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We study the effects of identical leptons in the final state of the BY — £7¢~ ¢, decay. The amplitude
of the process is described by the same form factors as the amplitude of the B — ££¢'D), decay for
nonidentical leptons in the final state. However, the differential distributions are strongly different, as the
Bt — £T¢~ ¢, amplitude contains both the direct (M,) and exchange (M,,) diagrams. We calculate a
number of the differential distributions. In particular, we propose an interesting observable that can be
readily measured experimentally: the differential distribution over the invariant mass of the pair of leptons
of the same charge, £ £". The good news is that the interference between M, and M, dB,, is found to be
at the level of less than 1% in all considered differential distributions and therefore can be neglected in the

full kinematical region of this decay.
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I. INTRODUCTION

This paper extends our recent analysis [1] of the
B — lIl'V decay (I' # 1) to the case of identical leptons
in the final state (I’ = [). Such reactions are being studied
experimentally [2-5], thus requiring a proper theoretical
understanding. So far, there have been a few theoretical
papers [6—10] where B decays into two lepton pairs have
been studied.

The B — y*I'V/ amplitude (see Fig. 1) may be para-
metrized via Lorentz-invariant form factors as follows:

Tw(q.4'|p)
—i/dxeiqx(O|T{j‘;‘m'(x),171(0)(9”19(0))}|Bu(17)>

=> La.q)Fi(q* ) +... p=q+q, (L)

where ¢’ is the momentum of the weak b — u current and ¢
is the momentum of the electromagnetic current. In
Eq. (1.1), O, =vy,,7,75 and j$™ is the conserved electro-
magnetic current,
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Ja™(0) = eQyb(0)y,b(0) + €Q,i(0)yqu(0).  (1.2)
The quantities L&’J (¢, q') represent the transverse Lorentz
structures, q"‘Lg,',B(q, ¢') =0, and the dots stand for the
longitudinal part which is constrained by the conservation
of the electromagnetic current (9,j5™ = 0) and the equal-
time commutation relations.

The form factors F;(q'?, g*) are complicated functions of
the two variables ¢’ and ¢?; the general properties of these
objects in QCD have been studied recently in Ref. [11].
Notably, gauge invariance provides essential constraints on
some of the form factors describing the transition of the B
meson into a real photon, i.e., at q*> =0 [12-15].

In the past, theoretical analyses focused on a family of
similar reactions, namely, the B — yIt/~ and B — ylv
decays (see, e.g., Refs. [16-26]); these processes are
described by the same form factors as four-lepton B decays,
but are evaluated at a zero value of one of the momenta
squared. The corresponding form factors depend on one
variable, g2, where ¢’ the momentum of the weak current;
for instance, for radiative leptonic decays B — y/'t/, one
needs the form factors F;(¢%, ¢> = 0).

The four-lepton decay of interest, B — [TI~I'V/, requires
the form factors F;(q%,q*) for 0 < ¢?,¢"* < M%. The
dependence of the form factors on the variable ¢’> can
be predicted reasonably well: there are no hadron reso-
nances in the full decay region 0 < ¢’ < M%, and the ¢
dependence of the form factors is determined to a large
extent by the influence of the beauty mesons with the
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FIG. 1. Feynman diagrams describing the amplitude (1.1).

appropriate quantum numbers; all of these mesons are
heavier than the B meson and therefore lie beyond the
physical decay region of the variable ¢’>. The calculation of
the ¢*> dependence of the form factors is a much more
difficult task: light vector mesons V = %, w, ... lie in the
physical decay region and should be properly taken into
account. At ¢> in the region of light vector-meson reso-
nances, the form factors cannot be obtained directly in
perturbative QCD (pQCD) [11]. Here considerations based
on the explicit account of these light vector resonances—
including their finite width effects—are mandatory; the
resonance contributions of interest may be unambiguously
expressed via the weak B — V form factors. Then, at
g*> = 0, gauge invariance constrains the values of the form
factors. These features allow us to calculate the form factors
Fi(q”, ¢?) in the region 0 < ¢*> < 1-2 GeV? which domi-
nates the four-meson decay rates and obtain consistent
predictions for the latter.

A relatively simple case of different lepton flavors
[ # 1" was considered in our recent paper [1]. In that case,
one can easily calculate the differential distribution in ¢>
(where ¢ is the momentum of the /7]~ pair) as well as
in ¢> (where ¢’ is the momentum of the /'t pair); the
angular variables do not enter the form factors and as a
result all angular integrations may be calculated explicitly,
yielding explicit forms for the differential distributions in
g* and ¢”.

This paper focuses on the case of identical leptons in the
final state [ = I'. The amplitude is described by the same
form factors as in the case [ # I/, so we use the model for
these form factors constructed in Ref. [1]. However, a
specific feature of the case of identical leptons is the
appearance of exchange diagrams. For such diagrams, the
variables ¢ and ¢'? that determine the form factors do not
coincide with the momenta of the /™~ and /*v pairs in the
final state, and thus the angular variables appear explicitly
in the form factors. As a result, the contribution of the
exchange diagrams cannot be obtained as an explicit
analytic expression and a numerical evaluation of the
phase-space integrals is necessary. Here we provide all
necessary details for the theoretical description of this
reaction and report numerical predictions for a number of
the differential distributions.

We propose an interesting kinematical variable: the
differential distribution in the momentum of a pair of

same-charge leptons (i.e., the [7[" lepton in the case of the
Bt — [TI7I"v decay and the p"e™ pair in the case of
the BY — u"u~e*v, or BT — ete puty, decay). This
distribution can be measured experimentally in a straight-
forward way and we obtain predictions for this differential
distribution.

II. B~ - 1*17I'"¢ FORM FACTORS

The amplitude of the B — [{I'V/ transition for I’ # [ may
be parametrized as (see also Ref. [27])

G - -
A(B = V) = ie? ==V, - Tygl - Ty, (1 = 75)V/

V2

1 Fiy Fou
X7 {(gwq’q —404,) T Gady M,
F! ) Fy
+ q/asz—zz'f— €yaq'q M_B}, (21)
where the form factors satisfy the constraints
Faa(q?.¢* =0) =0, (2.2)
20pfMp
Fy(q% q¢*=0) = . (2.3)
2A M% _ q/2

Explicit formulas for the differential distributions in the
case I' # [ were derived in Ref. [1]; we do not repeat these
formulas here, but rather refer the reader to Ref. [1].

The same form factors parametrize the amplitude for
the case I’ # [; however, one has to take into account the
contribution of the lepton exchange diagrams in which
the variables ¢> and ¢’* have a complicated relationship
with the momenta of the final lepton pairs. The details are
given in the next section. We now recall the essential
features of our model of the form factors as developed
in Ref. [1].

(i) The contribution of the form factor F%,(q%, g"*) can
be neglected in the case [ = I, so in what follows we
neglect its contribution.

(ii) For the form factors F4,4.v(¢%, ¢*), we use single-
subtracted dispersion representations in g*. This
allows us to take into account all constraints coming
from gauge invariance and from the known behavior
in the large-energy limit of QCD [17].

(iii) We assume that the spectral densities are saturated
by light vector-meson resonances p° and @ in the ¢?
channel. Since these resonances emerge in the
physical region of the B decay of interest, we take
into account the g*-dependent finite widths of
these resonances [28]. In the end, we come to the
following expressions for the form factors:
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(iv)

)

Pl ) = b -2 5 (e

1 2M (Mg + My)

Myfy

A?*V(q%), (2.4)

v=p"00 My, M3 — M3, — q° My, — q* — iUy (q*)My
2M Mn+M AB=V (2
Fox(q”.¢%) = —4’Mp Z v M [ 2 B+2 : ,ZA?*V(QQ)—z—(Q)]
Vo7, My My, — ¢F = Ty (%) My M — M3, — g (Mg + M)
oM, M,
s - ) 25)
PIMy-q? My-q"-¢
M 2vB=V 2
—q’ = ily(¢* )My Mg+ My

V=p",0

The form factors F,(q'?) and Fy(g'?) describe the
B — yl'V/ transition; they emerge as subtraction terms
at ¢> = 0 in the ¢>-dispersion representations for the
form factors F4 (g%, g*). The form factors F,(q")
and Fy(q"?) are equal to each other at the leading
order of the double 1/E, 2MyE, = M3 — ¢"*) and
1/Mp expansions in QCD [17] but differ at the
subleading orders [19,20,22]:

o OufsMy | OufsMy
Fad ) ==y " 2Em,
0(Q.fsM3/Ej). (2.7)
Yy _ _ QufBMB _ QbeMB
) === 7, ~ 2E,m,
0(Q.fsMp/Ey). (2.8)

The magnitude of the form factors F,(¢”?) and
Fy(q"?) is determined to a large extent by the
parameter Ap, the inverse moment of the B-meson
light-cone distribution amplitude ¢ [17]. Taking into
account a large uncertainty in the present knowledge
of the parameter Az [18-21,26,29], we use the
monopole forms (2.7) and (2.8) in the full kinemat-
ically allowed region of ¢’ and allow the variation of
Ap in the range Az(1 GeV) = (0.5 +0.15) GeV.
The contributions of the light vector mesons V =
p°, w to the form factors F4 24 v (¢, ¢°) are unam-
biguous (cf. Ref. [9]) and are expressed via the form
factors AB=Y(g"?), AB=V(¢?), and VB~V (¢?) de-
scribing the weak decay B — V. In spite of many
efforts to calculate these form factors in the broad
kinematical decay region 0 < ¢'> < M%, our knowl-
edge of these quantities is not very accurate; see,
e.g., Refs. [30-33]. For our calculations we use the
results from Ref. [30] and assign to them a 10%
uncertainty. The uncertainties in these form factors,
along with the uncertainty in the parameter Ag, is the

second main source of the uncertainty in the theo-
retical predictions for B — [T17['V/ decays.
The results presented in the next section are obtained for
our form factor model described in full detail in Sec. 5 of
Ref. [1] and for the parameter Az = 0.65.

1. THE DECAY B* — p*p~p*i,

The case of two identical leptons is technically more
involved than the case of all different leptons, considered in
Ref. [1]. The reason is that an additional contribution from
the interchange of the two u* leptons arises.

The first diagram in Fig. 2, M, (k;, ks, k3, k4), is the
same as for the B decay into nonidentical leptons (e.g.,
Bt - putu~e'v,). The second diagram is obtained from
the first one by permutation of two final identical leptons:
Mb(kl s kz, k3, k4) = Ma(k3, kz, kl s k4) The total amplitude
for the case of two identical leptons in the final state reads

1
tot :%(Ma _Mb)

1
Mial? = 5 (Mol + [M)|* = 2Re(MMj)).

M and

(3.1)

The factor 1/+/2 in the amplitude corresponds to the factor
1/2 in the phase space for the case of two identical leptons.
Thus, we use the expression for the phase space without the
factor 1/2 corresponding to identical particles in the
final state.

n (k) pt (ki) n(k2) pt(ks)
¥ n (ks) ¥
B(p1)

wt (ki)
B(p1)
f’u(k4) ’jﬂ(k4)

M, M,

FIG. 2. Two diagrams describing the B decay into u*u~pu*p,.
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A. Differential distribution over the momentum
of the u*p~ pair

In a theoretical consideration, one can calculate the
branching fraction and one-dimensional differential distri-
bution for two kinematical variables ¢3, = (k| + k;)?
(momentum of one of the y*u~ pairs) and g3, = (k3 +k4)?
(momentum of the y*v pair). For diagram M ,, g;, = g and
g4 = ¢, so that the angular variables do not enter the form
factors; the angular integrals may be taken analytically. For
diagram M, the photon momentum ¢ and the weak-vertex
momentum ¢’ do not coincide with ¢, and ¢34, so that the
angular variables appear in the arguments of the form
factors; all angular integrals should be taken numerically.
Obviously, the contributions to the branching fraction
coming from |M,|? and |M,|* are identically the same
due to the symmetry k; <> k3 of the phase-space measure.
But verifying this property is a nontrivial check for numeri-
cal evaluation of the five-dimensional integrals. Figure 3
shows the g?,-differential distributions. The differential
distributions over the variable ¢3; (where g3 is the
momentum of another p*u~ pair that may be isolated in
the amplitude) is the same because of the symmetry of the

amplitude: the replacement k; — k3 leads to the replace-
ment M, - M, and vice versa.

B. Differential distribution over the momentum
of the p*v, pair
In a theoretical consideration, we can also calculate the
differential distribution over ¢3, = (k3 + k4)* (momentum
of the v pair). These distributions are shown in Fig. 4.
Obviously, the mixed term may be neglected in the full
range of g3,.

C. Differential distribution over the momentum
of the u*pu* pair

An interesting observable that can be readily measured
experimentally is the differential distribution over the
momentum of the u* ™ pair. Unlike the p "~ distributions,
one has only one pair of same-charge leptons in each event.
The process is described by the same two diagrams in Fig. 2
but one has to calculate the distribution over the variable
q3; = (ky + k3)>. The contributions dB,,(q3;) and
dB,,(q3;) are equal to each other and coincide with the

T T T T T T T T T 5 T T T T T T T T T 45 T T T T T T T T T
700 - 4L ] ]
600 — dBrAA*10’ b 3 — b ]

’
500 - E 2r — = dReAB*10° ] ]
400 | 4 r ] b
0 — — 1
300 ] N

-1 \ ,/ E -
200 E s \\I i _
100 J L - 3L "l ] ]
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FIG. 3.

Differential distributions in units of 107°: (a) dB,.(q3,) at 0 < ¢3,(GeV?) <2; (b) dB,,(q%,) vs dBy,(q3,) at

0 < ¢7,(GeV?) < 2; (¢) dByy(g},) in the full range 4m? < g3, < (Mp — m,)*.

2 T T T T T T T T T 0 T T T 9 T T T T T T T
8 .
— dReAB*10’ 4 ]

7 -0.01 g

6 ]
5 .
- -0.02 g 4 ]
3 -
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FIG. 4. Differential distributions in the full range mﬁ < q%4 < (Mg

(©) dBy;,(434)-

—2m,,)? (in units of 107): (a) dB,,(q3;), (b) dB.y(g3,). and
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FIG. 5. Differential distribution (in units of 107°) dB(q%) over the momentum of the same-charge lepton pair u™u* (g3 = k| + k3):
(a) the full range 4m; < gi; < (Mp —m,)?; (b) the range 0 < ¢7; <2 GeV?.

distribution dB,;(q3,) discussed above. Obviously, the
mixed dB,;,(g?;) term can be safely neglected similar to
the case of the distribution in the /*/~ momentum ¢7,
considered above: (i) the integral [ dB,;(ql;)dql; com-
prises only 1% of [dB,.(q1;)dql; = [dBy,(q})dqts;
(ii) the distribution dB,,;,(g?;) contains no resonances and is
therefore smeared over the full kinematical g7, range as a
small addition to dB,,(q3;) = dBy,(q};) at the level of
1%. Figure 5 shows our predictions for dB(g?).

D. Branching ratio of the B* — u*u~p*v, decay

Table I presents our numerical results for the total
branching ratio of the B" — u*u~u*v, decay and the
separate contributions coming from |M,|?, |M,|*> and the
interference term 2 x Re(M,M;). We use the shorthand
notations

T T
Bu =5 [ ot B =5 [ aoip
T "
B, —ZMB/dq)ZRe(MaMb), (3.2)
1
Btot = E(Baa + Bbb - Bab)’ (33)
TABLE I Branching ratio of the B — u*u~u"7, decay.

Separate contributions coming from |M,|?>, |M,|> and the
interference term 2 x Re(M,M;) are also given. The B ™
is the result obtained by applying the LHCb event selection

criterion (3.4). The results correspond to Az = 0.65.

Mode %(B’M +Bbb) %Bab B, Bte())(tp. cut
P, 2.80x1078 —2.26 x 10710 2.82x 1078 2.73x 1078

where the phase-space measure is given by Eqs. (A12) and
(A13). One can see that the contribution of the interference
term 2 x Re(M M) is negative and 2 orders of magnitude
less than the contributions of |[M,|> and |M,|?. Thus, the
interference term may be neglected. This is very good news
as the calculation of the interference term is the most time-
consuming part of the full calculation. We also provide the
BOP " which is calculated making use of the LHCb [5]
event selection criterion: in each event, one can form two
utu~ pairs; the events are selected on the basis of the
criterion that the lowest of the two x "y~ mass combinations
should be less than 0.98 GeV. In our calculation this
corresponds to restricting the phase-space integration by
the condition

min{(k, + k)2, (ks + k,)?} < 0.96 GeV2. (3.4)

IV. DISCUSSION AND CONCLUSIONS

Making use of the model for the form factors of Ref. [1],
we performed a detailed analysis of the exchange diagrams
and interference effects that appear in the case with
identical leptons in the final state. We calculated the
differential distributions in various variables, namely, ¢,
(the square of the invariant mass of one of the y™u~ pairs;
Fig. 3), g3, (the square of the invariant mass of one of the
v, pairs; Fig. 5), and 35 (the square of the invariant mass
of the u*u™ pair; Fig. 4). The latter differential distribution
may be readily measured experimentally.

Our findings may be summarized as follows:

(1) For the differential distribution in q%z, dB,, has a
sharp resonance structure in the region of p and
resonances. The distribution of dI3;,, spreads over the
full range of ¢2, and exhibits no resonance structure.
Nevertheless, the integrated differential rates 3, and
B, are equal to each other. The interference term

094038-5
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dB,;, contributes at less than the 1% level and may be
safely neglected. Notably, the distribution dB(g?,) is
fully determined by the resonances in all regions of
q3,:intheregion 0 < ¢2, < 1 GeV?viadB,,, and in
the region 1 GeV? < ¢3, via dB,,. Consequently,
the perturbative tail of the form factors at ¢}, >
1-2 GeV? does not show up in the differential
distributions for identical leptons in the final state
atall. This makes an essential difference with the case
of nonidentical leptons, where the region g7, >
1 GeV? is determined by the pQCD behavior of
the form factors.

(i) The differential distribution over the momentum of
the u* v, pair, ¢34, has an interesting shape, different
for dB,,(q3,) and dB,;,(q3,), and a numerically
negligible interference term dB,;(q3,). This differ-
ential distribution is rather interesting theoretically
but is unlikely to be experimentally measurable.

(iii) The differential distribution in q%, the square of the
invariant mass of the u*u™ pair, has a relatively flat
nonresonant structure in the full range of ¢75. The
contributions of the M, and M, diagrams are equal
to each other, dB,,(q3;) = dBy;(g};). The interfer-
ence term dB,;(q%;) is smeared over the full g3,
region as a minor positive addition at the level of less
than 1% and may be safely neglected.

(iv) The good news is that the interference term between
the direct diagram M , and the exchanged diagram M,
provides a positive contribution at the level of less
than 1% to the differential distribution in all regions
of the kinematical variables and thus can be safely
neglected. This greatly simplifies the calculation
procedure as the interference AB term represents
the most time-consuming part of the calculations.

(v) For B(B = u"uu*y,), taking into account all
uncertainties, we confirm our result of Ref. [1]:

Br(B" - ptuuty,)

= (3021_8355 |/1b + 0‘62|W6ak ffs) 10_8' (41)
Applying the kinematical selection rule for the "y~
pairs (3.4) (as done by the LHCb Collaboration [5])
leads to a small reduction at the level of 3% of our
theoretical result (4.1).

In summary, we reinforce our previous finding that our
theoretical estimate is only marginally compatible with
the upper limits obtained by the LHCb Collaboration
(5], Br(BY - ptpputp,) < 1.6 x 1075
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APPENDIX: KINEMATICS OF THE B DECAY
WITH FOUR LEPTONS IN THE FINAL STATE

We consider the reaction

Bt (p) = £ (k3) + Vg (ks) + €7 (ki) + 7 (ko). (A1)
The two planes of the final particles are shown in Fig. 6. The
decay amplitude is described by five kinematical variables:
(1) g3y = (ks + k4)? is the ¢"Tv,p invariant mass.
(2) g}, = (ki + ky)? is the dilepton invariant mass.
(3) 0% is the angle of the #'" in the #/*D, c.m. system
with respect to the #/*D, flight direction.
(4) 0 is the angle of the #* in the dilepton c.m. system
with respect to the #7#~ flight direction.
(5) y is the azimuthal angle between the #'Tv, and
dilepton planes.
All particles are on their mass shell:

B=KB=m (A2)

We also introduce the mass notations for the momenta

squared: m;, = +/q}, and myy = \/¢3,.
The boosted 4-momenta from the Z7#~ c.m. system to
the B-meson rest frame are written as

k|), (A3)

qlf2 = (E127 s Yy

1
K = 5(Elz + v|k|cos O, +vmy, sin @ cos y,

+ vmy, sin@siny, |k| + vE |, cos0), (A4)
1 .

Ky = 5(E12 — v|k|cos @, —vm, sinOcosy,
—vmp, sin@siny, |k| — vE, cos ). (AS)

/\//%

V[I

//

FIG. 6. Definition of the angles %, 0, and y in the decay of
Bt ="+ 0y, +T 4.
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Here U:A(Q%zvm%’mlz)/‘]?z:\/ 1=4m}/qi, [A(a.b.c) =

(a—b—c)*—4bc] and

_ MP(ME. 4. at) M3 — a3 + gt

k E,, =
= Wediodh) g, Mboghtdn
M% + 433 — 41,
Ey; = oM. Epy + Ey = Mg, (A6)
B

The boosted momenta from the #'v, c.m. system to the
B-meson rest frame read

¢34 = (E34.0,0, -k

); (A7)

1 .
Ky = E—(E34E3 + [K|[k3| cos 6%, +E34[K3| sin 67, 0,
34

— E5|k| — Ey|k3| cos 6%), (A8)
H 1 B in 0*
k4 = E_34_ (E34E4 - |k||k3| cos @ y —E34|k3| sin @ 90,
— E4|k| + E3lks3|cos8%), (A9)
where
M2 (k. m3,m3) q34 +m3 —mj
ko =BTy e IR
2]’}134 2m34
2 _ .2 2
E, =TT b B =y, (A10)

2my,

The differential decay rate is given by

1
AT(B = E'upt ) = —|M(ky, ..., ky)|2d®, (A1l
2m1

Py Py Pk, Pk
2k9 2k9 20 249
(A12)

where k9 = \/m2 + k; for (i = 1, 2) and k¥ = \/m? + k;
for (i =3, 4).

The integration over the phase space may be reduced to
the integration over the two kinematical variables k> and ¢>
and three angles 0%, 9, and y. Then, the differential phase
volume in Eq. (A12) is given by

do = 5(4>(P1—k3—k4—k1—k2)

1
(2m)®

v k| [k .
= {4n) M_BE—Md<1122dq§4dcos6 dcos Ody

The kinematical constraints on the variables g3, and g3,

come from the positivity of the A functions A(¢3,, m?, 0),
2 2 2 2 2

Mgy mz. mz), and A(Mg. qi,. 434) and are

m% < @\ @ +\/ By S My, (Al4)

To calculate the single differential distribution in g%, or g3,
we have the following integration limits:

2 2
4dmy < g7,

dq3,dqi,: mi, < g3y < (Mg —2m,)?,

2
4my < g1, < (MB - CI§4) ) (A15)
dqtdqi,: 4m? < g1, < (Mp—mp)?,
2
My < q3 < (MB - 61%2) (A16)
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