
function on £ for several different values of N. One can see
that, unlike the mean spatial size, Rygr depends on the
intensity of flow.° Also, one observes from this figure that,
similar to zero flow results presented in Ref. [6], the
interferometry radii are independent of N at moderately
high pair momenta.

Finally, let us discuss possible relations of this model
with high-multiplicity p + p collision events at the LHC.
For the purpose of illustration, we show in Fig. 6 some
experimental data presented by the ATLAS [3] and CMS
[4] Collaborations. It is worth noting that analysis proce-
dures applied by the ATLAS and CMS Collaborations are
quite different, therefore additional adjustment (which is
not done in Fig. 6) is needed for direct comparison of the
results, see Ref. [4] for details. First of all, one can deduce
from the published data (see Fig. 6, left) that the two-boson
momentum correlation radius parameters are small,’” com-
patible with the pion thermal wavelength, and do not
change much with the collision energy. The latter seems
to be natural if the actual size of the system is related to the
mean multiplicity,8 because at high energies, where
increase of the collision energy might be accompanied
by the increase of the expansion rate, the mean multiplicity
increases rather weakly with energy of collisions. Notice
that small size of the system, together with the high rate of
expansion (see, e.g., Ref. [13]), allow one to expect that
there is no prolonged post-thermal stage of hadronic kinetic
evolution, and therefore observed particle momentum
spectra are not strongly influenced by the final-state
hadronic rescatterings (apart from the Coulomb final-state

®Note that decrease of interferometry radii when intensity
of flow increases can be interpreted as the decrease of “homo-
geneity lengths” [12] (sizes of the effective emission region).

"The results for exponential fits are shown. To compare the
values of the radius parameters obtained from exponential and
Gaussian fits, the R value of the Gaussian should be compared
with R//7 of the exponential form, see Ref. [3].

*We do not consider here effects conditioned by shape
fluctuation of nucleon, see, e.g., Ref. [2] and references therein.
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FIG. 5.
function of the pair average momentum k.
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HBT radii obtained from the one-Gaussian fit of the two-boson correlation function for several different values of N, as a
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FIG. 6. The radius parameters obtained from exponential fits (left) and A1 parameters (right), as a function of multiplicity. See

Refs. [3,4] for details.

interactions, decays of resonances, etc.). Then, the satu-
ration of the radius parameter with charged-particle multi-
plicity (see Fig. 6, left, and Refs. [3,4]) can indicate
increase of the particle number density at momentum
freeze-out for large values of charged-particle multiplicity.
The latter, according to our analysis, results in the ground-
state condensation. Such a condensation enhances the
coherent properties of particle emission and, therefore,
leads to decrease of the A parameter. Interestingly enough,
the experimental A (see Fig. 6, right, and Refs. [3,4]) are
rather small and, in fact, smaller than in relativistic heavy
ion collisions, indicating the possibility of the formation of
condensates in high-multiplicity p + p collision events.
This observation is not conclusive, however, because the A
parameter absorbs and reflects many effects, in particular,
particle misidentification, contribution from decay of
long-lived resonances, etc. Because of these complications,

theoretical description and model fitting of the 1 parameters
have so far received little attention, especially in compari-
son with the HBT radii. It seems, however, that in order to
reveal ground-state condensate contribution to particle
momentum spectra one needs to discriminate different
contributions to the 4, and fit the A4 parameters for various
energies of collisions.

V. CONCLUSIONS

In the present paper we study two-boson momentum
correlations at fixed particle number constraint in a simple
analytically solvable model of a small thermal expanding
system. For specificity, we use parameter values that
correspond roughly to the values at the system’s breakup
in p + p collisions at the LHC energies. We show that
correlation strength parameter A decreases with multiplicity

096035-9



ADZHYMAMBETOV, AKKELIN, and SINYUKOV

PHYS. REV. D 105, 096035 (2022)

and that the HBT radius parameter tends to a constant at
moderately large momenta when multiplicity increases.
Both effects take place also at zero expansion velocity, see
Ref. [6], and are associated with the increase of the ground-
state fraction Ny/N at fairly large N when N increases.
Furthermore, we find that the interferometry radius param-
eter at fixed multiplicity decreases when the flow increases
and that the same is valid for correlation strength parameter
A. While the decrease of the interferometry radius param-
eter takes also place for averaged over multiplicities
inclusive measurements of emission from thermalized
expanding systems [12], the decrease of the A parameter
is specific for multiplicity-dependent measurements. We
argue that the decrease of the A parameter is conditioned by
the increase of the ground-state contribution to the particle
momentum spectra when the flow increases, i.e., by the
increasing values of the n%(p)/ny(p) ratio. We expect the
main points of our analysis, such as N dependencies
of particle momentum spectra and correlations, to hold
if relativistic corrections are taken into account and
suggest that certain features of the multiplicity-dependent
measurements of the Bose-Einstein momentum correlations

in high-multiplicity p 4 p collision events at the LHC
can be conditioned by the presence of ground-state
condensates.

We do not discuss here momentum dependencies of the
correlation parameters at fixed multiplicity. For such an
analysis considered simple nonrelativistic quantum-field
model of the quasiequilibrium state cannot be applied, and
relativistic extension of the model should be necessary. We
hope that our paper will help stimulate research efforts in
this and related directions.
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