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We present the effects of nonlinear corrections to the single differential cross section dσ=dQ2 and the
reduced cross section σrðx;Q2Þ for the neutral current e−p scattering at the leading order and the next-to-
leading order (NLO) approximations in perturbative quantum chromodynamics. Technically, based on the
double Laplace transform method, we first derive the effects of the nonlinear corrections to the proton
structure functions F2ðx;Q2Þ and FLðx;Q2Þ and consequently obtain the corresponding single differential
and reduced cross sections. Our results clearly indicate the consistency of the nonlinear behavior of the
quark and gluon distributions at low x values. Our numerical results (obtained in a range of the virtuality
8.5 < Q2 < 5000 GeV2 and the Bjorken scale 10−5 < x < 1) show that the effects of these nonlinear
corrections to the proton structure functions are more noticeable at x < 0.001 and, to some extent, control
the incremental trend of these functions at low x values. Moreover, a comparison of our numerical results of
the single differential and reduced cross sections at the NLO approximations with those of H1
Collaboration data shows that the nonlinear corrections increase the accuracy of calculations rather than
the linear calculations at low to moderate Q2 values for low x values.

DOI: 10.1103/PhysRevD.105.094037

I. INTRODUCTION

The measurements of inclusive deep inelastic scattering
are important and fundamental to understanding the sub-
structure of the proton. Within the framework of perturba-
tive quantum chromodynamics (pQCD), the parton
distribution functions (PDFs) describe the substructure of
the proton. These functions at a starting scale cannot be
predicted by this framework and must be determined by fits
to data using ad hoc parametrizations [1]. But, pQCD can
provide an opportunity to evolve the PDFs to other scales.
By convoluting the PDFs with the fundamental pointlike
scattering cross sections for partons, one can therefore
calculate cross sections for various processes.
In recent years, several groups such as MSTW/MMHT

[2–5], JR [6], CTEQ/CT [7,8], ABM [9–11], and NNPDF
[12,13] introduced the PDF sets by using the HERA data
and fixed-target and hadron-collider data. Moreover, in
Ref. [14], the PDFs have been presented by using a wide
variety of Large Hadron Collider (LHC) data and also the
combined HERA Iþ II deep inelastic scattering dataset. In
an investigation of ultra-high-energy processes, in

Refs. [15,16], the authors have proposed new parametriza-
tions of the proton structure functions by considering the
Froissart predictions [17]. The most important benefits of
studying these processes are that they confirm HERA
investigations and also provide criteria for further inves-
tigations of QCD at the Large Hadron Electron Collider
(LHeC) in a high-energy limit. The kinematic extension of
the LHeC is such that it will allow us to check out the
nonlinear dynamics at low x.
HERA (from 1992 until 2015) combined the neutral

current (NC) and charged current (CC) interactions data
for 0.045 ≤ Q2 ≤ 50000 GeV2 and 6 × 10−7 ≤ x ≤ 0.65
at values of the inelasticity 0.005 ≤ y ≤ 0.95 [1]. It
operated with an electron beam energy of Ee ¼ 27.5 GeV.
For most of HERA operations, the proton beam energy
was Ep ¼ 920 GeV and the highest center-of-mass
energy in deep inelastic scattering of electrons on
protons was

ffiffiffi
s

p ¼ 320 GeV. In Ref. [18], HERA
combined the NC and CC differential cross sections,
dσ=dQ2, for e�p with predictions from HERAPDF2.0
next-to-leading order (NLO). Furthermore, HERA col-
lected e�p collision data through the H1 [19] detector,
which allowed a measurement of structure functions
at x values 6.5 × 10−4 ≤ x ≤ 0.65 and at Q2 values
35 ≤ Q2 ≤ 800 GeV2. The differential cross section in
terms of the structure function F2ðx;Q2Þ and the longi-
tudinal structure function FLðx;Q2Þ at low values of Q2 is
defined as
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d2σ
dxdQ2

¼ 2πα2sYþ
Q4x

σrðx;Q2Þ

¼ 2πα2sYþ
Q4x

F2ðx;Q2Þ
�
1 −

y2

Yþ

FLðx;Q2Þ
F2ðx;Q2Þ

�
; ð1Þ

where y ¼ Q2=ðxsÞ is the inelasticity variable in which s
and Q2 are the center-of-mass energy squared and the
photon virtuality, respectively, and Yþ ¼ 1þ ð1 − yÞ2. In
the quark-parton model, F2ðx;Q2Þ is proportional to the
sum of the quark and antiquark distributions. On the other
hand, the longitudinal structure function FLðx;Q2Þ is
directly sensitive to the gluon density and is nonzero
and depends on the strong coupling constant αs.
It is known that the pQCD evolution within the DGLAP

[20–26] formalism, at an extremely small x, predicts a strong
rise of the gluon density and causes a rather singular
behavior of the PDFs which strongly violates the unitary
bound (or the Froissart bound [17]). Consequently, this
strong rise increases the proton structure functions in the
pQCD. As is well known, the gluon density cannot grow
forever, due to this fact that the gluon density constitutes
only a limited share of the proton structure functions. Based
on this bound, the hadronic total cross section cannot grow
faster than σ ¼ π

mπ
ðln sÞ2, where s is the square of the center

of mass energy and mπ is the scale of the strong force. It is
believed that, at high energies, gluon recombination occurs,
and it can be considered as the mechanism responsible for a
possible saturation of gluon densities at small x as well as
unitarization of the physical cross sections. By taking into
account the recombination processes at small x in a dense
system, the growth of the quark and gluon densities can be
tamed by screening effects. Accordingly, these effects lead
to the appearance of nonlinear terms in the DGLAP
evolution equations. Based on a detailed study at the small
x region, Gribov, Levin, Ryskin, Mueller, and Qiu (GLR-
MQ) [27–29] argued that the physical processes of inter-
action and recombination of partons are important in the
parton cascade at a large value of the parton density. This
study leads to the creation of new nonlinear evolution
equations, which are the so-called GLR-MQ equations:

∂xqðx;Q2Þ
∂ ln Q2

¼ ∂xqðx;Q2Þ
∂ ln Q2

����
DGLAP

−
α2sγ1
R2Q2

½xgðx;Q2Þ�2; ð2Þ

∂xgðx;Q2Þ
∂ lnQ2

¼∂xgðx;Q2Þ
∂ lnQ2

����
DGLAP

−
α2sγ2
R2Q2

Z
1

χ
½ygðy;Q2Þ�2dy

y
;

ð3Þ

where R is the correlation radius between two interacting
gluons, γ1 ¼ 27

160
and γ2 ¼ 81

16
for Nc ¼ 3, and χ ¼ x

ρ

[ρð¼ 0.01Þ being the boundary condition that the gluon
distribution joints smoothly onto the unshadowed region]. In

these equations, ∂xqðx;Q2Þ
∂ lnQ2 jDGLAP and ∂xgðx;Q2Þ

∂ lnQ2 jDGLAP are

obtained from the standard DGLAP evolution equations.
The correlation radiusR determines the size of the nonlinear
terms. Its value depends on how the gluon ladders are
coupled to the nucleon or on how the gluons are distributed
within the nucleon. On this basis, the value of R is
approximately equal to 5 GeV−1 if the gluons are populated
across the proton, and is equal to 2 GeV−1 if the gluons have
a hotspotlike structure.
In Ref. [30], the nonlinear corrections to the distribution

functions at low values of x and Q2 have been presented by
using the parametrizations of F2ðx;Q2Þ and consequently
determined the longitudinal structure function FLðx;Q2Þ.
Indeed, the authors have used a direct method to extract the
nonlinear corrections to the ratio of structure functions and
to the reduced cross section in the next-to-next-to-leading
order (NNLO) approximation. In Ref. [31], the results of
the analytical and numerical analysis of the nonlinear
Balitsky-Kovchegov equation have been discussed. One
of the important outcomes of this study is the existence of
the saturation scale QsðxÞ which is a characteristic scale at
which the parton recombination effects become important.
By considering the nonlinear corrections and using Laplace
transform techniques, the authors, in Ref. [32], have
described the determination of the longitudinal structure
function FLðx;Q2Þ at the NLO and NNLO approximations,
based on the parametrization of F2ðx;Q2Þ and its derivative
with respect to d lnQ2 at low x values. Note that, to perform
the calculations, they have used the approximate splitting
functions. In Refs. [33,34], the authors have investigated
the phenomenological implications of the parton distribu-
tion function sets, with a small x resummation, to obtain the
longitudinal structure function FLðx;Q2Þ at HERA.
Reference [35] has been devoted to investigate the solutions
of the nonlinear evolution equation at the small x region.
By using the Laplace transform technique, the authors, in
Ref. [36], have solved the QCD nonlinear Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (NLDGLAP) and GLR-
MQ evolution equations at small x and determined the
effects of the first nonlinear corrections to the gluon
distribution and then obtained the behavior of the gluon
distribution. Also, they have shown that the strong rise,
corresponding to the linear QCD evolution equations at the
small x region, can be tamed by screening effects.
In this paper, we intend to investigate the nonlinear

corrections to the proton structure functions F2ðx;Q2Þ and
FLðx;Q2Þ and then to the single differential cross section
dσ=dQ2 and the reduced cross section σr. Indeed, we solve
the linear DGLAP equations (at the LO and NLO approx-
imations) using the double Laplace transform techniques
and then insert the obtained distribution functions in
Eqs. (2) and (3). By doing this, we determine the effects
of the nonlinear corrections to the distribution functions.
Then, by using Altarelli-Martinelli (AM) equations and
considering the nonlinear corrections, we obtain the proton
structure functions F2ðx;Q2Þ and FLðx;Q2Þ. Based on
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these solutions and Eq. (1), we gain the single differential
cross section dσ=dQ2 and the reduced cross section
σrðx;Q2Þ at the LO and NLO approximations.
The rest of the present paper is organized as follows: In

Sec. II, at the LO and NLO approximations, we present the
solutions to the linear DGLAP evolution equations by
applying the double Laplace transform method and
then obtain the PDFs. In this section, by considering the
GLR-MQ and AM equations, we obtain the nonlinear
corrections to the PDFs and the proton structure functions
F2ðx;Q2Þ and FLðx;Q2Þ. In Sec. III, our numerical results
of these corrections to the proton structure functions, the
single differential cross section dσ=dQ2, and the reduced
cross section σrðx;Q2Þ are presented in the interval of 8.5 ≤
Q2 ≤ 5000 GeV2 and the Bjorken scale 10−5 ≤ x ≤ 1,
and then are compared with the available H1 data
[1,18,19,37], CT18 [14], and the results of Refs. [30,38–
40]. In Sec. IV, we conclude our presentation. Appendix
includes the kernels and their transformations in the
Laplace s space and u space.

II. METHOD

The proton structure functions F2ðx;Q2Þ and FLðx;Q2Þ
are directly related to the singlet and gluon distributions, and
their behavior can be predicted by AM equations [41]. A
formula for the proton structure functions as a convolution
integral over the singlet Fsðx;Q2Þ and gluon Gðx;Q2Þ
distribution functions takes the following form:

Fkðx;Q2Þ¼Ck;nsðx;Q2Þ⊗Fnsðx;Q2Þ
þhe2i½Ck;sðx;Q2Þ⊗Fsðx;Q2Þ
þCk;gðx;Q2Þ⊗Gðx;Q2Þ�; k¼2 and L; ð4Þ

where Ck;j’s (j ¼ ns; s, and g) are the coefficient functions
(given explicitly in the Appendix) and he2i ¼ 1

nf

Pnf
k¼1 e

2
qk .

The linear coupled DGLAP integral-differential equations
are as follows [15,16,21–25]:

∂Fsðx;Q2Þ
∂ ln Q2

¼ αsðQ2Þ
2π

½Pqqðx;Q2Þ ⊗ Fsðx;Q2Þ

þ 2nfPqgðx;Q2Þ ⊗ Gðx;Q2Þ�; ð5Þ
∂Gðx;Q2Þ
∂ lnQ2

¼ αsðQ2Þ
2π

½Pgqðx;Q2Þ ⊗ Fsðx;Q2Þ

þ Pggðx;Q2Þ ⊗ Gðx;Q2Þ�; ð6Þ
∂Fnsðx;Q2Þ
∂ lnQ2

¼ αsðQ2Þ
2π

Pnsqqðx;Q2Þ ⊗ Fnsðx;Q2Þ; ð7Þ

whereαs is the running strong coupling constant,Fnsðx;Q2Þ
is the nonsinglet distribution function, and Pabðx;Q2Þ’s are
the Altarelli-Parisi splitting functions that have the follow-
ing form:

Pabðx;Q2Þ ¼ Pð0Þ
ab ðxÞ þ

αsðQ2Þ
2π

Pð1Þ
ab ðxÞ þ � � � : ð8Þ

Within the MS scheme, the standard representation of the
QCD running coupling constant αs in the LO and NLO
approximations have the forms

αLOs ðtÞ ¼ 4π

β0t
; ð9Þ

αNLOs ðtÞ ¼ 4π

β0t

�
1 −

β1 ln t
β20t

�
; ð10Þ

where β0 ¼ ð11 − 2=3nfÞ, β1 ¼ ð102 − 38=3nfÞ, and t ¼
lnðQ2=Λ2Þ in whichΛ is the QCD cutoff parameter. Here,Λ
is considered 0.192 and 0.146 (for nf ¼ 4 and nf ¼ 5) and
also 0.269 and 0.184 (for nf ¼ 4 and nf ¼ 5) at the LO and
NLO approximations, respectively.
In Eqs. (4)–(7), the symbol ⊗ represents the con-

volution integral, which is defined as fðxÞ ⊗ hðxÞ ¼R
1
x fðyÞhðx=yÞdy=y. To solve these equations, we use here
the Laplace transform method. For this aim, we insert the

variables x ¼ expð−vÞ, y ¼ expð−wÞ, and τðQ2; Q2
0Þ ¼

n
4π

RQ2

Q2
0

αsðQ02Þd lnðQ02Þ
into the DGLAP equations (5)–(7)

as follows:

∂F̂sðv; τÞ
∂τ ¼ 2

n

�Z
v

0

P̂qqðv − w; τÞF̂sðw; τÞdw

þ
Z

v

0

4nfP̂qgðv − w; τÞĜðw; τÞdw
�
; ð11Þ

∂Ĝðv; τÞ
∂τ ¼ 2

n

�Z
v

0

�
P̂gqðv − w; τÞF̂sðw; τÞdw

þ
Z

v

0

P̂ggðv − w; τÞĜðw; τÞdw
��

; ð12Þ

∂F̂nsðv; τÞ
∂τ ¼ 2

n

Z
v

0

P̂nsqqðv − wÞF̂nsðw; τÞdw: ð13Þ

In the above equations Ĥðv; τÞ≡Hðexpð−vÞ; τÞ and n is an
integer.
The convolution theorem for Laplace transforms allows

us to rewrite the right-hand sides of Eqs. (11)–(13) by
considering the fact that the Laplace transform of the
convolution factors is simply the ordinary product of the
Laplace transform of the factors. Using the Laplace trans-
form method, we can turn the convolution equations at the
LO and NLO approximations from v space and τ space into
s space and u space, respectively, and then solve them
straightforwardly in s space and u space as
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fðiÞðs; uÞ ¼ kðiÞffðs; uÞfðiÞðs; 0Þ þ kðiÞfgðs; uÞgðiÞðs; 0Þ; ð14Þ

gðiÞðs; uÞ ¼ kðiÞgf ðs; uÞfðiÞðs; 0Þ þ kggðs; uÞðiÞgðiÞðs; 0Þ; ð15Þ

fðiÞns ðs;τÞ¼kðiÞff;nsðs;τÞfðiÞns ðs;0Þ; i¼LOor NLO; ð16Þ

where fðs; 0Þ, gðs; 0Þ, and fnsðs; 0Þ are, respectively,
the singlet, gluon, and nonsinglet distribution functions
at initial scale τ ¼ 0 (i.e., Q2

0). Note that, in Eqs. (14)–(16),
(i) The kernels kijðs; uÞ at the LO and NLO approximations
are given in the Appendix. (ii) L½L½Ĥðv; τÞ; v; s�; τ; u� ¼
hðs; uÞ. (iii) To simplify calculations at the NLO approxi-
mation, we use an appropriate approximation for αs which
has been utilized in Refs. [42–44].
The main aim of this paper is to find a solution for the

nonlinearDGLAPevolution equations in the saturation region,
and this can be done by using Eqs. (2) and (3). The latter
equations slow down the Q2 evolution of quarks and gluons
rather than the standard DGLAP behavior; therefore, by using
them, one can, respectively, write the singlet Fsðx;Q2Þ and
gluon Gðx;Q2Þ distribution functions as follows:

∂Fsðx;Q2Þ
∂ lnQ2

¼ ∂Fsðx;Q2Þ
∂ lnQ2

����
DGLAP

−
2nfα2sγ1
R2Q2

½Gðx;Q2Þ�2;

ð17Þ

∂Gðx;Q2Þ
∂ lnQ2

¼ ∂Gðx;Q2Þ
∂ lnQ2

����
DGLAP

−
α2sγ2
R2Q2

Z
1

χ
½Gðy;Q2Þ�2 dy

y
:

ð18Þ

Now, by using the variable changes x ¼ expð−vÞ and
y ¼ expð−wÞ in Eq. (17), by using x ¼ expð−vþ lnðρÞÞ
and y ¼ expð−wÞ in Eq. (18), and by using again the relation
τðQ2; Q2

0Þ ¼ n
4π

RQ2

Q2
0

αsðQ02Þd ln ðQ02Þ, we rewrite, respec-

tively, Eqs. (17) and (18) as the following forms;

∂F̂sðv; zÞ
∂τ ¼ ∂F̂sðv; τÞ

∂z
����
DGLAP

− a1e−b1τ½Ĝðv; τÞ�2; ð19Þ

∂Ĝðv − lnðρÞ; τÞ
∂τ ¼ ∂Ĝðv − lnðρÞ; τÞ

∂τ
����
DGLAP

− a2e−b2τ
Z

v

0

½Ĝðw; τÞ�2 dw: ð20Þ

It should be stated that, in the above equations, we have used
two suitable approximations 2nf4παsγ1nR2Q2 ¼a1exp−b1τ and

4παsγ2
nR2Q2 ¼

a2exp−b1τ (the errors of these approximations are given in
Table I). Therefore, we can turn the above equations from v
space and τ space intos spaceandu space, respectively. In thev
space, it has been defined L½R v

0 ½Ĝðw; zÞ�2dw; v; s� ¼
1
sL½½Ĝðv; τÞ�2; v; s� to be less than 1

s ½Ĝðs; τÞ�2 [36]. On this

basis, we obtain the Laplace transform of Eqs. (19) and (20) as
follows:

ufsðs; uÞ − fsðs; 0Þ ¼ ðufsðs; uÞ − fsðs; 0ÞÞjDGLAP
− a1½gðs; uþ b1Þ�2; ð21Þ

ugðs; uÞ − gðs; 0Þ ¼ ðugðs; uÞ − gðs; 0ÞÞjDGLAP
−

a2
sρ−s

½gðs; uþ b2Þ�2: ð22Þ

Now, by inserting Eqs. (14) and (15) into Eqs. (21) and (22),
we can write, respectively, the singlet and gluon distribution
functions at the LO and NLO approximations as follows:

fðiÞs ðs; uÞ ¼ kðiÞffðs; uÞfðiÞs0 ðsÞ þ kðiÞfgðs; uÞgðiÞ0 ðsÞ
−
a1
u
½gðiÞðs; uþ biÞ�2; ð23Þ

gðiÞðs;uÞ ¼ kðiÞgf ðs;uÞfðiÞs0 ðsÞ þ kðiÞgg ðs; uÞgðiÞ0 ðsÞ
−

a2
sρ−su

½gðiÞðs; uþ b2Þ�2; i¼ LO or NLO:

ð24Þ
To obtain the distribution functions of the singlet and gluon in
Laplace space, we first solve Eq. (24) and then insert its
solution into Eq. (23). To do this, we use the fact that the value
of a2 is smaller than one, so we can rewrite this equation in
termsof a power series ofa2. It shouldbenoted that, asmuchas
the value of n is chosen larger than one, the series converges
faster. Accordingly, one can rewrite the gluon distribution
function [Eq. (24)] as follows:

gðiÞ1 ðs; uÞ ¼ rðiÞ11f
ðiÞ
s0 ðsÞ þ rðiÞ21g

ðiÞ
0 ðsÞ; ð25Þ

gðiÞ2 ðs; uÞ ¼ rðiÞ12f
ðiÞ
s0 ðsÞ þ rðiÞ22g

ðiÞ
0 ðsÞ þ rðiÞ32f

ðiÞ
s0 ðsÞgðiÞ0 ðsÞ

þ rðiÞ42f
ðiÞ2
s0 ðsÞ þ rðiÞ52g

ðiÞ2
0 ðsÞ; ð26Þ

and

gðiÞj ðs; uÞ ¼ rðiÞ1j f
ðiÞ
s0 ðsÞ þ rðiÞ2j g

ðiÞ
0 ðsÞ þ rðiÞ3j f

ðiÞ
s0 ðsÞgðiÞ0 ðsÞ

þ rðiÞ4j f
ðiÞ2
s0 ðsÞ þ rðiÞ5j g

ðiÞ2
0 ðsÞ

þOðfs0Þ þOðg0Þ þOðfs0g0Þ; ð27Þ

where indices 1; 2;…; j represent the number of expansion
terms and rij’s are the coefficients in terms of s and u (given
until j ¼ 2 in the Appendix). Now, to obtain the singlet
distribution function [Eq. (23)], we insert above Eq. (27) into
Eq. (23) and then obtain the following forms:

fðiÞs1 ðs; uÞ ¼ qðiÞ11f
ðiÞ
s0 ðsÞ þ rðiÞ21g

ðiÞ
0 ðsÞ þ rðiÞ31f

ðiÞ
s0 ðsÞgðiÞ0 ðsÞ

þ qðiÞ41f
ðiÞ2
s0 ðsÞ þ qðiÞ51g

ðiÞ2
0 ðsÞ; ð28Þ
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fðiÞs2 ðs; uÞ ¼ qðiÞ12f
ðiÞ
s0 ðsÞ þ rðiÞ22g

ðiÞ
0 ðsÞ þ rðiÞ32f

ðiÞ
s0 ðsÞgðiÞ0 ðsÞ þ qðiÞ42f

ðiÞ2
s0 ðsÞ þ qðiÞ52g

ðiÞ2
0 ðsÞ þ qðiÞ62f

ðiÞ3
s0 ðsÞ þ rðiÞ72f

ðiÞ2
s0 gðiÞ0 ðsÞ

þ rðiÞ82f
ðiÞ
s0 ðsÞgðiÞ20 ðsÞ þ qðiÞ92g

ðlÞ3
0 ðsÞ þ qðiÞ102f

ðiÞ2
s0 ðsÞgðiÞ20 ðsÞ þ qðiÞ112f

ðiÞ4
s0 ðsÞ þ qðiÞ122f

ðiÞ3
s0 ðsÞgðiÞ0 ðsÞ

þ qðiÞ132f
ðiÞ
s0 ðsÞgðiÞ30 ðsÞ þ qðiÞ142g

ðiÞ4
0 ðsÞ; ð29Þ

and

fðiÞsj ðs; uÞ ¼ qðiÞ1j f
ðiÞ
s0 ðsÞ þ qðiÞ2j g

ðiÞ
0 ðsÞ þ qðiÞ3j f

ðiÞ
s0 ðsÞgðiÞ0 ðsÞ

þ qðiÞ4j f
ðiÞ2
s0 ðsÞ þ qðiÞ5j g

ðiÞ2
0 ðsÞ

þOðfs0Þ þOðg0Þ þOðfs0g0Þ; ð30Þ

where qij’s are the coefficients in terms of s and u (given
until j ¼ 2 in the Appendix). Now by applying the variable
changes x ¼ expð−vÞ and y ¼ expð−wÞ in Eq. (4), we can
take the Laplace transform of this equation. So, this
equation in s space reads as follows:

fðiÞk ðs; τÞ ¼ cðiÞknsðs; τÞfðiÞns ðs; τÞ þ he2ifcðiÞks ðs; τÞfðiÞs ðs; τÞ
þ cðiÞkg ðs; τÞgðiÞðs; τÞg; ð31Þ

where the kernels cij are given in the Appendix. To solve
Eq. (31), we have to return Eqs. (27) and (30) to the usual
space τ. For this purpose, we use the Laplace inverse
transform. By inserting the inverse of Eqs. (27) and (30)
into Eq. (31) and using Eq. (16), one can obtain the
nonlinear corrections to the proton structure functions in s
space as follows:

fðiÞkj ðs; τÞ ¼ wðiÞ
knsðs; τÞfðiÞns0ðsÞ þ ½wðiÞ

k1jðs; τÞfðiÞs0 ðsÞ þ wðiÞ
k2jðs; τÞgðiÞ0 ðsÞ þ wðiÞ

k3jðs; τÞfðiÞs0 ðsÞgðiÞ0 ðsÞ þ wðiÞ
k4jðs; τÞfðiÞ2s0 ðsÞ

þ wðiÞ
k5jðs; τÞgðiÞ20 ðsÞ þOðfs0Þ þOðg0Þ þOðfs0g0Þ�; i ¼ LO or NLO and k ¼ 2; L; ð32Þ

where the kernel wij’s are

wðiÞ
knsðs; τÞ ¼ cðiÞknsðs; τÞkðiÞffnsðs; τÞ; ð33Þ

wðiÞ
khjðs; τÞ ¼ he2iðcðiÞks ðs; τÞQðiÞ

hj ðs; τÞ þ cðiÞkg ðs; τÞRðiÞ
hj ðs; τÞÞ;

h ¼ 1; 2; 3;…; ð34Þ

in which QðiÞ
hj ðs; τÞ ¼ L−1½qðiÞhj ðs; uÞ; u; τ� and RðiÞ

hj ðs; τÞ ¼
L−1½rðiÞhj ðs; uÞ; u; τ�. Now, by applying the inverse Laplace
transform for Eq. (32), the proton structure functions
F2ðx;Q2Þ and FLðx;Q2Þ in the usual x space can be
written as

FðiÞ
kj ðx; τÞ ¼ WðiÞ

knsðx; τÞ ⊗ FðiÞ
ns0ðxÞ þ ½WðiÞ

k1jðx; τÞ ⊗ FðiÞ
s0 ðxÞ þWðiÞ

k2jðx; τÞ ⊗ GðiÞ
0 ðsÞ þWðiÞ

k3jðx; τÞ ⊗ HðiÞ
1 ðxÞ

þWðiÞ
k4jðx; τÞ ⊗ HðiÞ

2 ðxÞ þWðiÞ
k5jðx; τÞHðiÞ

3 ðxÞ þ � � ��; i ¼ 1; 2 and k ¼ 2; L; ð35Þ

whereWijðx;τÞ¼L−1½wijðs;τÞ;s;v�jv¼lnð1=xÞ,H
ðiÞ
1 ðxÞ¼L−1½fðiÞs0 ðsÞgðiÞ0 ðsÞ;s;v�jv¼lnð1=xÞ,H

ðiÞ
2 ðxÞ¼L−1½fðiÞ2s0 ðsÞ;s;v�jv¼lnð1=xÞ,

and HðiÞ
3 ðxÞ¼L−1½gðiÞ20 ðsÞ;s;v�jv¼lnð1=xÞ.

TABLE I. The maximum percentage relative errors of exact and approximate values of 2nf4παsγ1
nR2Q2 ¼ a1 exp−b1τ and

4παsγ2
nR2Q2 ¼ a2 exp−b1τ.

M2
c ≤ Q2 < 10 GeV2 10 ≤ Q2 < M2

bGeV
2 M2

b ≤ Q2 < 100 GeV2 100 ≤ Q2 ≤ 500 GeV2 500 ≤ Q2 < 5000 GeV2

LO 5.6% 0.83% 4.4% 3.3% 6.5%
a1 ¼ 7.8 × 10−4 a1 ¼ 1.4 × 10−3 a1 ¼ 2.8 × 10−3 a1 ¼ 9.6 × 10−3 a1 ¼ 5.7 × 10−2

a2 ¼ 3.0 × 10−3 a2 ¼ 5.4 × 10−3 a2 ¼ 8.4 × 10−3 a2 ¼ 2.9 × 10−2 a2 ¼ 1.7 × 10−1

b1 ¼ 47.69 b1 ¼ 57.74 b1 ¼ 65.37 b1 ¼ 77.71 b1 ¼ 91.83

NLO 5.6% 0.79% 3.8% 3.1% 6.1%
a1 ¼ 7.3 × 10−4 a1 ¼ 1.3 × 10−3 a1 ¼ 2.3 × 10−3 a1 ¼ 6.3 × 10−3 a1 ¼ 3.6 × 10−2

a2 ¼ 2.7 × 10−3 a2 ¼ 4.9 × 10−3 a2 ¼ 6.8 × 10−3 a2 ¼ 2.1 × 10−2 a2 ¼ 1.1 × 10−1

b1 ¼ 55.37 b1 ¼ 66.66 b1 ¼ 74.58 b1 ¼ 87.73 b1 ¼ 102.7
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III. NUMERICAL RESULTS

In this section, we present our numerical results of the
nonlinear corrections to the proton structure functions
F2ðx;Q2Þ and FLðx;Q2Þ, the reduced cross section

σrðx;Q2Þ, and the differential cross section dσ=dQ2

obtained by the DGLAP evolution, AM, and GLR-MQ
equations. In order to present more detailed discussions on
our findings, the numerical results for the proton structure

FIG. 1. The nonlinear longitudinal structure function FLðx;Q2Þ at the LO (blue dashed curves) and NLO (blue solid curves)
approximations in Q2 ¼ 8.5, 15, 35, 90, 300, and 800 GeV2. The results have been compared with the H1 Collaboration data [19].
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functions F2ðx;Q2Þ and FLðx;Q2Þ are compared with H1
Collaboration data [19], the parametrization model of PDFs
[38,39], the results of NNLO-BR [30], and the results of
CT18 [14] at the NNLO approximations (where the latter
have been obtained using a wide variety of high-precision
Large Hadron Collider data). Furthermore, the results of the
reduced cross section σrðx;Q2Þ and the differential cross
section dσ=dQ2 are compared with the H1 data [1,18,37].
To extract numerical results, we use the published
MSTW2008 [4] initial starting functions Fs0ðxÞ, G0ðxÞ,
and Fns0ðxÞ at Q2

0 ¼ 1 GeV2 and also consider n ¼ 500

and R ¼ 5 GeV−1. It should be noted that, in calculations,
the uncertainties are due to the PDFs at the initial scale and
the errors in Table I, which are shown as the error bars.
In Fig. 1, we present the x dependence of the longitudinal

structure function FLðx;Q2Þ at Q2 ¼ 8.5, 15, 35, 90, 300,
and 800 GeV2 and compare it with H1 Collaboration data
[19]. In this figure, blue solid and blue dashed curves are
the numerical results of the longitudinal structure function,
including the nonlinear corrections, at the NLO and LO
approximations, respectively, and black solid and black
dashed curves are the numerical results of the longitudinal
structure function, regardless of the nonlinear corrections,
at NLO and LO approximations, respectively. It is seen that
the effects of the nonlinear corrections are more noticeable
at x < 0.001. Figure 2 shows the nonlinear corrections to
the longitudinal structure function FLðx;Q2Þ based on the
double Laplace transform method at the LO and NLO
approximations. In this figure, the results of the nonlinear
corrections at 8.5 < Q2 < 800 GeV2 are compared with

the H1 Collaboration data [19], the parametrization models
of PM [38,39], NNLO-BR [30], and also CT18 [14] at the
NNLO approximation (the CT18 results have been
obtained at a fixed value of the invariant mass W
as W ¼ 230 GeV).
In Fig. 3, the nonlinear corrections to the proton structure

function F2ðx;Q2Þ at the LO and NLO approximations are
presented at Q2 ¼ 8.5, 15, 35, 90, 300, and 800 GeV2. In
this figure, our numerical results are compared with the H1
Collaboration data [19] and the linear results. Furthermore,
in Fig. 4, the proton structure function F2ðx;Q2Þ obtained
by using the double Laplace transforms method are
compared with the results of Ref. [40] and with the H1
Collaboration data [19] at interval 8.5 < Q2 < 800 GeV2

for different values of x. As can be seen in this figure, the
effects of nonlinear corrections are noticeable at low x
values, and also the results are comparable with the
experimental data.
Based on Eqs. (1) and (35), we show our numerical

results of the NC reduced cross section σr at the NLO
approximation inQ2 ¼ 8.5, 15, 35, 90, 300, 800, 3000, and
5000 GeV2 in Fig. 5. By comparing our results at the NLO
approximation with the H1 data, one can conclude that the
nonlinear corrections improve the results of the reduced
cross section at low to moderate Q2 values for low x values
and have almost no effect on the results of the reduced cross
section at high x values. We note again that the GLR-MQ
equations have been obtained from the interaction and
recombination of the partons at low x values, as shown in
Fig. 5. In Fig. 6, a comparison between our numerical
results and the combined HERA Iþ II NC reduced cross
sections σrðx;Q2Þ [18] (with center of mass energy

ffiffiffi
s

p ¼
319 GeV and for e−p at highQ2 and lowQ2 data) is shown
for various fixed x as a function of Q2 values.
Figure 7 shows the Q2 dependence of the single differ-

ential cross section dσ=dQ2 from the combined HERA Iþ
II NC e−p data [18]. The steep decrease of the differential
cross section with increasing Q2 is due to the dominating
photon exchange cross section which is proportional to
1=Q4. In this figure, we present the effects of the nonlinear
corrections to the differential cross section dσ=dQ2.
Also in this figure, the ratio of the H1 Collaboration data
[18] to our numerical results is shown in the interval
200 ≤ Q2 ≤ 5000 GeV2. At the bottom of this figure, we
show the ratio of the nonlinear to linear results of the
differential cross section. As can be deduced, the effects of
the nonlinear corrections to this differential cross section at
low Q2 are at least 10%, which can be a very important
result of the nonlinear corrections.

IV. SUMMARY AND CONCLUSION

We have presented the effects of the nonlinear correc-
tions to the proton structure functions F2ðx;Q2Þ,
FLðx;Q2Þ, the single differential cross section dσ=dQ2,

FIG. 2. The nonlinear longitudinal structure function FLðx;Q2Þ
at the LO and NLO approximations averaged over x at different
Q2. The nonlinear results at the LO (blue dashed curves) and
NLO (blue solid curves) approximations have been compared
with the H1 Collaboration data [19], the parametrization models
of PM (dot curves) [38,39], NNLO-BR [30] (red dashed curves),
and CT18 [14] (dashed dot curves) at the NNLO approximation.
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and the NC reduced cross section σrðx;Q2Þ by using
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution equa-
tions, Altarelli-Martinelli equation, and Gribov-Levin-
Ryskin-Mueller equations at the LO and NLO

approximations. Indeed, there are various methods to solve
the GLR-MQ and AM equations, but in this paper, we have
shown that adopting the double Laplace transform method
is a suitable and alternative scheme to solve those

FIG. 3. The nonlinear structure function F2ðx;Q2Þ at the LO (blue dashed curves) and NLO (blue solid curves) approximations at
Q2 ¼ 8.5, 15, 35, 90, 300, and 800 GeV2. These results have been compared with the H1 Collaboration data [19] and the linear results.
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equations. The obtained equations are general and require
only a knowledge of the parton distribution functions
FsðxÞ, GðxÞ, and FnsðxÞ at the starting value Q2

0. Our
numerical results have showed that the transition of the
proton structure functions from the linear to the nonlinear
behavior is considerable and can control the incremental
trend of them at low x values. The numerical results of the
proton structure functions have been compared with the H1

Collaboration data, the results from the CT18 and the
NNLO-BR parametrization models at the NLO and NNLO
approximations, and the results of EHKJS. Then we have
studied the effects of adding the nonlinear corrections to the
reduced cross section at the LO and NLO approximations at
various Q2 values. By comparing the results obtained for
the reduced cross section with the HERA combined data, it
can be concluded that these corrections improve the results
at low to moderateQ2 values for low x values. Furthermore,
the numerical results of the single differential cross section
have been compared with the H1 Collaboration data in a
wide range of Q2 values. This comparison has showed that
the nonlinear corrections have a significant effect on the
differential cross section and enhance it at low and
moderate Q2 values, and it also demonstrated that these
corrections have almost no effect on the differential cross
section at high Q2. All of the figures clearly show that the
extraction procedure provides correct behaviors of the
extracted proton structure functions at the LO and NLO
approximations. Finally, it should be noted that although
the NLO corrections are very small, they often allow one to
reduce the uncertainties of the predicted cross sections, as
one can see by comparing the bands in almost all of the
plots presented in the figures.
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APPENDIX: THE COEFFICIENT FUNCTIONS

The coefficients Ci;j (i ¼ 2; L and j ¼ s, g) and Cffns in
Eq. (4) at the LO approximation are as follows [45]:

Cð1Þ
L;nsðx;Q2Þ ¼ αð1Þs ðQ2Þ

π
CFx2; Cð1Þ

2;nsðx;Q2ÞÞ ¼ δð1 − xÞx;

Cð1Þ
L;sðx;Q2Þ ¼ αð1Þs ðQ2Þ

π
CFx2; Cð1Þ

2;sðx;Q2Þ ¼ δð1 − xÞx;

Cð1Þ
L;gðx;Q2Þ ¼ αð1Þs ðQ2Þ

π
2nfx2ð1 − xÞ; Cð1Þ

2;gðx;Q2Þ ¼ 0; ðA1Þ

and at the NLO approximation are as follows:

Cð2Þ
L;nsðx;Q2Þ ¼ αð2Þs ðQ2Þ

π
CFx2 þ

�
αð2Þs ðQ2Þ

4π

�
2

x
�
128

9
x× lnð1− xÞ2 − 46.50x lnð1− xÞ− 84.094 lnðxÞ lnð1− xÞ− 37.338

þ 89.53xþ 33.82x2 þ x lnðxÞð32.90þ 18.41 lnðxÞÞ− 128

9
lnðxÞ− 0.012δðx1Þ

þ 16

27
nfð6x lnð1− xÞ− 12x lnðxÞ− 25xþ 6Þ

�
; ðA2Þ

FIG. 4. The scale evolution of the proton structure function
F2ðx;Q2Þ with the nonlinear corrections for fixed values of x
(with constants added to separate the curves). The dashed and
solid curves, respectively, show our numerical results at the LO
and NLO approximations and the dashed dot curves are the
results of EHKJS [40]. The data are from H1 [19] and the error
bars are statistical.
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FIG. 5. A comparison between the combined HERA Iþ II NC reduced cross sections σrðx;Q2Þ [1,37] and our numerical results at the
NLO approximation with the nonlinear corrections in the scalesQ2 ¼ 8.5, 15, 35, 90, 300, 800, 3000, and 5000 GeV2. The behavior of
the corrected cross section at small x is better than that of the uncorrected one.
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Cð2Þ
L;sðx;Q2Þ ¼ Cð2Þ

L;nsðx;Q2Þ þ
�
αð2Þs ðQ2Þ

4π

�
2

xnf½ð15.94 − 5.212xÞð1 − xÞ2 lnð1 − xÞ þ ð0.421þ 1.520xÞ lnðxÞ2

þ 28.09ð1 − xÞ lnðxÞ − ð2.370x−1 − 19.27Þð1 − xÞ3�; ðA3Þ

Cð2Þ
L;gðx; τÞ ¼

αð2Þs ðQ2Þ
π

2nfx2ð1 − xÞ þ
�
αð2Þs ðQ2Þ

4π

�
2

xnf½ð94.74 − 49.20xÞð1 − xÞ lnð1 − xÞ2 þ 864.8ð1 − xÞ lnð1 − xÞ

þ 1161x lnð1 − xÞ lnðxÞ þ 60.06ð1 − xÞ lnðxÞ2 þ 39.66ð1 − xÞ lnðxÞ − 5.333ðx−1 − 1Þ�; ðA4Þ

Cð2Þ
2;nsðx; τðQ2; Q2

0ÞÞ ¼ δð1 − xÞxþ xCF
τ

4π
ð4D1 − 3D0 − ð9þ 4ζ2Þδð1 − xÞ − 2ð1þ xÞðlnð1 − xÞ − lnðxÞÞ

− 4ð1 − xÞ−1 lnðxÞ þ 6þ 4xÞ; ðA5Þ

Cð2Þ
2;sðx; τÞ ¼ Cð2Þ

2;nsðx; τÞ; ðA6Þ

FIG. 6. A comparison between the combined HERA Iþ II NC reduced cross section σrðx;Q2Þ [18] and our numerical results at the
LO and NLO approximations with the nonlinear corrections for various fixed x as a function of Q2.
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Cð2Þ
2;gðx; τÞ ¼ nfx

τ

4π
ðð2 − 4xð1 − xÞÞðlnð1 − xÞ − lnðxÞÞ − 2þ 16xð1 − xÞÞ; ðA7Þ

where nf denotes the number of active massless flavors, CF ¼ 4
3
, D1 ¼ ½ð1 − xÞ−1 lnð1 − xÞ�þ, and D0 ¼ ½ð1 − xÞ−1�þ.

The coefficients ki;jðs; uÞ (i; j ¼ f, g) in Eqs. (14)–(16) at the LO approximation are as follows:

kð1Þff ðs; uÞ ¼
4nðnu −Φð1Þ

g Þ
n2ð−ðT2 − 4u2ÞÞ þ 2Φð1Þ

f ðΦð1Þ
g − 2nuÞ − 4nΦð1Þ

g uþΦð1Þ2
f þΦð1Þ2

g

; ðA8Þ

kð1Þfg ðs; uÞ ¼ −
4Θð1Þ

f

n
�
T2 −

ð−2nuþΦð1Þ
f þΦð1Þ2

g Þ
n2

	 ; ðA9Þ

kð1Þgf ðs; uÞ ¼
4nðnu −Φð1Þ

f Þ
n2ð−ðT2 − 4u2ÞÞ þ 2Φð1Þ

f ðΦð1Þ
g − 2nuÞ − 4nΦð1Þ

g uþΦð1Þ2
f þΦð1Þ2

g

; ðA10Þ

kð1Þgg ðs; uÞ ¼ −
4Θð1Þ

g

T2 −
ð−2nuþΦð1Þ

f þΦð1Þ
g Þ2

n2

; ðA11Þ

kð1Þffnsðs; τÞ ¼ exp

�
τΦð1Þ

nsf

n

�
; ðA12Þ

FIG. 7. A comparison between the combined HERA Iþ II e−p NC differential cross section dσ=dQ2 [18] and our numerical results
with the nonlinear corrections. The ratio of H1 data to the numerical results as well as the results of the nonlinear corrections to the linear
results have been displayed.
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and at the NLO approximation are as follows:

kð2Þff ðs;uÞ¼
�

2b3Tn4

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 2b3Tn4

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2aΦð2Þ

f T3n3

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2ab2Φð2Þ

f Tn3

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2aΦð2Þ

f T3n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2b3Φð1Þ
f n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 2b3Φð1Þ

g n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ

þ 2ab2Φð2Þ
f Tn3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2aΦð2Þ
f T3n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2b3Φð1Þ

f n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
−

2b3Φð1Þ
g n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ 2ab2Φð2Þ
f Tn3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ ab2Φð2Þ

f Tn2

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

þ2aT2ðΦð1Þ
f Φð2Þ

f −Φð1Þ
g Φð2Þ

f þΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g Þn2
−2bnþTn−2unþΦð1Þ

f þΦð1Þ
g

−
aΦð2Þ

f T3n2

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

−
2ab2Φð1Þ

f Φð2Þ
f n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

þ 2ab2Φð2Þ
f Φð1Þ

g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
4ab2Θð2Þ

f Θð1Þ
g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2ab2Φð1Þ

f Φð2Þ
f n2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 2ab2Φð2Þ

f Φð1Þ
g n2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

4ab2Θð1Þ
f Θð2Þ

g n2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ

þ2aT2ðΦð1Þ
f Φð2Þ

f −Φð1Þ
g Φð2Þ

f þΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g Þn2
Φð1Þ

f þΦð1Þ
g −nðTþ2uÞ

þ 2ab2Φð1Þ
f Φð2Þ

f n2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
−

2ab2Φð2Þ
f Φð1Þ

g n2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ 4ab2Θð1Þ
f Θð2Þ

g n2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
−
2aT2ðΦð1Þ

f Φð2Þ
f −Φð1Þ

g Φð2Þ
f þΘð2Þ

f Θð1Þ
g þΘð1Þ

f Θð2Þ
g Þn2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ ab2Φð2Þ

f Φð1Þ
g n

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

þaT2ðΦð1Þ
f Φð2Þ

f −Φð1Þ
g Φð2Þ

f þΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g Þn
u−

−2bn−TnþΦð1Þ
f þΦð1Þ

g

2n

−
ab2Φð1Þ

f Φð2Þ
f n

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

−
2ab2Θð2Þ

f Θð1Þ
g n

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

−
1

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

½2abð2Φð2Þ
f Θð1Þ

f Θð1Þ
g −2Φð2Þ

g Θð1Þ
f Θð1Þ

g −Φð1Þ
f Θð2Þ

f Θð1Þ
g þΦð1Þ

g Θð2Þ
f Θð1Þ

g þnTΘð2Þ
f Θð1Þ

g

−Φð1Þ
f Θð1Þ

f Θð2Þ
g þΦð1Þ

g Θð1Þ
f Θð2Þ

g −nTΘð1Þ
f Θð2Þ

g Þn�− 1

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

½2aTð2Φð2Þ
f Θð1Þ

f Θð1Þ
g −2Φð2Þ

g Θð1Þ
f Θð1Þ

g

−ðΦð1Þ
f −Φð1Þ

g ÞðΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g ÞÞn�þ2aTð2Φð2Þ
f Θð1Þ

f Θð1Þ
g −2Φð2Þ

g Θð1Þ
f Θð1Þ

g −ðΦð1Þ
f −Φð1Þ

g ÞðΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g ÞÞn
Φð1Þ

f þΦð1Þ
g −nðTþ2uÞ

−
1

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
½2bðn3T3þn2ðΦð1Þ

g −Φð1Þ
f ÞT2þanðΘð1Þ

f Θð2Þ
g −Θð2Þ

f Θð1Þ
g ÞTþað−2Φð2Þ

f Θð1Þ
f Θð1Þ

g

þ2Φð2Þ
g Θð1Þ

f Θð1Þ
g þðΦð1Þ

f −Φð1Þ
g ÞðΘð2Þ

f Θð1Þ
g þΘð1Þ

f Θð2Þ
g ÞÞÞn�þ 1

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
½2aTð2Φð2Þ

f Θð1Þ
f Θð1Þ

g −2Φð2Þ
g Θð1Þ

f Θð1Þ
g

−ðΦð1Þ
f −Φð1Þ

g ÞðΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g ÞÞn�− 1

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
½2bðn3T3þn2ðΦð1Þ

f −Φð1Þ
g ÞT2þanðΘð1Þ

f Θð2Þ
g
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−Θð2Þ
f Θð1Þ

g ÞTþað2Φð2Þ
f Θð1Þ

f Θð1Þ
g −2Φð2Þ

g Θð1Þ
f Θð1Þ

g −ðΦð1Þ
f −Φð1Þ

g ÞðΘð2Þ
f Θð1Þ

g þΘð1Þ
f Θð2Þ

g ÞÞÞn�

þ 1

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

½abð−2Φð2Þ
f Θð1Þ

f Θð1Þ
g þ2Φð2Þ

g Θð1Þ
f Θð1Þ

g þΦð1Þ
f Θð2Þ

f Θð1Þ
g −Φð1Þ

g Θð2Þ
f Θð1Þ

g þnTΘð2Þ
f Θð1Þ

g þΦð1Þ
f Θð1Þ

f Θð2Þ
g

−Φð1Þ
g Θð1Þ

f Θð2Þ
g −nTΘð1Þ

f Θð2Þ
g Þ�þaTð2Φð2Þ

f Θð1Þ
f Θð1Þ

g −2Φð2Þ
g Θð1Þ

f Θð1Þ
g −ðΦð1Þ

f −Φð1Þ
g ÞðΘð2Þ

f Θð1Þ
g þΘð1Þ

f Θð2Þ
g ÞÞ

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

�

=½2bn3TðT2−b2Þ�; ðA13Þ

kð2Þfg ðs;uÞ¼
�

4b3Θð1Þ
f n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

4bT2Θð1Þ
f n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

4b3Θð1Þ
f n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 4bT2Θð1Þ

f n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ 4ab2Φð2Þ
f Θð1Þ

f n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

þ2ab2ð−Φð1Þ
f þΦð1Þ

g þnTÞΘð2Þ
f n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
4ab2Φð2Þ

f Θð1Þ
f n2

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ

þ2ab2ðΦð1Þ
f −Φð1Þ

g þnTÞΘð2Þ
f n2

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
þ2ab2ebTð2Φð2Þ

g Θð1Þ
f þðΦð1Þ

f −Φð1Þ
g −nTÞΘð2Þ

f Þn2
Φð1Þ

f þΦð1Þ
g −nð2bþTþ2uÞ

−
2ab2ð2Φð2Þ

g Θð1Þ
f þðΦð1Þ

f −Φð1Þ
g þnTÞΘð2Þ

f Þn2
Φð1Þ

f þΦð1Þ
g þnðT−2uÞ

−
1

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

½2aTΘð1Þ
f ð−Φð2Þ

f Φð1Þ
g þΦð2Þ

g Φð1Þ
g

þΦð1Þ
f ðΦð2Þ

f −Φð2Þ
g ÞþnΦð2Þ

f TþnΦð2Þ
g Tþ2Θð2Þ

f Θð1Þ
g þ2Θð1Þ

f Θð2Þ
g Þn�

−
1

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

½2abð−n2Θð2Þ
f T2þnΦð2Þ

g Θð1Þ
f T−nΦð1Þ

g Θð2Þ
f TþΦð1Þ

g Φð2Þ
g Θð1Þ

f −Φð2Þ
f ðΦð1Þ

g þnTÞΘð1Þ
f

þΦð1Þ
f ðΦð2Þ

f Θð1Þ
f −Φð2Þ

g Θð1Þ
f þnTΘð2Þ

f Þþ2Θð1Þ
f Θð2Þ

f Θð1Þ
g þ2Θð1Þ2

f Θð2Þ
g Þn�

−
2aTΘð1Þ

f ðΦð1Þ
f ðΦð2Þ

g −Φð2Þ
f Þ−Φð1Þ

g Φð2Þ
g þnΦð2Þ

g TþΦð2Þ
f ðΦð1Þ

g þnTÞ−2Θð2Þ
f Θð1Þ

g −2Θð1Þ
f Θð2Þ

g Þn
Φð1Þ

f þΦð1Þ
g −nðTþ2uÞ

−
1

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
½2abðn2Θð2Þ

f T2−nΦð2Þ
g Θð1Þ

f TþnΦð1Þ
g Θð2Þ

f T−Φð1Þ
g Φð2Þ

g Θð1Þ
f þΦð2Þ

f ðΦð1Þ
g þnTÞΘð1Þ

f

−Φð1Þ
f ðΦð2Þ

f Θð1Þ
f −Φð2Þ

g Θð1Þ
f þnTΘð2Þ

f Þ−2Θð1Þ
f Θð2Þ

f Θð1Þ
g −2Θð1Þ2

f Θð2Þ
g Þn�

−
2aTΘð1Þ

f ðΦð1Þ
f ðΦð2Þ

f −Φð2Þ
g ÞþΦð1Þ

g Φð2Þ
g −nΦð2Þ

g T−Φð2Þ
f ðΦð1Þ

g þnTÞþ2Θð2Þ
f Θð1Þ

g þ2Θð1Þ
f Θð2Þ

g Þn
Φð1Þ

f þΦð1Þ
g −nð2bþTþ2uÞ

−
1

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
½2abðn2Θð2Þ

f T2þnΦð2Þ
g Θð1Þ

f T−nΦð1Þ
g Θð2Þ

f T−Φð1Þ
g Φð2Þ

g Θð1Þ
f þΦð2Þ

f ðΦð1Þ
g −nTÞΘð1Þ

f

þΦð1Þ
f ð−Φð2Þ

f Θð1Þ
f þΦð2Þ

g Θð1Þ
f þnTΘð2Þ

f Þ−2Θð1Þ
f Θð2Þ

f Θð1Þ
g −2Θð1Þ2

f Θð2Þ
g Þn�

þ2aTΘð1Þ
f ð−Φð2Þ

f Φð1Þ
g þΦð2Þ

g Φð1Þ
g þΦð1Þ

f ðΦð2Þ
f −Φð2Þ

g ÞþnΦð2Þ
f TþnΦð2Þ

g Tþ2Θð2Þ
f Θð1Þ

g þ2Θð1Þ
f Θð2Þ

g Þn
Φð1Þ

f þΦð1Þ
g þnðT−2uÞ

−
1

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
½2abð−n2Θð2Þ

f T2þnΦð2Þ
f Θð1Þ

f T−nΦð2Þ
g Θð1Þ

f TþnΦð1Þ
g Θð2Þ

f T−Φð2Þ
f Φð1Þ

g Θð1Þ
f þΦð1Þ

g Φð2Þ
g Θð1Þ

f

þΦð1Þ
f ðΦð2Þ

f Θð1Þ
f −Φð2Þ

g Θð1Þ
f −nTΘð2Þ

f Þþ2Θð1Þ
f Θð2Þ

f Θð1Þ
g þ2Θð1Þ2

f Θð2Þ
g Þn�

�
=½2bn3TðT2−b2Þ�; ðA14Þ

S. ZARRIN and S. DADFAR PHYS. REV. D 105, 094037 (2022)

094037-14



kð2Þgf ðs;uÞ¼
�
−

4bðb2−T2ÞΘð1Þ
g n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2ab2TΘð2Þ
g n3

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
þ 4bðb2−T2ÞΘð1Þ

g n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ 2ab2Φð1Þ
g Θð2Þ

g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2ab2ð2Φð2Þ

g Θð1Þ
g þðΦð1Þ

f þnTÞΘð2Þ
g Þn2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2ab2Φð1Þ

g Θð2Þ
g n2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ

−
2ab2ð2Φð2Þ

f Θð1Þ
g −ðΦð1Þ

f þnTÞΘð2Þ
g Þn2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 4ab2Φð1Þ

g Φð2Þ
g n2

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
þ 2ab2Φð1Þ

f Θð2Þ
g n2

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ

−
2ab2Φð1Þ

g Θð2Þ
g n2

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
−
2ab2ððΦð1Þ

f −nTÞΘð2Þ
g −2Φð2Þ

f Θð1Þ
g Þn2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2ab2Φð1Þ

g Θð2Þ
g n2

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ2aTΘð1Þ
g ð−Φð2Þ

f Φð1Þ
g þΦð2Þ

g Φð1Þ
g þΦð1Þ

f ðΦð2Þ
f −Φð2Þ

g ÞþnΦð2Þ
f TþnΦð2Þ

g Tþ2Θð2Þ
f Θð1Þ

g þ2Θð1Þ
f Θð2Þ

g Þn
−2bnþTn−2unþΦð1Þ

f þΦð1Þ
g

−
1

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

½2abðn2Θð2Þ
g T2þnΦð2Þ

g Θð1Þ
g T−nΦð1Þ

g Θð2Þ
g T−2Θð2Þ

f Θð1Þ2
g −Φð1Þ

g Φð2Þ
g Θð1Þ

g

þΦð2Þ
f ðΦð1Þ

g −nTÞΘð1Þ
g −2Θð1Þ

f Θð1Þ
g Θð2Þ

g þΦð1Þ
f ð−Φð2Þ

f Θð1Þ
g þΦð2Þ

g Θð1Þ
g þnTΘð2Þ

g ÞÞn�

−
2aTΘð1Þ

g ðΦð1Þ
f ðΦð2Þ

f −Φð2Þ
g ÞþΦð1Þ

g Φð2Þ
g −nΦð2Þ

g T−Φð2Þ
f ðΦð1Þ

g þnTÞþ2Θð2Þ
f Θð1Þ

g þ2Θð1Þ
f Θð2Þ

g Þn
Φð1Þ

f þΦð1Þ
g −nðTþ2uÞ

−
1

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
½2abð−n2Θð2Þ

g T2þnΦð2Þ
f Θð1Þ

g T−nΦð2Þ
g Θð1Þ

g TþnΦð1Þ
g Θð2Þ

g Tþ2Θð2Þ
f Θð1Þ2

g −Φð2Þ
f Φð1Þ

g Θð1Þ
g

þΦð1Þ
g Φð2Þ

g Θð1Þ
g þ2Θð1Þ

f Θð1Þ
g Θð2Þ

g þΦð1Þ
f ðΦð2Þ

f Θð1Þ
g −Φð2Þ

g Θð1Þ
g −nTΘð2Þ

g ÞÞn�

−
2aTΘð1Þ

g ðΦð1Þ
f ðΦð2Þ

g −Φð2Þ
f Þ−Φð1Þ

g Φð2Þ
g þnΦð2Þ

g TþΦð2Þ
f ðΦð1Þ

g þnTÞ−2Θð2Þ
f Θð1Þ

g −2Θð1Þ
f Θð2Þ

g Þn
Φð1Þ

f þΦð1Þ
g −nð2bþTþ2uÞ

þ 1

Φð1Þ
f þΦð1Þ

g −nð2bþTþ2uÞ
½2abðT2n3þΘð2Þ

g n2þTðΦð2Þ
f Θð1Þ

g

−Φð2Þ
g Θð1Þ

g −Φð1Þ
f Θð2Þ

g þΦð1Þ
g Θð2Þ

g Þn−Θð1Þ
g ð−Φð2Þ

f Φð1Þ
g

þΦð2Þ
g Φð1Þ

g þΦð1Þ
f ðΦð2Þ

f −Φð2Þ
g Þþ2Θð2Þ

f Θð1Þ
g þ2Θð1Þ

f Θð2Þ
g ÞÞn�

−
2aTΘð1Þ

g ð−Φð2Þ
f Φð1Þ

g þΦð2Þ
g Φð1Þ

g þΦð1Þ
f ðΦð2Þ

f −Φð2Þ
g ÞþnΦð2Þ

f TþnΦð2Þ
g Tþ2Θð2Þ

f Θð1Þ
g þ2Θð1Þ

f Θð2Þ
g Þn

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

−
1

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
½2abðn2Θð2Þ

g T2−nΦð2Þ
g Θð1Þ

g TþnΦð1Þ
g Θð2Þ

g T−2Θð2Þ
f Θð1Þ2

g −Φð1Þ
g Φð2Þ

g Θð1Þ
g þΦð2Þ

f ðΦð1Þ
g

þnTÞΘð1Þ
g −2Θð1Þ

f Θð1Þ
g Θð2Þ

g −Φð1Þ
f ðΦð2Þ

f Θð1Þ
g −Φð2Þ

g Θð1Þ
g þnTΘð2Þ

g ÞÞn�
�
=½2bn3TðT2−b2Þ�; ðA15Þ
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kð2Þgg ðs;uÞ¼
�

2b3Tn4

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 2b3Tn4

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2aΦð2Þ

g T3n3

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2ab2Φð2Þ

g Tn3

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2aΦð2Þ

g T3n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
þ 2b3Φð1Þ

f n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2b3Φð1Þ
g n3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ

þ 2ab2Φð2Þ
g Tn3

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2aΦð2Þ
g T3n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
−

2b3Φð1Þ
f n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2b3Φð1Þ

g n3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ

þ 2ab2Φð2Þ
g Tn3

Φð1Þ
f þΦð1Þ

g þnðT−2uÞ
þ 2ab2Φð1Þ

f Φð2Þ
g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

þ ab2Φð2Þ
g Tn2

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

−
aΦð2Þ

g T3n2

u−
−2bn−TnþΦð1Þ

f þΦð1Þ
g

2n

−
2ab2Φð1Þ

g Φð2Þ
g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
4ab2Θð1Þ

f Θð2Þ
g n2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

−
2aT2ðΦð1Þ

f Φð2Þ
g −Φð1Þ

g Φð2Þ
g −Θð2Þ

f Θð1Þ
g −Θð1Þ

f Θð2Þ
g Þn2

−2bnþTn−2unþΦð1Þ
f þΦð1Þ

g

þ 2ab2Φð1Þ
f Φð2Þ

g n2

Φð1Þ
f þΦð1Þ

g −nðTþ2uÞ
−

2ab2Φð1Þ
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�
aΦð2Þ
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τ

n

��
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where T ¼ 1
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΦð1Þ

f −Φð1Þ
g Þ2 þ 4Θð1Þ

f Θð1Þ
g

q
, ψðsÞ is defined by ψðsÞ ¼ d

dsΓðsÞ, HðsÞ is the sth harmonic number, CF ¼ 4
3
,

and γE is the Euler-Lagrange constant. In the above equations, the coefficients Φ and Θ are obtained in Refs. [46,47]. The
coefficients rðs; uÞ and qðs; uÞ in Eqs. (25)–(30) are

rðiÞ11 ¼ kðiÞgf ðs; uÞ; rðiÞ21 ¼ kðiÞgg ðs; uÞ; ðA18Þ

rðiÞ21 ¼ kðiÞgf ðs; uÞ; rðiÞ22 ¼ kðiÞgg ðs; uÞ; rðiÞ32 ¼ −
2a2ðkðiÞgf ðs; b1 þ uÞÞðkðiÞgg ðs; b1 þ uÞÞ

Bu
;

rðiÞ42 ¼ −
a2ðkðiÞgg ðs; b1 þ uÞÞ2

Bu
; rðiÞ52 ¼ −

a2ðkðiÞgf ðs; b1 þ uÞÞ2
Bu

; ðA19Þ

qðiÞ11 ¼ kðiÞffðs; uÞ; qðiÞ21 ¼ kðiÞfgðs; uÞ; qðiÞ31 ¼ −
2a1k

ðiÞ
gf ðs; b1 þ uÞkðiÞgg ðs; b1 þ uÞ

u
; qðiÞ41 ¼ −

a1k
ðiÞ
gf ðs; b1 þ uÞ2

u
;

qðiÞ51 ¼ −
a1k

ðiÞ
gg ðs; b1 þ uÞ2

u
; ðA20Þ

qðiÞ12 ¼ kðiÞffðs; uÞ; qðiÞ22 ¼ kðiÞfgðs; uÞ; qðiÞ32 ¼ −
2a1k

ðiÞ
gf ðs; b1 þ uÞkðiÞgg ðs; b1 þ uÞ

u
; qðiÞ42 ¼ −
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ðiÞ
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u
;

qðiÞ52 ¼ −
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u
; qðiÞ62 ¼ 2a1a2ðkðiÞgf ðb1 þ uÞÞðkðiÞgg ð2b1 þ uÞÞ2

Buðb1 þ uÞ ;

qðiÞ72 ¼ 4a1a2ðkðiÞgf ðb1 þ uÞÞðkðiÞgf ð2b1 þ uÞÞðkðiÞgg ð2b1 þ uÞÞ
Buðb1 þ uÞ þ 2a1a2ðkðiÞgg ðb1 þ uÞÞðkðiÞgg ð2b1 þ uÞÞ2

Buðb1 þ uÞ ;

qðiÞ82 ¼ 4a1a2ðkðiÞgg ðb1 þ uÞÞðkðiÞgf ð2b1 þ uÞÞðkðiÞgg ð2b1 þ uÞÞ
Buðb1 þ uÞ þ 2a1a2ðkðiÞgf ðb1 þ uÞÞðkðiÞgf ð2b1 þ uÞÞ2

Buðb1 þ uÞ ;

qðiÞ92 ¼ 2a1a2ðkðiÞgg ðb1 þ uÞÞðkðiÞgf ð2b1 þ uÞÞ2
Buðb1 þ uÞ ; qðiÞ102 ¼ −

6a1a22ðkðiÞgf ð2b1 þ uÞÞ2ðkðiÞgg ð2b1 þ uÞÞ2
B2uðb1 þ uÞ2 ;

q112 ¼ −
a1a22ðkðiÞgg ð2b1 þ uÞÞ4
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qðiÞ132 ¼ −
4a1a22ðkðiÞgf ð2b1 þ uÞÞ3ðkðiÞgg ð2b1 þ uÞÞ

B2uðb1 þ uÞ2 ; qðiÞ142 ¼ −
a1a22ðkðiÞgf ð2b1 þ uÞÞ4

B2uðb1 þ uÞ2 ; ðA21Þ

where B ¼ sρ−s.
The coefficients ck;i (k ¼ 2; L and i ¼ ns; s; g), which we used in Eq. (31), are

cð1Þns ¼ 1; cð1Þs ¼ 1; cð1Þg ¼ 0; ðA22Þ
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