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Particles may be emitted efficiently from the solar interior if they are sufficiently light and weakly
coupled to the solar plasma. In a narrow region of phase space, they are emitted with velocities smaller than
the escape velocity of the Solar System, thereby populating a gravitationally bound density that can
accumulate over the solar lifetime, referred to as a “solar basin.” Detection strategies that can succeed in
spite of (or even be enhanced by) the low particle velocities are therefore poised to explore new regions of
parameter space when taking this solar population into account. Here we identify “direct deflection” as a
powerful method to detect such a population of millicharged particles. This approach involves distorting
the local flow of gravitationally bound millicharges with an oscillating electromagnetic field and measuring
these distortions with a resonant LC circuit. Since it is easier to distort the flow of slowly moving particles,
the signal is parametrically enhanced by the small solar escape velocity near Earth. The proposed setup can
probe couplings an order of magnitude smaller than other methods for millicharge masses ranging from 100
to 100 eV and can operate concurrently as a search for sub-GeV millicharged dark matter. The signal power
scales as the millicharge coupling to the eighth power, meaning that even with conservative assumptions,
direct deflection could begin to explore new regions of parameter space. We also highlight novel features of
millicharge solar basins, including those associated with the phase-space distribution and the possibility for

the occupation number to vastly exceed that of a thermal distribution.
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I. INTRODUCTION

Stellar interiors are an excellent probe of physics beyond
the Standard Model (SM). Owing to their high density,
temperature, and volume, the interaction rate inside of stars
is extremely large, providing ample opportunities to pro-
duce weakly coupled particles through rare processes.
Moreover, if those particles have a sufficiently weak
coupling to the SM plasma, they will be able to stream
through the star and escape, an effect which has been
extensively studied in the context of stellar energy loss [1].
In analyzing the abundances and inferred lifetimes of
various stellar populations, one can bound the stellar
energy loss rate and consequently place extremely strong
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limits on the emission of, e.g., light axions, hidden photons
and B — L vectors, scalars and pseudoscalars coupled
to nucleons and electrons, and millicharged' particles
(MCPs). Stellar energy loss bounds provide some of the
strongest constraints on sub-keV particles in extensions of
the SM, and with a few exceptions (such as dark photons
[2-4] and sterile neutrinos [5,6]) these bounds are strong
down to arbitrarily low particle masses.

In addition to considering stellar energy loss and its
impact on stellar lifetimes, it may also be possible to
directly detect the particles ejected from stars in a labo-
ratory-based experiment. Due to its proximity to Earth, the
Sun is an ideal stellar source of these particles, rendering
such experiments ‘“helioscopes.” Previous helioscopes
have searched for a solar flux of sub-keV relativistic
particles with energies comparable to the solar temperature,

'Here we do not refer to particles with charge of order 1073¢
but rather follow the naming convention for referring to particles
with charges gycp < 1. We note that other nomenclature is
sometimes used to refer to the same particles, e.g., “minicharged.”
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Ty ~1keV. However, as was recently shown in
Refs. [7,8], there may additionally be a large density of
highly nonrelativistic particles produced from the Sun and
bound gravitationally to the Solar System, forming a solar
basin. Typically, for processes occurring at the keV energy
scale, the emission of a nonrelativistic particle with mass
m < 1 keV is highly phase-space suppressed. However,
the accumulation of gravitationally bound particles over
billions of years can compensate for such phase-space
suppression. In fact, for certain particle masses, the
gravitationally bound density exceeds the predicted density
of relativistic particles.

One obstacle to the detection of these nonrelativistic
particles is that their kinetic energy at Earth is at most
~10 peV x (m/keV), since the local escape velocity of the
Solar System is ~107*. Such low energies are well below
the threshold of existing and proposed detectors [9],
indicating that single-particle elastic scattering processes
involving solar basin particles are undetectable (although
see, e.g., Refs. [10,11]). However, in certain theories the
limited kinetic energy of these particles may be circum-
vented by using their rest mass as a way to exceed the
energy threshold of a detector, enabling sensitivity down to
eV-scale masses [7,8]. For instance, inelastic single-particle
processes, such as absorption, are detectable so long as the
mass gap is above threshold, meaning that some kinds of
basin particles can be detected using standard dark matter
direct detection targets such as xenon-based experiments
[12—15], DAMIC [16], and CDMS [17]. However, such
absorption processes are forbidden if gauge or spacetime
symmetries forbid particle number violating interactions,
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such as in the simplest theories of MCPs. In this case,
different detection strategies are needed, especially those
which may be able to explore new parameter space in spite
of or even because of the low velocity of gravitationally
bound particles.

In this article, we focus on a solar basin of MCPs in the
eV-keV mass range and identify direct deflection as the
optimal strategy to directly detect this solar basin. This
strategy (which was recently introduced in Ref. [20] in the
context of dark matter detection) involves inducing and
subsequently detecting oscillating overdensities of MCPs
using large driven fields and well-shielded precision
resonant detectors. A schematic of this approach is shown
in Fig. 1. Applied to MCPs in the solar basin, ambient
MCPs passing through a shielded region containing a
driven oscillating electric field are deflected, setting up
propagating wave trains of MCP charge density. These
charge overdensities penetrate a downstream electromag-
netic shield, establishing a small oscillating electric field
that can be measured with a resonant detector. A unique
qualitative feature of this technique is that it probes the
collective effects of the large number density of particles,
instead of relying on the energy deposition from a single-
particle scattering event. Relatedly, since more slowly
moving particles are more easily deflected by the driven
electric field, the signal is parametrically enhanced by the
reduced kinetic energy of the solar basin compared to the
typical kinetic energy of virialized dark matter. Thus, a
direct deflection helioscope is extremely well suited for
the detection of a MCP solar basin. The most stringent
existing constraints on sub-keV MCPs are derived from
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A schematic of the direct deflection helioscope setup. A gravitationally bound population of MCPs is created from plasmon

decay in the solar interior, building up a dense solar basin within the Solar System over gigayear timescales. In the Earth frame, a “wind”
of these MCPs is generated by the relative orbital motion of the Earth at a velocity of vg ~ 107*. In the terrestrial lab, the local charge-
symmetric millicharge density passes into a shielded “deflector” region, in which a driven electric field E 4. oscillating with frequency
 induces a propagating wave train of oscillating millicharge overdensities p.. Downwind, these charge densities penetrate a quiet

shielded “detector” region and source an oscillating electric field signal E

same frequency.

sig that is resonantly detected using an LC circuit tuned to the

095012-2



HELIOSCOPE FOR GRAVITATIONALLY BOUND MILLICHARGED ...

PHYS. REV. D 105, 095012 (2022)

10-13

10-14

T
Lol

Quicp
deflection (perturbed) ~ y;
10715 S -~ <
E deflection (unperturbed) E
10-16 IR Lol ool !
10-1 1 10 102
mycp [€V]

FIG. 2. The projected sensitivity (blue lines) of a direct
deflection setup to a solar basin of fermionic MCPs compared
to existing constraints from stellar energy loss (shaded gray)
[18,19]. In each case, we assume an experimental integration time
tie = 1 yr, a deflector/detector volume Vg = V4o = 10 m?, a
deflector electric field E4; = 10 kV/cm oscillated at an angular
frequency of @ = 10 kHz, and an LC circuit detector with quality
factor Q; = 107 operating at a temperature 7, = 10 mK. The
solid and dashed blue lines assume a basin phase space that is
maximally or minimally isotropized by gravitational encounters,
respectively. We restrict our sensitivity projections to regions of
parameter space in which the density is greater than 1/(10 cm?),
so that the solar basin of MCPs can be treated as a continuum. In
particular, we do not extend the projections below ~0.2 or ~1 eV
for a perturbed or unperturbed phase space, respectively, because
the basin density falls below this value and our approximations
are no longer valid. For a basin density that does not saturate the
upper bound from Fermi-Dirac statistics in Sec. IIIB and
assuming a deflector and detector of comparable size, the
sensitivity scales with the experimental parameters as
qmicp X V;Zf/ 24E(;elf/ 4T1/CS (0t Q1c)~"/3. The change in the mass
scaling of the projections near ~0.8 and ~20 eV for a perturbed
or unperturbed phase space correspond to the MCP mass below
which the basin density saturates the upper bound dictated by
Fermi-Dirac statistics.

considerations of stellar energy loss, which exclude MCP
charges larger than gycp ~2 x 107'% [18,19]. Our pro-
jected sensitivity of a direct deflection setup—which
extends beyond existing constraints for 100 meV-
100 eV MCP masses—is shown in Fig. 2. This projected
sensitivity also extends well beyond the reach of conven-
tional helioscope searches for the elastic scattering of the
relativistic flux of solar MCPs, whose current sensitivity is
significantly weaker than existing astrophysical limits [21].

The rest of this article is organized as follows. We review
the parameter space of MCPs in Sec. II and present a
conceptual overview of directly deflecting the MCP solar
basin (including order-of-magnitude scaling arguments) in
order to provide intuition for our main results. In Sec. IIT A,
we show a first calculation of the full phase-space dis-
tribution of particles in the solar basin. In Sec. III B, we
point out that if production of the solar basin proceeds
through emission of multiple dark sector particles per

interaction (as is the case for MCPs), then the occupation
number of bound particles can greatly exceed that of a
distribution that is in equilibrium with the Sun. In the case
of fermions, the density saturates because of Pauli block-
ing, whereas the occupation number of bosons can greatly
exceed unity. We leave the detailed study of constraining
millicharged bosons (and other bosons with multiple
particles produced per interaction) to future work [22],
primarily focusing on constraining fermionic MCPs in
this article. We outline the main solar production mecha-
nisms for MCPs in Sec. IV. In Sec. V, we highlight the
experimental approach of direct deflection as a means to
discover the MCP basin and illustrate the projected
sensitivity of such a setup. In Sec. VI, we demonstrate
how MCP interactions with the solar environment or
among themselves may alter the characteristics of the
solar basin. Finally, in Sec. VII, we conclude and discuss
directions for future inquiry. A series of appendixes is also
provided that contains additional details of our calculations.
In Appendix A, we calculate the solar production rate of
MCPs, Appendix B outlines some details associated with
the calculation of the direct deflection signal, and in
Appendix C, we point out that if MCP self-interactions
efficiently drive the basin toward a state of hydrostatic
equilibrium, then the density profile of the solar basin can
be significantly altered.

II. MODEL SPACE AND CONCEPTUAL
OVERVIEW

MCPs possess a small effective electromagnetic charge
gmcp X 1 and naturally arise in models where a light dark
photon A’ kinetically mixes with SM electromagnetism. In
this case, particles charged directly under the dark photon
appear as millicharged under normal electromagnetism
on length scales smaller than the dark photon Compton
wavelength with an effective charge gycp = €€’/ e, where
€ < 1 is the kinetic mixing parameter, ¢’ is the dark photon
gauge coupling, and e is the SM electric charge [23]. If € is
generated radiatively from loops of N’ generations of heavy
particles charged under both the SM and dark sector, the
natural expectation for the strength of the kinetic mixing is
e~N'e'e/(4n)* (although certain models predict para-
metrically smaller values [24]). Considerations of stellar
energy loss exclude MCP couplings larger than gycp ~
2 x 107 for masses mycp < 1 keV [18,19]. Hence, for
values of ¢ near the radiative estimate above, the dark sector
fine structure constant o = e'?/4x ~ 4ngqycp/N' needs to
be smaller than ~10~'3/N’, which controls the strength of
MCP self-interactions. Although very small gauge cou-
plings appear unnatural in a top-down framework of gauge
coupling unification [24], they are theoretically consistent
and can arise in large volume string compactifications [25].
Therefore, it behooves us to consider small MCP self-
couplings. As we will show, this implies that the MCP
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stellar basin is long-lived and can survive to the present
time. However, self-interactions can still be important. In
fact, we show in Appendix C that, for sufficiently large «,
self-scatters can modify the local density and spatial profile
of the solar basin.

Independent of MCPs, direct constraints on light dark
photon mediators (such as those derived from stellar energy
loss [2,3], laboratory tests of Coulomb’s law [26], and
measurements of the cosmic microwave background
[27,28]) decouple as the dark photon mass is taken to
zero, thus motivating the consideration of ultralight or
massless dark photons. In this work, we focus on dark
photon masses m, < 1078 eV ~ (10 m)~!, in which case
the MCPs effectively couple to standard electromagnetism
over macroscopic length scales [20]. From the point of
view of solar production and terrestrial detection, in most
aspects we treat such particles as electromagnetically
charged. We note, however, that the formalism developed
to calculate the solar basin phase space in Sec. Il assumes
that the MCPs do not efficiently couple to the long-ranged
solar magnetic field. As discussed in Sec. VI, this
assumption is valid in the parameter space region corre-
sponding to smaller gycp and larger mycp in Fig. 2
with m, < 10715 eV. The assumption becomes valid in
larger parts of the gpcp Vs mycp parameter space for
increasing dark photon mass and is valid for the full range
of gmcp and mycp explored in this work provided that
my 210712 eV,

MCPs that are produced in the solar interior will only
remain gravitationally bound in a narrow region of phase
space. The density of emitted MCPs that satisfy this
criterion is significantly peaked near the Sun, due to its
large gravitational attraction. As a result, the terrestrial
density of the MCP solar basin is suppressed both by the
large Earth-to-Sun distance as well as the small region of
phase space below the solar escape velocity. As we show in
detail in Sec. IV, the dominant production mechanism for
MCPs is through the decay of electromagnetic plasmon
excitations in the solar interior. For this process, the
terrestrial number density n(rg) of gravitationally bound
MCPs is largest for masses my;cp comparable to the solar
plasma frequency w, ~ 100 eV, such that

2 4 3
Aemq [} N}
I’l(V@) ~ NP PO O:| X [vesc(rO)vesc(rGB)z}

3 3
A s

qmcp 2
Tt M

~10° cm™3 x <

where rg~7x 103 km~5x 1073 AU. is the solar
radius, rg ~ 1 A.U. is the Earth’s distance from the Sun,
Vese (1) is the solar escape velocity at heliocentric radius r,
and to ~ 4.5 x 10° yr is the age of the Solar System. In the
first line of Eq. (1), the first set of brackets is the local
density of MCPs produced over a solar lifetime, assuming

that all such MCPs remain gravitationally bound. In
particular, the ratio ryfo/rg, arises from assuming that
the entire volume of the Sun can produce particles over the
whole lifetime of the Sun and that those particles get
redistributed to the volume within 1 A.U. of the Sun; the
factor of wé then arises to give dimensions of number
density (recall that here we have chosen mycp ~ @,
making @, the only dimensionful quantity that determines
the particle production rate inside the Sun). The second set
of brackets accounts for the fact that these particles only get
bound to within 1 A.U. of the Sun for a small kinematic
subset of emitted MCPs, corresponding to the fraction of
phase space with MCP velocity smaller than v, (rg) yet
sufficiently large to make it to Earth, i.e.,

”esc(rélé)2

zl]esc(}’o) ~ UMCP ~ Uesc(rO) ( )

Uesc(rO) -

We can think of the “velocity volume” of this three-
dimensional kinematic phase space as occupying a
thin spherical shell of radius v (ry) and thickness
Dese (Fg)?/2Vese (ro) Over which the production rate does
not vary, giving rise to the scaling in the second set of
brackets of the first line of Eq. (1). In the second line
of Eq. (1), we have fixed the MCP coupling to saturate
existing constraints from stellar energy loss, as dis-
cussed above.

Direct deflection is an especially powerful detection
strategy for particles with low velocities, which tends to
enhance the overall strength of the signal [20]. From
Eq. (1), we see that, even for very small couplings, the
density of these particles is quite large, such that we can
describe the MCP solar basin as a continuum (i.e., using
continuous variables like the mean density and ignoring
Poisson fluctuations in the local number of particles). In the
solar frame, there is no bulk “flow” (as distinct from the
motions of individual particles) of the MCP basin.
However, the relative motion of the Earth’s orbit leads
to a headwind of MCPs flowing in the opposite direction in
Earth’s frame, analogous to the dark matter wind from the
Galactic motion of our Solar System. A simplified sche-
matic of the terrestrial laboratory setup is shown in Fig. 1,
which consists of two regions (a deflector and detector)
surrounded by electromagnetic shields. Inside the deflector
region, a large electric field Ey.. is driven at frequency
o < 10 kHz. As the wind of MCPs flows unimpeded into
this region (due to the small coupling), the electric field
induces a wave train of small MCP charge densities p,
oscillating at the same frequency that propagate into a quiet
downwind detection region. Inside the detector, these MCP
charge densities source a small oscillating signal electric
field Eg;, that can be resonantly detected with an LC circuit
tuned to the same frequency.

In Sec. V, we provide a technical description of the
induced charge densities and resulting signal. Here, we give
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a brief summary of the parametrics to provide an intuitive
picture of the signal. The most straightforward way to
derive the form of the MCP charge density p.. is to first
consider the electric force on an individual MCP as it
traverses the interior of the deflector. Provided that w is
sufficiently small, this MCP sees an effectively static
electric field. For simplicity, if we imagine the initial
MCP velocity in Earth’s frame to be the orbital velocity
of Earth vg and the initial trajectory of this particle to be
perfectly aligned with the deflector-detector axis, then this
MCP gets a perpendicular “kick” from Ejy, such that this
new component to its velocity is vy ~ £eqycp(Eqer/ Myicp)
(Rgef/ vg), Where + corresponds to the sign of the MCP’s
charge and R4 is the characteristic length scale of the
deflector. Since the MCP basin is charge symmetric, MCPs
of either sign contribute to a net current density oscillating
at @ with amplitude

Jx ~equepn(rg)(vy —v_)

~ (EQMCP)z(n(FEB)/mMCP)(§0def/”€B)7 3)

where @gor ~ EqosRger 18 the electric potential of the
deflector, and we have assumed that v /vg < 1 such that
the number density is approximately unperturbed. By
charge continuity, such a current density implies a corre-
sponding charge density of amplitude

. (eQMCP)zn(r )
pir~—ji)vg~— 8
myicplg
~ _mjzj,McM”def’ (4)

where mp ycp is the MCP contribution to the photon’s
Debye mass. The last equality in the expression above is the
standard result for how a weakly coupled plasma (the MCP
basin) Debye screens a quasistatic electric source (the
deflector) [29]. However, unlike standard Debye screening,
in this case these charge densities exist even in regions
where the deflector electric potential vanishes, e.g., inside
the detector shield placed downwind. This is because the
MCP charge densities that develop in the nonzero electric
potential of the deflector region are swept outside of the
deflector by the MCP wind. A key feature of Eq. (4) is that,
unlike traditional scattering-based detection experiments,
the signal in a direct deflection setup does not fall below
experimental thresholds at small kinetic energies; in fact, it
is enhanced at small velocities.”

*Note, though, that the small solar escape velocity at Earth
Vesc (F@) ~ Vg suppresses the solar production rate, i.e., n(rg) o
Dese (rg)? as in Eq. (1), such that the MCP charge density p. o
n(rg)/vg is approximately independent of vg or Ve (rg).
However, the fact that the signal does not fall off as v (rg) —0
is a unique advantage of a direct deflection setup.

These MCP charge densities source a real oscillating
electric field Egy, ~ pi Ryer of size

2 -1
E. ~10-7 kVem-! qmcp myicp
sig . <2 x 104 \100 eV

G o

inside the detection region, which drives a signal current in
an LC circuit resonantly tuned to the same frequency.
In Eq. (5), we have normalized the MCP model parameters
to be consistent with Eq. (1). As we discuss in Sec. V, a
meter-sized cryogenic LC circuit optimized to detect such
electric fields can measure oscillating fields as small as
~1072! kVcem™!, thereby enabling impressive sensitivity
to currently unexplored parameter space. In the remainder
of this paper, we provide a detailed derivation of the basin
density and direct deflection signal, which is ultimately
needed to derive the projected sensitivity shown in Fig. 2.

II1. PHASE-SPACE DENSITY OF A
GRAVITATIONALLY BOUND POPULATION

A derivation of the total integrated number density
of particles in the solar basin was given in Ref. [7]. In
Sec. IIT A, we provide an alternative derivation, which for
the first time allows for the extraction of the raw basin
phase-space density from stellar production, which is of
particular importance for understanding the physics of
detecting a basin of MCPs. In particular, the strength
of MCP self-interactions, which can potentially alter the
basin density, as well as the detailed nature of the direct
deflection signal, are both intimately tied to the structure of
the MCP phase space.

Later in Sec. III B, we point out a feature of the phase-
space evolution that is unique to basin particles that are
pair-produced, like MCPs. In particular, for the models
considered in Refs. [7,8], the phase space saturates at
thermal occupancies. However, for models with higher
multiplicity production of basin particles (e.g., multiple
MCPs in the final state), the density instead saturates near
the degenerate limit for fermionic basin particles and
possibly at very high occupation numbers for theories
involving light bosons. Additional dynamics of the solar
basin, such as those stemming from interactions with the
solar magnetic field and self-interactions, are discussed in
detail toward the end of this work (see Sec. VI).

A. Phase space from production

In this subsection, we present a derivation (that differs
from Ref. [7]) that allows for the extraction of the basin
phase-space distribution as a function of heliocentric
radius r. The results for the velocity distribution f in
Eq. (20) and the number density » in Egs. (22) and (24) are
the main results of this subsection.
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FIG. 3.

The temperature (left), plasma frequency (middle), and gravitational potential (right; note the scale of 1073) radial profiles of

the Sun. The gravitational potential matches onto the 1/r scaling, shown as a dotted line, outside the radius of the Sun, marked by a

vertical dashed line.

The gravitationally bound MCP population is emitted
from the Sun with a speed less than the solar escape
velocity, ve(ro) = O(1073) depending on the exact
location inside the Sun. Therefore, we work in the non-
relativistic limit where the luminosity of emitted MCPs per
solar volume, Q = dL/d>x/, is an isotropic quantity that
can be expressed as®

dQ _
d3vl = Ulz(k UQv‘ (6)

Above, we have separated the dependence of the energy
loss rate into a dependence on the particle’s speed when it is
produced v/, with power-law index for integer k > 1 and a
factor Q, that only depends on properties of the solar
interior (e.g., the density and temperature) and on intrinsic
parameters in the underlying particle physics model (e.g.,
the MCP coupling, mass, and spin). We take the properties
of the Sun to be spherically symmetric and constant in time
so that @, depends only on the radius r’ where the particle
was produced. For the temperature and density of the Sun,
we adopt the values from the standard solar model of
Ref. [30], with the radial profiles of some key quantities
shown in Fig. 3.

To derive the phase-space density of particles at
heliocentric radius r, we first compute the phase-space
density upon production in the solar interior using the
definition of luminosity density in the nonrelativistic limit,
QO ~ mycpdN/d*x'df', where N is the total number of
emitted MCPs. With this notation, the velocity phase-space
density f(x,v,7) at the time of production 7 is given by

*In this section, we adopt the notation in which primed
quantities denote properties of the MCP at production; e.g., ¢,
x’, and v’ are the time, position, and velocity of the MCP upon
production in the solar interior, with the spatial origin being
located at the center of the Sun. Unprimed variables pertain to
properties of the MCP after it has escaped the solar interior; e.g., r
will be used to denote the radial distance of the MCP from the
center of the Sun after production. Later, starting in Sec. V, we
use vectors with tildes, such as X and X', to denote position
vectors with respect to the experimental apparatus, i.e., where the
spatial origin is located at the center of the deflector in Fig. 1.

df(x,v,t') =dN(x',V,1)5(x = x')&(v-V)
Ax'dV'dt dQ(x', V')
= d3v/

F(x=x)&(v-V).
(7)

To obtain the distribution at later times, we assume that
the particles originating at position x’ free stream out of the
solar interior and follow trajectories solely determined
by the solar gravitational potential. For instance, we
temporarily neglect effects such as additional gravitational
interactions from planetary encounters in the Solar System,
reabsorption in the solar interior, interactions with the solar
magnetic field, or MCP self-interactions (these are dis-
cussed in detail in later sections). We thus time evolve the
primed arguments of the delta functions in Eq. (7) as

myicp

F(x —x') = & (X — X (X', V', 5 1)), (8)
F(V=V) = 8(V—v(x.V.751)), )

where X, and vy, are the time-evolved points in phase
space corresponding to the orbital trajectory of a particle at
time ¢ with initial conditions x’ and v’ at time ¢ < t. This
time evolution is subject to a number of constraints given
the symmetries of the problem. For instance, since the
gravitational potential is taken to be spherically symmetric,
conservation of the direction of the angular momentum
vector implies that the trajectories are restricted to a plane
that passes through the center of the Sun. For any such
plane, we can therefore reduce the phase-space dimension-
ality of the problem from six to four and sum together all
such planes in order to integrate the total density.

In any given plane, it is most convenient to work in polar
coordinates r, 6, v, = dr/dt, and vy = d0/dt, so that the
time-evolved phase space can be expressed as

v’2<k_1)Qy< 7 >2
myicp Tiraj

x8(v,— Ur[mj)5(l)g - vg‘mj)é(ﬁ—ﬁtraj)&r— Firaj)»

df =dr' do dv,dv)dr

(10)

095012-6



HELIOSCOPE FOR GRAVITATIONALLY BOUND MILLICHARGED ...

PHYS. REV. D 105, 095012 (2022)

where we have suppressed the arguments of the time-
evolved trajectory variables. The first two of the four
remaining delta functions in Eq. (10) can be reexpressed
as constraints on the initial velocities v} and v}, using
conservation of energy

1

E= EmMCPU%mj + MyicpPer (Firaj) (11)

and conservation of the magnitude of the angular
momentum

£ = mMCprfmjvgmj. (12)
along the entire trajectory, where
2
Desr () Z‘I)(r)+m (13)

is the one-dimensional effective potential in the radial
direction and ® < O is the solar gravitational potential.
These constraints amount to making the following replace-
ments in Eq. (10):

Uy

8(v, —v,,) = 7 [6(v), — vly) + 8(v), + )],
r0
~\ 2
S =va.,) = () 80, = 1) (14)

where we have defined

2
Vo =V 2(E/mycp — @it (), vy = (g) vg.  (15)

In the first line of Eq. (14), the delta functions enforce Vres
and v, to have the same sign in addition to the same
magnitude; e.g., if », > 0, then the radial velocity delta
function only has weight in regions of ¢ for which the
trajectory is outgoing at time t.

The angular delta function in Eq. (10) can be expressed
as an orbit equation, obtained by solving for the integrals of
motion r and € and eliminating the time coordinate,

1 r ¢
5(6_9traj) B 5<6/ _9+mMCP/}’/ dr” r"zv //>' (16)

7

The final radial delta function in Eq. (10) can be used to
eliminate the time integral. In rewriting this spatial delta
function in terms of time ¢/, summing over all possible roots
amounts to including all possible previous times ¢ < ¢ at
which a particle was emitted at the right initial point in
phase space to have evolved to the phase-space point
(r,0,v,,vy) at time t. In particular, for gravitationally
bound orbits (E < 0), we make the following replacement
in Eq. (10):

5(7'— rLraj) = @(—E)@(E — Emin)zw

ST
t 8(r)
=0O(-E)®(E-E, ;) ———, 17
(~E)0(E ~ Ey) =2 )
where
Epnin = myicp Max (Pege (1), Pege (1)), (18)

and the sum is over all roots ¢ = ¢, that satisfy r =
Fugi (X', V', 103 1) and v, = v, (X', V', 73;1). The step func-
tions enforce that the orbit is gravitationally bound and also
able to reach out to radius r. In the limit where the age of
the solar basin 7 is much longer than the orbital period, we
have expressed the sum over the roots in Eq. (17) as a
product of a single delta function times the number of
phase-space crossings #/(2t,y,), where 7,4 is the time it
takes to get from the perihelion r, to the aphelion r,,,, of
the orbit,4

rmax dr/,

ruin / 2(E/mycp — Pegr (1)) .

(19)

Torh =

For general orbits, this must be calculated numerically
since the gravitational potential inside the Sun does not
scale as 1/r.

With the formalism outlined above, integrating Eq. (10)
then yields the total velocity phase space at time ¢ for bound
orbits of energy E > E;,,

1) = [ ar TR g )

/
orb Vo myicp

where we have defined (v},)> = (v/,)? + (r'v)),)?. Note that
when integrating over 7/, the solar production rate Q,, only
has weight for radii within the solar interior, ¥ < rg.
For any point x outside the Sun, the planar phase-space
distribution of Eq. (20) can be rotated azimuthally along the
axis between the center of the Sun and x, due to cylindrical
symmetry; thus, [x| = r can be identified with the longi-
tudinal cylindrical coordinate z and 7@ can be taken to be
the transverse radial cylindrical coordinate p. The perihe-
lion is constrained to be within the Sun where MCP
production can occur, i.e., ry, < . This upper bound
on ry, also bounds vy from above, since larger v, (and
hence larger ¢) strengthens the corresponding centrifugal
barrier in ®.. As a result, the phase-space density tends to
be quite collimated along the radial direction in the limit
that ro, < r. This can also be seen from the Heaviside step

*Note that we have ignored an additional term in Eq. (17) that
is only relevant for unbound orbits, £ > 0. In this case, the
number of phase-space crossings is instead just equal to unity, so
that Eq. (17) is replaced by 6(r — ryyj) = O(E)6(¢')/|v,|.
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function © in the integrand of Eq. (20), which enforces
(v/y)? > 0; from the definition of v/, in Eq. (15), this is
equivalent to

22 4 2(D(r) — ()
(r/r)?* =1

Thus, far outside the Sun (r>> ' ~ry), the transverse
velocity is constrained to be v, < Ve (rg), as expected.

In Fig. 4, we show the phase-space density from solar
production as a function of energy E and angular momen-
tum £ for representative values of the MCP mass and
coupling. Along the dotted and dashed lines we also show
values of the perihelion r,;, and aphelion r,,,, which are
determined by 7 and E, respectively. We find that the
phase-space density is enhanced for more radial and deeply
bound orbits with aphelia closer to the Sun. We also note
that, as expected from Liouville’s theorem, for a fixed
choice of E and 7, the phase-space density is independent
of position r, provided that r,;, < r < . and energy and
angular momentum are conserved.

v} = (rvg)? < (vp™)? =

(21)

0.3 : i wp(rmin.) < 2"nMCP i

0.2

e
—

¢ [meVx 1 AUJ
LS
— o

1077 106 1075 1074
|E] [eV]

FIG. 4. The momentum phase-space density f, of a fermionic
MCP solar basin for a mass and coupling of my;cp = 100 eV and
guep = 10719 as a function of orbital energy E and angular
momentum ¢. Note that f, is related to the velocity phase space f
by f, =~ (27/mycp)*(f/4) [see the discussion near Eq. (25)].
The coupling gy;cp has been chosen to be sufficiently small such
that f, <1 for the displayed values of E and 7. In this case, the
phase-space density scales as f, « Gicp- For sufficiently large
couplings, the density saturates at f, ~ 1 (see Sec. Il B). Also
shown as dotted and dashed black contours are values of the
perihelion r;, and aphelion r,,,., respectively. For large values
of |#], the solar plasma mass is sufficiently small at radii larger
than r;, such that plasmon decay to MCPs is kinematically
forbidden.

The number density 7 is obtained by integrating Eq. (20)
over velocity. Switching variables from v, to E, this
corresponds to

2t o
n(r,t):m2 /d’JQv(r/)/ ! dUpUp
MCP 0
_ k—1
or%:v [ﬁ—@(r‘/)]

Desr (1) \/ﬁ— Desr(r)

t

, 22

— (22)
myicp

0
X[zmi“dE\/

where the energy integral is restricted to E.;, < E <0.
We can make further analytic progress by noting that
very far away from the Sun the orbits are approximately
radial, E/mycp > v,z,, in which case the aphelion is
Fmax =~ —GMgmycp/E > ry, and the orbital time of
Eq. (19) is approximately

Torp = ”GMO(_mMCP/zE)s/Z- (23)

Also in this limit, the total orbital energy of a bound particle
at r is negligible compared to the gravitational potential
energy at production; the magnitude of E is bounded by
|E| < mycp|®@(7)| < nmiyep|@(#')|. With these approxima-
tions, the integral over E and v, in Eq. (22) are analytically
tractable, such that

n o~ 2k > GMOI/ dx' Q,(x)|®d(x)|[F2. (24)

myicpr

We note that Egl (24) agrees with the limiting form given
in Refs. [7,8]. We have numerically checked that the
approximate expression in Eq. (24) underpredicts the local
density at Earth as determined from Eq. (22) by at most a
couple percent, making it both accurate and conservative.
We emphasize that the 1/r* scaling of Eq. (24) is only valid
outside the Sun, and that the profile is flattened inside the
Sun; this means that the integrated number of MCPs
produced is finite and does not diverge as r — 0. Note
that this flattening of the density profile is purely a
consequence of classical orbital dynamics.

From the derivation outlined above, we can glean several
insights. First, the dependence on the velocity power-law
index k [introduced in Eq. (6)] primarily enters in the
spatial integral of Eq. (24). Since the solar potential is
O(107°) inside the Sun (see the right panel of Fig. 3),
production rates for processes with larger values of k are
suppressed. This can be interpreted as being due to the fact
that processes whose rates have steeper velocity scalings
are more penalized by the requirement that the velocity
of the particle not exceed the solar escape velocity. We also
see that compared to an unbound flux, which has a

>Note that these references use a slightly different convention

for the production rate, Q = 23?70,
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geometrical 1/r> density profile, the bound population is
more centrally concentrated with a 1/7* profile due to the
steepness of the gravitational potential closer to the Sun.
Finally, from Eq. (22), we see that the integral over energy
E has the most support when E ~ my;cp®(r), indicating
that at a given radius r the density of bound particles is
dominated by those near their aphelia with velocities very
close to zero. This is a direct consequence of the fact
that bodies orbiting the Sun spend most of their time near
their aphelia.

B. Phase-space saturation from absorption

In the previous subsection, we assumed that the particles
emitted in the solar interior are not reabsorbed, such that the
phase-space density of Eq. (20) continues to grow linearly
with time 7. This is valid provided that f, < I, where f, is
the momentum phase-space density, which in the non-
relativistic limit is related to the velocity phase-space
density f of Eq. (20) by

fp(r) = (l/gspin)(Zﬂ:/mMCP)3f(r’ Uy, 7}9)’ (25)

where gg, is the number of internal spin degrees of
freedom.

However, at sufficiently large densities, the absorption
of MCPs in the Sun can balance the rate of production,
preventing further density growth. For instance, as dis-
cussed in Refs. [7,8], for a solar basin consisting of axions
or dark photons, detailed balance implies that this satu-
ration point occurs once [, ~ feq., where f, is the Bose-
Einstein equilibrium distribution at solar temperature
T ~ 1 keV. However, as we now discuss, this argument
only applies to processes in which a single basin particle is
emitted and absorbed by interacting with the stellar
environment and hence cannot be applied straightforwardly
to models where the emission of a single dark sector
particle is forbidden, as is the case for MCPs.

The dominant production process arises from the decay
of a solar plasmon into a pair of MCPs, y* - MCPMCP.
Depending on the MCP mass, one or both of the outgoing
states can be emitted nonrelativistically with a velocity
below the solar escape velocity. Energy-momentum con-
servation implies that the decay of a plasmon into two
nonrelativistic MCPs only occurs when the energy of the
plasmon is nearly equal to twice the MCP mass (i.e., just
above threshold). Plasmons only have this energy for a
narrow range of electron densities, corresponding to a thin
spherical shell within the solar volume. As a result, the rate
for pair-producing MCPs that both contribute to the solar
basin density is parametrically suppressed (by the volume
ratio of the thin shell and the total solar volume) compared
to decays that produce one nonrelativistic and one relativ-
istic particle in the final state. As we now show, this implies
that f, saturates very close to unity for fermionic MCPs
and well above unity for bosonic MCPs.

To see this explicitly, consider the evolution of the basin
phase-space density f, as described by the Boltzmann
equation, which schematically is of the form

fp choin))d(l j:fp) - Cgéifp +Cl<jgd(1 :l:fp>2 - ngbi f,,
(26)

where the dot denotes a derivative with respect to time and

2

+ correspond to bosonic/fermionic MCPs. Above, C, 5

and Ci{,’sz> encapsulate all the factors dictating production or
absorption that do not directly depend on f,, where the
superscripts (1,2) denote whether the velocities of one
or both of the MCPs are below the solar escape velocity.
In the case that only a single MCP is nonrelativistic, the
other one is relativistic, which we denote with a phase-
space density f7,.

Equation (26) can be simplified by noting that produc-
tion requires an initial state thermal plasmon, C[()lr())d x fyr,
where the plasmon density f,« is described by a Bose-
Einstein equilibrium distribution at temperature 7. On the
other hand, the absorption coefficient CS,Z is suppressed by
the small phase space of the relativistic solar flux of MCPs,
Ci:))s « [, < f,. As a result, the absorption of one non-
relativistic MCP along with one relativistic MCP is

subdominant to the time-reversed process, C,‘(i)l < ngd.
For the remaining terms in Eq. (26) corresponding to two
nonrelativistic MCPs, we can factor out the plasmon phase-

space density, in which case detailed balance yields
2
Cl(m)»d fy (2myicp)

Cfbl 1 + fy (2myep)

(27)

where f - is evaluated at an energy of twice the MCP mass.
With these simplifications, the saturation density of the
MCP solar basin is determined by setting f » =0 in
Eg. (26) and solving for f,. We find that f, saturates near

(1
fP (bOSOn) ~ IE—;(;dfy* (2mMCP) > 1 (28)
prod

for bosonic MCPs and

2
Cl(pr())d 1+ £, (2mycp)

Cgid [y (2myicp)

fp(fermion) ~ 1 — ~1 (29)

for fermionic MCPs, where we used that production of a
single nonrelativistic MCP is much more likely than the

emission of two nonrelativistic MCPs (Cl()i())d > Cg())d).

095012-9



ASHER BERLIN and KATELIN SCHUTZ

PHYS. REV. D 105, 095012 (2022)

The above argument demonstrates that, unlike models
of singly produced basin particles, as considered in
Refs. [7,8], the stellar basin density of pair-produced
particles saturates at much larger values, i.e., once the
phase-space occupancy f, is nearly or highly degenerate,
for fermions or bosons, respectively. We note that for
bosonic MCPs, the timescale to obtain f » = 1 can be much
shorter than the age of the Solar System, at which point the
density begins exponentially growing to its final saturated
value. A precise calculation of the rate of exponential
growth and the saturation density for bosonic MCPs is
beyond the scope of this paper. We leave a detailed
exploration to future work [22]. For the remainder of this
study, we therefore mostly focus on the case of fermionic
MCPs and self-consistently incorporate the effect of solar
absorption by imposing the upper bound f, <1. The
corresponding upper bound on the number density n can
be evaluated by integrating over the basin phase space. As
noted in the previous subsection, the occupied phase space
is limited to lie within the interval |v, ,| < v* where
VP > v (r) and vp™ ~ (F'/r)vee (1) [see Eq. (21)].
Taking f,~1 and four spin degrees of freedom, the
integrated number density for fermionic MCPs is thus
bounded by n < ng,., where the saturation density is

m3 1
nsat(r) = % Uesc(r)<(v;7nax)2>vo & m ’ (30)

and the angle brackets denote an average over the solar
volume, weighted by the differential production rate
dn/d*x'.

We conclude this section by briefly commenting on a
possible modification to the arguments detailed above. In
particular, our analysis has assumed that the basin phase
space from solar production remains unperturbed over the
solar lifetime. However, as discussed in Refs. [7,8], it is
possible that gravitational interactions with other planets,
such as Earth and Jupiter, may perturb the orbits of MCPs
on timescales shorter than the age of the Solar System.
Such interactions can significantly modify the phase-space
density of Sec. IIl A for aphelia larger than r,, ~ 1 A.U.
In fact, such effects may gravitationally eject bound
particles over a timescale shorter than the total age of
the Solar System. The results of Ref. [31], which inves-
tigated the ejection time of primordial dark matter that
became gravitationally bound to the protosolar gas cloud,
were argued by Ref. [8] to conservatively imply a solar
basin lifetime longer than half the total age of the Solar
System. Furthermore, in the scenario under consideration
here, the phase-space distribution is very different from that
of Ref. [31] and our MCP basin is continually replenished
on the relatively short timescales relevant for phase-space
saturation even in the event of particle ejection from the
basin. We do not incorporate a careful analysis of such
effects since this requires a dedicated numerical simulation

matched to the distinct initial conditions of the solar basin
and including the effects of Pauli blocking. Instead, we take
the basin lifetime to be ~z5 and follow the approach of
Refs. [7,8] by bracketing the range of possible effects from
planetary encounters on the phase-space structure. For
instance, if the initial radial orbits are completely isotrop-
ized due to gravitational interactions, then we can deter-
mine the maximum density by integrating f, ~ 1 but now
over 0 < v < v (), such that

2miycp !
N (1) = v —7 -
sat( ) 372 32

(31)

Note that the radial profile of the saturation density ng, in
either Eq. (30) or (31) differs from the profile of the
unsaturated density n « r~* in Eq. (24).

IV. PRODUCTION INSIDE THE SUN

In this section, we present the results for the solar
production rate Q, of nonrelativistic MCPs with power-
law index k = 1 [see Eq. (6)], which is needed in Egs. (20)
and (22) to calculate the phase-space and number density
of the solar basin. MCPs lighter than the typical plasma
frequency in the solar interior, w,~ 100 eV, can be
produced efficiently. Such MCPs are dominantly produced
from the decay of plasmons, which are electromagnetic
excitations in the plasma with altered in-medium dispersion
relations and polarization vectors compared to the photon
in vacuum [18,19]. Plasmon decay into particle-antiparticle
pairs is the dominant production channel since this process
is lower order in a,, compared to, e.g., Compton or
bremsstrahlunglike reactions, is lower order in gycp than
photon fusion, and is not suppressed by a low initial state
number density as would be the case for, e.g., eTe”
annihilation [19].

The rate for plasmon decay depends on the spin of the
MCP (spin-0 or spin-1/2) and the polarization of the
plasmon (transverse or longitudinal). Although our primary
focus in this work is on fermionic MCPs, for completeness
we also show the production rates for scalar MCPs below.
In Appendix A, we present the detailed derivations for
each of these cases. The nonrelativistic production rate for
transverse plasmon decay to either fermionic or scalar
MCPs is approximately

2
* Xemd
QU(Y ) ~ —TCMCP mMCPCO?afy* (w%/zmMCP>

r 473
(1 - 4”;@) 172 (fermion) (32)
X b
O(v?) (scalar),

where f, (o, ) = 1/(e”/Te — 1) is the plasmon phase-
space distribution. Note that transverse plasmon decay to
scalar MCPs is parametrically suppressed by the small
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MCP velocity, analogous to the well-known p-wave
suppression in the nonrelativistic limit of spin-1 mediated
annihilations of scalar particles [32]. Alternatively, the
decay rate for longitudinal plasmons is given by

¥ Aemdhce 3
9, (}’L) = 4—7[3 mMcpwpfy* (wp)

2myicp (1 - %) 12 (fermion)
X (33)

jo, (1 - 2";&) 2 (scalar).
P

From Egs. (32) and (33) we take note of a few important
insights. First, for scalar MCPs, longitudinal plasmon
decay always dominates over transverse plasmon decay,
due to the different v' dependence. Second, for fermionic
MCPs, the hierarchy between the different plasmon polar-
izations depends on the particular value of the mass; for
fermionic MCP masses near the kinematic threshold,
myicp ~ ®,/2, the decay of transverse plasmons is slightly
enhanced compared to longitudinal plasmon decays due to
the larger power of ), in the former case. However, due to
the argument of the plasmon phase-space distribution f,- in
Eq. (32), transverse plasmon decay to fermionic MCPs is
exponentially suppressed compared to the decay of longi-
tudinal plasmons for masses well below the kinematic
threshold, mycp < w3 /T

The results for the terrestrial number density of fermionic
MCPs are shown in Fig. 5 as a function of the MCP mass
and the coupling fixed to gycp =2 x 1074, the largest
allowed by existing constraints in this mass range [18,19].
The bound density can exceed the relativistic flux of
emitted MCPs by orders of magnitude for my;cp ~ 100 eV.

V. DIRECT DEFLECTION

So far, we have discussed the formation of a gravita-
tionally bound population of MCPs. In this section, we
focus on the prospects for detecting this population. Direct
deflection was recently proposed in Ref. [20] as a new
technique to detect feebly interacting ambient particles that
couple to long-ranged forces, such as electromagnetism.
Although this setup was originally introduced to detect sub-
GeV dark matter, it also straightforwardly applies to the
gravitationally bound population of MCPs that is discussed
in this work.

A basic schematic of the setup is shown in Fig. 1. An
approximately spatially uniform charge-symmetric MCP
population passes into a shielded region, with an electric
field E,.¢ oscillating at angular frequency w. This region is
referred to as the deflector. Inside the deflector, the MCPs
are subject to an electric force that slightly separates
positively and negatively charged particles, resulting in
oscillating charge densities p.. that propagate out of the
deflector and into a spatially distinct shielded detection

T T TSI T T T T T Ty T T TTTIg T T TTTTIg T

1010+ T~ d .

- ar,

F \~\k{11atter 1
~

108 -
106 -
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10%

n (r) [em™3]
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107+

106+

7
L ALl ool s vl il
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1073 102 10-! 1 10 102
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FIG. 5. The local number density n(rg) of fermionic MCPs
bound to the Solar System as a function of the MCP mass mycp,
assuming the basin lifetime is comparable to the solar age of
4.5 Gyr. The MCP coupling is fixed to be gycp =2 x 10714, the
largest value allowed by existing constraints for such masses
[18,19]. The solid and dashed dark blue lines show the number
density contributed by transverse and longitudinal plasmon decay
according to Eq. (24), which ignores Fermi statistics. The light blue
band indicates the point at which the density saturates due to Fermi
statistics; hence, the MCP density never actually exceeds this
saturation density. The top and bottom of this band corresponds to
a basin phase space that is maximally or minimally isotropized by
gravitational encounters, respectively (see Sec. III B). For com-
parison, we also show the relativistic flux of solar emitted MCPs
(dotted orange) and the local dark matter density assuming that it
consists of particles of mass mycp (dot-dashed black).

region. In the detector, these MCP charge densities induce a
small oscillating electromagnetic field Eg, at the same
frequency w, which can be measured using an electric field
pickup antenna coupled to a resonant LC circuit tuned to
the same frequency.

The detailed spatial dependence of p. is directly
sensitive to the MCP velocity distribution. However, the
typical magnitude of the electric field signal is largely
independent of these considerations, provided that the
deflector and detector regions are not too far spatially
separated. In particular, for an optimally configured exper-
imental setup, these millicharge densities source an electric
field that scales according to Egs. (4) and (5) as

2 iot
Egig ~ mp mcpPaet Raere™™”, (34)

where @ 4. and R are the electric potential and spatial size of
the deflector, respectively, mp mcp = egncp /7 (rg)/ Tce
is the MCP contribution to the photon Debye mass, and
Ticp = myicp(v?)/3 is the effective MCP temperature.

In Sec. VA, we give an overview of the basic formalism
needed to precisely calculate the deflector-induced MCP
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charge density p,. Additional details are provided in
Appendix B. As shown below in Eq. (35), p.. is directly
related to the MCP velocity distribution in the laboratory
frame. We evaluate the charge density for a basin phase
space that is either minimally or maximally isotropized by
gravitational interactions in Secs. VB and V C, respec-
tively. We find that the signal electric field Eg, roughly
matches the parametric form of Eq. (34) in either case.

A. Millicharge overdensities

In the following subsections, we adopt the notation
where vectors with tildes, such as X, denote positions with
respect to the center of the deflector apparatus, in order to
differentiate from the heliocentric notation of the previous
sections. As derived in Ref. [20], the induced MCP charge
overdensity at position X with respect to the center of the
deflector is approximately

2
pi(f(,t) 2_(eCIMCP) it
myicp

(!
x/dv/ d3i'f(r@,v0+v@)pdef(x), (35)
Vet

x—%'

where pg.¢ is the amplitude of the oscillating deflector
charge density (which drives the electric field Ey.), the
integral over X’ is over the volume of the deflector V.,
vg ~—107*X is Earth’s orbital velocity, and we have
defined the unit vector ¥ = (X — X’)/|X — X/|. The integral
over the basin velocity v includes the velocity distribution
f(r,v) of Eq. (20) boosted to Earth’s frame. For concrete-
ness, we will consider a deflector as depicted in Fig. 1,
consisting of an oscillating point charge Qg.re™’ located at
the origin |X| = 0 surrounded by a grounded spherical
shield of radius Ry, which possesses a corresponding
surface charge. This deflector charge density configuration
is thus expressed as the sum of these two components, i.e.,

pu(3) = Qe (P(5) = 0K = Ra) ) (36)

4R (2ief

such that the total integrated charge of the deflector and
shield is zero.

As discussed in Ref. [20], the derivation of Eq. (35)
assumes that the period of a deflector oscillation (~1/w) is
long compared to the time it takes for a typical MCP to
traverse the deflector, i.e., ® < vg /Ry Throughout, we
will work in this limit because for @ 2 vg /Ry the induced
millicharge overdensity p is parametrically suppressed, as
it averages out to zero when the oscillations are too rapid.
Equation (35) also relies on various other assumptions; in
addition to the previous criterion, the above expression
holds provided that the MCP population can be treated as a
continuum (i.e., many particles per experimental volume so
that Poisson fluctuations can be ignored) that is weakly

perturbed by the deflector® (eqmepPaet < Tyep) and that
backreaction effects from self-interactions are negligible
[20]. The latter criterion requires that the MCPs do not
screen the deflector charge density pg.s on length scales
smaller than the deflector itself, i.e., (m},) ™! > Ry, where

m}y =~ \/4na'n(rg)/Tycp is the dark photon Debye mass.
For the range of @ considered in this work, this is satisfied
(see Sec. VI).

We mentioned above that this formalism relies on
approximating the MCP population as a continuum whose
properties depend on orbital dynamics and on the deflection
from the experimental apparatus. However, for sufficiently
light MCPs, quantum mechanical effects are important once
the de Broglie wavelength of the MCP particle becomes
macroscopic. In order to investigate when such a transition
between classical and quantum behavior occurs, we note that
the Euler equation of classical fluid mechanics can be
applied to the quantum regime if an additional pressure
term is included, in the form of the Madelung equation (see,
e.g., Ref. [33]). The analysis above is unmodified provided
that the force from this quantum pressure term is negligible
compared to the electromagnetic force of the deflector, i.e.,
eqncpmMycpEaer > 1/R3. For a driven deflector of field
strength Egr ~ 10 kV/cm over a region Ry~ 1 m, the
classical limit corresponds to mycp >>meV x (10717 /qycp)-
As we will show in Sec. V D, the proposed deflection setup
is sensitive to MCP masses and couplings that do indeed
reside in this classical regime.

Furthermore, the effect of Pauli blocking does not enter
into the formalism above, even though for sufficiently
large couplings the phase-space occupancy of fermionic
MCPs is expected to be nearly degenerate (as discussed in
Sec. III B). This is a consequence of time-reversal sym-
metry, which implies that two MCPs from initially distinct
regions of phase space cannot propagate along trajectories
such that they end up at the same point in phase space after
passing through the electric field of the deflector; if this was
possible, then the time-reversed classical trajectory would
not be deterministic.

As an aside, note that for a MCP velocity distribution
that is isotropic in Earth’s frame (such as a lab-frame
Maxwellian distribution), then Eq. (35) simplifies to

pi(X, 1) = —m yep@aer(X) e (isotropic), (37)

®We note that the signal persists for couplings larger than this
perturbative limit, although the calculation is less tractable since it
cannot be estimated to leading order in perturbation theory, as was
done in Ref. [20]. For the experimental parameters adopted in this
work, the perturbative criteria holds for most of the parameter
space shown in Fig. 2, except for a small region corresponding to
gumcp = 10714 x (mycp/eV). We note, however, that since the
reach only mildly depends on the strength of the deflector electric
field as gycp E;elf/ 4 (see Sec. V D), the region over which this
weak-coupling approximation holds could be enlarged without
significantly effecting the projected sensitivity.
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where @g4.¢ 1s the electric potential of the deflector.” Note
that this is not the case here; the MCP solar basin does not
corotate with Earth’s orbit, and so the velocity distribution
is anisotropic in the lab frame. Regardless of this differ-
ence, motivated by the form of Eq. (37), we define the
constant

p(Debye) - _ (€QMCP)2”("®) et (38)
- mycply  4Rger

which serves as a useful comparison to our numerical
results in Secs. VB and V C below.

B. Unperturbed velocity distribution

In this and the following subsections, we explicitly
evaluate the induced MCP charge density p, for two
different basin phase-space distributions. We choose a
coordinate orientation such that the axis running from
the Sun to the Earth is along the 4-Z direction and the orbital
motion of the Earth is chosen to lie along the —X direction.

To begin, let us assume that the basin phase space is
unperturbed by gravitational or hidden sector interactions,
such that Eq. (20) accurately describes the local MCP
velocity distribution. We can gain some analytic insight by
first roughly approximating Eq. (20) as a purely radial
distribution (with no velocity support in the transverse
directions) that is uniformly flat below the local escape
velocity, so that the velocity distribution in the solar
frame is

lrg) =n(rg) 320t

G(Uesc(rea) - |vz‘)' (39)
Using Eq. (39) in Eq. (35), the millicharge overdensity p,
can be evaluated analytically (see Appendix B for more
details). Figure (6) shows the total contribution to the
amplitude of the MCP charge density p.(X) in the X —

plane at Z =0, normalized by pf‘?bye) as defined in Eq. (38).

We find that the driven point charge Q¢ of the deflector
[corresponding to the first term of Eq. (36)] induces a MCP
surface charge density in the region y = 0 and % 2 |Z| that

is parametrically of size

2
(point) (eqmcp) ”(”ea) 40
oy merth Qe - (40)

This MCP surface charge density is shown as the red region
of Fig. 6. This component of the induced MCP charge

"Note that Eq. (37) is analogous to how a SM photon mass 1,
modifies Gauss’s law, ie., V-E =p— m?(p. In this sense,
mpmcp 18 playing the role of the photon mass in the limit that
the MCP velocity distribution is isotropic in the lab frame.

density sources an electric field E ~ aipomt)

with Eq. (34).

The driven spherical shell of the deflector [correspond-
ing to the second term of Eq. (36)] induces a MCP charge
density in the region ¥ > 0 and |y| < Ry that is para-
metrically of size

, in agreement

p(shell) N (EQMCP)ZW(”@) Odef (41)
* dmyicp Ué Ret
This contribution to the MCP charge density is shown as
the blue region of Fig. 6. A uniform charge density of this
magnitude over a length scale comparable to the deflector

size sources an electric field E ~ pgihe")Rdef. Although this

contribution is of opposite sign compared to that of a(jfomt),
the distinct spatial dependence of 6'P"™ and p™™" implies

that a shielded detector could be placed in a particular
location to measure either contribution individually.
Furthermore, since this is only a mild cancellation, in
most regions the total induced MCP charge density sources
an electric field comparable in magnitude to Eg, ~

i hell
|6$Olm>| ~ pﬂf ¢ >|Rdef ~ (€QMCP)2”(F®)Qdef/(mMCPUé)a

consistent with the generic expectation of Eq. (34).
These results relied on approximating the basin velocity
distribution using the simple delta function and top-hat
parametrization of Eq. (39). This vastly simplified the
evaluation of the integrals needed to compute the MCP
charge density in Eq. (35). We have explicitly checked
numerically that these approximations accurately describe
to within O(10)% the MCP charge densities using the exact
form of the unperturbed velocity distribution in Eq. (20).

C. Perturbed velocity distribution

As mentioned previously, perturbations to the MCP
phase space may arise via gravitational perturbations from
planetary encounters. If the timescales associated with
these effects are short compared to the age of the Solar
System, the velocity distribution at Earth is expected to
differ qualitatively from Eq. (20). For a strongly isotropized
velocity distribution, we model it as a Gaussian in the
solar frame,

[(rg.v) 2 —le)l_e-tetiiet o, (a)

ARGt

where the velocity dispersions ¢, and o/, in the direction
perpendicular (¥ and ¥) and parallel (Z) to the heliocentric
radial direction, respectively, are taken to be independent.
At the level of this Gaussian approximation, we have
ignored the fact that Eq. (42) unphysically populates phase
space above the solar escape velocity v (rg)~ 107%
However, because the deflection signal is enhanced for
the more slowly moving MCPs in the distribution,
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FIG. 6. The amplitude of the MCP charge density p (X) (red
and blue regions) in the X — y plane at Z = 0, in units of pfebye)
[see Eq. (38)], for a MCP velocity distribution that is un-
perturbed by gravitational interactions [see Eq. (39)]. The green
region is the shielded deflector, with a driven charge configu-
ration consisting of a point charge and grounded spherical shell.
The heliocentric radial direction is along the Z axis and the
orbital motion of the Earth is along the negative X axis. The
point charge of the deflector induces the red region, which
consists of a MCP surface charge density at § =0, as in
Eq. (40). The spherical shell of the deflector induces the
oppositely charged blue regions, as in Eq. (41).

including particles in the tails of the Gaussian amounts to
introducing a small error when calculating p,.. We will
enforce that the dispersion satisfies 6,06,/ < Ves(rg) to
ensure that this error is negligible.

To model a maximally isotropized distribution, we take
the isotropic limit of Eq. (42), i.e., 6, ~6)) ~ vy (rg),
whereas a less perturbed distribution is modeled with a
smaller perpendicular dispersion, 6, < 6/, ~ Ve (rg). We
then numerically calculate the resulting MCP charge
density using Eq. (35). The results are shown for both a
moderately isotropized and maximally isotropized velocity
distribution in the left and right panel of Fig. 7, respectively.
As in Fig. 6, p.(X) is plotted in the X — y plane and is
normalized by pfebye). In the left and right panel of Fig. 7,
we have set 6, /o, t0 0.25 and 1, respectively, fixing 6/, ~
Vesc(rg) in both cases.

In the left panel of Fig. 7, the charge density distribution

consists of a narrow positive region of p.(X)/ pfebye)

(shown in shades of red, orange, and yellow) centered

near the X —Z plane at y =0, along with a region of

negative p, (X)/ p;Debye) (shown in shades of blue) away

from ¥ = 0 but still roughly within —Ry; <5 < Ry for
0 < X < few x Ry This spatial dependence with respect to
the deflector origin and the Earth velocity vg, is qualitatively
similar to the minimally isotropized case shown in Fig. 6,
which indicates that p (X) quickly approaches the unper-
turbed limit as ¢, drops further below o/,

In the right panel of Fig. 7, the charge density distribu-
tion consists nearly entirely of a large positive region of

p+(X) /pg[Debye) for ¥ >0 surrounded by a region of
(Debye)

negative p, (X)/p.. that is much smaller in magnitude.
Note that the magnitude of the charge density falls off much
more rapidly as a function of 7> Ry for o, /0, =1
(right panel) than for o,/c,) =0.25 (left panel). As
discussed in Ref. [20], this can be understood from the
relative size of the velocity dispersion in either case, which
can be thought of as “diluting” the induced charge densities
in the ¥ — Z plane as they are “dragged” downwind starting
from the interior of the deflector shield to large positive ¥
(> Rgcr.)- In both panels, the charge densities are of the

expected size, i.e., |p4(X)/ p(iDebye>| ~ 107! = 10, and hence
source electric fields consistent with the generic expect-

ation of Eq. (34).

D. Experimental setup and reach

The MCP charge densities discussed in the previous
subsections oscillate at the frequency of the deflector @
and propagate at a speed vg in the +X direction [20].
The MCP constituents are extremely feebly coupled,
with a mean free path many orders of magnitude larger
than the size of the experimental setup. Thus, they
can easily penetrate a shielded detector region placed
“downwind” of the deflector. For concreteness, we take
the detector shield to be of the same size as the deflector
but centered on the point (%, 7,7) = (2R, 0,0)
(referring to the coordinates of Figs. 6 and 7). Upon
penetrating the detector shield, the oscillating charge
densities of MCPs source oscillating electromagnetic
fields of the same frequency inside the quiet detection
region.

As mentioned above, this setup is assumed to operate in
the quasistatic limit, ® < vg/Ryer ~ 30 kHz % (1 m/Rgye),
because this maximizes the signal strength. The optimal
detector that can resonantly respond to such frequencies is
an LC circuit because its resonant frequency is not directly
dictated by its geometric size. The electric field sourced
by the MCP charge density capacitively couples to the
circuit, driving a small voltage at . If the resonant
frequency of the circuit is tuned to the same frequency,
then the small MCP-induced electric field rings up over
many cycles inside the circuit, as quantified by the large
quality factor, Q; - > 1, of the detector. Similar technol-
ogy has been implemented by the AURIGA experiment
[34-37] to detect gravitational waves, which utilized a
thermal-noise limited LC circuit operating at kilohertz
frequencies with a quality factor of Q, ~ 10%. This
technology will be further developed by Dark Matter
(DM) Radio [38,39] to search for ultralight coherent
bosonic dark matter; a future version of the existing
prototype is expected to ultimately achieve an inductively
coupled thermal-noise limited setup with Q; -~ ~ 107 and a
detection volume of Vg ~ 10 m? [40].
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FIG. 7. The amplitude of the MCP charge density p. (X) (red/orange/yellow and blue regions) in the ¥ — § plane at Z = 0, in units of

pfebye) [see Eq. (38)], for a MCP velocity distribution that is slightly (left) or maximally (right) isotropized by gravitational encounters,
corresponding to relative velocity dispersions of 6, /6,, = 0.25 and 6, /6, = 1, respectively, fixing 6,/ = e (rg) [see Eq. (42)]. The
green region is the shielded deflector, with a driven charge configuration consisting of a point charge and grounded spherical shell. The
heliocentric radial direction is along the Z axis and the orbital motion of the Earth is along the negative ¥ axis. The red/orange/yellow and

blue regions correspond to positive and negative values of p.(X)/ pfebye), respectively. Along the dashed gray lines, p(X) crosses

through zero.

The signal power is given by

Psig = QLCw/ d3i|ESig 2’ (43)
Vdel
where Eg, is the electric field sourced by p, inside the

detection region and the integral is performed over the
detector volume V.. We evaluate Pg, numerically for
the charge densities p, discussed in Secs. VA-V C. We
assume that the detector shield is grounded; in this case,
image charges need to be included when evaluating |E |,
which we evaluate in the quasistatic limit.

We parametrize the integral of Eq. (43) as

. 1 b
/ d3X|Esig|2 = En(Rdefpg]:)e ye)>2Vdefv (44)
Vdet

which defines the dimensionless constant 7. For a charge
distribution that is spatially uniform inside the detector

shield with magnitude p(febye) [see Eq. (38)], then Gauss’s
law gives n = 1. More generally, n # 1 accounts for the
fact that the MCP charge density p.(X) is not spatially
uniform throughout the detector volume. The precise
value of 5 depends on the velocity distribution of the
MCPs. Evaluating Eg, numerically, we find that 5 ~

O(1072)-O(10) where the lower and upper part of this

range corresponds to a maximally and minimally isotrop-
ized velocity distribution, respectively. In our sensitivity
projections, we accordingly modify the particular value of i
depending on the form of the velocity distribution that is
assumed. Note that although this range of # spans 3 orders
of magnitude, Py, « nqycpn® < ngycp implies that this
only amounts to a factor of ~2 variation in the sensitivity
o gmcp-

Stray electromagnetic fields can be efficiently attenuated
by the detector shield. In our projections, we assume that
the experimental reach is limited by thermal Johnson-
Nyquist noise. This is the case for existing light-shining-
through-wall experiments, as in, e.g., Ref. [41], and is
expected to dominate over other forms of noise, such as
fluctuations intrinsic to the readout amplifier, in future LC
circuit setups such as DM Radio [38-40]. The signal-to-
noise ratio is given by SNR = Py, /P oie, Where P i 18
the noise power arising from thermal fluctuations. The
phase and frequency of the oscillating electric field signal is
determined from the deflector and the Earth velocity vg,.
Hence, if the deflector phase and frequency are monitored
throughout the experimental run, this allows for a meas-
urement of the signal amplitude, as opposed to power. If the
signal phase can be determined in this manner, then P,;. ~
T/t in the SNR, where T is the temperature of the
LC circuit and t#;,, is the total integration time of the
experiment [42]. In our sensitivity projections, we will
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assume that this is the case. We note, however, that if
instead the deflector phase is not measured, then

Proise ~ Tren/ 0/ (Qpcting); for the experimental parame-
ters adopted here, e.g., w~ 10 kHz, t;,,~1 yr, and
Q¢ ~ 107, this corresponds to a relative increase in noise
power of ~200, translating to a factor of ~2 degradation in
sensitivity to millicharge gyscp-

The estimated sensitivity of a direct deflection setup,
corresponding to SNR > 1, is shown in Fig. 2 compared to
existing constraints (shaded gray) for fermionic MCPs
and various assumptions concerning the evolution of the
solar basin (solid and dashed lines). In each case, we
assume that Vg = Vg = 10 m*, @ = 10 kHz, E ¢ =
Qdef/(4ﬂR§ef) =10 kV/Cm, QLC = 107, TLC =10 mK,
and #;, = | yr. In constructing the solid lines and dashed
lines, we assume that phase-space mixing from gravita-
tional perturbations occurs on timescales shorter or longer
than t, respectively.

As mentioned in Sec. VA, the deflection experimental
approach relies on the MCPs being approximated as a
continuum. In Fig. 2, we enforce that n > 0.1 cm™ x
(10 m®/V 4), such that Poisson fluctuations in the relative
number of MCPs in the deflector/detector are less than
~1073. For a MCP solar basin that saturates the upper limit
from Fermi statistics in Sec. III B, this imposes a lower
bound on the MCP mass, corresponding to the leftmost part
of the sensitivity contours for each case shown in Fig. 2.

From the discussion above, we can understand the
differences between the two sensitivity projections shown
in Fig. 2. As illustrated in Fig. 7 and discussed further in
Sec. V C, the signal electric field from a MCP population
that is significantly isotropized by gravitational encounters
is suppressed compared to an unperturbed population,
assuming comparable basin densities. As a result, a direct
deflection setup has a reduced reach to a perturbed basin
(compared to one that is unperturbed) for MCP masses near
the upper part of the mass range shown in Fig. 2. However,
for smaller masses, a direct deflection setup is sensitive to
couplings gycp such that Fermi statistics suppresses the
MCP solar production rate at times before 7. As discussed
in Sec. III B and evident in Fig. 5, the saturation density n,
is larger for a basin phase space that is significantly
perturbed by gravitational interactions. Hence, for a per-
turbed basin, the deflection setup has an enhanced sensi-
tivity to small MCP masses, significantly extending the
range of masses that satisfy the continuum criterion of the
previous paragraph, n > 0.1 cm™3, by nearly an order of
magnitude.

As discussed above, the sensitivity of direct deflection to
a solar basin of MCPs depends on the timescale of
gravitational interactions compared to the age of the
Solar System. Under various assumptions, the projected
sensitivity can explore viable couplings roughly an order of
magnitude smaller than existing constraints for masses
ranging from O(100) meV to O(100) eV. The most

stringent existing constraints in this mass range are shown
in gray in Fig. 2. In dark gray, we show the limit derived
from the standard solar model; a sizeable relativistic solar
flux of MCPs would unacceptably modify the observed
helioseismology and solar neutrinos [19]. Limits derived
from energy loss from horizontal branch and red giant stars
are shown in light gray. These are comparable to those
derived from solar observations, but are sensitive to larger
masses [18].

VI. POSTPRODUCTION INTERACTIONS

In our analysis above, we assumed that once produced in
the solar interior, MCPs do not significantly interact to the
present day. However, for strong enough interactions with
themselves or normal matter, this is no longer the case. In
the remaining sections, we show that the validity of this
assumption depends on the details of the particle physics
model. Self-interactions, for instance, may or may not
significantly modify the basin density. Regardless, as we
show below, over a large region of parameter space, such
dynamics have little effect on the claims of the previous
sections.

A. Interactions with the Standard Model

For strong enough interactions with the solar environ-
ment, MCPs may become trapped, or at least significantly
perturbed, in their journey through the solar interior. In this
section, we evaluate the impact of such processes. For
instance, MCPs may Coulomb scatter off of the solar
plasma. In the nonrelativistic limit, the transfer cross
section for fermionic MCPs scattering off of electrons is
given by [43]

16 2 2 2
op ﬂaemQL\/ICPmMCP ’ (45)

Mpe

where mpg ~ 6 keV is the photon’s Debye mass in the
solar core. Note that mpg is much greater than the typical
momentum transfer involved in the scattering, mycpv,,
where v, ~ few x 1072 is the characteristic solar electron
velocity. The MCP mean free path is then Apg ~
v'/(v,n,o7), where n, ~ 10%% cm™ is the electron density
in the solar core and v, ~few x 1072 is the thermal
electron velocity. In the parameter space of interest, the
mean free path is larger than the solar radius by many
orders of magnitude,

-2 -2
e~ O(1013 gmcp myicp ’ 46
mip ~ O(107)rg % (10—14 100 eV (46)

such that MCPs do not scatter in the solar interior over the
entire age of the Solar System.

MCPs can also couple to the solar magnetic field, which
is By ~ 1 G near the Sun. However, its influence on the
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MCP trajectories is model dependent. For instance, if
MCPs can be thought of as coupling directly to SM
electromagnetism, their gyroradius in the solar vicinity is

~ mMyicp U/ (47)
eqmcrBo

Such motion does not significantly perturb the MCP
trajectories if r, is larger than the coherence length of
the magnetic field. If we take that length to be its maximum
possible size, i.e., the solar radius r@~106 km, this
criterion is satisfied for

< O(10714) x (—2MCP_ ) 48
gmcp < O( ) % <100 oV (48)

where we have taken the MCP velocity at production 2’ ~
1073 to be comparable to the escape velocity near the
Sun. If the solar magnetic field was perfectly coherent
over rg (which is an unphysical and overly conservative
assumption), then MCPs with charges above the value in
Eq. (48) would be efficiently confined to the solar interior,
as their trajectories would simply follow the solar magnetic
field lines. However, the dynamics and structure of the solar
interior’s magnetic field is far from understood at a detailed
level [44]. Hence, it is not unreasonable to consider the
possibility that an O#1(1) fraction of MCPs are able to
escape the solar interior even for gyroradii much smaller
than the solar radius.

Alternatively, if MCPs do not directly couple to the
SM photon, but instead couple to SM currents through a
light kinetically mixed dark photon as outlined in Sec. II,
then they only effectively couple to normal electromagnetic
fields on distance scales smaller than the Compton wave-
length of the dark photon; on greater distance scales, the
interactions are exponentially screened. As a result, MCPs
only couple to the solar magnetic field sourced within the
A’ Compton wavelength. Approximating the electromag-
netic currents responsible for the solar magnetic fields as
spatially uniform (which is unphysical and maximally
conservative), the effective magnetic field that such
MCPs couple to is suppressed by m;,‘ /o for dark photons
shorter ranged than the solar radius (my > rg!~
10~ eV) [45]. In this scenario, instead of Eq. (48), we
find that the solar magnetic field does not perturb the MCP
trajectory if

<0107 ma MIMCP_) (49
mee S O )X<10—15ev 00ev ) 49

Hence, in the parameter space of interest, MCPs of mass
mycp ~ 100 meV or ~100 eV are not perturbed by the
solar magnetic field for m, = 10712 or my = 10715 eV,
respectively. Note that this is consistent with the previous
requirement that MCP interactions are long ranged on the

scale of terrestrial experiments, which requires m, <
1078 eV (see Sec. II). Throughout this study, we assume
that the dark photon is long ranged compared to a detector
on Earth yet significantly massive to screen the effect of the
Sun’s magnetic field, leaving a more detailed investigation
to future work. It is worth noting, however, that for values
of gmcp near the upper bound in Eq. (49), repeated
encounters with the Sun’s and Earth’s magnetic fields over
the age of the Solar System may lead to modifications to the
solar basin phase space, analogous to the gravitational
perturbations discussed in Sec. mB.S

Although not the focus of this section, it is worthwhile to
estimate the effects of Earth’s terrestrial magnetic and
electric fields on the local density of the MCP basin, since
the calculation is nearly identical.” The strength of Earth’s
magnetic field is comparable to the Sun’s. However, Earth’s
radius is smaller by a factor of ~1072 and the characteristic
velocity of the basin near Earth is smaller by a factor
of 10~!. Hence, for long-ranged MCP interactions, the
requirement that Earth’s magnetic field does not perturb
the local density of the MCP solar basin is weaker by an
order of magnitude in gycp compared to the previous
upper bounds.

Unlike the Sun, the Earth’s atmosphere is an efficient
insulator, thereby allowing a large potential difference of
~1 MV between the ground and ionosphere on Earth,
separated by ~50 km ~ (107! eV)~!. This acts as either a
potential barrier or as a well to the local MCP basin,
depending on the sign of the millicharge. Approximating
the terrestrial electric charge configuration as a spherical
capacitor, the effect of Earth’s atmospheric voltage does
not effect the local MCP density provided that

—11 .
eqMcpe_mAI/(lo eV) x 1 MV S mMCPU2, 1.€.,

. m
gumcp < few x 10713 x gma /(1071 eV) <ﬁ>, (50)

where we have set the MCP velocity at Earth v ~ 107 to be
comparable to the local solar escape velocity. Hence, we
find that in a small fraction of the low-mass parameter

¥ Although the heliospheric magnetic field is much weaker far
from the Sun (e.g., Bo ~ 1 nT at r~1 A.U.), this is partially
compensated by the smaller MCP velocity and larger B-field
coherence length at » ~ 1 A.U.. Demanding that the gyroradius
near Earth is much greater than ~1 A.U. yields gycp < 10710 x
(my /10715 eV)(ren/A.U.), where 7y, < several x A.U. is the
coherence length of the heliospheric magnetic field [46]. Thus, for
massive dark photons in the parameter space of interest, the orbital
trajectories of MCPs with aphelia near Earth are not significantly
perturbed by the large scale heliospheric magnetic field; for much
longer-ranged dark photons or for MCPs with much larger aphelia,
such magnetic fields may have a more significant effect on the
resulting phase space of the solar basin.

In our analysis, we ignore the effect of Earth’s gravitational
field, since near Earth the total gravitational potential is domi-
nated by the solar component.
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space shown in Fig. 2, for long-ranged interactions, the
atmospheric voltage can significantly accelerate and decel-
erate. MCPs of opposite charge, leading to a charge
separation below sea level. We note that for MCPs that
are truly charged under electromagnetism, terrestrial charge
separation of MCPs leads to an enhancement in the local
MCP density underground. In this case, the larger under-
ground MCP density means that a direct deflection setup
placed beneath the Earth’s surface would have increased
sensitivity compared to one on the surface. Note that the
direct deflection signal is not very sensitive to the net
charge of the ambient MCP population (i.e., the expected
signals from a charge-symmetric and a charge-asymmetric
population are approximately the same up to factors of
order unity). If, on the other hand, such interactions are
mediated by a light A’, terrestrial charge separation does not
continue to today, since the influx of MCPs quickly shields
the dark electric field sourced by the Earth (note that the
density required for this is not particularly high because
MCEP interactions with the atmospheric voltage are sup-
pressed by the kinetic mixing parameter compared to MCP
interactions with the population of shielding MCPs). For
these reasons, we can ignore the effect of Earth’s atmos-
pheric voltage on the direct deflection signal considered in
this work.

B. Self-annihilation

Our discussion so far has focused mainly on processes
that contribute positively to the total basin density, spe-
cifically the solar production rate in Secs. III and IV.
However, hidden sector processes can deplete this MCP
population over timescales comparable to the age of the
Solar System, t, ~4.5 x 10° yr, such as annihilations of
MCPs into dark photons A” or SM photons y. Note that for
MCP interactions mediated by a massive kinetically mixed
dark photon, MCPs solely couple to the A’. While MCPs
additionally annihilate to the SM photon when the dark
photon is massless, annihilations to A’ final states typically
dominate since eqycp < €’ for € <« 1, leading to a relative
enhancement of this channel of order (e'/eqycp)* ~ 1/€*.
For MCP interactions generated by means other than
kinetic mixing [47], annihilations directly to photon pairs
may be the leading process, but regardless are suppressed
by a factor of (eqycp)?, rendering them negligible in the
parameter space of interest. Hence, in this section, we
solely focus on the potential implications of annihilations to
an ultralight kinetically mixed dark photon.

The cross section for MCP annihilations to dark photons
is approximately

Oann Urel = ”alz/ml%/[CP’ (51)
where v, is the relative velocity of the MCP pair. Bound

state formation via A’ emission is also possible if the dark
photon is sufficiently long-ranged, but the corresponding

rate is suppressed compared to that of perturbative anni-
hilations by multiple powers of o« / v.. [48], which is much
smaller than unity in the parameter space of interest.

Self-annihilations act as a sink for MCPs, and one could
naively determine whether the sink is relevant for depleting
the local density by comparing the rate for annihilation at
the location of Earth, 71(rg )64, Vs, to the rate of replenish-
ment of MCPs, 71(rg)/n(rg) ~ 1/t for a basin that has not
yet saturated (see Sec. III B). However, this estimate would
be neglecting the fact that, along their orbits, MCPs see
dramatic variations in the basin density that must be
accounted for. Let us assume that the MCP solar basin
is unaffected by annihilations and self-consistently show
that under this assumption there exists a region of param-
eter space where each particle experiences fewer than one
annihilation, on average, over the solar lifetime 7.

For a given radial orbit r(z,E,£), we integrate the
interaction rate of a particle along the radial trajectory
throughout the history of the Solar System, such that the
expected number of annihilations experienced by such a
test particle of energy E and angular momentum  is

1,
Nan(E. £) =~ 6t / ° dt tilr(1.E. £)]
0

>
o

=~ Gannyrel<ﬁ[r(t’ E, f)]>tnrbit ? ’

(52)
where the angle brackets denote a time average over a
single orbit and we conservatively integrate over the entire
lifetime of the Sun, even though many particles in the basin
have been present for only a fraction of that lifetime. In the
first equality of Eq. (52) we have approximated n(r) ~ nt
(self-consistently assuming that the presence of the basin
does not affect the production rate) and in the second
equality we have made use of the large separation of
timescales to average over the short orbit timescale 7y, ~
month (for orbits with aphelia near the Earth) before
integrating over the long solar timescale ¢, ~ Gyr. In other
words, we approximate the MCP density as being constant
during any individual orbit, and since n at any given
location is independent of time we simply average the
appropriate density along the orbit and separate that from
the slow filling of the solar basin.'

Note that we cannot approximate the solar potential as
®(r)  1/r for portions of the orbit inside the Sun since
®(r) is approximately independent of r for r < 0.1r (see
the rightmost panel of Fig. 3). Therefore, we cannot assume
the scaling 7 « r~* of Eq. (24) [assuming this would result
in N, being highly sensitive to the choice of the minimum

""More formally, for a function f (1) evolving periodically
over a characteristic timescale 7 that is much less than some
long integration time 7 such that 7/r is some large integer,
JFatf(t)t = [gdtf(6)(z/2)+ f}fciz f(lt)(3r/2)+~~+ JE_ dtf (1)
(2T=2)/2)=(/2)(J§dif (1)) 305" @n+1)=(T*/2)(f(1))..
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cutoff radius when regulating the integral of Eq. (52)].
Instead, we adopt the full form for ®(r) when evaluating
via Eq. (22) and when numerically solving for the orbit
r(t,E,¢) (assuming no dissipation of energy). These
are then used to evaluate the time-averaged quantity
(a[r(t,E,2)]), . in Eq. (52). Numerically, we find that,
for orbits with aphelia near Earth such that E ~ my;cp®(rg),
a good approximation is (a[r(t,E)]), =~ 107 x i(rg).
Using this in the result above, we then find

Nann ~ ]07 X n(rea)oannvrelto- (53)

Annihilations do not modify the MCP density at rg
if Nygn S 1.

We note that Eq. (53) is most likely extremely
conservative in that it overestimates the likelihood for an
A’-coupled MCP to annihilate over a solar lifetime. In
particular, we have made various simplifying assumptions
that maximize the predicted self-interaction rate. For
instance, we assumed that the MCP has been gravitation-
ally bound over the entire age of the Solar System, its orbit
is purely radial, the aphelia of its orbit is near Earth,
and that the basin density is unsaturated by absorption and
is not affected by Pauli blocking, i.e., that the density scales
as no« 1/r* instead of no 1/r/2 or nx 1/r3/% (see
Sec. I B). We have also neglected additional dynamics,
such as the possibility that particles on orbits with smaller
aphelia annihilate before orbits with larger aphelia, thus
depleting the density of target scatterers at small radii without
directly modifying the density near Earth. Each of these
assumptions strengthens the likelihood for self-interactions to
occur. For instance, MCPs on orbits with smaller eccentricity
(due to nonzero angular momentum at production or late-time
gravitational interactions) or larger aphelia spend more time
in the less dense environment at larger radii, thus softening the
self-interaction rate. For purely circular orbits, the numerical
prefactor in Eq. (53) [and below in Eq. (57)] should be set to
unity, such that the predicted interaction rate is reduced by
several orders of magnitude.

By substituting Eq. (51) into Eq. (53) and taking
Nan <1, we place a conservative mass-dependent upper
bound on the MCP self-coupling «'. In doing so, we
conservatively adopt the largest MCP densities considered
in this work, which from Fig. 5 corresponds to n(rg) ~
10° em™3 for mycp ~ 50 eV and gyycp ~ 10714, In this case,
we find that & < 10~'*. For smaller masses, the annihilation
Cross section grows as 6, Vpe & 1/ m%,lcp, while the density
n« Q,/mycp falls faster than mg,.p for fermionic MCPs
(see Sec. IV). Hence, this upper bound on « is significantly
less restrictive for fermions much lighter than ~50 eV.

C. Self-scattering

In addition to facilitating the annihilation processes dis-
cussed in the previous subsection, a light dark photon also

mediates self-scattering of MCPs. In the weakly coupled/
Coulomb (o' my < mycpv?), classical (myycpre > my),
and perturbative/Born (m 4 >> o my;cp) regimes, the limiting
form for the viscosity cross section'' of MCP elastic scattering
is [43.,49,50]

(54)

Oy Ul =

32xa’? PMCP Urel
5 log ( ) .
MCP Vrel my
As can be seen by comparing Eq. (54) to Eq. (51) in the
previous subsection, MCP self-scattering is parametrically
enhanced in the low velocity limit by ~v} > 1 compared to
annihilations. The estimate of the number of scattering events
experienced by a MCP on a radial orbit is similar to that in
Eq. (52) in the previous subsection. However, the enhance-
ment of the scattering rate in larger density environments at
smaller radii is tempered by the corresponding larger veloc-
ities, which suppresses the scattering cross section.
Following the procedure outlined in Ref. [49], the rate
at which MCP self-scattering leads to significant energy
transfer between a test particle with velocity vy, with
respect to the Sun (note this is distinct from v,., the relative
velocity between MCPs in the basin) and the rest of the
basin population is

n
Fscatt = 4—2 <6V v§e1>basin’ (55)
Utraj

where the angle brackets denote an average over the basin
phase space. We conservatively adopt a basin phase-space
distribution that is unperturbed by gravitational encounters,
as in Sec. III. In evaluating the basin average of Eq. (55),
the approximate form for oy in Eq. (54) is not valid over the
entire velocity range. Instead, we use the complete set of
semianalytic expressions of Ref. [49], which is especially
important in regulating the rate at small velocities.

Similar to Eq. (52), the scattering rate Iy, (r) allows us
to determine the number of scatters experienced by a test
particle of energy E and angular momentum ¢ along an
orbit r(t, E, £) with velocity v,;(t, E.?),

lo
Nscatt<E’ Z’ﬂ) = /) dtrscatt[r(t’ E)]
N <r’1[r(t, E?)

7]<6 1}3 > ) é
”traj(l, E, f)Z V Urel /basin .

(56)

Torbit

Numerically, we find that, for most orbits with aphelia near
Earth, Eq. (56) is well approximated by

HAs discussed in Ref. [49], the viscosity cross section is the
relevant quantity for heat conductivity, is well defined for the
scattering of either nonidentical or identical MCPs, and prefer-
entially weights scattering that significantly modifies orbital
trajectories.
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Nscatt ~10* x ”(rea)(ﬁvvrel)eafo’ (57)

where for concreteness we have chosen my = 1078 eV
since this corresponds to the largest value of mys that we
consider in this work (we are not particularly sensitive to
this choice since oy only has a mild logarithmic depend-
ence on my), and (6y vy )g is defined to be the simple
limiting form of the scattering cross section in Eq. (54) with
Vel = Vese(rg). MCPs with aphelia near Earth do not
scatter over the lifetime of the Solar System if Ny S 1.
Comparing Eqs. (54) and (57) to Egs. (51) and (53) of the
previous subsection, the number of scatters per annihilation
is Nscatt/Nann ~ (32/Uesc(r®)3)(104/107> ~10'. Hence,
appropriately rescaling the bound on « from the previous
subsection, we find that N, <1 corresponds to
o <1078, As discussed previously in Sec. II, in theories
involving light MCPs, small values of « are in fact
motivated from considerations of stellar energy loss.

Equation (57) and the resulting upper bound on o' are
extremely conservative for the same reasons as discussed
in the previous subsection for the MCP annihilation rate.
However, unlike annihilations, the probability for MCP
self-scattering to efficiently transfer momentum between
particles is additionally suppressed by the fact that
Pauli blocking is significant for a nearly degenerate basin
phase space (see Sec. III B). Hence, we expect a more
accurate treatment of scattering that includes Pauli blocking
to significantly relax these upper bounds on o
Furthermore, for a basin that saturates Fermi-Dirac statis-
tics, one should replace ¢, in Eq. (57) with the correspond-
ing saturation timescale ., which is parametrically much
smaller. For a wide range of masses centered around
myicp ~ 0.1 €V, ty/to ~ 10741072, where the range cor-
responds to the unperturbed and isotropized phase-space
distributions, respectively (as can be seen by comparing the
solid blue line and light blue band in Fig. 5). Accounting
for this effect relaxes the upper bound on o by 1-2 orders
of magnitude. Additionally, for a maximally isotropized
phase-space distribution, the large prefactor of Eq. (57)
should be significantly reduced, as circular orbits are less
likely to scatter by a factor of 10~* due to the much lower
MCP densities encountered by particles on these orbits. In
total, we find that all of the effects described above are
likely to weaken the upper bound on o' by several orders of
magnitude at least.

To access the largest millicharge couplings considered
in this paper, i.e., gycp ~ 1074, the upper bound of & <
1078 corresponds to a lower bound on the kinetic mixing
parameter of € = \/@n/@ gucp = 1075, For dark photon
masses of 1071 <my, <1078 eV, limits derived from
measurements of the cosmic microwave background
exclude values greater than € ~ 107® for m, ~ 107! eV
and e~ 1077 for my ~ 1078 eV [27,28]. Therefore, the
dark photon masses considered in this work with the

requisite couplings would naively appear to be excluded.
However, from the discussion above, we do not expect such
bounds to severely restrict the range of m, we consider.
A more realistic calculation that includes multiple effects
that parametrically suppress the self-scattering rate (Pauli
blocking, short phase-space saturation timescales, orbital
isotropization) would loosen the bound on « such that
much smaller (unconstrained) values of ¢ would lead to the
same values of the millicharge considered in this work.

We have determined the size of & for which most MCPs
self-scatter over a solar lifetime. As an aside, we may now
ask, what happens if such scattering does occur? Although
scattering does not directly alter the total number of MCPs
in the solar basin, once energy is efficiently transported
throughout the basin, the MCP population enters a state of
hydrostatic equilibrium. An investigation of these dynam-
ics is presented in Appendix C, where we show that the
phase-space properties of a basin in hydrostatic equilibrium
are significantly modified, potentially resulting in a reduc-
tion of the local MCP density.

VII. DISCUSSION AND CONCLUSIONS

We have outlined a new approach to detect millicharged
particles emitted from the Sun. In a small part of phase
space, such particles are produced with sufficiently small
velocities to remain gravitationally bound to the Solar
System over billions of years, constituting a solar basin
[7,8]. Traditional direct detection techniques, such as
searches for elastic scattering that deposits more than
1 eV of kinetic energy onto a target, are incapable of
detecting such a population due to the small mass and
velocities of millicharged particles in the solar basin.

We have shown that a helioscope consisting of a direct
deflection setup is a promising avenue to overcome these
difficulties. Applied to this scenario, the experimental
approach involves inducing collective disturbances into
the background of millicharged particles which can be
resonantly detected with precision sensors [20]. Crucially,
this setup lacks a classical kinematic threshold, since the
ability to induce collective effects into the basin is para-
metrically enhanced by the small velocity of gravitationally
bound particles. Our study indicates that a resonant detector
consisting of an ~ meter-sized cryogenic LC circuit, similar
to the one being developed for the experiment DM Radio
[38—40], holds promising sensitivity to millicharged par-
ticles in the eV-keV mass range and with couplings well
below existing lab-based or astrophysical constraints. This
same setup can operate concurrently as a search for sub-
GeV dark matter [20]; a setup optimized for detecting a
millicharged solar basin and pointing along the direction
of the basin wind would still be sensitive to millicharged
dark matter.

In this work, we have for the first time determined the
phase-space density of the basin that is imparted onto it
from production processes in the Sun. This is needed for a
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detailed understanding of the experimental signal discussed
here and more generally is useful for a complete under-
standing of stellar basins. For instance, a detailed under-
standing of the phase space has allowed us to identify
new dynamics associated with millicharge solar basins (and
related models in which solar production requires at least
two dark sector particles in the final state). In this case,
unlike solar basins consisting of, e.g., axions or dark
photons [7,8], the role of solar absorption is greatly
diminished. As a result, the rate for pair production of
light bosons may continue to grow exponentially until the
phase-space occupancy of the solar basin is highly degen-
erate. We leave a more detailed investigation of this effect
and its potential consequences to future work [22].

Although we have focused solely on solar production in
this study, it may also be worth pursuing the detection
of the terrestrial basin of millicharged particles that are
produced in Earth’s core and remain bound through Earth’s
gravitational and/or electromagnetic fields. Millicharge
basins surrounding other stellar systems, such as neutron
stars and white dwarfs, may also have interesting impli-
cations since their densities are enhanced by the steeper
gravitational potential and strong trapping ability of astro-
physical electromagnetic fields.
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APPENDIX A: SOLAR PRODUCTION OF
MILLICHARGED PARTICLES

In this appendix, we derive the plasmon decay rate
function Q,(y ), which was previously discussed in
Sec. IV. The MCP luminosity per unit solar volume Q is
related to the matrix element M for plasmon decay by

Q = 2/my*6ﬂ]Mcpdnm|M|2(2ﬂ)4
x 8*(pmcep + Prics — Py )onvcpF (A1)

where we have included a factor of 2 to account for the
sum of both MCP and MCP populations (since MCPs are

produced symmetrically, the energy loss rate is the same for
antiparticles, denoted symbolically with an overline/bar).
The four-momentum of species i = y*, MCP,MCP is

denoted as p¥ = (w;,k;) and |M|? is the squared matrix
element for y* — MCPMCP averaged over the initial and
final spins. Above, the Lorentz invariant phase-space
elements are defined as

9i d3ki

T (2n) 20;

(A2)

where g; are the number of internal degrees of freedom.
The phase-space distribution functions f; = f;(w,;) are
incorporated in Eq. (Al) as

F=fr(1 % fuce)(I £ fyiep) — fyerfaics (1 + £
(A3)

where =+ corresponds to bosonic/fermionic MCPs, respec-
tively. We will assume that the phase-space density of
MCPs is initially small, i.e., fycp, fyiep << 1, such that we
can approximate F = f,(w,.) = 1/(e?/Te = 1),

Let us now proceed by evaluating the expression in
Eq. (Al). Since we will be interested in the production of
gravitationally bound MCPs, we work in the nonrelativistic
limit by taking kycp =~ mycp?’, Where v’ is the MCP
velocity at the solar radius where it is produced (the other
MCP of the emitted pair is produced relativistically, as
implied by energy-momentum conservation). We find

40 _ g uce o an ke Fue
Yk 716ﬂ3 mcpt’ | dky*®(1—|cos9|)w—:*]:|/\/l|2,

(A4)

where gycp = gyep = 2(1) for fermion (scalar) MCPs,
O is the Heaviside step function,

2607,* O\Ccp — (CUJ%X - k?»)

Zky* kMCP

cos (A5)

is the cosine of the angle between k, and Kycp, and Phicp 18
the four-momentum of the nonrelativistic MCP.

Equation (A4) is the general expression for nonrelativ-
istic production of MCPs from plasmon decay. To further
evaluate the integral over k, in Eq. (A4), we need to
calculate the matrix element M as well as the dispersion
relation between w,- and k-, which depend on the spin of
the MCP (spin-0 or spin-1/2) and the polarization of the
plasmon (transverse or longitudinal). Here, we explicitly
evaluate Eq. (A4) for each of these cases.

Let us first consider the decay of transverse plasmons
to MCPs. In a nonrelativistic plasma such as the Sun, the
transverse plasmon dispersion relation is approximately
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w}. = k. +wy, where the plasma mass squared is
w3, = 4man,/m, + O(T/m,). With this dispersion rela-
tion, Eq. (A4) simplifies to

dO(ry) _ Guce . »
A" g M

v’/ dw,0(1 — | cos 6]) F| M|

P

(A6)

For the production of nonrelativistic MCPs, the Heaviside
step function in Eq. (A6) only has weight in a small
region of phase space. In particular, in the nonrelativistic
limit we find that @, is restricted to an interval charac-
terized by a central value , ~ @3} /2mycp and width
Aw, =20, (1 = dmi;cp/@3)"/?. Since Aw, < o, for
v <« 1, the integral in Eq. (A6) can be approximated
analytically, yielding

2
« g
Q,(rr) =~ ﬁ mMCowa(l - 4””1%/[@/(0;) 1/2

X fy* (wf;/zmMCPMM 2, (A7)
where Q,, is defined as in Eq. (6) with index k = 1. In the

nonrelativistic limit, the spin-averaged squared matrix
element for transverse plasmon decay to a pair of fermionic

MCPs is |[M|* = 470 gicp@, mycp [43]. Using this in
Eq. (A7) gives

9, (3 — fermionic MCPs)

2
. %emqMcp

=4 mMpr‘l‘,(l —4m1%/[cp/w%))l/2fy* (w§/2mMCP)-

(A8)

Instead if the MCP is a scalar, we find that |M|?> « "> < 1
in the nonrelativistic limit and therefore the rate is para-
metrically suppressed,

Q,(y; — scalar MCPs) o v, (A9)

For the decays of longitudinal plasmons, the calculation
is similar to the previous one, except that the dispersion
relationis w,- ~ w,,. In this case, the step function in Eq. (A4)
enforces that k- is restricted to an interval characterized
by a central value k, ~w,(1—2mycp/w,)"* and width
Ak, ~2mycpv’. Equation (A4) can hence be evaluated
analytically such that

2
" g
Qv(}/L) = 3;47(;_5 m13v1c1>(1 - 2mMCP/wp)l/2fy* (a)p)|M|2

(A10)

In the nonrelativistic limit, the spin-averaged squared
matrix element for longitudinal plasmon decay to fermionic

MCPs is | M |? 47 0emqiicpmmce (@, [k, )* (0, = 2mycp)
[43]. Using this in Eq. (A10) gives

Q,(y; — fermionic MCPs)

2
. %emdMcP 4

20 mycp®, (1 = 2mycp/@,)' 2 f - (0,). (A1)

Instead, for scalar MCPs, the matrix element is |[M|? ~
4raemqicp(@,: [k, ) (@, = 2mycp)?, which yields

Q,(y; — scalar MCPs)

>
QAemq
~ em71V[Cpm§/lcpa)%(l - 2mMCp/a),,)3/2fy* (@,).

e (A12)

APPENDIX B: MILLICHARGE OVERDENSITIES

In Sec. V, we discussed the MCP charge overdensities
sourced by the driven electric field of the deflector. In this
appendix, we now provide additional technical details
for the calculations of Sec. V. The general expression
for the induced MCP charge overdensity p, was provided
in Eq. (35). For a driven deflector charge configuration
consisting of a point charge surrounded by a grounded
spherical shield [as described by Eq. (36)], Eq. (35) can be
rewritten as

(eQMCP)2

eithdef(Ipoint(i) + Ishell(i))’ (Bl)
myicp

px(X,1) ==

where we have defined

S(1%'] = Raer)
X-x]

y / PR f(rg 09+ Vgy) (B2)
Vet

The integrals /iy and Iy correspond to the point charge
and spherical shell contributions of the deflector charge
configuration of Eq. (36).

At distances far from the deflector region (7 > Ry.), the
expression in Eq. (35) is analytically tractable. As shown
in Ref. [20], in this far-field limit p, o Rﬁef, where
Ri = —Qqer R3¢ is the charge radius squared of the
deflector, such that

px(X,1)
PR (eqicp)’ i f(r$,v§ + Vo)
o NG 3 o [ apvR (HIE el ),
myicp r

(B3)
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For an anisotropic velocity distribution given by a
Maxwellian shifted by the vg wind, the integral over
velocity in the expression above is parametrically of size
~—=1/(Fv3), leading to

px(X) ~ =m3 yop(Qaer/4mRaer) (Raer /7). (B4)

The first two factors are the general expectation from
normal Debye screening. The 1/7 falloff in the last factor
is the nontrivial modification arising from the fact that
the deflector point charge is surrounded by a conducting
shield of opposite charge, which screens the signal at large
distances.

Let us now discuss the explicit evaluation of the induced
MCP charge density p, for a few different basin velocity
distributions. For a basin velocity distribution that is
significantly isotropized by gravitational interactions, as
in Sec. V C, we adopt the Gaussian distribution of Eq. (42)
and evaluate Eq. (B2) numerically. Alternatively, for a
MCP velocity distribution that is unperturbed by gravita-
tional or hidden sector interactions, as in Sec. V B, we
approximate the velocity distribution in the lab frame using
Eq- (39), ie., f(r®,V+V®) zn(re;)ﬁ(vx - U@)é(vy)gz(vz)’
where we have defined

0.(v) =" 0(r(r) = 1) (B9

Zvesc<r®

In this case, for the contribution from the shielded point
charge of the deflector, the integral over v in the first line of
Eq. (B2) can be evaluated analytically, yielding

Z

Fyan®) =" . (205 ) 00005)

(B6)

Since Eq. (B5) implies that g, ~ 1/(20es.(rg)) ~ 1/(20g),
from Eq. (B1) we see that this will contribute a MCP
surface charge density as shown in Eq. (40). Next, to
evaluate the contribution from the spherical shield of the
deflector, the second line of Eq. (B2) simplifies to

G(Rdef - |5)|) n(r ) /min (;\;’ V Rﬁcf_yz) d_—’i/
4ﬂRdefv® @ _\/m Z

i+ Z i-Z
X 19; 56—56/06 +gz )~C—)~C/U€B

where we defined Z = \/R3; — (¥ + 72). To estimate the
characteristic size of I (X), let us evaluate it at ¥ > Ry,
y=72=0, approximating v.(rg)~ vg. This yields
Lipenn ~ —1(rg)/ (4R gervg,). From Eq. (B1) we see that this
will contribute a MCP charge density as shown in Eq. (41).

Lpen(X) = —

APPENDIX C: HYDROSTATIC EQUILIBRIUM

Although, unlike annihilations, scattering is not a direct
energy sink, the distribution of the MCP population is
sensitive to such effects. If Ny, > 1, then the solar
population of MCPs thermalizes, similar to the dynamics
considered in models of self-interacting dark matter in
which scattering equilibrates the innermost regions of
Galactic halos [51]. Upon thermalization, the basin MCP
population approaches hydrostatic equilibrium,

V Pyicp =~ —mycpn V. (C1)
Approximating the MCPs as a nonrelativistic ideal gas of
temperature Tyicp(7), the pressure is Pycp = Thyicpht. Note
that we have assumed that the MCP basin does not saturate
Fermi-Dirac statistics, such that we can ignore additional
contributions to Pycp stemming from degeneracy pressure.
After settling into hydrostatic equilibrium, we additionally
model the MCPs as obeying the polytropic equation of state
Pyicp o n?, where y ~ 5/3 is the corresponding polytropic
index for an isentropic monatomic gas. The ideal gas law
combined with the polytropic equation of state implies that
VPycp = (5/2)nVTycp, which upon substituting into the
Euler equation in Eq. (C1) gives

Tnicp = —(2/5)mycp®. (C2)
Note that this determines the mean MCP energy at radius r
to be (Eycp(r)) =2 —(2/5)mycp®(r), corresponding to a
typical speed that is below the gravitational escape velocity.
Regardless, MCPs in the high velocity tail of the Maxwell-
Boltzmann distribution have sufficient energy to escape,
leading to partial evaporation of the solar basin. We discuss
this below, but in order to first address the effects of
hydrostatic equilibrium that are independent of evapora-
tion, we first assume that the hydrostatic population is
efficiently bound to the Solar System.

The temperature profile of Eq. (C2) implies that the
resulting MCP number density scales as

no ®? o r32, (C3)
for r Z rg. Note that n falls less steeply in heliocentric
radius r compared to the initially unequilibrated density
n') o r=* (this latter scaling assumes that the phase space
has not yet been saturated, as discussed in Sec. III B). We
fix the proportionality constant in n by demanding that the
total number of particles are unchanged before and after
equilibration, i.e.,

/d3xn:/d3xn(i),

where n() is the initial density before scattering occurs, as
in Egs. (22) and (24). In order to analytically evaluate the

(C4)
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integrals in the above expression, we take ® « 1/r. In this
case, the integrals diverge at small radii, which then
requires regulating the integrals by restricting r > rg.
We take this to be smallest radius at which the gravitational
potential of the Sun is well approximated by that of a
point mass, re ~ 0.1 X ro. We also note that the integral
over the hydrostatic density diverges at large radii.
We therefore regulate the integral by taking r < ryygr ~
min (107 A.U., req); 107 A.U. is the maximum distance
that a gravitationally bound particle could have traveled
over the lifetime of the Solar System and r, is defined to
be the radius of the last scattering surface, i.e., the point at
which a radially outward propagating MCP has an optical
depth smaller than unity (see, e.g., Chap. 5 of Ref. [52]),

107 A.U.
/ drn(F)oy(r) ~ 1, (C5)

where oy is the viscosity cross section (see Sec. VIC). In
this sense, 7y, corresponds to the point beyond which the
MCP basin is no longer in hydrostatic equilibrium; for
r > Fean. the basin instead consists of free-streaming
particles, which we assume makes up a negligible fraction
of the total density compared to the hydrostatic population.

Following this procedure, if the initial unequilibrated
density is not yet saturated (n()) < ng, where ng, is defined
in Sec. IIIB), then n) « r~* and the hydrostatic MCP
density (normalized by the initially unequilibrated density)

at radius 7 is
n(r) 3( r )3/2<r>
n(i)(r) T2 Fscatt e ,

where we have assumed rg,, > re. Near Earth, the
relative change to the local density is therefore

(220 A.U.) 3/2
TFscatt ‘

Therefore, for a last scattering surface ry,; > 200 A.U.,
thermalization leads to a suppression in the local MCP
density. Instead, note that if the phase-space density of the
basin has been gravitationally isotropized (as discussed in
Sec. Il B) before self-scattering drives the population toward
hydrostatic equilibrium, then n() & r=3/2 from Eq. (31).
Since this scaling is the same as that of the hydrostatic
population, we see that scattering does not alter the radial
profile of a gravitationally perturbed basin population.

As shown in Sec. VI, there is a wide range in which  is
sufficiently large such that scattering may modify the
distribution of the MCP solar basin, yet sufficiently small

(Co)

n(rg)
n i)(”@)

(€7)

such that annihilations do not deplete the overall density.
Note that when MCP self-scattering is classical and
perturbative such that the expression for oy in Eq. (54)
is valid, vy ~ Vese () ~ 1/r"/? implies that noy « r'/2,i.e.,
the hydrostatic basin is more tightly coupled at larger radii.
As a result, we expect that ry > 200 A.U. for
o > 1073, and thus from Eq. (C7) scattering may lead
to a strong suppression of the local density (n < n()
at Earth.

In order to simplify the analysis above, we ignored
scattering-induced evaporation of the thermalized popula-
tion of MCPs. The incorporation of this effect leads to an
additional suppression of the local MCP density after
reaching hydrostatic equilibrium, analogous to how
Jeans thermal escape in planetary atmospheres can deplete
the abundance of lighter elements [52]. This can be
modeled by estimating the fraction of MCPs in a
Maxwellian distribution at temperature Ty cp that are
outwardly traveling at a speed above the solar escape
velocity at the last scattering surface r ~ rg.,, since such
particles can travel into the collisionless regime of the
solar basin (r 2 re,:.) and free stream out to infinity.
The outgoing flux of such MCPs is approximated as
jevap = n<rscatt> <Uout,esc(rscatt)>’ Where <vout.esc(rscatt)> iS
the thermally averaged radially outward velocity of par-
ticles with sufficient energy to escape the Solar System at
the last scattering surface, i.e.,

<Uout,esc> = / d3Vgeq(v) vcosf
V> Vege

2 2
— vo(l + e/ v5) e~ Vse/ Vg

F=Tscatt

Above, geq(v) is the unit-normalized Maxwellian distribu-

tion with dispersion vy = \/2Twcp(Fsear)/Mymcp and

Vese = \/2GM /1oy 1S the escape velocity at the last
scattering surface. This outgoing flux depletes the solar

basin density at a rate of

i Njevap“'”rgcatt o 3n UO(I + Ugsc/v%)
e (4r/3)r, Scatt 2\m Tscatt

2 2
e_pesc/l‘()

IF=Tscatt

(C9)

Since veg./vg is O(1) for all radii, the evaporation rate is
only suppressed by the small value of n(ry,) and the large
value of rg,. Hence, we expect evaporation of the hydro-
static population to be relevant.
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