PHYSICAL REVIEW D 105, 096021 (2022)

Linear mode analysis and spin relaxation

Jin Hu
Department of Physics, Tsinghua University, Beijing 100084, China

® (Received 9 March 2022; accepted 8 May 2022; published 18 May 2022)

In this paper, a detailed analysis on normal modes of the linearized Hermite collision operator is
presented, which follows from linearizing spin Boltzmann equation for massive fermions proposed in
[Phys. Rev. D 104, 016022 (2021)] with the nondiagonal part of the transition rate neglected and
approximating what we got with a mutilated operator. With the assumption of total angular momentum
conservation, the collision term is proven to well describe the equilibrium state and gives proper
interpretation for collisional invariants, thus is relevant for the research on local spin polarization.
Following the familiar fashion as used in quantum mechanics, we treat the problem of solving normal
modes as a degenerate perturbation problem and calculate the dispersion relations for intriguing eleven zero
modes, which form one-to-one correspondence to all collisional invariants. We find that the results of
spinless modes appearing in ordinary hydrodynamics are consistent with available conclusions in
textbooks. As for spin-related modes, we obtain the frequencies up to second order in a wave vector
and relate them with the dissipation of spin density fluctuation. In addition, the ratio of two relaxation
timescales for spin and momentum is shown as a function of reduced mass, which reads that based on
present framework spin equilibration is almost as slow as momentum equilibration as far as the strange

quark spins in quark gluon plasma (QGP) are concerned.

DOI: 10.1103/PhysRevD.105.096021

I. INTRODUCTION

Recent developments in the experiments of relativistic
noncentral heavy-ion collisions have seen great progress in
measuring the net spin polarization of A and A hyperons
[1,2]. In the early stage of evolution of the hot, dense matter
produced in noncentral heavy-ion collisions, the medium
carries a huge total angular momentum that is converted
into spin angular momentum of the particles of final states
via spin-orbit coupling. Theoretical researches on the
global polarization of A hyperons have long attracted
extensive interests and corresponding numerical results
satisfy experimental data well [3—11]. However, they have
difficulties in providing satisfying explanations for the
measurements of differential spin polarization, i.e., the
dependence of A polarization on the azimuthal angle and
transverse momentum [12,13], which is usually called the
“spin sign problem” [14,15]. Resolving this problem calls
for new theoretical frameworks and concerns one still
unsettled question of how strange quark spin comes to
equilibrium. There are two possible mechanisms by which
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strange quark spin could equilibrate. One is that fluctua-
tions of the vorticity will drive the spins toward equilibrium
just as fluctuations around an external magnetic field do,
the other is dynamic mechanism originating from the
scatterings between strange quarks and other particles
within the medium [16]. If taking an analogy with the
transport equation, the proposed mechanisms exactly refer
to the external field term and the collision term. We here
address that the crucial point for answering these questions
lies in the appropriate extraction of spin equilibration
timescale. In short, the new framework must take into
account the influence of dissipation instead of treating spin
as an independent equilibrated quantity. Among all the
candidates, spin hydrodynamics and spin transport are
thought to be promising. Spin hydrodynamics extends
the description of ordinary fluid theory by including spin
degree of freedom, based on which the relaxation of spin
and the evolution of vorticity become the focus of theo-
retical research, while spin transport, namely, focuses on
constructing a consistent theory for both spin and momen-
tum transport. Though, in principle, the latter possesses a
wider range of application, the constructed transport
equation on the market is too involved to be solved on
account of the complexity and nonlinearity.

There are many developments in the investigation of spin
hydrodynamic. Among them, “ideal” spin hydrodynamics
was proposed in the context of the QGP [17] and for
massive spin-1/2 fermions [18]. Recently, first-order spin
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hydrodynamics including nonequilibrium corrections has
also been put into efforts [19-23]. In a recent work, the
authors construct a second-order spin hydrodynamic theory
based on the method of moment expansion [24] from spin
transport equation [25,26], which is also our starting point
for linear mode analysis. As a reminder, one can also see
[27-33] for continuous efforts on the research of spin
transport theory.

In this paper, we present a detailed analysis on normal
modes of the linearized collision operator. To that end, we
adopt the transport equation along with a nonlocal
collision kernel proposed in [26] as the start point of
our calculation. The linear mode analysis is closely
associated with hydrodynamics because the theory of
fluids can be completely constructed from these normal
modes, which are nothing but collisional invariants, i.e.,
the microscopic correspondence of macroscopic con-
served laws. Moreover, one can relate dispersion relations
of normal modes with the dissipation of various fluc-
tuation amplitudes, from which various relaxation time-
scales can be extracted. As is raised in previous
paragraphs, the comparison for these timescales is sig-
nificant for investigating spin polarization and spin
equilibration. This paper is organized as follows. In
Sec. II we present a short review of spin Boltzmann
equation with a nonlocal collision term. In Sec. III the
equilibrium distribution function is briefly discussed and
the conditions for global equilibrium are also obtained.
After that, the mutilated operator inheriting the important
properties of full linearized collision operator is proposed
in Sec. IV. In Sec. V, we present the detailed analysis on
normal modes of the approximated linearized operator,
i.e., mutilated collision operator following the fashion as
used in quantum mechanics [34,35]. Summary and out-
look are given in Sec. VI. Natural units kg =c=h =1
are utilized. The metric tensor here is given by
¢ = diag(1,—1,-1,-1), while A" = ¢ — u'u" is the
projection tensor orthogonal to the four-vector fluid
velocity u.
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1
h(p.s) =6, + 3 iy (p)r’s - yu,(p). (8)

As is shown by the two terms in Eq. (8), we split JV into the
unpolarized part and polarized one. Namely, when neglect-
ing the nondiagonal part in Eq. (8), i.e., the term linearized

In addition, we employ the symmetric/antisymmetric
shorthand notations:

X = (Xw + X% /2, (1)

Xl = (xm — X /2, (2)
H AU v AH v

X = (A"Aﬁ ; Buly _ & 3A“/’> x4 (3)

Specially, we decompose the derivative 0 according to

" =u'D + V*, D =u"d,, Vi =A"9,.  (4)

II. REVIEW OF THE NONLOCAL TRANSPORT
EQUATION

We start with the spin Boltzmann equation with a
nonlocal collision term for massive fermions proposed in
[26]. Assuming that the evolution of the system of our
interest is governed by the proposed on-shell Boltzmann
equation, which extends the phase space to incorporate the
variable s as a classical description of spin degrees of
freedom,

p-Of (x. p.s) = C[f]. (5)

with the nonlocal collision term

C[f]E/dr1dF2dF'WV(x+A1,P1751)f(x+A2,P2752)

—fx+ A p.s)f(x+ A ps)], (6)

where the measure appearing in the collision kernel is
defined as dI' = d*ps(p? — m?)dS(p), the newly intro-
duced measure dS(p) is given in Eq. (11) and the other
collision term corresponding to only spin changes in [26] is
neglected. Here we note the transition rate W is

hSr(pv s)hs/rj (p/vs/)hs]n (pl » 8] )hszrz (pz,Sz)

p.pss,s') (7)

to spin s, the transition rate takes exactly the unpolarized
form (sum up the final states and average the initial states),

W=59(p+p' —pi—p)
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where the y matrices, spinor u(p) and spin indices r, s
correspond to the spinor description for fermions as often
used, and the matrix element of ¢ is the conventional
scattering amplitude defined in quantum field theory. To
proceed, we comment that the crucial point for the non-
trivial extension of the collision term lies in the spatial shift
A manifesting the nonlocality of the collisions,

1 N
AM=—r— e Pp s,

2m(p-i4m) (10)

where 7 is the timelike unit vector which is (1,0) in the
frame where p* is measured. The collision shift well
captures the properties of spin-orbit coupling in nonlocal
collisions, thus is highly relevant for discussing the spin
sign problem of the local polarization of A.

To proceed, we move on to the classical spin. Spin here is
treated as an additional variable in phase space [25,36—40],
which immediately connects the first-principle quantum
description to a “classical” description of spin. In previous
paragraphs, we have introduced the covariant integration
measure for spin

/dS(p) _ \/3P—Z/d4s5(s-s+3)5(p-s). (11)

Then the following useful integrals can be easily obtained
via rather straightforward calculations,

/ ds(p) =2, (12a)
/ dS(p)s* = 0, (12b)
[ st =<2 -"F) 2
/ dS(p)s’sts’ =0, (12d)
/ ds(p)zt'zy = % (g p* + ¢ p*p”
+gpp’ = u 1)), (12e)

where the dipole tensor X = — L¢P p 5, is interpreted
as the spin angular momentum of the particle [26].

With the extended phase space, our interesting tensors
such as particle current, energy-momentum tensor and spin
tensor can be convenient written as

N E/de”f(x,p,s), (13)

Thw = / dTp*pf(x. p.s) + Tl (14)

v 1 v 1
sity = [ avp (32t S0 )t ps). (19

where we have chosen the pseudogauge proposed by
Hilgevoord and Wouthuysen (HW) [25,41,42], the spin
tensor of which is proved to be conserved in global
equilibrium and nonconserved away from global equilib-
rium because of mutual conversion between spin and
orbital angular momentum and thus more intuitively
suitable for our discussion herein and we keep TI[/{'{',J, to
stress that THW is not symmetric and is in the second order
in 7 expansion while its form is left unspecified within our
paper, see [24,25] for more details.
By taking Landau choice of fluid velocity and Landau
matching conditions,
T4 u, = eu*,

_ H
uMN” = uﬂNeq,

v v A v
MﬂTg U, = MMTléql/ty, Ml.]/“w = Mﬁ]eqﬂ s (16)

where 7§ refers to the symmetric part of Ty
and the total angular momentum tensor is defined as

Jhu = S}l{\{,' + X Ty — x"Tﬁ{’W, we allow the following
decompositions,

Nt = nut + VH, (17)
(18)

(19)

T4 = eu'u’ — PAM + o + TIA™,
St = ul S + 5§,

where n, e, P, S are the particle number density, energy
density, static pressure and spin density, and the dissipative
quantities V¥, 7#¥ and II are the diffusion current, shear
stress tensor, bulk viscous pressure respectively. Note that
generally u;55* # 0.

III. EQUILIBRIUM

In this section, we will show that the collision term
Eq. (6) is consistent with the standard form of spin-
dependent local equilibrium distribution function [17,43],

1 »reg
fleq(xvp7s):Wexp E=-p-p+ ”4 . (20)
where €, represents spin potential, while p* = %, E=4,

p= % with the temperature 7', and the chemical potential u
introduced for conserved particle number (only elastic
scatterings are considered). The exponent in Eq. (20) is
exactly the linear combination of all conserved quantities,
and &, # and Q* are the correspondent Lagrangian multi-
pliers maximizing the total entropy of the system. To prove
this, the substitution of Eq. (20) into Eq. (6) leads to
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1 i}
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1 v v v v
x [—5;45(A7+A’5—A”—A'”)+a;4/)'u(A’fP7+A’5P5—A"P”—A’”P’”)—ZQW(% +E, - -0 (21)

where the local equilibrium distribution is Taylor expanded
to first order in Q assuming small spin potential (if the
system in discussion is close to the state of global
equilibrium, Q is about the order of the gradient of f field).

When including spin, it is the global equilibrium dis-
tribution function that makes the collision term vanish as
long as the total angular momentum

1
JH = 2AlkpHl 4 Ezg‘” (22)
is conserved in a collision, which is distinct from traditional
definition for local equilibrium. In that case, the conditions

for vanishing Eq. (21) are

b =0,
Q,, = —0p, = const, (23)

& = const,

which implies that the spin potential Q,, is fixed to thermal
vorticity (9,8, — 8,B,). p* can be further decomposed
into a translation (a*) and a rigid rotation (€**x,) in global
equilibrium,

pH=a" + Qx,, a* = const, (24)
which are consistent with the previous conclusions drawn
in [17,43]. One may observe that Eq. (21) contains an extra
dimensionless factor F compared to Eq. (6) and W is

replaced by . The reason why these changes are
|

|
necessary is elaborated in [44] and we want to emphasize
that the reformed collision operator or collision term
respects Hermiticity, non-negative property and detailed
balance as well as the collisional invariance for total
angular momentum, which is a necessary condition for a
consistent description of global equilibrium.

IV. MUTILATED COLLISION OPERATOR

Following [44], we choose a quiescent (also unpolarized)
background fluid, i.e., w¥ = (1,0,0,0), Q* = 0 with Su*
and 6Q* treated as perturbations. With more details given
therein, we start with the equation for 7 (we want to find a
solution of the form y ~ 7e~** to the linearized spin
Boltzmann equation)

twy + prrg + Lof] = —iLy [7], (25)

with notations

p-u u-k .. D " A“ﬂkﬂ
T= ) = ) P =, K™= )
T no(T) T no(T)
K=+/—K-K, laEK—, (26)
K

where ¢(T) is an arbitrary constant with the dimension of
cross sections [45], y denotes the deviation from the global
equilibrium distribution, and L, L, are the dimensionless
collision operators given by

L[] = m/ dr'dU\dCyWF[p, p', i, pass.s',81,82) exp(é = - p')
< [p(k.p.s) + p(k.p'.s") = p(k. pr.s1) = (k. pa.s2)]. (27)
Ly[¢] = (2;)3T/dT’dfldl"zVVF[p,p’,pl,pz;s,s’,sl,Sz] exp(é—f-p')
X [A-kp(k.p.s) + A" kp(k.p'.s") = Ay - kp(k, p1.si) — By - kp(k. pr.55)]. (28)

Here we remind that the inner product is defined in global
equilibrium as

(B.C) =@ / drexp(&— - p)B(p.s)C(p.s).  (29)

I

According to the calculations in [44], L, contributes
nothing to the dispersion law, which is known from the fact
that L, is absent in the formulas for w. Therefore, we
neglect this term from now on but the complexity of solving
Eq. (25) does not decrease a lot. The linearized collision
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operator has a very complicated structure even for the
simplest interaction. However, it seems reasonable that the
qualitative features of the normal modes depend only upon
the universal properties independent of which interaction
to take, i.e., that the spectrum of the collision operator —L
is composed of a eleven-fold degenerate zero, which are
nothing but all collisional invariants, and a sequence of
negative eigenvalues. These zero normal modes are pro-
tected by the conservation laws or essentially the transla-
tional and Lorentz symmetries. In the linear analysis, a
small fluctuation y on top of background distribution can
always be expanded with a set of eigenstates of the
linearized collision operator formally [34]

0
X — E an eJ/nt
n=0

where y, and |y,) constitute the representation of eigen
spectrum of linearized collision operator, a, denotes the
expansion coefficient and ¢ is seen as a dimensionless
time. As the system evolves in time ¢, protected modes with
7, =0 remain unchanged and other negative modes
become less important after a characteristic timescale. If
taking this idea as an ansatz, the full linearized operator can
be approximated as a mutilated collision operator in which
all the negative eigenvalues collapse into a single eigen-
value of infinite degeneracy [46],

11
“Lymnau p(=r+ 73 el

n=1

Yn)s (30)

(31)

with |4,) being the eleven degenerate orthonormal eigen-
vectors of zero eigenvalue and —y is the remaining negative
eigenvalue (it is suggestive that —y is chosen to be the
largest one of all negative eigenvalues). To be concrete, we
rewrite the Eq. (31) as

11
_L1¢(k’ [),S)z—nﬁu'p}/<¢—Z(l/?n,qu)l/‘}n), (32)

n=1

where the eigenfunction set is defined in Eq. (36) and there
are no differences between y, and W, for lack of the
coordination x dependence in both eigenfunction sets. It is
easy to verify that this new defined operator [the right-hand
side of Eq. (32)] has the basic features belonging to the full
operator with respect to the orthonormal condition Eq. (37).
One may have doubt about taking the orthonormal con-
dition with a weight function z. To answer this question,
one should be informed that the frequency  of our interest
is not the eigenvalue of the operator L but 7w is viewing
Eq. (34). In addition, one may observe that the proposed
approximation is exactly reformed relaxation time approxi-
mation (RTA) respecting L|4,) =0, n =1,2,...11 and
—L|4,) = —y|4,) with n > 11. This extra factor 7 is
consistent with the form of relativistic relaxation time

approximation. Last but not least, this novel version of
RTA is proved to reconcile the momentum dependence of
the relaxation time with the conservation laws. In fact,
when the relaxation time has momentum dependence as it
should do in general, the argument via matching conditions
used to resolve this contradiction also fails. Here we do not
go into details further and similar results are also reported
in a recent letter [47]. For simplicity, we require that y is
momentum independent hereafter and when nothing con-
fusing happens, L; represents the mutilated operator or
RTA operator instead of the full operator. Eventually the
equation to be solved is

11
Ty + f)MK;J? =—iyz <)? - Z(lilnvw?)l/?n> . (33)

n=1

V.DEGENERATE PERTURBATION THEORY AND
LINEAR MODE ANALYSIS

As a well-posed problem in the perturbation theory, the
solutions to Eq. (25) can be sought in the following steps.
First, treat the gradients of the thermodynamic variables as
a perturbation with respect to the linearized collision
operator —iL, then we obtain an eigenvalue problem for
the unperturbed equation,

0)70),

—iL, 79 = 70 (34)
Since the mutilated operator is constructed based on the
a priori knowledge about the spectrum of the full collision
operator, thus the conservation laws for energy-momentum,
particle number, and total angular momentum have already
been contained and the eigenfunctions are all the linear
combination of all collisional invariants 1, p#, and J.
Compared to ordinary hydrodynamic description, the six
new modes arise from the nontrivial dynamics of spin and
we identify them with the spin modes. Due to the eleven-
fold degeneracy, the perturbation term should be taken into
account to remove or partly remove the degeneracy.

For the first-order perturbation of p - k, the evaluation of
the eigen spectrum can be done in a familiar fashion used in
quantum mechanics. To proceed, we denote the nth order
eigenvalues and eigenfunctions as @™ and 7" for con-
creteness

7=70+70 4.
®

=@ + o) L@ ..., (35)
Following the procedures in quantum mechanics, 7" with
n > 0 1is chosen as the combination of the eigenfunctions of
Eq. (34) excluding the zeroth-order eigenfunctions. In order
to break the eleven-fold degeneracy, the standard method of
Schmidt orthogonalization is adopted and the eigenfunc-
tions for these eleven-fold degenerate zeros can be taken as
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1 u-p—=
17/1 = ’ l7/2 = ﬂ & ’ l/’}3 -
VVii VALY
. u, J*1, . u, J* j, .
Ye = s Y7 = s Yg =
v Ves v/ Ves
LJ" v, Jul" v,
Yio = ) Vi = J
v/ Voo VALY
to fulfill the orthonormal condition
(Vo Tg) = Ogp. (37)

where the definitions of two auxiliary vectors j, v and the
normalized factor V; ; are all put in the Appendix B. We
now seek the solutions to the inhomogeneous integral
equation for 7(!)

—ily 7. = oy 7))

+ P g, (38)
According to the fundamental theory of degenerate per-
turbation, when the inhomogeneity is orthogonal to
the solution of the associated homogeneous equation

Eq. (34), i.e.,

(li,y,fw(l)j((O) + laﬂ,(”;((O)) =0, y=1---,11 (39)
|

o)V 0 Hz; 0 0 0
0 oY Hy; 0 0 0
H; Hy,; oV 0 0 0
0 0 0 o 0 0
0 0 0 0 oY 0
0 0 0 0 0 o
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0O 0 0 0
0 0 0 0 0 0
0 0 0O 0 0 0

the roots of this equation are

1 1
a)<1 '= —a)g) = H3 5 + Hi 5,

M _,0_ (1) _ 0 _

We =1 = w7 = Wy

_Bl-p m:ﬁj'p %:ﬂv-p
vV V3.3 vV V3.3 V V3,3
J, o LM,

1//92\/@,

with

11
)?l(ZO) = Z Ca/;’l/?/}v (40)
i=1

a unique solution to Eq. (38) exists. To ensure the existence
of nontrivial solutions of Eq. (39), the frequency w has to
obey the dispersion relation, i.e., the secular equation,

DetW,; = 0, (41)
with the matrix elements taking the form,
W = oV, ) + (s p i), (42)

With all these matrix elements calculated in Appendix C,
the secular equation is,

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 [=0, (43)
oV 0 H,y O 0
0 oY 0 H,y 0
H,y 0 oV 0 0
0 H;q 0 ol 0
0 0 0 0 ol
a)g1> = a)gl) = cog1> =0,
=Hyy ol =0l = —Hy,, (44)

and one appropriate linear combination of i satisfying the solubility condition Eq. (39) can be chosen to be
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) 1 H,; . Hj; _ 0 1 H; . Hj; _
)(5):7 - 2 T - > lllerllls), 12)25 > > v+ A - > Vot s,
Hi;+ H; 5 VHiz+Hi; \VHiz+H3; VHiz+His

) 1 Hys _ _(0) -~ 0 -
;(§>: 220+, ) )(4(;>:l//4, )((s)zlllsa ;(é):y/@

H2, Hi;

7+ 1

1

One can readily verify that the results of the first five modes
are the same as those in [45], which is independent of the
details of interactions involved. It is reasonable because we
are solving the same problem as far as the spinless modes
are concerned. By substituting the zeroth order eigenvalues
and eigenfunctions into Eq. (38) the first-order eigenfunc-
tions are

At this time, the solubility condition turns into
-0 1)~(1 ny . ~(1 2)~(0
()(((x),rw/(j) ;> +p”1<ﬂ)(/(j) —l—rw}; >)(;j)) =0, (48)

equivalently, this can be written as with the assistance of
bracket notation,

2 =Ll B+ gl a=1.2--110 (46)
YT

o =i AV, a=1.2--11, (49

Subsequently, the second order perturbation equation

reads, where 71!) is given by Eq. (46) and the bracket is defined as

o } o ~ [B,C] = (L[B]. C). Substitute the mutilated operator L,

1
w? = —i((ﬁﬂxﬂ + )7, - (p*x, + mél)))?éo))

) 1
= (g L) ol G ) 208 o)) e

With a rather lengthy calculation, we obtain the frequencies in terms of various thermodynamic integrals /, L and N
displayed in Appendix A

i
Wy = \/H%s +H%,3 _;(Ql,l _H%,s _H%,s)v
i
Wy = =4/ H3,+ Hi, _;(Ql,l — H3y - His),

i i i i
w3 = ——Q3,3, Wy = ——Q4,47 w5 = ——Q4,47 We = __Q6,6v
14 14 4 4

i i
w7 :H7,9—;(Q7.7 _H%,9>7 wg :H7,9—;(Q7,7—H%,9)’

i i i
w9 = —H7g —;(Q9,9 - H%,9)’ w9 =—H7g —}—/(Q9.9 - H%,g), w1 = —;Qn.n, (51)

where the matrix elements Q; ; and H; ; are calculated and
given in Appendix C and D. By comparison with the results
in [45], one can derive the detailed results for all first-order
transport coefficients of ordinary hydrodynamics, but we

here only concentrate on the spin modes. Here we comment
that these spin-related dispersion relations have no match
with the remaining six ones in [19], because in that work
the linear analysis concentrates on the nonconservative spin
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density. Among the spin modes there are four propagating
modes, two degenerate modes with the propagating speed
H;4/x damp according to the damping rate —U(gl), )?gl)]
while the other two travel in the opposite direction with the
damping rate —U(gl), )?él)]. On the other hand, the sixth and
eleventh modes are purely decaying at their respective
decaying rates.

It is interesting to note that the imaginary parts of these
frequencies encode the information of the relaxation of
related dissipative quantities, i.e., the dissipation of a
perturbation of conserved charges around the equilibrium
state. If the system of our interest is not too far away from
the equilibrium state, in that case the linear analysis suffices
and we can get a quantitative comparison of two typical
relaxation times, one is the relaxation time for energy
momentum tensor, the other is for spin tensor, which is
significantly crucial in the investigation of spin polariza-
tion. Before that, we need to clarify the definition of the
spin relaxation time. As is shown in [44], we propose that
the relaxation time for spin density should be taken as the
longest one of all relaxation times for six spin modes,

1
Tszmax{m,azd---ll} (52)

(¢4

with the sign |A| representing the amplitude of a complex
A. To clarify the equilibrium picture, we compare it with
another typical timescale, the relaxation time for shear
modes w, s, which describes the dissipation of an initial
disturbance through shear viscosity 7. We denote it with 7,
to reflect that this timescale is closely connected with the
relaxation of transverse momentum density via shear
viscosity 5. If the former is far smaller than the latter,
the initial disturbance has minor effects on spin evolution
because the spin density relaxes monotonically and quickly
to the equilibrium much earlier than other spinless modes
and almost independent. Reversely, the non-equilibrium
effects brought by the spin degrees of freedom play a big
role and may be irrelevant to heavy-ion collisions for much
longer spin equilibration time. In an intermediate case
where these two scales are comparable, the status of spin
hydrodynamics is enhanced because this is exactly within
the range of the application for spin hydrodynamic theory.

To that end, we need to specify the parameters in our
calculation. The spin Boltzmann equation is especially
derived for the spin transport for massive quarks, i.e.,
strange quarks (m = 150 Mev) temporarily overlooking
the interactions with massless quarks and gluons. The
relevant temperature of the hot matter created in heavy-ion
collisions ranges from about 7', to 57 .. (the critical temper-
ature T'. is 170 Mev). Since not all thermodynamic integrals
can be evaluated analytically, we calculate the frequencies
of normal modes numerically. The dependence of the
relative relaxation time on the reduced mass z is exhibited

02 04 06 08 1.0

FIG. 1. The relative relaxation time defined by the ratio of two
distinct typical timescales z,/7, as a function of z(=%).

in Fig. 1. From this figure, we can see it clearly that the spin
relaxation time is a little larger than shear relaxation time
and their ratio grows with the increasing reduced mass.
Throughout temperature region we are interested in, their
departure from each other is rather small. Therefore, these
two typical times are comparable satisfying the intermedi-
ate scenario introduced in the proceeding paragraphs,
which calls for the tangled dynamic evolution of both spin
and momentum (their characteristic equilibration times are
almost the same), while identical conclusions are also
reported in related works recently [24,48]. It seems that
increasing temperature will lessen the separation of two
timescales. In the hot medium where strange quarks are
generated, spin and moment relax to equilibrium via the
collisions between strange quarks at almost the same time.
In a different viewpoint, the dependence of z,/7, on z can
be also interpreted by holding 7 fixed, which reads that
increase particle mass enhances the effect of separation for
two equilibration timescales. The slowness of spin dis-
sipation may be attributed to suppression of spin interaction
by the mass of constitute particles, which is consistent with
the reason why spin rotation is suppressed in microscopic
collision process proposed in [19]. Nevertheless, present
results has dependence on the parametrization of y. For the
impacts of the energy dependence of y on the separation of
two timescales discussed here, we leave it to a future work
in preparation.

VI. SUMMARY AND OUTLOOK

In this work, we present a detailed linear analysis of
normal modes of linearized collision operator based on the
spin Boltzmann equation for massive fermions proposed in
[26]. When neglecting the nondiagonal part of the tran-
sition rate, the linearized collision operator L, is proven to
be Hermite and solving normal modes can be done in the
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fashion of degenerate perturbation theory. Moreover, the
reformed collision kernel phenomenologically incorporates
the important ansatz of the conservation of total angular
momentum in a collision event. The eleven zero modes
exactly correspond to eleven conserved charges that are
tightly associated with spin hydrodynamics. Considering
the complexity of solving integral equation, we instead
approximate the full linearized collision operator with a
mutilated operator, which inherits necessary properties of
linearized collision operator.

With the simplified collision kernel, solving normal
modes completely reduces to numerical integration order
by order and we calculate the frequencies of these normal
modes growing from zero modes up to second order in
wave vector. We also show that our framework can be well
applied to investigate the relaxation of spin. Identifying
spin equilibration time as the largest one of all reciprocals
of damping rates for spin modes, we compare it with typical
timescale for momentum equilibration. Our results mani-
fest that these two timescales are close over the temperature
range of our interest, which also show that increasing
particle mass will lead to separation of scales while high
temperature puts them closer. Therefore, the evolution of
spin cannot be independent of that of momentum treating
it as equilibrated. The clarification of the hierarchy for
relaxation times based on reliable quantum kinetic theory
is highly nontrivial in resolving the problem of discovering
the local spin polarization in the experiments of relativistic
heavy-ion collisions.

There are still some improvements or possible extensions
to our evaluation. First, the parameter y, introduced to
represent the eigenvalue with infinite degeneracy, is set to
be spin and momentum independent, otherwise y cannot be
factorized out of the integral Eq. (50). In our framework, y
can be naturally parametrized as momentum dependent
without contradicting the conservation laws compared to
traditional RTA. In principle, y is not a free parameter and is
supposed to be determined by solving or approximately
solving eigen spectrum of the full linearized collision
operator, which is left as further research in the future.
Second, the adopted kinetic equation is derived only for
massive quarks, although massive strange quarks should
contribute a lot as constituent components of A hyperons.
However there are also other processes contributing to spin
and momentum relaxation such as collisions between
strange quarks and massless gluons and u,d quarks.
They shall play a role but whether those processes are
predominant over collisions between massive quarks them-
selves calls for a further investigation. For completeness
and precision, the scattering of strange quarks and massless
quarks and gluons is also necessarily considered. Last but
not the least, we take one of the easiest equilibrium

configuration, i.e., & =0, on top of which the linear
analysis is carried out. It is generally believed that finite
thermal vorticity can survive in global equilibrium and so
is the spin potential Q. If choosing the configuration with
finite vorticity, we are allowed with another power counting
scheme where vorticity field breaks rotation symmetry and
the theory then is anisotropic.
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APPENDIX A: THERMODYNAMIC INTEGRAL

To proceed, we first introduce the following integration
formula

dpP eshp
Ifg!rl)'"an = 2/mepaz *** Pa, W
= ];'E))Ma] T M(ln
+ I,(fl)(Ag,lO[2 Ug,..q, + permutations) 4 ---, (Al)

where the abbreviation dP stands for d*pd(p* —m?) and
the formal expression after the second equality comes from
the analysis of Lorentz covariance. Using the projection
operator u® and A%, the scalar coefficients in the form of
thermodynamic integrals are given by

n_ 2 dp n-2gr @ pB\q pE—F
I, = . (A, q P,
g (2q+1>“/(2ﬂ)3 (u-p) (Agsp®pP)ie

where K, (z) denotes the modified Bessel functions of the
second kind defined as

K,(z) = /oo dx cosh(nx)e==eoshx, (A3)
0

Specifically, we note that 1(1(())) =n, 1(2%) =e, 1(2(? =-P,

1Y = —hT and

T°7%¢¢
0

150(2) = 5o (Ks(2) + Ka(2) = 2K1(2), (Ad)
with z =%, n, e, P, h are the number density, energy

density, static pressure and enthalpy respectively.

In addition, when handling the angular momentum
integrations, the following similar and useful formulas
are also of our interest,
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L0 :2/d—P L, T
oo =2 | oy PaPe Pa

= L% Ug, Uy, + Li’l)(Aa]azu%,,_an -+ permutations) + - - -,

N _2/ dP o p » eshp
apa, — (2”) (p +m>2 a Pa, a, (I/tp)r

= N,%)ua] Uy NELI)(AO(]Olzuaa'“an + permutations) + - - - . (A5)

|
The scalar functions LSQ and Nﬁfq) can be also defined like u-l=u-j=u-v=101-j=1l-v=j-v=0,
Eq. (A2). With extra factor appearing in the integrations, 2 0 5
these integrals cannot be expressed with the modified F=p=v=-1L (B1)
Bessel functions of the second kind K, (z).

APPENDIX B: NORMALIZED FACTORS Thus we can expand p* and J# as

First, we define two auxiliary unit vectors j* and o,
which satisfy

p.u:u.puﬂ+l.plﬂ+j.pjﬂ+v.pyﬂ’
J = u, JJ", = LI, + w, G, — 0w, + w, g v, — v, Ju, + LI,
= Jju "+ LI, — v, gL+ G0, — v, S . (B2)
Accounting for the antisymmetric property of total angular momentum J**, the effective degrees of freedom, or the effective
basis can be chosen as (1,u-p.l-p,j-p.v-p,u, ", w,J"j, w,J"v,, 1,J"j, 1,J"v,, jJ"v,), and they are labeled

votu
by the ith basis, respectively (i = 1,2, ..., 11).
The normalized factors for the zeroth eigenfunctions meeting the condition of Eq. (37) are

dl’ u-
Vii= exP(f)/@%CXp(—ﬁ~p) :%,
dr . p—€)2 . I(O) _ e
Vas =exp(e) [ L P eyl p) = B0 T
dr (u- o)1)
Vi3 = V44 =Vss=exp() / 27)° C p;(S P) exp(=f-p) = 7 (B3)

Because of the calibration settings mentioned before, we have T=u= (1,0,0,0), then the other normalized factors are

dl' u- p ) " 1 0 0 0
Voo = V77 = Vgg =exp f)/( ——u, J"1,u,J°l,exp(=pf - p) = m<_lél> +2L4(11> —Ngl)),
ar . 1§ + 1) + 4L + 1085
Voo =Vigao=Viin = exp(f) /Wlﬂ‘]” ]u(P : ”)lpjp Jo exp(—ﬂ : P) = 42T ) (B4)

where the thermodynamic integrals are given in Appendix A. We have checked that the factors V,,, V¢, and Vg g are all
positive.
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APPENDIX C: PERTURBATION MATRIX ELEMENTS I

In this section, we calculate the perturbatlon matrix elements which partly breaks the degeneracy of normal modes. The

matrix elements are given by H, ; = =% (©) dF3 Wik - pijexp(—f - p). When indices i and j range from 1 to 5, only the

following matrix elements are nonzero

exp(¢ Px
H ;= / sk-pl-pexp(=f-p) = —F———.
ViiVs, 3T (2z)? VVi1V3sT?
exp(&) / dr ( e) Pk
Hy3 = u-p——|p-x(l-p)exp(=f-p) = —F——=, (C1)
VyaVisT? ) (2n) n Va2 VisT?

which breaks the five-fold degeneracy into threefold. When it comes to spin modes, we first introduce a four-indice tensor
H#?° which is defined as

dr
HMP? = expr(é) / (27)? J*(p-Kk)J*exp(=p- p)

(7w + )1 + g (0 + w1 = (e + o)) — g (e + ko) 1))

4dm
1 (0) (0) )
—|-4—(L41 ¢’k°u” — 5Ly, ¢ u’k’ — L) ¢k’ u” + 5L, " ulk”)
1
—4—2(L4(8)g"p1<"u" - SLEg)g””u”K” - L( )g”"Kpu” + 5L g""u”lc")
m
1
+ ) (Lf‘(:)g”"x”u" - SLEg)g”” u'xk® — Lg)gp”lc"u" + SLS‘g)g/’”u”K")
m
1
P (Lf‘ )g"”K u’ —5L g"”u 4 —L( >g"”1<"up +5L< >g"”u"K”)
m
1 p 0 v o V0 O v .o [ p (0) W0 T (0) MO [T
+4m2[g" (Nsy (Ku’ + u*x”) + 5N, (u’k° + u’c’)) — g (N, (k*u® + u"k°) 4+ SN, (W' + u’x")) — (p <> o)
U ov© wpiv o o ) up(esto 1 o
= s V7 ) =N e ) = p < ), )

by projecting H***? with four direction vectors (u, 1, j, v), we get the following nonvanishing matrix elements,

0 0 0 0
) [ APk g exp(op p) = L L = SLin + SN

N NALTALY: (2”)3 T B 4m2T\/ VeeVoo

(C3)

It is easy to find that the perturbation matrix has a symmetry of transposition. To be concrete, the matrix elements satisfy
H;; = H;;. We now see that there are no cross terms between the spinless part and the spin part in the whole matrix W,
which is clear from Eq. (43).

APPENDIX D: PERTURBATION MATRIX ELEMENTS II

In this section, we calculate the 2nd-order perturbation matrix elements appearing in Eq. (51). The needed integrals are
implemented with the assistance of Eq. (Al),
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L o
e —f - —_ — e
271_)3 p ‘u Xp( ﬁ p) V]’]TK

(1) (0) 2
exp(¢&) / dar e\ (p- K)z e (0) 62]21 2el, K
= . —_—— . —_—— — . — _I — ,
122 Vo,T? ) (27)? P p Py exp(=F - p) 31 n? n ) Vy,T?

(1) 2

exp(¢) / dr (P'K)2< e> < 0) 6121> K
== ° - - [ - ° = _I + k)
q12 V1,1V2,2T2 (27r)3 - p u-p n xp(=f - p) 21 " /——_&.VL]Vz,sz

911 =

’

exp(¢) / dr (p-«x)*
(

ViaT

exp(f)/ dar (p- K)Z(P : l)z 3142 2,
_ _B. D1
Q3.3 V3’3T3 (277:)3 p ‘u exp( ﬂ p) V3 ';T’; ( )
and the final results for spinless modes are
Hi, H3, 1 Hy3H)s
= = : + - += + — ,
011=02 2(H%3 +H%,3) qi1.1 Z(H%3 T H%g) 922 2613,3 H%s T H%,3 q12
0 1 <H2 N 2H,; )
33 =% q11 T 4922 — Q1 2
HZ +1 H? Hi;
H1.3
. (1)
exp(¢) / dr' (p-x)*(p-J)? Ly
= = c —-pD - = . D2
Q44 =055 V3.3T3 (271')3 p-u xp(=p - p) V3’3T3 K (D2)

It is rather cumbersome to carry out the rest of integrals associated with spin modes. First, we introduce a new four-indice
tensor Q17

oo 0 [ A0
guor =SB [ s B o exp( - p)

1
= <—gﬂﬂgw<zi? + 5122) +aegr(ly) + 5122»18

4m-T
1
g (WL — TN 2 PV LY — g L) — ALY - 2g 1)
m
—|—g’/‘7u”up1( ) _|_guaAll/’] zgl/alﬂlﬂ] +gﬂpu ua] +gﬂpAl/o'I (1) 29,,,/;1,,161(1))’(2
1
- 2m2T (_g;w ”pL Q”GA””L + ZQ”UZVIPL g”pu”u"L gVPAﬂGL 4 2guplulaL

—|—g”"u”uﬂL< VoA L) =2 LY) + ¢ruue L) + g A L) —2g0 11 LY)) i

[gﬂp” u’(L 51) +5L52) guwu’ (L 51) +5ng) g’ uu (L gll) +5Lglz)) +9W“/)"‘”(Lgll> +5Lglz))]’<2

T Am2T [—g"/’(u”u"Ng]) + (A% = 20N + g (wue NS + (Ao = 2101)N'Y)

+ (W NS + (A% =20 )NY) = ¢ (utu NS + (A =214 1P)N ') )]i

v,,0 1 vo v,,0 v Jo ] vo 12 (2 1
4m2T[g”/’( wuN) — (A + 5urus —21/1)N')) + (=7A% + 14119)N ")
— P (—ufut N = (AP 4 Sutue =21 17)NY) + (<7A% 1 14117)NLY)

— ¢ (—utw N = (A + 50wl = 2 IP)NY) + (=7A% + 1411°)N )

+ o (—uru NS — (A% 4 Sutur =2 1P)NS) + (=TA" + 141 17) N2

— g e (A 29N + (=TAY + 14119)NY) — wrur (—(A = 20017)NLY) + (=7A% 4 141#19)N ')
— wu (—(AY = 2P PPN 4 (TAY + 14PN + uvus (—(A% =20 1P)N'Y) + (<TA% + 14140 )N )i

(D3)
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from which one can obtain the following indispensable integrals by projecting onto various directions,

exp(¢) / dr - (p-x)?
= = Jl'”’
q7,7 q8,8 V6’6T (27[)3 uﬂ JI/ p -u
1 0 0
= VT @) +2L) +21) — 21

exp(&) dr )
= = — l (g
49,9 = 410,10 Vool

1
o 4m2 V9,9T

and finally,

RV
0ua =52 [ AL oy (02

VeI J (27)° o p-u
1 (1)

(p-x)?
2z " 7 peu

! ! 0 0
(~Ly = Iy = 8L +4Ng)

1y )" joexp(—p - p)

1 1 0 0 1 1
1> - IOng) - Ngz) - Néf + Né1) + SNéz))sz

lp']pajo exp(_ﬂ : p)

—aN) — 28Ny, (D4)

~————u, )"l exp(—f - p)

0)

@) +2L9 + 6L — 20 —10L) — N — 3NG4+ NV 4 5N D)2,

0 1 1
O —oNY — 14N, (D5)

~Am VT
Q77 = Qg8 = Qoo = Q010 = % (977 + q99)
O = e;ss? /(;Tr)gjﬂﬂwvy (];'_it)szjﬂﬁv,, exp(—f- p)
~ gy (I =30 4L + 2w

where the diagonal matrix elements Q;;,i = 1...11, are exactly what we present in Eq. (51).
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