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We evaluate the dilepton production rate (DPR) from hot and dense chirally asymmetric quark matter.
The presence of a finite chiral chemical potential (CCP) in the electromagnetic spectral function results in
the appearance of new cut structures signifying additional scattering processes in the medium which leads
to a significant enhancement in the DPR at lower values of invariant mass. The constituent quark mass
evaluated using a three-flavor Nambu–Jona-Lasinio model is also nontrivially affected by the CCP. These
are found to result in a continuous dilepton production rate as a function of the invariant mass for higher
values of temperature and baryonic chemical potential.
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I. INTRODUCTION

The study of QCD vacuum structure under extreme
conditions of temperature and/or baryon density is one of
the main objectives of relativistic heavy ion collision (HIC)
experiments at the RHIC and LHC. It is well established
that the infinite number of energy-degenerate different
vacuum configurations of QCD at zero and low temper-
atures can be characterized by topologically nontrivial
gauge configurations with a nonzero winding number
[1]. These gluon configurations are called instantons which
can invoke transition between two different vacua by means
of crossing a potential barrier with a height of the order of
the QCD scale ΛQCD. This mechanism is known as
instanton tunnelling [2–4]. However, at high temperatures,
for example, in the quark gluon plasma (QGP) phase of
HICs, a copious production of another kind of gluon
configuration, called sphalerons, is expected [5,6]. It is
conjectured that the abundance of sphalerons can enhance
the transition rate by crossing the barriers between different
energy-degenerate vacua [7–10]. The topologically non-
trivial gauge field configurations can switch the helicities of
quarks while interacting with them. This in turn leads to the

breaking of parity (P) and charge-parity (CP) symmetries
by creating an asymmetry between left- and right-handed
quarks via the axial anomaly of QCD [11,12]. Chirality
imbalance can be produced locally as there is no direct
observation of the violation of P and CP in QCD globally
[11–14]. This locally induced chirality imbalance is char-
acterized by means of a chiral chemical potential (CCP)
which basically represents the difference between the
number of right- and left-handed quarks.
HICs with a nonzero impact parameter can give rise to

very high magnetic fields of the order of few m2
π [15,16].

Such high magnetic fields in the presence of chirality
imbalance can lead to a separation of positive and negative
charges with respect to the reaction plane and induce a
current along the magnetic field dubbed as chiral magnetic
effect (CME) [15,17–19]. Substantial efforts have been
made to detect CME in HIC experiments at the RHIC at
Brookhaven. Very recently, the STAR Collaboration has
performed an extensive analysis which has provided no
indication of CME in HICs [20]. As a consequence, new
techniques for the experimental determination of CME
have been proposed [21,22].
Since a local domain of chirality imbalance is expected

to be produced in QGP, in addition to the CME there have
been intense studies on the phase structure [23–25],
microscopic transport phenomena [17,26–28], collective
oscillations [29–31], fermion damping rate [32], and
collisional energy loss of fermions [31], as well as
properties of electromagnetic spectral function [33] in
chirally imbalanced medium. Moreover, chirally asym-
metric plasma is expected to be produced in the gap
regions of the magnetospheres of pulsars and black holes
[34] and other stellar astrophysical scenario [29,35–38].
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Furthermore, it is worthwhile to mention that a CME has
indeed been observed in condensed matter systems,
particularly in three-dimensional Dirac as well as Weyl
semimetals [39–47]. Thus the study of the properties of
chirally imbalanced matter continues to be a matter of
major topical interest.
It is well known that the hot and dense matter produced

in HICs cools via rapid expansion under its own pressure
passing through different stages of evolution. However, the
whole process is very transient (∼few fm=c), restricting the
possibility of a direct observation. So to investigate micro-
scopic as well as bulk properties of QGP one has to rely on
indirect probes and observables [48]. Electromagnetic
probes, photons, and dileptons have long been used as
reliable probes of HICs. Because they participate only in
electromagnetic interaction, their mean free paths are much
larger than the typical size of the system. As a consequence,
once produced they tend to leave the system without
suffering further interactions, thus carrying unaltered
information about the space-time region from where they
are produced [49–59]. As the production rate of dileptons
and photons is directly proportional to the electromagnetic
spectral function, the study of its analytic properties is of
central importance [48,53,59,60]. Such a study in chirally
imbalanced hot and/or dense matter has recently been
performed in [33], where a rich cut structure was revealed.
The steplike structure of the spectral function observed in a
certain invariant mass range were attributed to the thresh-
olds of Unitary and Landau cuts indicating additional
scattering processes in the medium. We expect that such
structures will have nontrivial effects on the dilepton
spectrum.
The imaginary part of the electromagnetic current

correlator containing the modified quark propagators in
the presence of a hot and dense medium is the most
important component in the evaluation of the dilepton
production rate (DPR), which determines the thresholds as
well as the intensity of the emission of dileptons [52,53].
Thus, it has a crucial dependence in the value of quark
mass. As the system cools, the quark condensate builds up
due to the breaking of chiral symmetry which results in a
large value of the quark mass (∼ few hundred MeV). The
nonperturbative nature of QCD at low energies severely
hinders the theoretical analysis of these phenomena using
first principle calculations. As an alternative, we have used
the Nambu–Jona-Lasinio (NJL) model [61,62] which is
built by respecting the global symmetries of QCD, most
importantly the chiral symmetry [63–65]. This model has
been very useful in probing the vacuum structure of QCD at
arbitrary values of temperature, baryon chemical potential
(BCP), and CCP [66–72].
In this work, we shall evaluate the DPR from a (locally)

chirally imbalanced quark matter expected to be produced
in relativistic HIC experiments. We use the three-flavor
NJL model to evaluate the constituent quark mass by

solving the self-consistent gap equations. The quark mass
for different flavors Mf ¼ MfðT; μB; μ5Þ will go as an
input in the electromagnetic spectral function. We have
made use of the analytic structure of the in-medium spectral
function to obtain the thresholds of dilepton production due
to various scattering processes involving quarks for both
zero and nonzero values of μ5.
The paper is organized as follows. In the next section we

discuss the formulation of the dilepton production rate at
zero and a finite value of the CCP. Next, we discuss in
Sec. III the evaluation of the constituent quark mass from a
three-flavor NJL model. Section IV deals with the numeri-
cal results followed by a summary and discussion in Sec. V.

II. DILEPTON PRODUCTION RATE

In QGP, a quark can interact with an antiquark to
produce a virtual photon, which subsequently decays into
a lepton lþ and antilepton l− pair (see Fig. 1). The DPR
from a hot and dense medium is already calculated in
Refs. [48,49,51,60,73,74]. But, for the sake of complete-
ness, we will briefly demonstrate a few important steps.
First, we consider an initial state jIi ¼ jIðpIÞi of a quark/
antiquark with momentum pI moving towards a final state
jF i ¼ jFðpFÞ; lþðplþÞl−ðpl−Þi, consisting of a quark/anti-
quark of momentum pF plus a pair of leptons of momenta
plþ and pl− , respectively. The probability amplitude for
such a transition is jhF jŜjIij2, where Ŝ is the scattering
matrix expressed as

Ŝ ¼ T
�
exp

�
i
Z

LintðxÞd4x
��

; ð1Þ

in which T is the time-ordering operator and

LintðxÞ ¼ jμðxÞAμðxÞ þ JμðxÞAμðxÞ ð2Þ

is the Lagrangian (density) for local interaction. Our choice
of metric tensor is gμν ¼ diagð1;−1;−1;−1Þ. In the above

FIG. 1. Diagrammatic representation of the dilepton production
amplitude.
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equation, the conserved vector currents corresponding to
the leptons and quarks denoted by jμðxÞ and JμðxÞ,
respectively, are coupled to the photon field represented
by AμðxÞ. It can be shown that the first nontrivial con-
tribution to the above mentioned process comes from the
second-order term in the Ŝ matrix expansion and the
expression of the squared amplitude jhF jŜjIij2 is given by

jhF jŜjIij2 ¼
Z Z

d4x0d4xeiðplþþpl− Þ·x0 1

ðplþ þ pl−Þ4
× hlþðplþÞl−ðpl−Þjjμð0Þj0i
× h0jjν†ð0ÞjlþðplþÞl−ðpl−Þi
× hFðpFÞjJμðx0ÞjIðpIÞihIðpIÞjJ†νð0ÞjFðpFÞi:

ð3Þ

Now the dilepton multiplicity from the thermal QGP
medium is expressed as [60]

N ¼ 1

Z

X
spins

Z
d3plþ

ð2πÞ32p0
lþ

Z
d3pl−

ð2πÞ32p0
l−

×
X
I;F

expð−βp0
I ÞjhFjŜjIij2; ð4Þ

where Z is the partition function of the system and the
summation signifies sum over all leptonic spin configura-
tions. Using Eq. (3) in Eq. (4), and after some simplifica-
tions, we arrive at [74]

N ¼
Z

d4x
Z

d4q
ð2πÞ4 e

−βq0 1

q4
WþμνðqÞLμν

þ ðqÞ; ð5Þ

where

Wμν
þ ðqÞ ¼

Z
d4xeiq·xhJμðxÞJν†ð0Þi; ð6Þ

Lμν
þ ðqÞ ¼

Z
d4xeiq·xh0jjν†ðxÞjμð0Þj0i: ð7Þ

Here h…i represents the ensemble average and q ¼ ðplþ þ
pl−Þ is the total momentum of the lepton pair. So, the DPR
becomes

DPR ¼ dN
d4xd4q

¼ 1

ð2πÞ4
e−βq

0

q4
WþμνðqÞLμν

þ ðqÞ: ð8Þ

Now to calculate the DPR in the presence of a medium it
is useful to write both the Wμν

þ ðqÞ and Lμν
þ ðqÞ in terms of

time-ordered correlation functions so that one can apply the
real-time formulation of the finite temperature field theory
[60,74–76]. Thus, we get

DPR ¼ dN
d4xd4q

¼ 1

4π4q4

�
1

eβq
0 þ 1

�
ImWμν

11ðqÞImLμνðqÞ:

ð9Þ

Until now we have not specified any explicit form of the
currents JμðxÞ and jμðxÞ, which are required to evaluate the
quantities Wμν

11ðqÞ and LμνðqÞ. In this work, we have
considered

JμðxÞ ¼ eq̄ðxÞQ̂γμqðxÞ; ð10Þ

jμðxÞ ¼ −eψ̄ðxÞγμψðxÞ; ð11Þ

where q ¼ ðu d sÞT represents a three-flavor quark
field multiplet with the corresponding charge matrix
Q̂ ¼ diagð2

3
;− 1

3
;− 1

3
Þ, ψ is the lepton field, and e > 0 is

the absolute value of the electric charge of an electron.
Using Eqs. (10) and (11) it can be shown that

Wμν
11ðqÞ ¼ i

Z
d4k
ð2πÞ4 Trd;f;c½γ

μQ̂S11ðp ¼ qþ kÞγνQ̂S11ðkÞ�;

ð12Þ

LμνðqÞ ¼ ie2
Z

d4k
ð2πÞ4 Trd½γ

νSðp ¼ qþ kÞγμSðkÞ�; ð13Þ

where the trace over Dirac, flavor, and color spaces are
indicated by the subscript ‘d’, ‘f’, and ‘c,’ respectively,
S11ðpÞ is the 11-component of the real-time quark propa-
gator, and SðkÞ is the vacuum propagator for leptons with
the Feynman boundary condition, which is expressed as

SðpÞ ¼ −ð=pþmLÞ
p2 −m2

L þ iε
; ð14Þ

with mL being the mass of the lepton. It is to be noted that,
in Eq. (12), the quark propagator S11ðpÞ is diagonal in both
the flavor and color space, i.e.,

S11ðpÞ ¼ diagðSu11ðpÞ; Sd11ðpÞ; Ss11ðpÞÞ ⊗ 1color: ð15Þ

Since both the currents JμðxÞ and jμðxÞ are conserved:
∂μJμðxÞ ¼ 0 ¼ ∂μjμðxÞ, consequently the matter tensor
Wμν
11ðqÞ, as well as the leptonic tensor LμνðqÞ, are transverse

to the momentum qμ, i.e.,

qμW
μν
11ðqÞ ¼ 0 ¼ qμLμνðqÞ: ð16Þ

These transversality conditions enforce the following
Lorentz structure of LμνðqÞ:

LμνðqÞ ¼
�
gμν −

qμqν

q2

��
1

3
gρσLρσ

�
: ð17Þ
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Putting this back in Eq. (9), and using the transversality
condition for the matter tensor, we get the DPR as

DPR¼
�

dN
d4xd4q

�

¼ 1

12π4q4

�
1

eq
0=Tþ1

�
gμνImWμν

11ðqÞgρσImLρσðqÞ: ð18Þ

It is easy to check, by substituting Eq. (14) into Eq. (13),
that

gρσImLρσðqÞ¼−e2

4π
q2
�
1þ2m2

L

q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
L

q2

s
Θðq2−4m2

LÞ:

ð19Þ

The effects of finiteness of the CCP will be encoded in the
matter tensor part of Eq. (18). Thus, we shall consider the
following two cases.

A. DPR at μ5 = 0

To evaluate the matter part at finite temperature for
vanishing values of CCP, one requires the 11-component of

the real-time thermal quark propagator. In spectral repre-
sentation, the later is given by [60]

Sf11ðpÞ ¼
Z

∞

−∞

dp0
0

2π
σ0fðp0

0; p⃗Þ

×

�
1

p0
0 − p0 − iε

− 2πiηðp0
0Þδðp0

0 − p0Þ
�
; ð20Þ

where σ0fðp0; p⃗Þ ¼ 2πsgnðp0Þð=pþMfÞδðp2 −M2
fÞ is the

fermionic spectral function, with Mf being the constituent
mass of a quark with flavor f, and ηðxÞ is the distribution-
like function containing the true Fermi-Dirac thermal
distributions f�ðxÞ of the quarks given by

ηðxÞ ¼ ΘðxÞfþðjxjÞ − Θð−xÞf−ðjxjÞ þ Θð−xÞ with

f�ðxÞ ¼
�
exp

�
x ∓ μB=3

T

�
þ 1

�
−1
; ð21Þ

in which μB is the BCP. Now in the local rest frame of the
medium, using Eqs. (20), (21), and (15) in Eq. (12) one
gets, after some algebra,

gμνImWμν
11ðqÞ ¼ Nc

X
f

e2fπ
Z

d3k
ð2πÞ3

1

4ωkωp
½f1 − f−ðωkÞ − fþðωpÞ þ 2f−ðωkÞfþðωpÞgN ðk0 ¼ −ωkÞδðq0 − ωk − ωpÞ

þ f1 − fþðωkÞ − f−ðωpÞ þ 2fþðωkÞf−ðωpÞgN ðk0 ¼ ωkÞδðq0 þ ωk þ ωpÞ
þ f−f−ðωkÞ − f−ðωpÞ þ 2f−ðωkÞf−ðωpÞgN ðk0 ¼ −ωkÞδðq0 − ωk þ ωpÞ
þ f−fþðωkÞ − fþðωpÞ þ 2fþðωkÞfþðωpÞgN ðk0 ¼ ωkÞδðq0 þ ωk − ωpÞ�; ð22Þ

where ef ¼ qfe, ωk¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗ 2þM2

f

q
, ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þM2

f

q
¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðq⃗þ k⃗Þ2 þM2
f

q
, and N ðq; kÞ ¼ 8ðk2 þ q · k − 2M2

fÞ.
Note that the first delta function appearing in Eq. (22),
termed as the Unitary-I cut, represents the contribution
from quark-antiquark annihilation to a positive-energy
timelike virtual photon (and the corresponding time-
reversed process where such a photon decays into a
quark-antiquark pair). The delta function in the second
term (the Unitary-II cut) corresponds to a similar process
but the virtual photon is of negative energy. The last two
delta functions, called the Landau cuts, which are purely
medium-dependent contributions, stand for the scattering/
emission processes such as absorption of a spacelike
virtual photon by a quark/antiquark and the consequent
time-reversed processes. It can be easily checked that
the contributions from Unitary-I and Unitary-II cuts are

nonzero in the kinematic regions
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4M2

f

q
< q0 < ∞

and −∞ < q0 < −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þ 4M2

f

q
, respectively. On the other

hand, the kinematic domain for both the Landau cuts is in
the spacelike region jq0j < jq⃗j. This cut structure of ImWμν

11

in the complex q0-plane is depicted in Fig. 2. Since we are
interested in the physical dileptons with positive energy and
timelike four-momentum, i.e., q0 > 0 and q2 > 0, it
follows that only the Unitary-I cut contributions are
kinematically allowed. It should be noted that the kinematic
domains are directly related to the constituent quark mass
Mf and hence can be different for different flavors [74–76].
Now, with the physical restrictions previously mentioned,
the d3k ¼ jk⃗j2djk⃗jdðcos θÞdϕ integral of Eq. (22) can be
evaluated analytically [the dðcos θÞ integral has been per-
formed using theDirac delta functions present in the integrand
and the dϕ integral trivially gives a factor of 2π]. Using this
result in Eq. (18), we finally arrive at the following analytical
expression for the DPR at vanishing CCP [74,77]:
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DPRμ5¼0 ¼
�

dN
d4xd4q

�
μ5¼0

¼
X
f

Θðq2 − 4m2
LÞΘðq2 − 4M2

fÞNc

e2e2f
192π6

1

βjq⃗j
�

1

eβq
0 − 1

�

×

�
1þ 2m2

L

q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
L

q2

s �
1þ 2M2

f

q2

�
ln

��
eβðq0þq−Þ þ 1

eβðq0þqþÞ þ 1

��
eβqþ þ 1

eβq− þ 1

��
; ð23Þ

where q� ¼ − 1
2

h
q0 � jq⃗j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
f

q2

r i
þ μB=3. The step

functions in the above expression restrict the
production of dileptons with invariant mass q2 < 4m2

L
and q2 < 4M2

f.

B. DPR at μ5 ≠ 0

This subsection is devoted to the evaluation of
gμνImWμν

11ðqÞ in a medium in the presence of chiral imbal-
ance. Here, one needs the 11-component of the real-time
thermal quark propagator with finite values of CCP. In the
spectral representation this can be expressed as [33,60]

Sf11ðpÞ ¼
Z

∞

−∞

dp0
0

2π
σfðp0

0; p⃗Þ
�

1

p0
0 − p0 − iε

− 2πiηðp0
0Þδðp0

0 − p0Þ
�

¼
Z

∞

−∞

dp0
0

2π
σfðp0

0; p⃗Þ
�
P
�

1

p0
0 − p0

�
− 2πi

�
ηðp0

0Þ −
1

2

�
δðp0

0 − p0Þ
�
; ð24Þ

where the fermionic spectral function σfðp0; p⃗Þ in the presence of CCP is

σfðp0; p⃗Þ ¼ 2πsgnðp0Þ
Dðp;MfÞ
ωþ
p
2 − ω−

p
2
½δðp2 − ωþ

p
2Þ − δðp2 − ω−

p
2Þ�; ð25Þ

in which ωr
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjp⃗j þ rμ5Þ2 þM2

f

q
with r corresponding to the helicity of the propagating fermion and Dðp;MfÞ

contains the complicated Dirac structure as

Dðp;MfÞ ¼
X
j∈f�g

Pj½p2
−j=pj −M2

f=p−j þMfðpj · p−j −M2
fÞ þ iMfσμνp

μ
jp

ν
−j�: ð26Þ

In the above equation, Pj ¼ 1
2
ð1þ jγ5Þ, pμ

j ≡ ðp0 þ jμ5; p⃗Þ and ηðxÞ is already defined in Eq. (21). Using this we get

Wμν
11 ¼ −i

X
f

e2f

Z
d4k
ð2πÞ4

Z
∞

−∞

dk00
2π

Z
∞

−∞

dp0
0

2π

N μνðk; qÞsgnðk00Þsgnðp0
0Þ

ðωþ
k
2 − ω−

k
2Þðωþ

p
2 − ω−

p
2Þ fδðk

2 − ωþ
k
2Þ − δðk2 − ω−

k
2Þg

× fδðp2 − ωþ
p
2Þ − δðp2 − ω−

p
2Þg

�
1 − ηðk00Þ

k00 − k0 − iε
þ ηðk00Þ
k00 − k0 þ iε

��
1 − ηðp0

0Þ
p0
0 − p0 − iε

þ ηðp0
0Þ

p0
0 − p0 þ iε

�
; ð27Þ

withN μνðk; qÞ ¼ Trd½γνDðpÞγμDðkÞ�. Now, contracting Wμν
11 with the metric tensor and concentrating on the imaginary part,

we get

FIG. 2. The branch cuts of Wμν
11ðqÞ in the complex q0 plane for a given q⃗. Kinematic domain for the physical dilepton production

defined in terms of q0 > 0 and q2 > 0 corresponds to the green region.
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gμνImWμν
11ðq0; q⃗Þ ¼ −Nc

X
f

e2fπ
Z

d3k
ð2πÞ3

X
r∈f�g

X
s∈f�g

1

16rsμ25jp⃗jjk⃗j
1

4ωr
kω

s
p

× ½N ðk0 ¼ −ωr
kÞf1 − f−ðωr

kÞ − fþðωs
pÞ þ 2f−ðωr

kÞfþðωs
pÞgδðq0 − ωr

k − ωs
pÞ

þN ðk0 ¼ ωr
kÞf1 − fþðωr

kÞ − f−ðωs
pÞ þ 2fþðωr

kÞf−ðωs
pÞgδðq0 þ ωr

k þ ωs
pÞ

þN ðk0 ¼ ωr
kÞf−fþðωr

kÞ − fþðωs
pÞ þ 2fþðωr

kÞfþðωs
pÞgδðq0 þ ωr

k − ωs
pÞ

þN ðk0 ¼ −ωr
kÞf−f−ðωr

kÞ − f−ðωs
pÞ þ 2f−ðωr

kÞf−ðωs
pÞgδðq0 − ωr

k þ ωs
pÞ�; ð28Þ

where

N ðq; kÞ ¼ gμνN μν ¼ 16M6
f − 4M4

ff4ðkþ · k−Þ þ ðkþ · pþÞ þ ðk− · p−Þ þ 4ðpþ · p−Þg
þ 4M2

ffðkþ · p−Þðk2− þ p2þÞ þ ðk− · pþÞðk2þ þ p2
−Þ þ 4ðkþ · k−Þðpþ · p−Þg

− 4fk2−ðkþ · pþÞp2
− þ k2þðk− · p−Þp2þg: ð29Þ

Here, some discussions related to the analytic structure of
ImW11 in the complex q0 plane are in order. It can be seen
that, in the presence of finite μ5, the imaginary part of the
matter tensor consists of 16 Dirac delta functions which
leads to several branch cuts in the complex q0 plane. The
terms containing δðq0 − ωr

k − ωs
pÞ and δðq0 þ ωr

k þ ωs
pÞ

are referred to as Unitary-I and Unitary-II cuts, respectively,
as already mentioned in the previous section. However, in
the nonzero CCP case each of the Unitary cuts consist of
further subcuts owing to the different helicities ðr; sÞ. These
different cuts correspond to different physical processes.
For example, the Unitary-I (Unitary-II) cuts represent the
decay of a virtual photon having positive (negative) energy

to a real quark-antiquark pair (and the corresponding time-
reversed process). The terms with the remaining two delta
functions, i.e., δðq0 þ ωr

k − ωs
pÞ and δðq0 − ωr

k þ ωs
pÞ, are

called Landau-I and Landau-II cuts which also contain four
subcuts corresponding to distinct helicities. As already
mentioned, Landau cuts stand for the emission (absorption)
processes in which a real quark/antiquark in the thermal
medium emits (absorbs) a virtual photon. The detailed
analysis to find out respective kinematic domains such that
the imaginary part of W11 receives nontrivial contributions
from the 16 different delta functions has been done in [33].
Here we only quote the final result in tabular form in
Eq. (30).

ð30Þ

The pictorial representation of the complex analytical struc-
ture of ImWμν

11 expressed in Eq. (30) is shown in Fig. 3. Since
we are interested in physical dileptons, we will restrict
ourselves to the timelike kinematic domains with q0 > 0

and q2 > 0. From Fig. 3 it is evident, in addition to the
Unitary-I cut, that some portion of the Landau cuts jq⃗j <

q0 < 2μ5 will also contribute to the gμνImWμν
11, and hence to

theDPR.This contribution at a lower invariantmass region is
purely a finite CCP effect. Moreover, notice that the thresh-
olds of the Unitary cuts strongly depend on μ5 and Mf.
Consequently, for μ5 ≥ jq⃗j=2, a positive-energy photon
with q2 ≥ 4ðM2

f − μ25Þ can, in principle, decay into a real
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quark-antiquark pair below the usual threshold of pair
production, q2 ≥ 4M2

f; even for a spacelike photon. Finally,
for sufficiently high μ5, the forbidden gap between the
Unitary andLandau cut contributionswill vanish irrespective
of the value of Mf which enables the production of a

continuous spectrum of dileptons throughout the whole
range of invariant mass, which is again possible only in a
chirally asymmetric medium.
Now, substituting Eqs. (19) and (28) in Eq. (18),

we get

DPRμ5≠0 ¼
�

dN
d4xd4q

�
μ5≠0

¼ e2q2

4π

�
1þ 2m2

L

q2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
L

q2

s
Θðq2 − 4m2

LÞNc

X
f

e2fπ
Z

d3k
ð2πÞ3

X
r∈f�g

X
s∈f�g

1

16rsμ25jp⃗jjk⃗j

×
1

4ωr
kω

s
p
½N ðk0 ¼ −ωr

kÞf1 − f−ðωr
kÞ − fþðωs

pÞ þ 2f−ðωr
kÞfþðωs

pÞgδðq0 − ωr
k − ωs

pÞ

þN ðk0 ¼ ωr
kÞf1 − fþðωr

kÞ − f−ðωs
pÞ þ 2fþðωr

kÞf−ðωs
pÞgδðq0 þ ωr

k þ ωs
pÞ

þN ðk0 ¼ ωr
kÞf−fþðωr

kÞ − fþðωs
pÞ þ 2fþðωr

kÞfþðωs
pÞgδðq0 þ ωr

k − ωs
pÞ

þN ðk0 ¼ −ωr
kÞf−f−ðωr

kÞ − f−ðωs
pÞ þ 2f−ðωr

kÞf−ðωs
pÞgδðq0 − ωr

k þ ωs
pÞ�: ð31Þ

In Eq. (31), the angular dðcos θÞ integral is performed using
the Dirac delta functions present in the integrand and the
azimuthal dϕ integral gives a factor of 2π. However, unlike
the vanishing CCP case, here the analytical evaluation of
the remaining djk⃗j integral becomes cumbersome and
hence will be evaluated numerically to obtain the DPR.
Note that, while calculating the DPR, the constituent quark
mass (Mf) for different flavor, which depends on the
external parameters such as temperature, BCP, and CCP,
are required. Here a NJL model is used to calculate the Mf

in different physical conditions.

III. THE CONSTITUENT QUARK MASS
USING THE THREE-FLAVOR

NAMBU–JONA-LASINIO MODEL

In this section we briefly outline a few important steps to
calculate constituent quark mass using the NJL model.
The Lagrangian for the three-flavor gauged NJL model is
given by

L ¼ q̄ðxÞði=∂ − eQ=A − m̂þ γ0μq þ γ0γ5μ5ÞqðxÞ

þ GS

X8
a¼0

fðq̄ðxÞλaqðxÞÞ2 þ ðq̄ðxÞiγ5λaqðxÞÞ2g

− K½det q̄ð1þ γ5Þqþ det q̄ð1 − γ5Þq�: ð32Þ

In the above expression, q ¼ ðu d sÞT is the quark field
multiplet with three flavors (Nf ¼ 3) and three colors
(Nc ¼ 3) (flavor and color indices are suppressed). m̂ ¼
diagðmu;md;msÞ is the current quark mass matrix. λas are
the Gell-Mann matrices corresponding to the flavor
SUfð3Þ. The isospin symmetry on the Lagrangian level
is assumed, i.e., mu ¼ md ¼ m0, while SUfð3Þ symmetry
is explicitly broken, so that ms ≠ m0. GS is the scalar
coupling strength and the K term represents the six-point
Kobayashi-Maskawa-t’Hooft interaction which is respon-
sible for the breaking of the axial Uð1ÞA symmetry [63].
Using mean field approximation, one arrives at the follow-
ing gap equations:

FIG. 3. The branch cuts of the self energy in the complex q0 plane for a given jq⃗j when jq⃗j < 2μ5 (upper panel) and jq⃗j ≥ 2μ5 (lower
panel). Kinematic domain for the physical dilepton production defined in terms of q0 > 0 and q2 > 0 corresponds to the green region
and some portion of the blue region.
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Mu ¼ mu − 2Gshq̄qiu þ 2Khq̄qidhq̄qis; ð33Þ

Md ¼ md − 2Gshq̄qid þ 2Khq̄qishq̄qiu; ð34Þ

Ms ¼ ms − 2Gshq̄qis þ 2Khq̄qiuhq̄qid; ð35Þ

where

hq̄qif ¼ −NcMf

X
r

Z
d3p⃗
ð2πÞ3

1

ωr
p
f1 − fþðωr

pÞ − f−ðωr
pÞg:

ð36Þ

The self-consistent solution of Eqs. (33)–(35) results in T
and/or μB dependence of Mu, Md, and Ms for different
values of CCP. Notice that the medium independent
integral, Eq. (36), is ultraviolet divergent. Since the NJL
Lagrangian is known to be nonrenormalizable owing to the
pointlike interaction between the quarks [63], one has to
specify a proper regularization scheme.
To avoid a cutoff artifact, several smooth regularization

procedures have been used in the literature by introducing a
form factor fΛ into the diverging vacuum integrals. One
can choose a different functional form of this fΛ, such as
the Lorentzian-type form factors [33,67,70,78–80] and the
Woods-Saxon-type form factors [81–83]. In this work, we
have used first a kind of smoothing function by introducing
a multiplicative form factor [33,67,84],

fΛðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2NΛ

Λ2NΛ þ jp⃗j2NΛ

s
: ð37Þ

In the limitNΛ → ∞, the form factor is reduced to the sharp
cutoff function ΘðΛ − jp⃗jÞ which infers that for larger
values of NΛ, the cutoff artifacts are expected to increase.
On the other hand, for small NΛ values, it is impossible to
fit different phenomenological values (such as the pion
decay constant, the vacuum value of chiral condensate, etc.
[79]). Here, we have taken NΛ ¼ 10 for numerical con-
venience. The other model parameters are given in Table I.
These parameters are determined by fitting fπ , mπ , mK ,

and mη0 to their phenomenological values [84].

IV. NUMERICAL RESULTS

In this section, we present the numerical results for
constituent quark masses of different flavors which are the
main inputs while calculating the DPR from a chirally
asymmetric hot and dense medium. In Fig. 4, we have

shown the variation of constituent mass of “up” and
“strange” quarks as a function of temperature for different
values of BCP and CCP which are evaluated by solving
Eqs. (33)–(35) self-consistently. One can observe that the
spontaneous breaking of the chiral symmetry at small
values of temperature results in large values of constituent
mass for both “up” and “strange” quarks owing to the large
values of quark condensate for all the cases. Now, as the
temperature is increased, the constituent mass of the low-
lying quarks remains constant up to a certain value of
temperature, then falls off sharply in a small range of
temperature, and finally becomes nearly equal to the bare
masses of the quarks at high T values representing the
pseudochiral phase transition due to the (partial) restoration
of the chiral symmetry. However, the strange quark mass
decreases smoothly when compared to that of the up quark
and it can be seen that even at T ∼ 250 MeV the s-quark
mass is still substantially higher than its current mass. The
explanation of this behavior comes from Eq. (36). As the
current quark mass becomes large, the excitation proba-
bility of the quark-antiquark pair becomes thermally sup-
pressed, which leads to a small T-dependence of hs̄si when
compared to the low-lying quarks [85]. Now at high
temperature as the condensates of u- and d-quarks melt,
the third term of Eq. (35) becomes negligible and the
constituent mass of the strange quark is solely determined
by the hs̄si condensate, resulting in a smooth variation of
Ms. This indicates that SUð3Þf symmetry is not even a
good approximate symmetry at temperatures larger than
200 MeV, which may be due to the fact that the restoration
of the chiral symmetry in the different quark sectors is
achieved quite differently [86]. Now, for finite values of
BCP, it is seen that the qualitative behaviour of the
T-dependence of the u- and s-quark masses remain same,
although the transition temperature is found to decrease,
thus mimicking the conjectured QCD phase diagram. In the

FIG. 4. Constituent quark mass as a function of temperature for
different values of μB and μ5. Mu and Ms are represented,
respectively, by the red and blue curves.

TABLE I. Parameter set for three-flavor model.

mu ¼ md (MeV) ms (MeV) Λ (MeV) GsΛ2 KΛ5

5.1 133 604.5 3.25 10.58
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presence of finite CCP, the constituent mass of both u- and
s-quarks are found to increase in the low temperature
region, indicating an enhancement in the magnitude of the
quark condensate at small values of T. However, the
transition from chirality broken to the restored phase occurs
at relatively smaller values of temperature which shows
that, at high values of temperature, the formation of the
quark condensate is hindered by the presence of finite μ5,
an exact opposite result compared to the low temperature
values. These phenomena can be termed as “chiral cataly-
sis” and “inverse chiral catalysis,” respectively [33].
Next, we present the numerical results for the DPR from

a hot and dense medium in the presence of chiral imbal-
ance. Note that all the results shown hereafter are obtained
by ignoring the lepton mass, i.e., mL ¼ 0, and considering
the momentum jq⃗j ¼ 250 MeV. In Fig. 5(a) we have
depicted DPRs as a function of invariant mass at T ¼
140 MeV and μB ¼ 0 for different values of CCP. The DPR
at μ5 ¼ 0 (black solid line) is also shown for comparison.
For the μ5 ¼ 0 case, the DPR is restricted to low values of
invariant mass, as already discussed in Sec. II A. The
nontrivial contribution starts from just below 600 MeV
owing to the Unitary-I cut threshold

ffiffiffi
q

p ≥ 2Mu. Now from
Fig. 4 one can observe that the constituent mass of u-quark
at T ¼ 140 MeV is ∼290 MeV. This explains the behavior
in the case of vanishing CCP. However, in the case of μ5 ¼
100 MeV a significant enhancement in the DPR can be
seen, owing to nontrivial Landau cut contributions. From
Eq. (30), one can observe that the Landau cut contribution
will be finite for physical dileptons when q0 ≤ jq⃗j þ 2μ5.

This can be rewritten as
ffiffiffiffiffi
q2

p
≤ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ25 þ jq⃗jμ5

q
. For

μ5 ¼ 100 MeV, 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ25 þ jq⃗jμ5

q
≃ 0.374 GeV. So, around

that value of invariant mass the Landau cut contribution
should end, which can be seen in Fig. 5(a) (solid red line).
Moreover, the Unitary cut contributions starts at a
lower value of invariant mass than the μ5 ¼ 0 case,
although the constituent mass Mu is higher due to the
presence of finite CCP. To understand this, let us concen-
trate on the Unitary cut thresholds for the production
of physical dileptons. From Eq. (30), this is expressed

as q0 ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjq⃗j − 2μ5Þ2 þ 4M2

f

q
, which can be simplified

further to arrive at
ffiffiffiffiffi
q2

p
≥ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ25 þM2

f − μ5jq⃗j
q

. At

T ¼ 140 MeV, the constituent mass of the u-quark is
≃283 MeV. So for μ5 ¼ 100 MeV, the Unitary cut con-
tribution starts at

ffiffiffiffiffi
q2

p
≃ 0.51 GeV, which is evident from

Fig. 5(a). This indicates that a chirally asymmetric medium
can induce pair production at comparatively lower values of
invariant mass, as discussed in Sec. II B. It also explains the
forbidden gap between the Landau and Unitary cut where
dilepton production ceases to occur. Now, from the two
above discussions about the kinematic domain of the
Landau (Unitary) cut, it is clear that as we increase μ5
the threshold for dilepton production moves towards higher
(lower) values of invariant mass. Consequently, for higher
values of CCP, i.e., μ5 ¼ 200 and 300MeV, the Unitary and
Landau cut contributions merge with each other, resulting a
continuous spectrum of dileptons for the whole range of
invariant mass. In Fig. 5(b) we have presented DPRs as a
function of invariant mass at T ¼ 140 MeV considering a
finite baryon density (μB ¼ 300 MeV) for four different
values of μ5. Notice that for the μ5 ¼ 100 MeV plot (solid
red line) the Landau cut threshold ends at the same value as
in the zero baryon density case. This is understandable
from the fact that the Landau cut threshold only depends on
μ5. However, the Unitary cut threshold, which is directly
related to the constituent mass of quarks, moved toward
lower values of invariant mass. This can be explained from
Fig. 4 where one can observe that for finite values of μB the
(pseudo)chiral transition temperature moves toward the
lower values of T, resulting in a decrease in the magnitude
ofMu. In Fig. 5(b), we find a continuous dilepton spectrum
for higher values of μ5 which can be understood in a similar
fashion as discussed earlier. In Fig. 5(c), we have consid-
ered an even higher baryon density (μB ¼ 600 MeV),
keeping all the other parameters same as in Figs. 5(a)
and 5(b). From the plot of the vanishing CCP case, it is
evident that the constituent mass of low lying quarks have
decreased further, such that the Unitary cut threshold for
μ5 ¼ 0 is already below the Landau cut threshold for
μ5 ¼ 100 MeV. As a consequence, we get a continuous

FIG. 5. Dilepton production rate at jq⃗j ¼ 250 MeV, T ¼ 140 at (a) μB ¼ 0, (b) μB ¼ 300 MeV, and (c) μB ¼ 600 MeV, respectively,
for different values of μ5. The DPRs at μ5 ¼ 0 are also shown for comparison.
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spectrum of dileptons for the whole range of invariant mass
for all values of CCP shown in the figure.
In Figs. 6(a)–6(c) we have depicted DPRs as a function

of invariant mass at T ¼ 175 MeV for different values of
CCP for μB ¼ 0, 300, and 600 MeV, respectively.
Considering the zero baryon density case [Fig. 6(a)], it
can be seen that, the Unitary cut threshold for μ5 ¼ 0 is
already below the Landau cut threshold for μ5 ¼ 100 MeV
(note that, since the Landau cut contribution only depends
on μ5, it will be same as the previous case). Moreover, from
Fig. 4, it is clear that, at T ¼ 175 MeV, the constituent
masses of low-lying quarks are always below ≲150 MeV.
As a result, at T ¼ 175 MeV, for all finite μ5 cases shown
in the figure, the Landau and Unitary cut contribution will
merge and a continuous spectrum of dileptons will emerge,
as evident from Figs. 6(a)–6(c).
A similar trend is visible in Figs. 7(a)–7(c), where the

DPR is plotted for T ¼ 200 MeV. Here, because of the
restoration of chiral symmetry, the constituent mass of
the low-lying quarks goes to the bare mass limit (see
Fig. 4). Consequently, the threshold of Unitary cut starts at
smaller values of the invariant mass. Moreover, since the
temperature considered in this case is higher than all the
previous cases, the increase in thermal phase space results
in a significant enhancement in the overall magnitude of
DPRs when compared to Figs. 5(a)–5(c) [74–76].
We end this section with a discussion on the exper-

imental observation of the effects of chiral imbalance on the
dilepton spectra. Keeping in mind that dileptons are emitted

at all stages of the collision, the DPRs from quark matter, as
well as those from ρ and ω decays and other hadronic
reactions, have to be evolved in space-time using (1þ 3)-
dimensional hydrodynamics (with μ5 ≠ 0). As discussed
earlier, chiral imbalance may be created in HICs locally
which leads to a continuous spectrum with a distinct shape
in the low invariant mass region of the DPR from quark
matter. It should be noted that the creation of a local domain
with chiral imbalance changes from event to event and the
event average value of any μ5-dependent observable is zero.
Thus, the analysis must be done on an event-by-event basis.
Now let us consider an event in which a domain with
chirally imbalanced quark matter is created. Due to the
hydrodynamic expansion it will cool and undergo a
transition to hadronic matter which presumably will also
be in the P and CP odd phase. If that be the case, there
will be an effect of chiral imbalance on the DPR coming
from resonance decay and hadronic reactions, as well.
Andrianov et al. [87] have predicted that such matter will
produce an excess of dileptons in the ρ − ω resonance
region. Together with the enhancement of DPR from quark
matter in the low invariant mass region (i.e., nonzero yield
in the invariant mass range M ∼ 0.2–0.4 GeV with μ5 ∼
200 MeV or higher) seen in this work, the total dilepton
yield could explain the observed low mass enhancement
seen in the PHENIX experiment [88] for central collisions
which cannot be explained by invoking the temperature and
density dependent medium modifications of hadronic
spectral functions alone.

FIG. 7. Dilepton production rate at jq⃗j ¼ 250 MeV, T ¼ 200 at (a) μB ¼ 0, (b) μB ¼ 300 MeV, and (c) μB ¼ 600 MeV, respectively,
for different values of μ5. The DPRs at μ5 ¼ 0 are also shown for comparison.

FIG. 6. Dilepton production rate at jq⃗j ¼ 250 MeV, T ¼ 175 at (a) μB ¼ 0, (b) μB ¼ 300 MeV, and (c) μB ¼ 600 MeV, respectively,
for different values of μ5. The DPRs at μ5 ¼ 0 are also shown for comparison.
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V. SUMMARY AND CONCLUSION

In this work we studied the dilepton production rate from
hot and dense chirally asymmetric matter likely to be
produced in relativistic HICs. The electromagnetic spectral
function, which is the principal component in the DPR, is
found to be modified due to the presence of a CCP. The
constituent quark mass which appears in the in-medium
propagator is evaluated in a self-consistent manner using a
three-flavor NJL model and is also nontrivially affected by
the CCP. Specifically, in the presence of μ5 the quark
condensate is found to be enhanced at small values of T
while it is hindered at high values of temperature. We have
also analyzed the complete analytic structure of the spectral
function of the chirality imbalanced medium in the com-
plex energy plane and have found a nontrivial Landau cut in
the physical kinematic region signifying additional scatter-
ing processes in the medium; a purely finite CCP effect. As
a consequence, the DPR acquires contributions from both
the Unitary and Landau cuts for production of dileptons
with positive energy and timelike four-momentum. Owing
to the emergence of the Landau, cut the DPR is highly
enhanced in the low invariant mass region compared to the
case with a vanishing CCP. It is also found that the Landau

cut threshold is independent of the constituent quark mass,
though the Unitary cut threshold has a nontrivial depend-
ence on both Mf and μ5. For small values of T and μ5, a
forbidden gap exists between Unitary and Landau cuts
where production of dileptons is kinematically restricted.
However, as we increase the CCP at fixed values of T and
μB the Landau cut threshold moves toward higher invariant
mass. As a result the forbidden gap keeps shrinking and
eventually they merge with each other, producing a
continuous spectrum of dileptons as a function of invariant
mass even for small values of temperature where
chiral symmetry is still broken. For higher values of
temperature and/or BCP the forbidden gap completely
disappears and a significant rise in dilepton production
rate is observed, owing to the availability of a larger thermal
phase space.
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