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Despite their inextricable quantum mechanical nature, events at a high energy particle collider
experiment typically have very few unambiguous quantum signatures, due the type of data and the
manner in which they are collected. We present a general analysis of one feature of quantum mechanics,
interference between two orthogonal states on Hilbert space, projected onto the basis of states that span a
collider experiment observable space. Identification of quantum interference can be considered as a binary
discrimination between a pure state and a mixed state, and we introduce several statistical measures that
quantify the amplitude of interference in a pure state with respect to a mixed state that exhibits no
interference. Two explicit examples from particle physics are provided to demonstrate features of the
general formalism.
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I. INTRODUCTION

Though the physics at particle collision experiments is
governed by quantummechanics, the type of measurements
and the way in which they are performed often significantly
obscures observable quantum effects. Entanglement is
perhaps the most shocking prediction of quantum mechan-
ics to a classical physicist, but only in limited situations at a
collider can entanglement potentially be observed. In
general, the quantum physics at a collider like the Large
Hadron Collider is at a distance scale of a femtometer, and
detectors are centimeters or meters from the point of
collision. So, a particle detector essentially lives on the
celestial sphere, both an infinite distance and time from the
point at which particles were produced. As such, distinct
cells in a calorimeter or pixels in a tracker are spacelike
separated, and exhibit no causal connection. Therefore,
measurements of particles at different locations in the
detector commute.
Conclusively demonstrating quantum entanglement

beyond simply classical correlations can be accomplished
through inequalities, like Bell’s inequalities [1]. However,
for a quantum system to violate Bell’s inequalities, distinct
measurements must not commute. While this is not
necessarily a no-go theorem, the way in which measure-
ments are performed at a collider present a significant
barrier to demonstrating entanglement in general collision

processes. Nevertheless, techniques have been developed to
test Bell’s equalities in astrophysical data [2], or in thought
experiments for cosmological tests [3]. Additionally, there
have been recent efforts at colliders to observe entangle-
ment in exploiting the left-handed nature of top quark pair
production and decay, in spin correlations from Higgs
boson decay, and in flavor and spin correlations in hadron
decays [4–9].
Another signature of quantum mechanics is interference.

Quantum interference arises from coherently summing over
multiple orthogonal states on Hilbert space that are all
consistent with the performed measurement. With a general
basis on Hilbert space, quantum interference is manifest as
off-diagonal elements in the density matrix. When the
density matrix is subsequently projected onto the basis of
states observed in experiment, the off-diagonal elements
are manifest as constructive or destructive interference in a
probability distribution. The presence of this source of
interference cannot be reproduced classically but is always
present in any experiment when multiple orthogonal states
are consistent with measurement. Observing quantum
interference in a particle physics experiment is therefore
much more feasible than observing entanglement. In this
paper, we will present the formalism for quantum inter-
ference relevant for collider physics and present techniques
for its observation.
It is important to emphasize both what quantum inter-

ference is and what it is not. Quantum interference only
exists if your measurement is inclusive over two or more
orthogonal states on Hilbert space. For example, in the
double-slit experiment, if your measurement exclusively
consists of viewing the screen, you are completely ignorant
of which slit photons pass through. The state of a photon
passing through one slit is orthogonal to the state where the

*larkoski@slac.stanford.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 105, 096012 (2022)

2470-0010=2022=105(9)=096012(11) 096012-1 Published by the American Physical Society

https://orcid.org/0000-0002-5425-6381
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.096012&domain=pdf&date_stamp=2022-05-16
https://doi.org/10.1103/PhysRevD.105.096012
https://doi.org/10.1103/PhysRevD.105.096012
https://doi.org/10.1103/PhysRevD.105.096012
https://doi.org/10.1103/PhysRevD.105.096012
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


photon passes through the other slit. Hence, you observe an
interference pattern on the screen. However, if you also
place a detector at one of the slits, then the only way that
your measurement can be consistent is if a photon passes
through that slit. Hence, there is but a single quantum state
consistent with your measurements and so no interference
pattern is observed on the screen. To potentially observe
quantum interference in a collider therefore requires iden-
tical detected final states, but produced from multiple,
orthogonal paths from the initial state.
Because Feynman diagrams are typically the way that

predictions for collision events are calculated, it is worth
considering the distinction between summing over Feynman
diagrams and quantum interference. An intermediate state is
necessarily physical; it must live on Hilbert space. In a gauge
theory, this means that a state must be gauge invariant, for
example. In calculations with Feynman diagrams, typically
multiple diagrams with distinct topology, but identical
external particles, must be included. Such a sum then
produces the amplitude for the desired scattering process
to occur, which can be squared to determine the distribution
on phase space, for example. However, the coherent sum
over Feynman diagrams does not mean that the diagrams
“interfere” in the quantum sense we take here. Again, in a
gauge theory, only the sum of diagrams is gauge invariant
and therefore physical. Depending on your choice of gauge,
the representation of intermediate gauge bosons is gauge
dependent and therefore the value of any individual
Feynman diagram is also gauge dependent. We will present
an example of quantum interference of distinct spin states of
an intermediate gluon, but to do so we must force a
kinematic regime of the final state particles where the gluon
becomes real.
Efforts to identify quantum interference at a high-energy

collider are rather limited in the literature. Quantum
interference of orthogonal spin states of a new particle
resonance was identified as a viable technique for establish-
ing the new particle’s spin [10,11] (see also Ref. [12]).
Subsequent analyses typically just focused on applications
to identification of the spin of a hypothetical particle in
some new model of physics beyond the Standard Model
(e.g., Refs. [13–15]). Recently, an observable for detecting
quantum interference between the helicity states of a gluon
was introduced [16], which we review in Sec. IV. Further, a
parton shower algorithm has been developed and validated
that correctly includes spin interference effects [17,18],
and such interference effects were recognized long ago
as vital for understanding collider processes [19–21].
References [17,18] also introduced observables sensitive
to spin effects and, combined with observables from
Ref. [16], could provide a detailed picture of the impor-
tance of spin at colliders. However, to the best of our
knowledge, a general discussion and analysis for quantum
interference at a collider has not been done, and is the
central goal of this paper.

Here, we will just focus on properly defining and
analyzing the presence of quantum interference at a collider
experiment in general. We will not discuss the experimental
feasibility of actually measuring interference, or precise
observables for doing so. We will present numerous
measures for quantifying the effect of quantum interfer-
ence, but they will be idealized and represent the situation
in which probability distributions are measured continu-
ously on phase space and with zero uncertainty. This will
therefore represent the strongest upper limit on the observ-
ability of quantum interference. In a practical experimental
analysis, a χ-squared test, for example, would be used to
establish the confidence with which the finite, discrete, and
uncertain data are described by the existence of quantum
interference versus no quantum interference. We leave a
study of feasibility in experiment to future work.
This paper is organized as follows. In Sec. II, we present

a formalism for quantum interference in a particle physics
experiment that only measures particle momenta, and no
other quantum numbers. We define a pure state from two
interfering states as well as the corresponding mixed state,
and construct the optimal observable for their discrimina-
tion. In Sec. III, we define and provide robust bounds on
several statistical measures for establishing quantum inter-
ference from the pure and mixed state distributions of the
discrimination observable. Through this section, all results
will be completely general, given the established assump-
tions for measurements at a collider. In Sec. IV, we present
physical examples of interference that illustrate the general
features and for which could potentially be searched for in
collider data. We conclude and look forward in Sec. V.

II. PURE AND MIXED STATES ON PHASE SPACE

Consider a pure state jψi formed from the linear
combination of two orthogonal states jAi and jBi on
Hilbert space:

jψi ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1þ ϵ

p jAi þ
ffiffiffiffiffiffiffiffiffiffiffi
ϵ

1þ ϵ

r
jBi: ð1Þ

These states are normalized: hAjAi ¼ hBjBi ¼ 1. We
assume that ϵ ∈ ½0; 1� is their mixing and orthogonality
is hAjBi ¼ 0. At a collider experiment, each event consists
of a fixed number of particles and we measure their
momenta, so we observe these states projected onto the
Fock space of N-particle momentum states. An N-particle
momentum state jk1;…; kNi satisfies the completeness
relation

1 ¼
X∞
N¼0

1

N!

Z
dΠN jk1;…; kNihk1;…; kN j; ð2Þ

where dΠN is differential N-body Lorentz-invariant phase
space and the 1=N! normalization arises from assuming the
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particles are indistinguishable. That is, we will also assume
that we only measure the particle momenta; no other
quantum numbers are observed. In this space, the states
are just scattering amplitudes:

ANðAÞ≡ hk1;…; kN jAi; ð3Þ

ANðBÞ≡ hk1;…; kN jBi: ð4Þ

Orthogonality in N-particle momentum space is manifest
through integration over phase space:

0 ¼ hAjBi ¼
Z

dΠNA�
NðAÞANðBÞ: ð5Þ

When conditioned on the number of observed particles N,
the squared amplitudes are also normalized. In examples
we consider later, the orthogonal states on Hilbert space
that interfere will only have nonzero projection onto a
single N-particle state. We will therefore assume in the
following that the squared amplitudes are normalized for
fixed N-particle number.
At each phase space point defined by a unique state

jk1;…; kNi, we can define a 2 × 2 density matrix ρpure as

ρpure ¼ jψihψ j ¼ 1

1þ ϵ
jAihAj þ ϵ

1þ ϵ
jBihBj

þ
ffiffiffi
ϵ

p
1þ ϵ

ðjAihBj þ jBihAjÞ: ð6Þ

The probability density on N-particle momentum space is
therefore

dΠNhk1;…; kN jρpurejk1;…; kNi
≡ dΠNppureðΠNÞ

¼ dΠN

�
1

1þ ϵ
jANðAÞj2 þ

ϵ

1þ ϵ
jANðBÞj2

þ 2

ffiffiffi
ϵ

p
1þ ϵ

ReðA�
NðAÞANðBÞÞ

�
: ð7Þ

Here, we have introduced the pure state probability dis-
tribution on phase space ppureðΠNÞ.
We can also define a mixed state that exhibits no

quantum interference at each phase space point, which
has density matrix ρmix:

ρmix ¼
1

1þ ϵ
jAihAj þ ϵ

1þ ϵ
jBihBj: ð8Þ

Its probability density on phase space is then

dΠNhk1;…; kN jρmixjk1;…; kNi
≡ dΠNpmixðΠNÞ

¼ dΠN

�
1

1þ ϵ
jANðAÞj2 þ

ϵ

1þ ϵ
jANðBÞj2

�
: ð9Þ

Here, we have introduced the mixed state probability
distribution on phase space pmixðΠNÞ. Our goal in this
paper will be to establish general properties of these two
distributions and attempt to maximally distinguish them,
with the ultimate goal of unambiguously observing quan-
tum interference.

A. Maximally discriminating observable

By the Neyman-Pearson lemma [22], the optimal observ-
able for discrimination of these pure and mixed states on
phase space is their likelihood ratio L:

L≡ hk1;…; kN jρpurejk1;…; kNi
hk1;…; kN jρmixjk1;…; kNi

¼ 1þ 2
ffiffiffi
ϵ

p
ReðA�

NðAÞANðBÞÞ
jANðAÞj2 þ ϵjANðBÞj2

: ð10Þ

We can also express the likelihood as

L ¼ 1þ 2
ffiffiffi
ϵ

p jANðAÞjjANðBÞj
jANðAÞj2 þ ϵjANðBÞj2

cosϕ; ð11Þ

where ϕ is the argument of A�
NðAÞANðBÞ. This form then

makes it clear that the maximal possible range of L is

L ∈ ½0; 2�: ð12Þ
At L ¼ 0, only the mixed state can exist, while at L ¼ 2,
the pure state is twice as likely as the mixed state. The
actual physical range of L will depend in detail on the
particular form of the interfering amplitudes ANðAÞ and
ANðBÞ and how they vary over phase space. For conven-
ience later, we will shift the likelihood ratio by 1, so that it
ranges from ½−1; 1�, which has no effect on its discrimi-
nation power. We call

O≡ hk1;…; kN jρpure − ρmixjk1;…; kNi
hk1;…; kN jρmixjk1;…; kNi

¼ 2
ffiffiffi
ϵ

p
ReðA�

NðAÞANðBÞÞ
jANðAÞj2 þ ϵjANðBÞj2

∈ ½−1; 1�: ð13Þ

This form manifests sensitivity to off-diagonal elements of
the pure state density matrix via

ρpure − ρmix ¼
ffiffiffi
ϵ

p
1þ ϵ

ðjAihBj þ jBihAjÞ: ð14Þ

With this observable, we can then calculate its proba-
bility distribution on N-body phase space, for the pure and
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mixed states. From the probability densities established
above, we have

ppureðOÞ ¼
Z

dΠN

�
1

1þ ϵ
jANðAÞj2 þ

ϵ

1þ ϵ
jANðBÞj2

þ 2
ffiffiffi
ϵ

p
1þ ϵ

ReðA�
NðAÞANðBÞÞ

�

× δ

�
O −

2
ffiffiffi
ϵ

p
ReðA�

NðAÞANðBÞÞ
jANðAÞj2 þ ϵjANðBÞj2

�
; ð15Þ

pmixðOÞ ¼
Z

dΠN

�
1

1þ ϵ
jANðAÞj2 þ

ϵ

1þ ϵ
jANðBÞj2

�

× δ

�
O −

2
ffiffiffi
ϵ

p
ReðA�

NðAÞANðBÞÞ
jANðAÞj2 þ ϵjANðBÞj2

�
: ð16Þ

By the orthogonality of states jAi and jBi, the expectation
value of O on the mixed state is 0:

Z
1

−1
dOOpmixðOÞ ¼ 0: ð17Þ

Additionally, note that the pure state distribution is related
to the mixed state distribution as

ppureðOÞ ¼ ð1þOÞpmixðOÞ; ð18Þ

using the δ function to exchange the explicit mixing term in
the probability density for the observable O. Using this
relationship, we can establish general bounds for discrimi-
nation and hypothesis testing.
In general, not much more can be said about the

properties of the pure and mixed state distributions of
O. A property of the mixed state distribution that might be
suggested by its form on phase space is symmetry about
O ¼ 0, for which pmixð−OÞ ¼ pmixðOÞ. This is indeed true
for some interesting cases that we will review in examples
later, but is not true in general. In Sec. IV C, we will
construct an example for which the mixed state distribution
is not symmetric, with only the assumptions made so far.
To ensure that the mixed state distribution is symmetric,
more restrictions on the relationship between the states jAi
and jBi must be enforced.
Given this formulation and construction of the like-

lihood, we summarize the analysis procedure proposed here
in which direct access to the density matrix is not possible.
We first identify the relevant phase space coordinates in
which our particular measurement is performed and cal-
culate the pure state and mixed state probability distribu-
tions on that phase space. Then, we construct the likelihood
ratio as the maximally discriminating observable on the
phase space. In the following section, we compute stat-
istical measures for establishing the existence of quantum
interference with these assumptions.

III. TECHNIQUES FOR IDENTIFYING
QUANTUM INTERFERENCE

With the established pure and mixed state probability
distributions for the interference observable O, we are in a
position to define techniques for establishing quantum
interference and quantify the discrimination power between
these two systems. In this section, we will present a number
of statistical measures, their physical interpretation, and
prove general bounds on their values given the properties
of the mixed and pure state distributions. In the following
section, we will present explicit collider physics examples
of quantum interference and calculate these quantities.

A. Destructive interference limit

Unlike the mixed state, the pure state can potentially
exhibit complete destructive interference, when the mixing
between states jAi and jBi is maximal, ϵ ¼ 1, and their
phases differ by ϕ ¼ π. At this destructive interference
point, O¼−1, and necessarily ppureðO¼−1Þ¼0, because
the probability density on phase space vanishes at that
point. By contrast, the mixed state distribution is not
required to vanish at O ¼ −1, as

pmixðOÞ ¼ ppureðOÞ
1þO

: ð19Þ

By integrability of the probability distributions, all that is
required as O → −1 is that the pure state distribution
vanishes. However, this characteristic of the pure state
distribution is subtle and may not be directly useful if the
states jAi and jBi do not exhibit maximal mixing: ϵ < 1. In
this situation, both the pure and mixed state distributions
can vanish at and below some Omin > −1. We will
encounter a physical example of this case in the next
section.

B. Purity on N-body phase space

Given a density matrix of some quantum system ρ, there
are several established quantities that can be used as a
measurement of the amount of mixing. Perhaps the most
familiar is the von Neumann entropy SvN for which

SvN ¼ −tr ðρ log ρÞ: ð20Þ

The von Neumann entropy satisfies (strong) subadditivity
and other powerful relations [23–25] that no other entropy-
like measure can because of unique properties of the
logarithm. However, the von Neumann entropy can be
challenging to calculate in practice because evaluating log ρ
requires diagonalizing the density matrix, which may be
very inconvenient if the density matrix is not diagonal in
the natural space of your measurements.
Nevertheless, there are simple relationships of the

density matrix ρ which exploit properties of a pure state,
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in contrast to a mixed state. For example, exclusively for a
pure state is the density matrix idempotent:

ρ2pure ¼ ρpure: ð21Þ

By conservation of probability, trρ ¼ 1 and ρ is a Hermitian
matrix and so the linear entropy SL measures the level of
mixture in the system:

SL ¼ trðρ − ρ2Þ ¼ 1 − trρ2: ð22Þ

When projected onto N-particle momentum states, the
linear entropy is

SL ¼
X∞
N¼0

1

N!

Z
dΠNhk1;…; kN jρ − ρ2jk1;…; kNi: ð23Þ

Assuming completeness of N-particle momentum states,
this vanishes on a pure state, SL ¼ 0.
For our example of a mixed state defined by orthogonal

states jAi and jBi, note that the square of the density
matrix is

ρ2mix ¼
1

ð1þ ϵÞ2 jAihAj þ
ϵ2

ð1þ ϵÞ2 jBihBj; ð24Þ

and so the difference of the density matrix and its square is

ρmix − ρ2mix ¼
ϵ

ð1þ ϵÞ2 ðjAihAj þ jBihBjÞ: ð25Þ

The linear entropy of this system is then a direct meas-
urement of the mixing ϵ, with

SL ¼ trðρmix − ρ2mixÞ ¼
ϵ

ð1þ ϵÞ2 ðhAjAi þ hBjBiÞ

¼ 2ϵ

ð1þ ϵÞ2 : ð26Þ

While the linear entropy is interesting as a measure of
mixing of the states jAi and jBi, it is of limited use on
measurements at a collider experiment. Any entropy
measure requires knowledge of the density matrix of the
system, and direct measurement of the off-diagonal ele-
ments of the density matrix is generally not possible. All
quantities measured at a collider are probability distribu-
tions on N-body phase space, and are necessarily diagonal
in the basis of N-body momentum states. There have been
some recent developments in defining idealized observ-
ables that can probe off-diagonal elements of the density
matrix in the N-particle momentum basis; for example,
Ref. [26]. These examples, however, are not practically
realizable, as they require continuous knowledge of the
particles, from the point of scattering to infinity, to ensure

that subsequent measurements can be causally connected
and therefore do not in general commute.

C. Area under the ROC curve

For any binary discrimination problem, a useful way to
express the efficiency of the discriminating observable is
through the receiver operating characteristic (ROC) curve,
which displays the true positive rate as a function of the
false positive rate. A single number that quantifies the
efficacy of the discriminant from the ROC curve is the area
under it (AUC). For perfect discrimination, the true positive
rate is 1 for all values of the false positive rate; therefore,
perfect discrimination has AUC ¼ 1. By contrast, a com-
pletely random discriminant assigns true positives and false
positives to events at an equal rate, and so the AUC for the
worst possible discriminant is AUC ¼ 1=2. We will estab-
lish bounds on the AUC for discrimination of pure versus
mixed states on phase space.
In general, the AUC for signal psig and background pbkg

distributions in a random variable x ∈ ð−∞;∞Þ is defined
as the integral of the cumulative distribution of the back-
ground distribution as a function of the value of the signal’s
cumulative distribution. That is,

AUC ¼
Z

1

0

dtΣbkgðΣ−1
sigðtÞÞ

¼
Z

∞

−∞
dxΣbkgðxÞpsigðxÞ; ð27Þ

where the cumulative distribution ΣsigðxÞ, for example, is
defined as

ΣsigðxÞ ¼
Z

x

−∞
dx0psigðx0Þ: ð28Þ

In the second line of Eq. (27), we have changed variables to

x ¼ Σ−1
sigðtÞ; ð29Þ

and used the relationship that

psigðxÞ ¼
dΣsigðxÞ

dx
: ð30Þ

Finally, using the definition of the cumulative distribution, the
AUC can be represented by an ordered integral of the product
of the signal and background probability distributions:

AUC ¼
Z

∞

−∞
dxΣbkgðxÞpsigðxÞ

¼
Z

∞

−∞
dx

Z
∞

x
dx0pbkgðxÞpsigðx0Þ: ð31Þ

Using this result, for the interference observableO on the
pure and mixed distributions, the AUC is
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AUC ¼
Z

1

−1
dO1

Z
1

O1

dO2pmixðO1ÞppureðO2Þ

¼
Z

1

−1
dO1

Z
1

O1

dO2ð1þO2ÞpmixðO1ÞpmixðO2Þ

¼
Z

1

−1
dOð1þOÞΣmixðOÞpmixðOÞ; ð32Þ

where ΣmixðOÞ is the cumulative distribution function
defined as

ΣmixðOÞ ¼
Z

O

−1
dO0pmixðO0Þ; ð33Þ

and we have used the functional relationships between the
pure and mixed distributions of O. Note that

Z
1

−1
dOΣmixðOÞpmixðOÞ ¼ 1

2
; ð34Þ

using integration by parts and normalization of the prob-
ability distribution. Also, note that

Z
1

−1
dOOΣmixðOÞpmixðOÞ ¼ 1

2
−
1

2

Z
1

−1
dOΣ2

mixðOÞ; ð35Þ

again using integration by parts. Then, the AUC is

AUC ¼ 1 −
1

2

Z
1

−1
dOΣ2

mixðOÞ: ð36Þ

Because the expectation value of O is zero on the mixed
state distribution, the cumulative distribution integrates
to 1:

Z
1

−1
dOΣmixðOÞ ¼ 1; ð37Þ

using integration by parts. Also, because the cumulative
distribution is non-negative and bounded from above by 1,

ΣmixðOÞ ≥ Σ2
mixðOÞ: ð38Þ

It then follows that

AUC ¼ 1 −
1

2

Z
1

−1
dOΣ2

mixðOÞ

≥ 1 −
1

2

Z
1

−1
dOΣmixðOÞ ¼ 1

2
; ð39Þ

which is simply the statement that the AUC must at least
be the value corresponding to a completely ineffective
discriminant.
A nontrivial upper bound on the AUC can be established

using the properties of the ROC curve for the likelihood
ratio. For the likelihood ratio (or any monotonic function

of it), the ROC curve is both monotonic and concave-down,
and therefore can be bounded by the area of a quadrilateral
[27]. The area of this quadrilateral is related to the
maximum and minimum values of the likelihood ratio:

AUC ≤
2Lmax − 1þ LmaxLmin

2ðLmax − LminÞ
: ð40Þ

We had established that the maximum and minimum values
of the likelihood ratio are

Lmax ¼ 2; Lmin ¼ 0; ð41Þ

and so the AUC is bounded as

1

2
≤ AUC ≤

3

4
: ð42Þ

Interestingly, this also places a lower bound on the integral
of the square of the cumulative distribution of the mixed
state:

1

2
≤
Z

1

−1
dOΣ2

mixðOÞ ≤ 1: ð43Þ

The mixed state distribution with the most perfect
discrimination that saturates these bounds corresponds to

pmax
mix ðOÞ ¼ 1

2
ðδð1þOÞ þ δð1 −OÞÞ: ð44Þ

The corresponding pure state distribution is then

pmax
pureðOÞ ¼ ð1þOÞpmax

mix ðOÞ ¼ δð1 −OÞ: ð45Þ

For this distribution, note that its cumulative distribution is
constant on O ∈ ð−1; 1Þ:

Σmax
mix ðOÞ ¼ 1

2
; ð46Þ

and therefore its AUC would be

AUCmax ¼ 1 −
1

2

Z
1

−1
dOΣmax

mix ðOÞ2 ¼ 3

4
; ð47Þ

satisfying the general bound.
It is important to note that the maximal value of the

AUC of 3=4 is actually rather small and may illustrate a
significant limitation in observation of quantum interfer-
ence. For example, the AUC for other binary discrimination
problems is typically much larger. The simplest approxi-
mation for discrimination of quark versus gluon jets
yields an AUC of 9=13 ¼ 0.6923…, and the AUC can
be significantly increased by appropriate choice of observ-
able and the inclusion of higher-order effects [28]. Further,
with modern machine learning methods, the AUC for
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hadronic top quark decay versus jets from light partons, for
example, can exceed 0.98 [29], effectively an order of
magnitude larger than the upper limit for quantum inter-
ference. Experimental observation of quantum interference
may then require highly precise measurements, exploiting
for example the fine angular granularity of the tracking
system. We leave a detailed study of experimental require-
ments for observation to future work.

D. Kolmogorov-Smirnov test

For hypothesis testing, the Kolmogorov-Smirnov (KS)
test is a useful metric and its evaluation is straightforward
for these observables. The KS test is the maximum differ-
ence between the cumulative distributions of the null
hypothesis and data. In this quantum interference example,
we take the null hypothesis to be the mixed state distri-
bution and the “data” to be the pure state distribution.
So, we have

KS ¼ supOjΣmixðOÞ − ΣpureðOÞj

¼ supO

����
Z

O

−1
dO0ð1 − ð1þO0ÞÞpmixðO0Þ

����
¼ supO

����
Z

O

−1
dO0O0pmixðO0Þ

����: ð48Þ

This is maximized if O ¼ 0. Then,

KS ¼ −
Z

0

−1
dOOpmixðOÞ ¼

Z
0

−1
dOΣmixðOÞ: ð49Þ

Because the cumulative distribution is monotonic and its
integral is 1 over the entire domain of O, there is a
nontrivial upper bound to the KS statistic. At most, half
of the integral of the cumulative distribution can lie in the
domain O ∈ ½−1; 0� and so

0 ≤ KS ≤
1

2
: ð50Þ

The value of the KS test also has an interesting
interpretation as a measure of the net interference in the
pure state. The term in the pure state distribution ppureðOÞ
that arises exclusively from the interference is

ppureðOÞ − pmixðOÞ ¼ OpmixðOÞ: ð51Þ

Of course, when integrated on all of O ∈ ½−1; 1�, this
vanishes, but restricting to O ∈ ½0; 1� ensures that there are
only non-negative contributions to the interference. So, a
measure of the amplitude of the interference is

AFB;pure ≡
Z

1

0

dOOpmixðOÞ

¼ 1 −
Z

1

0

dOΣmixðOÞ: ð52Þ

We refer to this as a “forward-backward asymmetry”
because it is half of the difference of the integral of
OpmixðOÞ from O ∈ ½0; 1� to O ∈ ½−1; 0�. Because the
integral of the cumulative distribution on O ∈ ½−1; 1� is 1,
this is also

AFB;pure ¼
Z

0

−1
dOΣmixðOÞ ¼ KS: ð53Þ

E. Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence is a quantity that
measures the amount of information required to describe
one distribution with respect to another. The KL divergence
of the pure state distribution with respect to the mixed state
distribution is

DKLðppurejjpmixÞ ¼
Z

1

−1
dOppureðOÞ logppureðOÞ

pmixðOÞ
¼

Z
1

−1
dOpmixðOÞð1þOÞ logð1þOÞ:

ð54Þ

Note that the KL divergence is only defined for the pure
distribution with respect to the mixed distribution so that
the limit when a distribution vanishes makes sense.
The KL divergence is non-negative, and takes 0 value if

the pure and mixed state distributions are identical. That
limit corresponds to the distributions of both δ functions
peaking at O ¼ 0:

ppureðOÞ ¼ pmixðOÞ ¼ δðOÞ: ð55Þ

The maximum value of the KL divergence can be estab-
lished using the optimal discrimination distribution from
Eq. (44). On this distribution, the KL divergence takes
the value

Dmax
KL ðppurejjpmixÞ ¼

Z
1

−1
dOpmax

mix ðOÞð1þOÞ logð1þOÞ

¼ log 2: ð56Þ

That is, the maximum amount of information encoded
exclusively in the interference of states jAi and jBi is log 2.
In general, the KL divergence is less than this:

0 ≤ DKLðppurejjpmixÞ ≤ log 2: ð57Þ
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IV. EXAMPLES

We now turn to consideration of explicit examples to
demonstrate the general results established above. We will
present three examples in this section: the first is just
the form for possible interference, while the latter two
are collider physics examples, that can in principle be
searched for.

A. Sinusoidal interference

Let us consider the simple example of two states whose
magnitude on phase space are both constants, but have
nontrivial interference. That is, we will take the probability
distributions to be

pmixðϕÞ ¼
1

π
; ppureðϕÞ ¼

1

π
ð1þ ϵ cosϕÞ; ð58Þ

where ϕ ∈ ½0; π� is their relative phase and ϵ ∈ ½0; 1�. The
discrimination observable is

O ¼ ϵ cosϕ; ð59Þ

and its distributions on the mixed and pure states are

pmixðOÞ ¼ 1

π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2 −O2

p ;

ppureðOÞ ¼ 1

π

1þOffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2 −O2

p : ð60Þ

The cumulative distribution for the mixed distribution is

ΣmixðOÞ ¼ 1

π
tan−1

�
Offiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϵ2 −O2
p

�
þ 1

2
; ð61Þ

where −ϵ ≤ O ≤ ϵ.
It then follows that the AUC is

AUC ¼ 1 −
1

2

Z
1

−1
dOΣ2

mixðO0Þ ¼ 1

2
þ 2ϵ

π2
: ð62Þ

Clearly, when ϵ ¼ 0, there is no discrimination power, and
when there is maximal discrimination power, ϵ ¼ 1 and the
AUC is

AUCðϵ ¼ 1Þ ¼ 1

2
þ 2

π2
≈ 0.7026; ð63Þ

satisfying our general bound. The value of the KS test is

KS ¼
Z

0

−1
dOΣmixðOÞ ¼ ϵ

π
; ð64Þ

again satisfying our general bound.TheKLdivergence can be
calculated analytically as a function of ϵ, but its form is not
illuminating. However, its maximum value, when ϵ ¼ 1 is

DKLðppurejjpmixÞ ≤ 1 − log 2; ð65Þ

satisfying the general bound.

B. Gluon helicity interference

For our first physical example, we consider the inter-
ference of helicity states of an intermediate gluon studied in
Ref. [16]. In general, an intermediate gluon in a Feynman
diagram calculation is not physical because its virtuality is
nonzero and its representation depends on the choice of
gauge. However, in the limit in which an intermediate
gluon splits to two massless, collinear particles, the
intermediate gluon becomes on-shell and real. As it is
real, it has two physical helicity states, but because it has
split to two other particles, the intermediate gluon is not
directly observed. Therefore, in a calculation, we must sum
coherently over the two orthogonal helicity states of the
intermediate gluon, and when the amplitude is squared, this
results in interference that is imprinted on the detected
daughter particles.
The procedure presented by Ref. [16] for observing this

interference is the following. One considers the measure-
ment of the three-particle energy correlator [30], which
sums over all triples of particles, weighted by the product of
the three energies in the triple, for fixed pairwise relative
angles between particles. To ensure that the particle that is
probed is (nearly) on-shell, the angle between two of the
particles in the triple is taken very small with respect to
the other two angles, called the squeezed limit. Then, the
azimuthal angle ϕ that the squeezed particles make about
their center-of-mass with respect to the third, wide-angle
particle can be measured. The interference of the two
intermediate gluon spin states is imprinted on the azimuthal
distribution of its squeezed daughter particles.
We refer to Refs. [16,30] for all details and complete

calculations, but here we will just extract one azimuthal
distribution established there. In a collider experiment, we
never directly observe the daughter quarks or gluons, so we
must sum together all possible final states. Unlike for the
spin states of the intermediate gluon, the sum over final
states is incoherent, because we could in principle make a
measurement of the final state particle flavor. For an
intermediate gluon emitted off of a hard quark, the
normalized, leading-order, squeezed azimuthal distribution
that exhibits quantum interference can be expressed as

ppureðϕÞ ¼
2

π
þ 20ðCA − 2nfTRÞ
3πð91CA þ 240CF þ 13nfTRÞ

cosð2ϕÞ:

ð66Þ

This is normalized on ϕ ∈ ½0; π=2�, and the interference
manifests as cosð2ϕÞ because the difference between
the helicity þ1 and helicity −1 intermediate gluons is
spin-2. In this expression, CF ¼ 4=3 and CA ¼ 3 are the
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fundamental and adjoint quadratic Casimirs of SU(3)
color, respectively, TR ¼ 1=2, and nf is the number of
quarks to which the intermediate gluon could split. With
nf ¼ 5, the approximate numerical value of the pure state
distribution is

ppureðϕÞ ≈
2

π
− 0.006785 cosð2ϕÞ; ð67Þ

and so the interference has an extremely small amplitude.
This large suppression arises because of an unfortunate
cancellation between the interference of quark and gluon
products from the splitting as a consequence of approximate
supersymmetry, and could perhaps be increased if the flavor
purity of the final state could be improved. Nevertheless, the
interference is nonzero and so the pure state distribution is
different from the mixed state distribution

pmixðϕÞ ¼
2

π
: ð68Þ

The optimal discrimination observable is then

O ¼ 10ðCA − 2nfTRÞ
3ð91CA þ 240CF þ 13nfTRÞ

cosð2ϕÞ

≈ −0.01066 cosð2ϕÞ: ð69Þ

Its distribution on the mixed and pure samples takes the
same form as for any sinusoidal interference, where here

pmixðOÞ ≈ 1

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0.01066Þ2 −O2

p ; ð70Þ

where we identify ϵ ≈ 0.01066. Then, the AUC is

AUC ≈ 0.5022; ð71Þ

very slightly over completely random. The KS test value is

KS ≈ 0.003393: ð72Þ

The KL divergence, or the information needed to encode
the interference, is also tiny,

DKLðppurejjpmixÞ ≈ 2.841 × 10−5: ð73Þ

C. Spin-0 and spin-2 Higgs interference

For our final example of quantum interference, we will
consider the possibility that there exists both a spin-0 Higgs
boson as well as a spin-2 Higgs boson. If there are multiple
Higgs bosons in nature of different spin, then they can both
in principle contribute to processes like gg → γγ that are
fundamental for establishing the existence of the Higgs. For
some helicity configurations of the initial gluons and final

photons, there is nonzero probability for both the spin-0
and spin-2 Higgs to mediate the process, and so they must
be coherently summed in an amplitude for a complete
prediction. Higgs bosons of different spin are orthogonal
states, and so when the amplitude is squared, this results in
quantum interference that can in principle be observed.
To isolate and study this interference of different spin

Higgs bosons, we have to assume that the helicities of the
gluons and photons can be determined. This is of course
unrealistic because at a hadron collider like the LHC,
gluons are extracted from protons and their spin is mixed
with all other constituents of the proton. Additionally, the
spin of a final state photon is not observable at the LHC
because there are no polarizing filters in the experiments,
for example. While unrealistic, this will illustrate other
interesting features of pure versus mixed state distributions
that were not present in the previous example.
For concreteness, we will consider the scattering process

gþgþ → γþγþ, where all external particles are massless and
have þ − helicity. In the center-of-mass frame, the gluons
collide head-on and the photons travel out of the collision
back-to-back. The only kinematic quantity that the distri-
bution on phase space can depend on is the scattering angle
θ, the angle between one of the initial gluons and one of the
final photons. Further, the distribution of the scattering
angle θ must be a Legendre polynomial in cos θ, which are
the partial waves or representations of SO(3) rotations (with
no azimuthal dependence). Therefore, the scattering ampli-
tudes for this process, mediated by either a spin-0 or spin-2
Higgs, are

Aðgþgþ → Hspin-0 → γþγþÞ ∝ P0ðcos θÞ ¼ 1;

Aðgþgþ → Hspin-2 → γþγþÞ ∝ P2ðcos θÞ ∝ 1 − 3cos2θ;

ð74Þ

where PnðxÞ is the nth Legendre polynomial. The normal-
ized pure and mixed state distributions on phase space are
then

d cos θhρpurei ¼
1

2

1

1þ ϵ
þ 5

8

ϵ

1þ ϵ
ð1 − 3cos2θÞ2

þ
ffiffiffiffiffi
10

8

r ffiffiffi
ϵ

p
1þ ϵ

ð1 − 3cos2θÞ;

d cos θhρmixi ¼
1

2

1

1þ ϵ
þ 5

8

ϵ

1þ ϵ
ð1 − 3cos2θÞ2: ð75Þ

In these expressions, we use the shorthand notation hρi to
denote the density matrix projected onto the appropriate
N-particle momentum state. As always, ϵ quantifies the
relative probability of the contribution of the spin-0 or
spin-2 Higgs boson to the process.
From these distributions, the discrimination observable

is the ratio of the interference term to the mixed state
distribution:
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O ¼
ffiffiffiffiffi
80

p ffiffiffi
ϵ

p ð1 − 3 cos2 θÞ
4þ 5ϵð1 − 3 cos2 θÞ2 : ð76Þ

Its distribution on the mixed state can be calculated in the
usual way:

pmixðOÞ ¼
Z

1

0

dxffiffiffi
x

p
�
1

2

1

1þ ϵ
þ 5

8

ϵ

1þ ϵ
ð1 − 3xÞ2

�

× δ

�
O −

ffiffiffiffiffi
80

p ffiffiffi
ϵ

p ð1 − 3xÞ
4þ 5ϵð1 − 3xÞ2

�
; ð77Þ

where we have made a change of variables x ¼ cos2 θ to
render the expression more compact. This integral can be
explicitly evaluated and one finds

pmixðOÞ ¼ 2ffiffiffi
ϵ

p ð1þ ϵÞΘ
�
4

ffiffiffiffiffi
5ϵ

p

4þ 5ϵ
−O

�

×

�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−O2

p 	
3

O4
�
O2 − 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−O2

p 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15− 6

ffiffiffi
5

p
1−

ffiffiffiffiffiffiffiffiffi
1−O2

pffiffi
ϵ

p
O

q

þ 2ffiffiffi
ϵ

p ð1þ ϵÞΘ
�
−
2

ffiffiffiffiffi
5ϵ

p

1þ 5ϵ
−O

�

×

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−O2

p 	
3

O4
�
1−O2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−O2

p 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15− 6

ffiffiffi
5

p
1þ

ffiffiffiffiffiffiffiffiffi
1−O2

pffiffi
ϵ

p
O

q :

ð78Þ

While a bit unwieldy, this distribution lacks the O → −O
symmetry that we had observed in the case of gluon helicity
interference. For illustration, we will just present the value
of the KL divergence in the case of maximal mixing ϵ ¼ 1
of the different Higgs bosons. We find

DKLðppurejjpmixÞ ≈ 0.473; ð79Þ

which is indeed less than the upper bound log 2 ≈ 0.6931.

V. CONCLUSIONS

Observing signatures of quantum mechanics at particle
physics colliders is challenging because of the necessary
way that data are collected. We established general results
for observation of quantum interference at a collider arising
from coherent summation of orthogonal states to the
amplitude of a process. Measurements at a collider take
place on the space of N-particle momentum states, so direct
measurement of off-diagonal elements of the density matrix
of a system are not possible. Instead, pure and mixed states

have distinct probability distributions on phase space, and
their likelihood ratio defines the optimal observable for
identification of interference. These results enable general,
robust bounds that set limits on the feasibility of observing
interference.
For simplicity and clarity, our analysis here has been

limited in a few ways. First, we only considered the
interference of two orthogonal states on phase space.
Second, in the explicit examples we considered to illustrate
quantum interference, we restricted to cases in which the
interfering states projected onto only a single particle
number state. It would be interesting to generalize these
results. When multiple orthogonal states interfere, the
interference still only arises through relative phases of pairs
of states, but now there would be a sum over many such
pairs. Our results likely naturally generalize for this multiple
state interference case. On the other hand, the analysis of
processes which involve three or more orthogonal states that
interfere may be significantly different than what was
presented here. Numerous systems that appear in particle
physics consist of arbitrary numbers of particles, most
notably arising due to the presence of infrared singularities
or approximate scale invariance. Jets, collimated streams of
hadrons arising from dynamics of the strong force at high
energies, are perhaps the most prominent objects that lack a
well-defined particle number, and determination of the
manifestation of interference on jets could be a powerful
probe of quantum mechanics in a vastly different regime.
Recently, methods for defining entropy on jets has been
performed [31], but the authors note that the dynamics of a
jet itself lead to decoherence and may wash out nearly all
observable traces of interference.
As mentioned in the Introduction, establishing Bell-like

inequalities for observation of entanglement is extremely
subtle at a collider. However, it is interesting to ask if
similar inequalities can be established for quantum inter-
ference. If the density matrix could be measured at a
collider, this would be straightforward, if technically
challenging, because the von Neumann entropy could be
determined and the extent to which an event is a mixed state
quantified. Without direct access to the density matrix,
and only access to squared scattering amplitudes on fixed
N-body phase space, a path forward to such a goal is much
murkier. Nevertheless, it could shine a light on the strange
ways that the Universe works at the shortest distances
probed by the highest energy colliders.
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