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The photon self-energy from chirally imbalanced quark matter is evaluated at finite temperature and
density using the real time formulation of thermal field theory. The analytic structure is explored in detail
exposing the cut structure which corresponds to a variety of physical scattering and decay processes in the
medium and their thresholds. The mass of the quarks in the chiral symmetry broken phase are obtained
from the gap equation of the Nambu–Jona-Lasinio model. It is found that, in presence of finite chiral
chemical potential, the chiral condensate tends to get stronger at low temperatures while the opposite is
observed at high temperature values. A continuous spectrum is obtained for the electromagnetic spectral
function and this is purely a finite chiral chemical potential effect.
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I. INTRODUCTION

Relativistic collision of heavy ions aim to probe the QCD
vacuum structure under extreme conditions of temperature
and/or baryon density [1–4]. There exists in fact an infinite
number of energy-degenerate different vacua of QCD
characterized by an integer valued winding number and
separated by a potential barrier [5]. This is probed by
nontrivial topological gauge configurations which interpo-
late between these vacua. At small values of temperature,
transition between different vacua are dominated by
instanton tunneling [6–8], resulting in a lower transition
rate. In Ref. [9] it is argued that, the existence of infrared
instanton structure can provide a mechanism for the chiral
phase transition. However, at temperatures comparable
to the QCD scale, an abundant production of the QCD
sphalerons, another kind of topological gluon configura-
tions, is expected [10,11] which can lead to the significant
increase in the transition rate by crossing the barriers
between different vacua [12–15]. Interaction of the quarks
with these topological gauge fields can change their

helicities which in turn produces an imbalance between
left- and right-handed quarks and thus lead to the breaking
of the parity (P) and charge-parity (CP) symmetry by
means of the axial anomaly of QCD [16,17]. As there is no
direct P and CP violation in QCD, there can only be local
domains with chirality imbalance which vanishes globally
[18,19]. The existence of chiral imbalance or a difference in
the number of right- and left-handed quarks would imply
the existence of a chiral chemical potential (CCP).
Off-central collisions of heavy nuclei moving with

velocities close to that of light can also generate a pulse
of very strong magnetic field estimated to be ∼1015 Tesla
[20,21]. Consequently, electromagnetic interactions driven
by such high magnetic fields are as strong as QCD
interactions. In this situation an asymmetry between the
densities of left- and right-handed quarks will induce a
separation of charges or an electric current being set up
along the direction of the magnetic field. This is known as
chiral magnetic effect (CME) [20,22–24]. Experimental
detection of this transient effect will not only provide direct
evidence for the formation of a chirally symmetric decon-
fined QCD matter with domains where P and CP sym-
metries are locally violated by QCD but also prove the
existence of strong magnetic fields. Intense efforts have
been going on to detect CME in heavy ion collision
experiments at the RHIC at Brookhaven. Recently, the
STAR Collaboration performed a blind analysis of a large
data sample of approximately 3.8 billion isobar collisions
which so far have yielded a null result [25]. However, new
methods for experimental determination of CME have been
proposed [26,27]. Besides these, the chiral imbalance also
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leads to interesting physical phenomena. For example,
chiral matter under rotation can generate currents along
the vortical field, known as the chiral vortical effect which
results in the chiral vortical waves [28–31]. In Ref. [32], it
is shown that, the damping rate depends on both the energy
and the chirality of the fermion. The presence of chiral
imbalance can also be responsible for a different propa-
gation of the left- and right-circularly polarized transverse
modes of the photon [32], providing new contributions to
the collisional energy loss of an energetic fermion [33] and
the fermion damping rate [34]. Moreover, there exists
unstable collective modes signaling the presence of a
plasma instability in a system with an asymmetry between
left- and right-handed chiral fermions which might provide
a new mechanism for the strong and stable magnetic field
of magnetars [35,36].
Furthermore, it is encouraging to note that CME has

been observed in condensed matter systems particularly in
3D Dirac as well as Weyl semimetals [37–45]. In addition,
there are also important consequences of chiral imbalance
on the phase structure of the strongly interacting matter.
Recent studies [46–48] reveals that, in heavy ion collisions,
chiral charge density reaches equilibrium shortly after the
collision and the situation remains persistent for a larger
period of time. Hence the study of chirally-imbalanced
matter continues to be of significant scientific relevance in
the near future.
Correlation functions of local currents are among the

primary theoretical tools which have been used to study the
response of matter created in relativistic heavy ion colli-
sions [49–51]. Of particular interest is the electromagnetic
current correlation function which characterizes the
response of the system to electromagnetic probes which
have been extensively studied in the literature [50,52–60].
The electromagnetic spectral function which is propor-
tional to the imaginary part of the photon self-energy in the
medium constitute the most important component in the
definition of the emission rates of photons and dileptons. In
this work, for the first time, we have derived the propagator
of a massive fermion in presence of CCP. This propagator
has been used to evaluate the photon self energy in chirally
imbalanced matter using the real time formalism (RTF) of
thermal field theory [49,61,62]. The analytic structure of
this quantity is explored in detail exposing the cut structure
which corresponds to a variety of physical scattering and
decay processes in the medium and their thresholds. The
“strong” interaction of quarks has been modeled using the
2-flavor Nambu–Jona-Lasionio (NJL) model [63,64] in the
mean field approximation. This model has been extensively
used to examine some of the nonperturbative properties of
the QCD at arbitrary values of temperature and baryon
chemical potential (BCP) (see Refs. [65–67] for reviews),
as well as in presence of a CCP [68–74]. The constituent
quark mass at different external parameters, such as
temperature, BCP and CCP, has been obtained by solving

the corresponding gap equation. We find that in the
presence of a CCP, the chiral condensate tends to get
stronger at low temperature while it weakens at high values
of temperature. These could be termed as ‘chiral catalysis’
and ‘inverse chiral catalysis’ respectively.
The article is organized as follows. In Sec. II, we have

shown the derivation of the real time fermion propagator at
finite CCP. The propagator has then been used to evaluate
the chiral condensate followed by the gap equation from the
2-flavor NJL model in Sec. III. Section IV is devoted for
the calculation of the one-loop photon self-energy in the
medium with nonzero CCP. After that, the analytic struc-
ture of the thermal self-energy function is analyzed in
Sec. V. Next in Sec. VI, we have shown the Lorentz
decomposition of the electromagnetic spectral function
leading to various modes of photon propagation in the
medium. In Sec. VII, we have shown and discussed the
numerical results, and have finally summarized and con-
cluded in Sec. VIII. Some calculational aspects are pro-
vided in the appendices.

II. THE FERMION PROPAGATOR AT
NONZERO CCP

Let us consider the propagation of a spin-1
2
fermion of

mass M in a medium at zero temperature (T ¼ 0) with
nonzero chemical potential μ and nonzero CCP μ5 > 0. The
system is described by the Lagrangian

L ¼ Ψ̄ðiγμ∂μ þ μγ0 þ μ5γ
0γ5 −MÞΨ; ð1Þ

where Ψ denotes the fermion field. The corresponding
coordinate space Dirac propagator Sðx; x0Þ ¼ Sðx − x0Þ
satisfies [23]

ðiγμ∂μ þ μγ0 þ μ5γ
0γ5 −MÞSðx − x0Þ ¼ −δ4ðx − x0Þ: ð2Þ

To solve Eq. (2), let us introduce the Fourier transform of
Sðx − x0Þ as

Sðx − x0Þ ¼
Z

d4p
ð2πÞ4 e

−ip·ðx−x0ÞSðp;MÞ; ð3Þ

where Sðp;MÞ is the momentum space Dirac propagator.
Substituting (3) into Eq. (2), we obtain

Sðp;MÞ ¼ −1
=pþ μγ0 þ μ5γ

0γ5 −M
: ð4Þ

Inverting the right-hand side of Eq. (4) is a bit involved; a
long but straightforward calculation yields

Sðp;MÞ ¼ −Dðp0 þ μ; p;MÞ
p̃2þp̃2

− − 2M2p̃þ · p̃− þM4
; ð5Þ
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where p̃μ
� ≡ ðp0 þ μ� μ5; pÞ and Dðp;MÞ contains com-

plicated Dirac structure as follows:

Dðp0; p;MÞ ¼
X
j∈f�g

Pj½p2
−j=pj −M2=p−j

þMðpj · p−j −M2Þ þ iMσμνp
μ
jp

ν
−j� ð6Þ

in which Pj ¼ 1
2
ð1þ jγ5Þ and pμ

� ≡ ðp0 � μ5; pÞ. The
propagator in Eq. (5) can alternatively be expressed in the
following form (which is easier to work with)

Sðp;MÞ ¼ Dðp0 þ μ; p;MÞ
X
r∈f�g

1

4jpjrμ5

×

�
−1

ðp0 þ μÞ2 − ðωr
pÞ2 þ iϵ

�
ð7Þ

where, ωr
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjpj þ rμ5Þ2 þM2

p
> 0 and we have put an

explicit iϵ in the denominator following Feynman boundary
condition. We note that, r corresponds to the helicity of the
propagating fermion [23].
We now specify the fermion propagator at finite temper-

ature (T ≠ 0) along with finite density (μ ≠ 0) and finite
CCP (μ5 ≠ 0). For this, we will use the RTF of finite
temperature field theory [49,61,62] where the thermal
propagator assumes 2 × 2 matrix form. However, the
knowledge of only 11-component of this matrix is suffi-
cient for our purpose, which is given by [49]

S11ðp;MÞ¼ Sðp;MÞ−ηðp0þμÞ½Sðp;MÞ− γ0S†ðp;MÞγ0�;
ð8Þ

where ηðxÞ ¼ ΘðxÞfþðxÞ þ Θð−xÞf−ð−xÞ in which
f�ðxÞ ¼ ½eðx∓μÞ=T þ 1�−1 is the Fermi-Dirac distribution
function. Substituting Eq. (7) into Eq. (8) and simplifying,
we get

S11ðp;MÞ ¼ Dðp0 þ μ; p;MÞ
X
r∈f�g

1

4jpjrμ5

×

�
−1

ðp0 þ μÞ2 − ðωr
pÞ2 þ iϵ

− ηðp0 þ μÞ

× 2πiδððp0 þ μÞ2 − ðωr
pÞ2Þ

�
: ð9Þ

It is to be noted that the fermion chemical potential μ has
been put explicitly in the Lagrangian in Eq. (1) for the
calculation of thermodense propagator. In general, there
exists two ways of incorporating fermion chemical poten-
tial in the real-time formulation of thermal field theory:
(i) explicitly through the Lagrangian or the equation of
motion as done in this work in Eq. (1), or, (ii) through the
density operator in the grand canonical (GC) ensemble

[61,75]. Accordingly, there exists two different forms of
the real time fermion propagator. However, in standard
perturbative calculations the use of the two different
forms of the propagator does not make any difference in
the final result [75]. A note on the introduction of fermion
chemical potential in the RTF has been provided in
Appendix A.

III. GAP EQUATION AND THE CONSTITUENT
QUARK MASS FROM THE NJL MODEL

The Lagrangian (density) for the 2-flavor NJL model in
presence of CCP reads,

L NJL ¼ ψ̄ðiγμ∂μ −mþ μγ0 þ μ5γ
0γ5Þψ

þ G½ðψ̄ψÞ2 þ ðψ̄ iγ5τψÞ2�; ð10Þ

where ψ ¼
�ψu

ψd

�
is the quark isospin doublet, m is the

current quark mass, and G is the scalar channel coupling.
Using the mean field approximation (MFA), the constituent
quark mass M can be calculated by solving the following
gap equation:

M ¼ m − 2Ghψ̄ψi ð11Þ

where, the chiral condensate hψ̄ψi in MFA is given by

hψ̄ψi ¼ Nc

X
f∈fu;dg

Rei
Z

d4k
ð2πÞ4 Tr½S11ðk;MÞ�: ð12Þ

Substituting Eq. (9) into Eq. (12) and performing the dk0

integral, we get after bit simplifications

hψ̄ψi ¼ −NcM
X

f∈fu;dg

X
r∈f�g

Z
d3k
ð2πÞ3

1

ωr
k

× ½1 − fþðωr
kÞ − f−ðωr

kÞ�: ð13Þ

It is to be noted that, the temperature independent part
of Eq. (13) is ultraviolet (UV) divergent, which needs to
be regularized. The NJL model, being nonrenormalizable
requires specific regularization scheme. In this work, we
use the smooth three momentum cutoff prescription [70] so
that the gap equation becomes

M ¼ mþ 2GNcM
X

f∈fu;dg

X
r∈f�g

Z
d3k
ð2πÞ3

1

ωr
k

×

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ20

Λ20 þ jkj20

s
− fþðωr

kÞ − f−ðωr
kÞ
#
: ð14Þ
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IV. PHOTON SELF ENERGY IN THE
MEDIUM

The Lagrangian for photon-quark-antiquark electromag-
netic interaction is L em

int ¼ Jemμ ðxÞAμðxÞ where

Jemμ ðxÞ ¼
X

f∈fu;dg
efψ̄fðxÞγμψfðxÞ ð15Þ

is the conserved electromagnetic vector current that couples
to the photon field AμðxÞ. In Eq. (15), ef is the electronic
charge of the quark flavor f. Using L em

int , 11-component of

the one-loop real time photon self energy can be written as
(applying Feynman rules to Fig. 1)

Πμν
11ðq0;qÞ ¼ −

X
f∈fu;dg

e2fNci
Z

d4k
ð2πÞ4

×Tr½γνS11ðp¼ qþ k;MÞγμS11ðk;MÞ�; ð16Þ

where Nc is the number of color. Substituting Eq. (9) into
Eq. (16), followed by performing the dk0 integral, we get
the imaginary part of the 11-component of in-medium
photon self energy as

ImΠμν
11ðq0; qÞ ¼ Nc

X
f∈fu;dg

e2fπ
Z

d3k
ð2πÞ3

X
r∈f�g

X
s∈f�g

1

16rsμ25jpjjkj
1

4ωr
kω

s
p

× ½N μνðk0 ¼ −ωr
kÞf1 − f−ðωr

kÞ − fþðωs
pÞ þ 2f−ðωr

kÞfþðωs
pÞgδðq0 − ωr

k − ωs
pÞ

þN μνðk0 ¼ ωr
kÞf1 − fþðωr

kÞ − f−ðωs
pÞ þ 2fþðωr

kÞf−ðωs
pÞgδðq0 þ ωr

k þ ωs
pÞ

þN μνðk0 ¼ ωr
kÞf−fþðωr

kÞ − fþðωs
pÞ þ 2fþðωr

kÞfþðωs
pÞgδðq0 þ ωr

k − ωs
pÞ

þN μνðk0 ¼ −ωr
kÞf−f−ðωr

kÞ − f−ðωs
pÞ þ 2f−ðωr

kÞf−ðωs
pÞgδðq0 − ωr

k þ ωs
pÞ�; ð17Þ

where

N μνðk; qÞ ¼ Tr½γνDðp0; p;MÞγμDðk0; k;MÞ�: ð18Þ

On substituting Eq. (6) into (18) and evaluating the Dirac trace, we will get the following expression of N μνðk; qÞ

N μνðk; qÞ ¼ 2gμν½2M6 −M4f2ðpþ · p−Þ þ 2ðkþ · k−Þ þ ðpþ · kþÞ þ ðp− · k−Þg þM2fðpþ · k−Þðp2
− þ k2þÞ

þ ðp− · kþÞðp2þ þ k2−Þ − 2ðpþ · k−Þðp− · kþÞ þ 2ðpþ · kþÞðp− · k−Þ þ 2ðpþ · p−Þðkþ · k−Þg
− p2þk2þðp− · k−Þ − p2

−k2−ðpþ · kþÞ� þ 2½pμ
þkνþ þ pνþk

μ
þ�fM4 − 2M2ðp− · k−Þ þ p2

−k2−g
þ 2½pμ

−kν− þ pν
−kμ−�fM4 − 2M2ðpþ · kþÞ þ p2þk2þg − 2M2½pμ

þkν− þ pνþkμ−�ðp− − kþÞ2
− 2M2½pμ

−kνþ þ pν
−k

μ
þ�ðpþ − k−Þ2 − 2iεμναβ½2pþαp−βM2fM2 − ðkþ · k−Þg

− 2kþαk−βM2fM2 − ðpþ · p−Þg þ pþαkþβðM4 − p2
−k2−Þ − p−αk−βðM4 − p2þk2þÞ

þM2pþαk−βðp2
− − k2þÞ −M2p−αkþβðp2þ − k2−Þ�; ð19Þ

in which we have used the convention ε0123 ¼ 1 for the
four-dimensional Levi-Civita symbol. It is worth mention-
ing that, one of the integrations dðcos θÞ of Eq. (17) can

analytically be performed using the Dirac delta functions
present in the integrand.

V. ANALYTIC STRUCTURE OF THE
SELF-ENERGY

The imaginary part of the photon self-energy at nonzero
CCP in Eq. (17) contains sixteen Dirac delta functions.
They give rise to branch cuts of the thermal self-energy
function in the complex q0 plane. The terms with δðq0 −
ωr
k − ωs

pÞ and δðq0 þ ωr
k þ ωs

pÞ are called Unitary-I and
Unitary-II cuts, respectively. On the other hand, the
terms with δðq0 þ ωr

k − ωs
pÞ and δðq0 − ωr

k þ ωs
pÞ are

photon photon

quark

quark

FIG. 1. Feynman diagram for one-loop photon self-energy.
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respectively called Landau-I and Landau-II cuts. Each of
the Unitary and Landau cut again consists of four sub-cuts
corresponding to different helicities ðr; sÞ. These different
cuts correspond to different physical processes like decay
and scattering (absorption/emission). For example, the
Unitary-I cuts correspond to the decay of a virtual photon
having positive energy to real quark-antiquark pair (and the
time revered process). The Landau cuts correspond to the
absorption (emission) processes in which a real quark/
antiquark in the thermal medium absorbs (emits) a virtual
photon.
Each of the sixteen Dirac delta functions in Eq. (17) are

nonvanishing at different respective kinematic regions.
To see this, we write δðq0 ∓ ωr

k ∓ ωs
pÞ ¼ δðq0 ∓ UrsÞ and

δðq0 � ωr
k ∓ ωs

pÞ ¼ δðq0 ∓ LrsÞ where

Urs ¼ Ursðjkj; x ¼ cos θ;M; jq⃗j; μ5Þ ¼ ωr
k þ ωs

p; ð20Þ
Lrs ¼ Lrsðjkj; x ¼ cos θ;M; jq⃗j; μ5Þ ¼ −ωr

k þ ωs
p; ð21Þ

in which θ is the angle between q and k. Both the functions
Ursðjkj; xÞ and Lrsðjkj; xÞ are defined in the domain jkj ∈
½0;∞Þ and x ∈ ½−1; 1�. Therefore, the Unitary cuts, δðq0 ∓
ωr
k ∓ ωs

pÞ will be nonvanishing if and only if

�q0 ∈ ranðUrsÞ; ð22Þ
where, ranðfÞ denotes the range (or codomain) of the
function f. Equation (22) ensures that the spike of the Dirac
delta function lies in the domain of integration in Eq. (17).
In a similar fashion, for the Landau cuts, δðq0 � ωr

k ∓ ωs
pÞ

will be nonvanishing if and only if

�q0 ∈ ranðLrsÞ: ð23Þ
For different values of ðr; sÞ, the ranges ranðUrsÞ and

ranðUrsÞ are provided in Appendix B [see Eqs. (B1) and
(B2)]. Using Eqs. (22) and (23), we can now find the
kinematic regions for the sixteen Dirac delta functions,
which are listed below in Eqs. (24) and (25),

ð24Þ

FIG. 2. The branch cuts of the self-energy in the complex q0 plane for a given jqj when (upper panel) jqj < 2μ5 (lower panel)
jqj ≥ 2μ5.
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ð25Þ

In Eq. (17), when summed over the indices r and s, the obtained resultant kinematic regions for the Unitary and Landau
cuts come out to be

ð26Þ

The analytic structure of ImΠμν
11ðq0; qÞ has been

depicted in Fig. 2. If we restrict ourselves to the
physical timelike kinematic domains defined in terms
of q0 > 0 and q0 > jqj, then from Fig. 2, we see that
along with the Unitary-I cut, some portion of the
Landau cuts jqj < q0 < 2μ5 also contribute which is
purely a finite CCP effect. Physically it means, a real
quark/antiquark with helicity r in the medium can
absorbs/emits a timelike virtual photon having positive
energy to become a quark/antiquark with helicity −r.
Additionally, the threshold of the Unitary cuts strongly
depend on μ5 and M. As a consequence, for high
enough μ5 ≥ jqj=2, a positive energetic photon having

squared invariant mass q2 ≥ 4ðM2 − μ25Þ can decay into
a real quark-antiquark pair, which is is less than the
usual threshold of pair production q2 ≥ 4M2; the photon
may even be spacelike. Also, for sufficiently high μ5,
the forbidden gap between the Landau and Unitary cuts
will become zero irrespective of the value of M which
is also a purely finite CCP effect.

VI. ELECTROMAGNETIC SPECTRAL FUNCTION
AND ITS LORENTZ STRUCTURE

The electromagnetic spectral function ρμν due to the
quark loop is defined as [49,76]
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ρμνðq0; qÞ ¼
1

4πα
signðq0Þ tanh

�
q0
2T

�
ImΠμν

11ðq0; qÞ; ð27Þ

where α ¼ 1
137

is the fine-structure constant. Note that, the
spectral function satisfies the transversality condition

qμρμνðqÞ ¼ qνρμνðqÞ ¼ 0 which follows from the conser-
vation of the vector current in Eq. (15): ∂μJemμ ðxÞ ¼ 0. It is
useful to decompose the spectral function in suitable tensor
basis constructed from the available vectors and tensors.
The choice of the tensor basis is not unique, and in this
work, we use the following tensor basis from Ref. [77] to
decompose the spectral function

ρμνðq0; qÞ ¼ ρLP
μν
L þ ρþTP

þμν
T þ ρ−TP

−μν
T ; ð28Þ

where the projection tensors are

Pμν
L ¼ ũμũν

ũ2
; ð29Þ

P�μν
T ¼ 1

2

�
gμν −

qμqν

q2
−
ũμũν

ũ2
� 1ffiffiffiffiffiffiffiffiffiffi

q2ũ2
p εμναβũαqβ

�
; ð30Þ

in which ũμ ¼ uμ − ðq·uÞ
q2 qμ is a vector orthogonal to qμ and

uμ is the medium four-velocity vector. In the local rest
frame (LRF) of the medium uμLRF ≡ ð1; 0Þ. The projection
tensors in Eq. (29) and (30) form orthonormal basis which
can be realized from the following multiplication tables,

 0
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ð31Þ

Using Eq. (31), it is easy to extract the form factors ρL
and ρ�T from Eq. (28) as

ρL ¼ PLνμρ
μν ¼ uμuνρμν

ũ2
; ð32Þ

ρ�T ¼ P�
Tνμρ

μν ¼ 1

2
ðρμμ − ρL �

1ffiffiffiffiffiffiffiffiffiffi
q2ũ2

p εμναβuαqβρμνÞ: ð33Þ

In Eq. (28), “L ” corresponds to the longitudinal mode,
and, “T� ” refers to the transverse modes of photon
propagation [77]. To see this, we first note that, in LRF
of the medium, the various components of the projection
tensors in Eq. (29) and (30) reduces to

P00
L ¼ −

q2

q2
; P0i

L ¼ Pi0
L ¼ −

q0qi

q2
; Pij

L ¼ −
q20
q2

qiqj

q2
;

ð34Þ

P�00
T ¼ 0; P�0i

T ¼ P�i0
T ¼ 0;

P�ij
T ¼ 1

2

�
−δij þ qiqj

q2
∓ iεijk

qk
jqj

�
: ð35Þ

Thus in LRF, the spatial components of Pμν
L satisfy the

relation
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�
δij −

qiqj
q2

�
Pjk
L ¼ 0; ð36Þ

which implies that the mode “L ” correspond to the
longitudinal mode of the photon propagation. On the other
hand, in LRF, the spatial components of P�μν

T satisfy the
orthogonality relation

qiP�
Tij ¼ 0; ð37Þ

implying that the modes “T� ” refer to the transverse modes
of the propagating photon. Moreover, if we consider the
photon three-momentum q ¼ jqjẑ along ẑ direction, then
we have from Eq. (35) that

Pþμν
T ¼ −ϵμRϵν�R ; P−μν

T ¼ −ϵμLϵν�L ; ð38Þ

where

ϵμR ¼ 1ffiffiffi
2

p ð0; 1; i; 0Þ and; ϵμL ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ; ð39Þ

denote the right- and left-circular polarization vectors.
Therefore, the real poles of the propagators corresponding
to “Thðh ¼ þ;−Þ ” describe the existence of two different
transverse modes identified by their circular polarization h.
Note that at finite T and μ with μ5 ¼ 0, one usually has one
longitudinal mode (L), and, two degenerate transverse
modes (T). In presence of CCP, the longitudinal mode is
unaffected, where as degeneracy of the transverse mode is
lifted and we get three distinct modes of photon propagation.

VII. NUMERICAL RESULTS AND DISCUSSIONS

Let us first specify the values of the parameters of
the NJL model that are used for the numerical results. We
use current quark mass m ¼ 5.6 MeV, smooth three-
momentum cutoff Λ ¼ 568.69 MeV and NJL coupling
G ¼ 5.742 GeV−2 which reproduce the experimental/
phenomenological vacuum values of quark-condensate,
pion decay constant and pion mass. We now show the
variation of the constituent quark mass M as a function of
temperature for different values of BCP and CCP in Fig. 3
as obtained by solving the gap equation (14). We notice
that,M is large (∼300 MeV) in the low temperature region
owing to the spontaneous breaking of the chiral symmetry
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thresholds situated in the physical timelike region (q0 > 0 and q2 > 0).
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yielding large values of the quark condensate. With the
increase in temperature, M first remain constant up to a
certain value of temperature after which M suddenly
decreases corresponding to the pseudochiral phase tran-
sition. In the high temperature limit, M approaches to the
current quark mass m irrespective of the values of other
parameters like BCP and CCP. With the increase in BCP,
the transition temperature is found to decrease thus mim-
icking a typical QCD phase diagram.
By comparing the red, blue, and green curves of Fig. 3, we

observe that with the increase in CCP, the constituent quark
mass M increases in the low temperature region; however,
the sudden change of M occurs at a relatively smaller
temperature value indicating a decrease in the transition
temperature with the increase in CCP. Hence, CCP has the
tendency to make the chiral condensate stronger at low
temperature T ≃ 0 (which is similar to the magnetic cataly-
sis) and may be called “chiral catalysis” where the chiral
imbalance catalyzes the dynamical symmetry breaking. On
the other hand, at large temperature, an opposite effect is
noticed where the presence of nonzero CCP weakens the
chiral condensate and chiral symmetry is restored at a lower
temperature as compared to the vanishing CCP case. This
may be termed as “inverse chiral catalysis” (similar to the

inverse magnetic catalysis) where an chiral imbalance
opposes the dynamical symmetry breaking.
Let us now switch to the numerical results of the

electromagnetic spectral functions for which we restrict
ourselves to physical time-like kinematic region defined in
terms of q0 > 0 and q2 > 0. In Fig. 4, we have depicted the
variation of the electromagnetic spectral function ρ in
longitudinal (L) and transverse (T�) modes as a function

of invariant mass
ffiffiffiffiffi
q2

p
for different values of μ5 and jqj at

T ¼ 120 MeV and μB ¼ 0. In Fig. 4, we have also shown
the positions of the Unitary and Landau cut thresholds
which appeared in the physical kinematic region by
gray and orange horizontal lines respectively. Noticing
Figs. 4(a), 4(d), and 4(g), we find that for vanishing CCP,
the longitudinal and the degenerate transverse spectral
functions have similar magnitudes and their difference is
not visible with the range of the plot. Moreover, at μ5 ¼ 0,

we have only the Unitary-I cut threshold
ffiffiffiffiffi
q2

p
> 2M in the

physical region which does not depend on jqj.
Observing the nonzero CCP graphs in Fig. 4, we find

more than one Unitary-I cut thresholds (corresponding to
subcuts fr; sg ¼ fþ;þg; fþ;−g; f−;þg, and f−;−g) and
one Landau cut threshold (corresponding to subcuts
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FIG. 7. Electromagnetic spectral function ρ in longitudinal (L) and transverse (T�) modes as a function of invariant mass
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different values of μ5 and jqj at T ¼ 150 MeV and μB ¼ 200 MeV. “UT” and “LT” respectively corresponds to the Unitary and Landau
cut thresholds situated in the physical timelike region (q0 > 0 and q2 > 0).
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fr; sg ¼ fþ;−g or f−;þg) in the physical region as can be
understood from Eqs. (24) and (25). In Figs. 4(e), 4(h),
and 4(i), we see three Unitary cut thresholds instead of
four since the sub-cuts fr; sg ¼ fþ;−g and f−;þg have
identical thresholds as per Eq. (24). In Fig. 4(b), it is found
that, there exists a kinematic gap between the Landau cut
and the Unitary cut where the spectral function is zero. In
the rest of the nonzero CCP graphs, the Landau cut
threshold appears within the Unitary owing to the overlap
of the cuts, yielding a continuous spectrum of electromag-
netic spectral function over the whole range of invariant
mass. We emphasize that, the generation of the continuous
spectrum of spectral function is purely a finite CCP effect.
The finite CCP graphs in Fig. 4 is seen to have

nonmonotonic dependence on the invariant mass. Since
the contribution of the different subcuts to the spectral
function are not at par in magnitude, we see sharp changes
of the spectral function values at each subcut thresholds.
From Fig. 4, it is also interesting to note that, at finite value
of CCP, the degeneracy of the transverse modes are lifted
and we get three distinct modes of the spectral function.
Moreover, unlike the zero-CCP case, the distinction among
the modes are clearly visible in the finite CCP plots.
The differences among the longitudinal (L) and two

nondegenerate transverse (T�) modes increase as we
increase jqj and μ5.
Next in Fig. 5 we have shown the variation of the spectral

function ρ in different modes as a function of invariant mass
for different values of μ5 and jqj at T ¼ 150 MeV and
μB ¼ 0. As compared to the T ¼ 120 MeV case (in Fig. 4),
the constituent quark mass has substantially decreased at
T ¼ 150 MeV. Thus, the Unitary cut thresholds have
moved towards lower values of the invariant mass in
Fig. 5 compared to that of Fig. 4. On the other hand,
the Landau cut threshold has weaker dependence on M
[due to the relative signs of the terms in middle rows of
Eq. (25) as compared to Eq. (24)] and has strong depend-
ence on the other parameters (like jqj and μ5). Hence,
comparing Figs. 5 and 4, we notice that unlike the Unitary-
cut thresholds, the Landau cut threshold does not move
significantly over the invariant mass axes.
As before, in Figs. 5(e), 5(h), and 5(i), we found that, the

Unitary subcuts fr; sg ¼ fþ;−g and f−;þg have identical
thresholds. More interestingly, in Figs. 5(h) and 5(i), the
Unitary subcut fr; sg ¼ f−;−g is absent as it has started
from the spacelike kinematic region (q2 < 0) as can be
understood from last row of Eq. (24). The qualitative nature
of the graphs of Fig. 5 is found to be similar to Fig. 4.
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Next in Fig. 6, we have depicted the variation of the
spectral function ρ in longitudinal (L) and transverse (T�)
modes as a function of invariant mass for different values
of μ5 and jqj at T ¼ 200 MeV and μB ¼ 0 which is the
region in NJL phase diagram with the partially restored
chiral symmetry. In this case, the constituent quark mass
M ≃m, so that, the Unitary cut thresholds have further
moved towards lower values of the invariant mass as
compared to that of Figs. 4 and 5. As expected from
Eq. (25), the Landau cut threshold does not move
appreciably along the invariant mass axes. In Figs. 6(e),
6(h), and 6(i), we again found that, the Unitary subcuts
fr; sg ¼ fþ;−g and f−;þg have identical thresholds.
Additionally, in Figs. 5(b), 5(c), 5(e), 5(f), 5(h), and 5(i),
the Unitary subcut fr; sg ¼ f−;−g is found to be absent
as it has started from the spacelike kinematic region
(q2 < 0) due to the small value of M ≃m.
Until now, we have considered the BCP to be zero. Let us

now show the numerical results of the spectral functions for
finite μB in Figs. 7 and 8. In Fig. 7, we have shown the
variation of the spectral function ρ in different modes as a
function of invariant mass for different values of μ5 and jqj
at T ¼ 150 MeV and μB ¼ 200 MeV. Comparing nonzero
BCP graphs of Fig. 7 with the corresponding μB ¼ 0 graphs
of Fig. 5, we find that the Unitary-cut thresholds have
moved towards the lower invariant mass due to the decrease
in M. Both the qualitative and quantitative nature of the
curves of Fig. 7 is seen to be similar to the Fig. 5.
Finally, in Fig. 8, we have plotted the variation of the

spectral function ρ in longitudinal (L) and transverse (T�)
modes as a function of invariant mass for different values of
μ5 and jqj at T ¼ 150 MeV and μB ¼ 600 MeV which is
again the region in NJL phase diagram with the partially
restored chiral symmetry. In this case, the constituent quark
mass M ≃m, so that, the nature of the all the graphs
become similar (both qualitatively and quantitatively) to the
corresponding T ¼ 200 MeV graphs of Fig. 6.

VIII. SUMMARY AND CONCLUSION

In summary, we have studied the electromagnetic spec-
tral function of hot and dense quark matter with chiral
imbalance. This is done by evaluating the imaginary part
of the one-loop photon self-energy at finite temperature,
BCP and CCP employing the real time formalism of
finite temperature field theory. The effect of “strong”
interaction have been incorporated by means of a temper-
ature, BCP and CCP dependent constituent quark mass
M ¼ MðT; μ; μ5Þ obtained from a two-flavor NJL model.
Incorporation of a CCP in the NJL model was found to
have interesting consequences on the constituent mass of
quarks obtained from the gap equation. It was found that
the chiral condensate tends to get stronger at low temper-
ature while the opposite is observed at high values of
temperature. These could be termed as “chiral catalysis”
and “inverse chiral catalysis” respectively.

A study of the analytic structure of the electromagnetic
spectral function in the complex energy plane revealed a
rich structure with multiple Landau and Unitary type
discontinuities. Again, three distinct modes of the spectral
function could be observed on account of the lifting of
degeneracy of the transverse modes in the presence of CCP.
Most interestingly, a continuous spectrum is obtained for
the electromagnetic spectral function and this can be
attributed purely to the presence of a CCP. This, in turn,
could have interesting consequences on the spectra of
electromagnetic probes from chiral imbalanced matter.
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APPENDIX A: A NOTE ON INTRODUCING
FERMION CHEMICAL POTENTIAL IN RTF

Let us start with the simple Dirac Lagrangian density

L ¼ Ψ̄ðiγμ∂μ −MÞΨ ðA1Þ

yielding the following equation of motion

ðiγμ∂μ −MÞΨðxÞ ¼ 0; ðA2Þ

where Ψ denotes the fermion field. Now, in finite temper-
ature field theory, the temperature T ¼ 1=β and the
chemical potential μ corresponding to the conserved
charge Q ¼ R

d3xJ0ðxÞ can enter through the density
operator [61,62]

ρGC ¼ e−βðH−μQÞ ðA3Þ

of the grand canonical (GC) ensemble where, H is the
Hamiltonian and JμðxÞ is the conserved current correspond-
ing to Q. Using Eq. (A3), the coordinate space thermo-
dense fermion propagator in RTF is defined as the
thermal average of two-point correlation function in GC
ensemble as

SGCðx; x0Þ ¼ ihT CΨðτ; xÞΨ̄ðτ0; x0ÞiGC

¼ iTr½ρGCT CΨðτ; xÞΨ̄ðτ0; x0Þ�
Tr½ρGC� ðA4Þ

where, T C denotes the time ordering with respect to a
contour C in the complex time (τ) plane (in RTF, the choice
of C is not unique). We also note that, SGCðx; x0Þ is the
Green’s function of Eq. (A2) as [49]
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ðiγμ∂μ −MÞSGCðx; x0Þ ¼ −δCðτ − τ0Þδ3ðx − x0Þ: ðA5Þ

On the other hand, an alternative way to incorporate
μ ≠ 0, is to replace the Hamiltonian [61,62]

H → H̃ ¼ ðH − μQÞ ¼ H − μ

Z
d3xJ0ðxÞ ðA6Þ

so that the Lagrangian density modifies to

L → L̃ ¼ ðL þ μJ0Þ; ðA7Þ

and then use the canonical density operator ρC ¼ e−βH for
ensemble average. In this case, Eq. (A4) modifies to

SCðx; x0Þ ¼ ihT CΨ∼ ðτ; xÞΨ̄∼ ðτ
0; x0ÞiC

¼
iTr½ρCT CΨ∼ ðτ; xÞΨ̄∼ ðτ

0; x0Þ�
Tr½ρC� ðA8Þ

where Ψ
∼

satisfies the modified equation of motion that

follows from L̃ in Eq. (A7).
Now, as an example, the Lagrangian in Eq. (1) is invariant

under the global phase transformation Ψ → eiθVΨ owing to
UVð1Þ global gauge invariance. From the corresponding
Noether’s current Jμ ¼ Ψ̄γμΨ, we have the conserved charge
Q ¼ R

d3xΨ̄ðxÞγ0ΨðxÞ ¼ R
d3xΨ†ðxÞΨðxÞ. Thus the modi-

fied Lagrangian of Eq. (A7) becomes

L̃ ¼ Ψ̄
∼
ðiγμ∂μ þ μγ0 −MÞΨ

∼
ðA9Þ

which yields the modified equation of motion as

ðiγμ∂μ þ μγ0 −MÞΨ
∼
¼ 0: ðA10Þ

Therefore, the Green’s function SCðx; x0Þ will satisfy

ðiγμ∂μ þ μγ0 −MÞSCðx; x0Þ ¼ −δCðτ − τ0Þδ3ðx − x0Þ:
ðA11Þ

It has been shown in Refs. [61,75] that, the two different
forms of the propagator namely SGCðx; x0Þ and SCðx; x0Þ are
related via the relation

SCðx; x0Þ ¼ eiμðτ−τ0ÞSGCðx; x0Þ; ðA12Þ

or in momentum space (for example the 11-component) via

SC11ðp0; pÞ ¼ SGC11 ðp0 þ μ; pÞ: ðA13Þ

In standard perturbative calculations such as the one-loop
calculations performed in this work, using any of the two
different forms of the propagator will lead to the same final
result [75].

APPENDIX B

We tabulate respectively the range (or codomain) of the
functions Ursðjkj; x;M; jq⃗j; μ5Þ and Lrsðjkj; x;M; jq⃗j; μ5Þ
[defined in Eqs. (20) and (21)] in Eqs (B1) and (B2) below,

ðB1Þ
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