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We provide a comprehensive overview of transversely polarized Λ production at the future Electron-Ion
Collider (EIC). In particular, we study both spontaneous transverse Λ polarization as well as the transverse
spin transfer within the transverse momentum dependent (TMD) factorization region. To describe
spontaneous Λ polarization, we consider the contribution from the TMD polarizing fragmentation
function (TMD PFF). Similarly, we study the contribution of the transverse spin transfer originating from
the transversity TMD fragmentation function (TMD FF). We provide projections for the statistical
uncertainties in the corresponding spin observables at the future EIC. Using these statistical uncertainties,
we characterize the role that the future EIC will play in constraining these distributions. We perform an
impact study in the semi-inclusive deep inelastic scattering process for spontaneous Λ polarization with a
proton beam. We find that the projected experimental data leads to a significant decrease in the uncertainties
for the u and sea TMD PFFs. Furthermore, to access the impact of the EIC on the transversity TMD FF, we
perform the first extraction of the transversity TMD FF from the recent COMPASS data. We compare the
statistical uncertainties of the future EIC with the theoretical uncertainties from our extraction and find that
the EIC could have a significant role in constraining this distribution. Finally, we also provide projections
for both spontaneous Λ polarization as well as the transverse spin transfer inside the jets in back-to-back
electron-jet production at the EIC.
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I. INTRODUCTION

Hadronization remains one of the most active and
important areas of research in the field of nuclear physics.
Within the past several decades, researchers have made
tremendous advances in the understanding of transverse
momentum distribution functions (TMDs), which allow
us to uncover three-dimensional information for hadro-
nization, as well as the three-dimensional structure of
hadrons [1–6]. In addition, these distributions allow us to

understand correlations between the transverse momen-
tum and the spin degrees of freedom. For recent reviews,
see Refs [7,8]. Over the past decade, there have been
intense experimental and theoretical interests in under-
standing TMDs. In particular, a large number of phenom-
enological extractions have been performed for the
unpolarized TMD parton distribution functions (TMD
PDFs), see for instance Refs. [9–14]. In addition, there
has also been tremendous success in extracting spin-
dependent TMDs, such as the Sivers function in
Refs. [14–19] and the transversity TMD PDFs in
[14,20]. Despite the progress in understanding the spin-
dependent TMD PDFs, probing the TMD fragmentation
functions (TMD FFs) for polarized hadron production
introduces additional complications due to experimental
uncertainties associated with reconstructing the measured
hadron’s spin. As Λ and Λ̄ baryons, which we collectively
denote Λ baryons in this paper, undergo self-analyzing
weak decay, experimental measurements of Λ baryons
plays a vital role in exploring spin-dependent TMD FFs.
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One of the primary goals of the future Electron-Ion
Collider (EIC) [21–23] is to measure TMD FFs over wide
kinematic regions at unprecedented experimental precision.
In this paper, we aim to study the role that the future EIC
can play in constraining TMD FFs which are associated
with transversely polarized Λ production. However, the
EIC could play a large role in constraining both longi-
tudinal and transverse TMD FFs, see for instance Ref. [24].
One of two distributions that we study in this paper is
the TMD polarizing fragmentation function (TMD PFF),
which characterizes the probability for an unpolarized
quark to fragment into a transversely polarized Λ. The
Belle collaboration recently performed a measurement of
spontaneous transverse Λ polarization in eþe−-annihilation
in back-to-back Λ and light hadron h ¼ π�, K� production
in Ref. [25]. This experimental data allowed for the first
phenomenological extractions of the TMD PFF in [26,27]
within the TMD factorization formalism [6], as well as a
follow up extraction in [28]. The second TMD FF which we
study in this paper is the transversity TMD FF, which
characterizes the probability for a transversely polarized
quark to fragment into a transversely polarized Λ baryon.
The COMPASS collaboration performed recent measure-
ments of the transverse spin transfer in semi-inclusive deep
inelastic scattering (SIDIS) for Λ production in Ref. [29],
which can be naturally studied via the TMD factorization
formalism. This experimental measurement opens the
possibility of performing the first extraction of the quark
transversity TMD FF for Λ production. In addition, the
STAR experiment also reported their measurements on
transverse spin transfer for single inclusive Λ=Λ̄ hyperon
production in proton-proton collisions at

ffiffiffi
s

p ¼ 200 GeV
[30]. However, while the STAR measurement can be used
as a probe of the collinear transversity PDF and transversity
FF, the process is described by the collinear factorization
formalism [31,32] and not by the TMD factorization
formalism.
While the future EIC offers the possibility of measuring

spontaneous Λ polarization and the transverse spin transfer
in SIDIS, recently back-to-back electron-jet production in
electron-proton, eþ p, collisions has been explored as a
probe of the TMD PDFs in Refs. [33,34]. Furthermore, in
Refs. [35–37] the authors discuss that by measuring the
distribution of hadrons relative to the jet axis, one decor-
relates the TMD FF in the TMD fragmenting jet function
and the other TMDs in the process. As a result, in
Ref. [37,38], it was proposed to measure the distribution
of hadrons in a jet in back-to-back electron-jet production
as a probe of TMD FFs.
To address the role that the future EIC can play in

constraining the TMD PFF, in this paper we perform an
EIC impact study for the SIDIS process in extracting the
TMD PFF. Furthermore, we use the recent COMPASS
measurement for the transverse spin transfer to perform the
first extraction of the quark-to-Λ transversity TMD FF.

Using this extraction, we compare our theoretical uncer-
tainties against our projections for the statistical uncertain-
ties at the future EIC. Finally, we also provide projections at
the future EIC for back-to-back electron-jet production for
both spontaneous Λ polarization in unpolarized ep colli-
sions, as well as the transverse spin transfer in transversely
polarized ep scattering.
The paper is organized as follows. In Sec. II, we provide

the theoretical formalism for spin configuration in the
SIDIS process as well in back-to-back electron-jet pro-
duction. In Sec. III, we provide the details for the simulated
experimental setup. In Sec. IV, we provide the details and
results of our EIC impact study for the TMD PFF. In Sec. V,
we provide the details for our extraction of the transversity
TMD FF. In Sec. VI we provide our projections for
spontaneous Λ in jet polarization as well as the transverse
spin transfer. We summarize our findings and conclude in
Sec. VII.

II. QCD FACTORIZATION

In this section, we first review the TMD factorization
formalism for spontaneous Λ polarization as well as the
transverse spin transfer in SIDIS. We then provide the
factorization formalism for Λ production inside the jet in
back-to-back electron-jet production in ep collisions, with
which we study two aforementioned spin configurations.
We demonstrate that the spontaneous Λ polarization allows
us to probe TMD PFF, while the transverse spin transfer is
sensitive to Λ transversity TMD FF.

A. SIDIS

We start with the production of Λ baryons in SIDIS,

eðlÞ þ pðP; s⊥Þ → eðl0Þ þ ΛðPh; sΛ⊥Þ þ X;

where s⊥ is the transverse spin of the incoming proton,
while sΛ⊥ is the transverse spin of the final produced Λ
baryon. We take the frame choice such that the proton
moves in the positive z direction while the incoming virtual
photon moves in the negative z direction, see Fig. 1 of
Ref. [20] for our convention, alternatively see Ref. [39] for
the so-called Trento conventions. In the proton-photon
COM frame, the differential cross section can be written as

dσðs⊥; sΛ⊥Þ
dPSd2Ph⊥

¼ σDIS0 ½FUU þ sinðϕS − ϕΛÞFsinðϕS−ϕΛÞ
UT

þ cos ðφS − ϕSÞDðyÞFcos ðφS−ϕSÞ
TT �; ð1Þ

where dPS ¼ dxBdydzΛ is the phase space element
associated with the SIDIS differential cross section while
d2Ph⊥ is the phase space element associated with the
transverse momentum of the Λ baryon. Additionally
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xB ¼ Q2

2P · q
; y ¼ P · q

P · l
; zΛ ¼ P · Ph

P · q
; ð2Þ

are the standard SIDIS kinematic variables and Q2 ¼
−q2 ¼ −ðl0 − lÞ2. At the same time

σDIS0 ¼ 2πα2em
Q2

1þ ð1 − yÞ2
y

; ð3Þ

DðyÞ ¼ 2ð1 − yÞ
1þ ð1 − yÞ2 : ð4Þ

In Eq. (2), the F terms denote the structure functions, where
the first subscript denotes the polarization of the incoming
proton while the second subscript denotes the polarization
of the outgoing Λ. On the other hand, the terms φS and

ϕS in the superscript of the FcosðφS−ϕSÞ
TT structure function

denote the azimuthal angles for s⊥ and sΛ⊥, respectively.
Furthermore the ϕΛ term in the superscript of the

FsinðϕS−ϕΛÞ
UT structure function denotes the azimuthal angle

of the transverse momentum of the Λ baryon, which is
denoted Ph⊥.
The experimentally measured spontaneous transverse

polarization PΛ and the transverse spin transfer SΛ for Λ
production are given by

PΛ ¼ FsinðϕS−ϕΛÞ
UT

FUU
;

SΛ ¼ DðyÞF
cos ðφS−ϕSÞ
TT

FUU
; ð5Þ

respectively. We note at this point that the COMPASS
measurement in Ref. [29] did not include the depolarization
factor DðyÞ in the definition of the transverse spin transfer.
Within the usual TMD factorization, the structure func-

tions can be written as

FUU ¼ HDISðQÞF ½fD�; ð6Þ

FsinðϕS−ϕΛÞ
UT ¼ HDISðQÞF

�
P̂h⊥ · p⊥
zΛMΛ

fD⊥
1T

�
; ð7Þ

FcosðφS−ϕSÞ
TT ¼ HDIS⊥ ðQÞF ½hH�: ð8Þ

In these expressions F denotes the convolution integral
which is defined as

F ½cAB� ¼
X
q

e2q

Z
d2k⊥d2p⊥ × δð2ÞðzΛk⊥ þ p⊥ − Ph⊥Þ

× cðk⊥; p⊥ÞAq=pðxB; k2⊥; QÞBΛ=qðzΛ; p2⊥; QÞ:
ð9Þ

Here k⊥ denotes the transverse momentum of the quark
relative to the initial proton, p⊥ denotes the transverse
momentum of the Λ relative to the parent quark, and
P̂h⊥ ¼ Ph⊥=jPh⊥j. Additionally cðk⊥; p⊥Þ represents arbi-
trary functions of k⊥, p⊥, and P̂h⊥ that enter into the cross
sections in Eqs. (6)–(8), respectively. For example, for
Eq. (7), we identify

cðk⊥; p⊥Þ ¼
P̂h⊥ · p⊥
zΛMΛ

: ð10Þ

The functions HDISðQÞ and HDIS⊥ ðQÞ in these expressions
denote the hard functions for the unpolarized and trans-
versely polarized quark channels. We normalize both of
these functions to 1 at Leading Order (LO). To arrive at
Eqs. (6)–(8), we have made the scale choice μ2 ¼ ζ ¼ Q2

where μ is the renormalization scale while ζ is the rapidity
scale for the TMD PDF and TMD FF in the factorization
formalism [6]. Furthermore, in Eqs. (6)–(8) we introduce
the relevant TMDs for each of the possible spin configu-
rations. In these expressions, fq=p and DΛ=q are the
unpolarized TMD PDF and unpolarized TMD FF,
D⊥

1TΛ=q is the TMD PFF, and hq=p and HΛ=q are the
transversity TMD PDF and TMD FF, respectively. It is
worthwhile noting that there is another term which con-
tributes to the Λ transverse polarization in unpolarized ep
collisions and results in a sinðϕS þ ϕΛÞ-azimuthal modu-
lation. This contribution arises from the Boer-Mulders
function in the proton convoluted with the transversity
TMD FF [40].
At this point, we note that the four dimensional con-

volution integrals in Eq. (9) can be simplified to a single
integral by making the replacement

δð2ÞðzΛk⊥ þ p⊥ − Ph⊥Þ ¼
1

z2Λ

Z
d2b
ð2πÞ2 e

−ib·ðk⊥þp⊥=zΛ−Ph⊥=zΛÞ:

ð11Þ

After making this replacement, the azimuthal angle of b can
be integrated over. The unpolarized structure function for
example then has the simple form

FUU ¼ HDISðQÞ
X
q

e2q

Z
dbb
2π

J0

�
bPh⊥
zΛ

�

×DΛ=qðzΛ; b; QÞfq=pðxB; b;QÞ ð12Þ

where b ¼ jbj and

fðxB; b;QÞ ¼
Z

d2kTe−ib·k⊥fðxB; k⊥; QÞ; ð13Þ

DðzΛ; b; QÞ ¼ 1

z2Λ

Z
d2p⊥e−ib·p⊥=zΛDðzΛ; p⊥; QÞ; ð14Þ
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represent the Fourier transforms of the unpolarized TMD
PDF and TMD FF. Looking at Eq. (12), one then regards
b as the Fourier conjugate vector to q⊥ ¼ −Ph⊥=zΛ. The
polarized structure functions in Eqs. (7) and (8) can also be
written in b-space as a single integral over b.

B. Λ inside a jet

We will now discuss the factorization formalism for
transverse Λ production inside a jet for the back-to-back
electron-jet production in ep collisions

eðlÞ þ pðP; s⊥Þ → eðl0Þ þ ðjetðpJÞΛðPh; sΛ⊥ÞÞ þ X:

In Fig. 1, we have included a plot which demonstrates the
kinematic configuration of this process. The jet is con-
structed via a proper jet algorithm such as anti-kT algorithm
[41] with the jet radius R. For this process, we denote the
transverse momentum of the jet direction as pJ⊥ while l0⊥
represents the transverse momentum of the final state
lepton. In both cases, the transverse momenta are defined
in the center-of-mass frame of the incoming electron and
the incoming nucleon. In this frame q⊥ ¼ l0⊥ þ pJ⊥
represents the transverse momentum imbalance of the
outgoing electron and the jet. The back-to-back electron-
jet configuration occurs at a small transverse momentum
imbalance, jq⊥j ≪ l0⊥ ∼ pJ⊥ [33,38]. Additionally, for this
process it is convenient to measure the transverse momen-
tum of the Λ baryon relative to the jet axis, which we

denote j⊥. The TMD region for Λ production in the jet
occurs in the kinematic region where j⊥ ≪ pJ⊥R [35].
By studying the partonic process for jet production, one

can see that the direction of the jet is directly sensitive to the
TMD PDF. By measuring the transverse momenta of Λ
baryons within this jet, we also gain sensitivity to the TMD
FFs. This process offers the advantage that since the jet and
the Λ baryons are measured with respect to different axes,
the factorization structure for this process will lead to a
deconvolution of the TMD PDF and TMD FF, thus
allowing us to probe these structures more independently.
Following the work of [35,36,42–46], the relevant cross

section can be written as

dσðs⊥; sΛ⊥Þ
dPSd2q⊥dzJΛd2j⊥

¼ σ0½WUU þ sinðϕS −ϕΛÞWsinðϕS−ϕΛÞ
UT

þ cos ðφS −ϕSÞDðŝ; t̂; ûÞWcos ðφS−ϕSÞ
TT �;

ð15Þ

In this expression dPS ¼ dyed2l0⊥ is the phase space
element in rapidity and transverse momentum of the
outgoing electron in the center-of-mass frame of incoming
electron and the nucleon. The variable zJΛ represents the
fraction of the momentum of the jet which is carried by
the Λ baryon. The zJΛ and j⊥ variables can be related to the
momenta of the Λ baryon and jet through the relations

zJΛ ¼ Ph · pJ=jpJj2; j⊥ ¼ Ph × pJ=jpJj; ð16Þ

FIG. 1. Kinematic configuration for back-to-back lepton-jet production.
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where Ph and pJ represent the three momenta of the Λ
baryon and the jet respectively.
On the other hand, in Eq. (15), we have

σ0 ¼
α2em
sQ2

2ðŝ2 þ û2Þ
Q4

; ð17Þ

where the partonic Mandelstam variables are given by

ŝ ¼ xBSep; t̂ ¼ −
ffiffiffiffiffiffi
Sep

q
l0⊥eye ;

û ¼ −xB
ffiffiffiffiffiffi
Sep

q
l0⊥e−ye ; ð18Þ

where Sep is the center of mass energy of the electron-
proton pair while Q2 ¼ −t̂. Furthermore, we define

Dðŝ; t̂; ûÞ ¼ −
2ŝ û

ŝ2 þ û2
: ð19Þ

For this process, W denote the structure functions and we
follow the same labelling convention for the subscripts
as outlined in the previous section. The polarization and
spin transfer for back-to-back electron-jet production in
ep collisions can be written in terms of these structure
functions as

PΛ ¼ WsinðϕS−ϕΛÞ
UT

WUU
; ð20Þ

SΛ ¼ Dðŝ; t̂; ûÞW
cos ðφS−ϕSÞ
TT

WUU
; ð21Þ

respectively.
The expression for the unpolarized structure function can

be obtained from Ref. [38] as

WUU ¼HðQ;μÞ
X
q

e2qGΛ=qðzJΛ; j⊥;μJ;μÞ

×
Z

d2b
ð2πÞ2 e

iq⊥·bfq=pðxB;b;μÞUðb;yJ;R;μÞ: ð22Þ

In this expression, H and U are the hard function and the
b-space soft functions for this process. Furthermore, xB is
the usual Bjorken variable which is related to the variables
in the phase space element through the relation

xB ¼ Q2

2P · q
¼ l0⊥eyeffiffiffiffiffiffi

Sep
p

− l0⊥e−ye
: ð23Þ

For later convenience, we also define the inelasticity y as

y ¼ 1 −
l0⊥ffiffiffiffiffiffi
Sep

p e−ye : ð24Þ

The rapidity of the jet, yJ, can also be defined in terms of
the kinematic variables entering into the phase space
through the relation

yJ ¼ −
1

2
ln
�

t̂
xû

�
: ð25Þ

Furthermore, μ and μJ are the renormalization and the jet
scales, respectively. For the remainder of this paper, we will
always choose the renormalization scale to be given by
μ ¼ pJ⊥ while the jet scale will be given by μJ ¼ pJ⊥R.
The function GΛ=q entering into Eq. (22) is the TMD
fragmenting jet function [35,36,46,47], which describes the
distribution of Λ particles inside the jet. Following the
results of Ref. [38], this distribution function is related to
the usual unpolarized TMD FF through the relation

GΛ=qðzJΛ; j⊥;μJ;μÞ

¼ exp

�Z
μ

μJ

dμ0

μ0
γJðμ0Þ

�Z
d2b
ð2πÞ2 e

ij⊥·b=zJΛDΛ=qðzJΛ; b;μJÞ;

ð26Þ

where γJ is the anomalous dimension of the TMD frag-
menting jet function, to be given below in Sec. VI.
For spontaneous Λ polarization, we follow the procedure

in Ref. [48] to replace the TMD FF in Eq. (26) by the
relevant density associated with the distribution of trans-
versely polarized Λ baryons. Explicitly, we make the
replacement

DΛ=qðzJΛ; b; μJÞ → −
MΛϵ⊥ρσbρSσ⊥

z2JΛ
D⊥ð1Þ

1T;Λ=qðzJΛ; b; μJÞ;

where D⊥ð1Þ
1T;Λ=q is the first moment of the TMD PFF in

b-space [48]. After making this replacement, the structure
function for spontaneous Λ polarization is given by

WsinðϕS−ϕΛÞ
UT ¼ HðQ; μÞ

X
q

e2qG⊥
1T;Λ=qðzJΛ; j⊥; μJ; μÞ

×
Z

d2b
ð2πÞ2 e

iq⊥·bfq=pðxB; b; μÞUðb; yJ; R; μÞ;

ð27Þ

where

G⊥
1T;Λ=qðzJΛ; j⊥; μJ; μÞ ¼

MΛ

zJΛ
exp

�Z
μ

μJ

dμ0

μ0
γJðμ0Þ

�

×
∂

∂j⊥
Z

d2b
ð2πÞ2 e

ij⊥·b=zJΛ

×D⊥ð1Þ
1T;Λ=qðzJΛ; b; μJÞ: ð28Þ
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Finally, we define the transverse spin transfer structure
function as

Wcos ðφS−ϕSÞ
TT ¼ H⊥ðQ; μÞ

X
q

e2qGT
Λ=qðzJΛ; j⊥; μJ; μÞ

×
Z

d2b
ð2πÞ2 e

iq⊥·bhq=pðxB; b; μÞUðb; yJ; R; μÞ;

ð29Þ

where

GT
Λ=qðzJΛ; j⊥; μJ; μÞ ¼ exp

�Z
μ

μJ

dμ0

μ0
γJðμ0Þ

�

×
Z

d2b
ð2πÞ2 e

ij⊥·b=zJΛHΛ=qðzJΛ; b; μJÞ;

ð30Þ
provides the distribution of transversely polarized Λ bary-
ons in a jet which is initiated by a transversely polarized
quark andH⊥ðQ; μÞ is the hard function associated with the
transversely polarized quark hard process.

III. EXPERIMENTAL SETUP

In this section, we present the details of our simulation
for generating the event statistics. The present study is
based on the four baseline energy configurations which
are discussed in EIC Yellow Report [49]. The four
configurations are 5 GeV × 41 GeV, 5 GeV × 100 GeV,
10 GeV × 100 GeV, and 18 GeV × 275 GeV, where the
first energy is the electron beam energy while the second
energy is the proton beam energy. The ep event simulation
that we present here is based on the PYTHIA eRHIC MONTE

CARLO program which is a modified version of PYTHIA-

6.4.28 [50] with the PDFs input from the LHAPDF [51]
library. Furthermore, for the back-to-back lepton-jet
process, we perform jet reconstruction using the FASTJET

[41] package. The kinematics have been constrained in
the following ranges: Q > 1 GeV, 0.05 < y < 0.95,
W > 2 GeV. The constraints on Q2 and W are used to
select valid SIDIS events, whereas the y selection avoids
phase space where either radiative corrections become large
or the event cannot be reliably reconstructed.
Figure 2 shows the xB vs Q2 distribution with the y

constraint applied for different collision energies. The Λ
hyperons are reconstructed from its charged final state
decay products, proton (antiproton), and negative (positive)
pion. The 2-D distributions in pT , the transverse momen-
tum in the lab frame, and η, the pseudorapidity space for
proton and charged pion, are shown in Fig. 3 (left and
middle). The assumed EIC detector will cover the full
azimuth in a finite pseudorapidity range −3.5 < η < 3.5.
The lowest transverse momentum is set to be 0.1 GeV. To
ensure the applicability of TMD factorization [6], the

condition, Ph⊥=z < Q=4 is also applied. The distribution
of Ph⊥=zΛ versus Q=4 is shown in Fig. 4 with the dashed
line indicating the selection cut. To reduce the contribution
from the beam remnant, the Feynman-x, xF ¼ 2pΛ

L=W, is
required to be positive. As shown in Fig. 5, the fraction
of the Λ originating from target fragmentation in the final
sample is only a few percent. This study relies on fast
simulations, where the efficiency is not impacted by the
displacement between the decay vertex of the hyperon and
the primary vertex. As shown in Fig. 6, the decay vertex can
be removed from the primary vertex by several centimeters
which might impact the detection efficiency of a compact
tracking system proposed for the EIC [52]. To account for
this effect, we apply a quite conservative overall efficiency
factor of 50% for the projected statistical uncertainties.
For Λ production at EIC energies, feed-down from

heavier particles is not negligible. Figure 5, shows the
origins of the detected Λ, according to the event list
provided by the PYTHIA generator, for the top energy
18 × 275 GeV2. After selection cuts, about 1=3 ∼ 1=2 of
the Λ candidates are promptly produced from string
fragmentation. Most of the remainder, about half of the
total, originates from the feed-down of Σ0 hyperons,
excited Σ� states and Ξ hyperons. Additional contributions,
less than 10% come from heavy quark decays, e.g., Λc and
diquarks from the target remnant. In principle, the frag-
mentation formalism used in this work, does not apply to
hyperons produced in the weak decay of heavier states.

FIG. 2. The ranges in the square of the transferred photon
momentumQ2 versus the parton momentum fraction x accessible
for different collision energies. The z-scale (density) indicates the
number of events with at least one Λ=Λ̄ in pseudorapidity range
−3.5 < η < 3.5.
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This includes most of the feed-down except for feed-down
from Σ�, which predominantly decays strongly into Λ.
However, to our knowledge, all previous experimental
measurements, except for Ref. [25], did not separate
between weak and strong production. Consequently, pre-
vious phenomenological work integrated over all Λ,
extracting in some sense effective fragmentation functions.
For these reasons, we will also integrate over all Λ
ancestries and will not assign a systematic uncertainty to
the feed-down contributions.
For an eventual feed-down correction, the contributions

from the various decays would have to be identified in data.
For Σ0, which decays nearly always to Λþ γ, we inves-
tigated therefore the feasibility of reconstructing this decay.

As shown in Fig. 3 right panel, the final state γ are emitted
predominantly at or near the central pseudorapidity range
with a relative low energy, mostly < 0.5 GeV. While the
detection of these photons is challenging, with the detector
performance requirements outlined in the Yellow Report, it
should be feasible to reconstruct Σ0 hyperons with suffi-
cient mass resolution. More than half of the feed-down
from Ξ hyperons originate from the decay Ξ0 → Λþ π0,

FIG. 3. Final state particle distributions in transverse momentum (energy) and pseudorapidity space for proton (left), pion (middle),
and photon from Σ0 decay (right). Here we display the results at the collision energy 18 × 275 GeV2 and we note that the distributions
for other energy configurations are similar.

FIG. 4. Illustration of the impact of the constraint
Ph⊥=zΛ < Q=4. Only events above the line are accepted. The
efficiency of this cut depends on the hard scale Q2 and is
approximately 7% for Q2 > 1 GeV2, 25% for Q2 > 10 GeV2

and 50% for Q2 > 100 GeV2. Here, we provide the result for the
18 × 275 GeV2 energy configuration while we note that the
results for the other collision energies configurations are similar.

34.2 %

24.1 %

5.8 %

11.0 % 9.2 %

8.5 %

2.1 %
5.2 %

 (0.1<z<0.3)Λ
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FIG. 5. Origins of Λ for 0.1 < z < 0.3 and z > 0.3 according to
the event records provided by the PYTHIA event generator for the
18 × 275 GeV2 energy configuration.
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which is difficult to reconstruct, due to combinatorial
background in the π0 reconstruction. The decay Ξ� →
Λþ π� can be reconstructed with sufficient efficiency,
however, this decay makes up less than 10%. We note that
additional systematic uncertainties are expected to come
from the uncertainty on the beam polarization for the spin
transfer measurement as well as from wrongly recon-
structed Λ hyperons as well as detector effects. For the
Λ in jet measurements, the jet energy resolution (JER) will
impact the reconstruction of kinematic variables. Following
studies in the Yellow Report, the relative uncertainty on the
beam polarization can be assumed to be less than 3%,
which makes this systematic negligible compared with the
expected statistical uncertainties. The JER should be about
10%. Since the extracted quantities are not strongly
dependent on kinematics derived from the jet energy, we
also assume that this systematic is negligible. Finally, based
on experience from previous measurements of Λ polari-
zation, we also assume that systematics due to detector
effects and wrongly reconstructed Λ hyperons are negli-
gible compared to our projected statistical uncertainties.
These assumptions have to be revisited for the eventual
measurement.

IV. REWEIGHTING ANALYSIS FOR TMD PFF

Having summarized the details of our experimental
simulation in the previous section, we now present our
SIDIS re-weighting analysis at the EIC. In Sec. IVA, we
provide the numerical input for the reweighting analysis. In
Sec. IV B, we provides the results of our projections for the
uncertainties for the TMD PFF from this analysis as well as
the comparison with the experimental data.

A. Numerical input

For this paper, we will always use LO matching. This is
motivated by the fact that the one loop expression for the
TMD PFF has not yet been performed. At this perturbative
order, the hard function can be replaced by

HDISðQÞ ¼ 1: ð31Þ

As a result, the unpolarized structure function and the
structure function associated with spontaneous Λ polari-
zation in Eqs. (6) and (7) can be written as

FUU ¼
X
q

e2q

Z
d2k⊥d2p⊥δð2ÞðzΛk⊥ þ p⊥ − Ph⊥Þ

× fq=pðxB; k2⊥; QÞDΛ=qðzΛ; p2⊥; QÞ; ð32Þ

FsinðϕS−ϕΛÞ
UT ¼ 1

zΛMΛ

X
q

e2q

Z
d2k⊥d2p⊥

× δð2ÞðzΛk⊥ þ p⊥ − Ph⊥ÞðP̂h⊥ · p⊥Þ
× fq=pðxB; k2⊥; QÞD⊥

1T;Λ=qðzΛ; p2⊥; QÞ: ð33Þ

In order to parametrize the transverse momentum depend-
ence of the TMDs, we follow the work in Ref. [27] to use a
Gaussian parametrization. Using this parametrization, the
unpolarized TMDs can be written as

fq=pðxB; k2⊥; QÞ ¼ fq=pðxB;QÞ e
−k2⊥=hk2⊥i

πhk2⊥i
; ð34Þ

DΛ=qðzΛ; p2⊥; QÞ ¼ DΛ=qðzΛ; QÞ e
−p2⊥=hp2⊥i

πhp2⊥i
; ð35Þ

where hk2⊥i and hp2⊥i are the Gaussian widths of the
TMD PDF and TMD FF, respectively. For this analysis
we take hk2⊥i ¼ 0.61 and hp2⊥i ¼ 0.19 from Ref. [9,27].
Furthermore, fq=p and DΛ=q are the collinear PDF and FF,
respectively. As we will later discuss in Sec. V, the
MSTW2008lo68cl [53] parametrization for the collinear
PDF is particularly useful for the purposes of this paper. We
will then choose to use this parametrization. Additionally,
in order to ensure that we are describing the Belle data, we
will follow the work in Ref. [27] to use the AKK fragmen-
tation functions [54] for the collinear FF.
Using the parametrization in [27], the TMD PFF is given

explicitly as

D⊥
1T;Λ=qðzΛ; p2⊥; QÞ ¼ D⊥

1T;Λ=qðzΛ; QÞ e
−p2⊥=hM2

Di

πhM2
Di

: ð36Þ

In this expression, hM2
Di is the Gaussian width of the TMD

PFF while the collinear dependence is parametrized as

FIG. 6. Correlations between Λ and Λ̄ decay length and
pseudorapidity at different collision energies.
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D⊥
1T;Λ=qðzΛ; QÞ ¼ N qðzΛÞDΛ=qðzΛ; QÞ: ð37Þ

Here N q contain the modulation of the TMD PFF, which
was parametrized as

N qðzΛÞ ¼ Nqz
αq
Λ ð1 − zΛÞβq

ðαq þ βq − 1Þαqþβq−1

ðαq − 1Þαq−1βqβq
; ð38Þ

where Nq, αq, and βq are fit parameters which were
obtained in [27]. At this point it is also convenient to
define the first moment of the TMD PFF which is given by

D⊥ð1Þ
1T;Λ=qðzΛ; QÞ ¼ hM2

Di
2z2ΛM

2
Λ
D⊥

1T;Λ=qðzΛ; QÞ: ð39Þ

Using the parametrizations for the TMDs in Eqs. (34)–(36),
the spontaneous Λ polarization in Eq. (5) can be written as

PΛðxB; y; zΛ; Ph⊥Þ

¼
P

qe
2
qfq=pðxB;QÞωqðzΛ; Ph⊥ÞDΛ=qðzΛ; QÞP

qe
2
qfq=pðxB;QÞDΛ=qðzΛ; QÞ : ð40Þ

In this expression

ωqðzΛ; Ph⊥Þ ¼
Ph⊥
zΛM

hM2
DihP2

h⊥i
hΔP2

h⊥i2
N qðzΛÞ

× exp
�
P2
h⊥
�

1

hP2
h⊥i

−
1

hΔP2
h⊥i

��
ð41Þ

are the weighting functions while

hP2
h⊥i ¼ hk2⊥iz2Λ þ hp2⊥i; ð42Þ

hΔP2
h⊥i ¼ hk2⊥iz2Λ þ hM2

Di; ð43Þ

are the Gaussian widths associated with the unpolarized and
polarized processes, respectively.
To quantify the contribution of the EIC in constraining

the TMD PFFs, we perform two fits in this section. Our
baseline fit contains only the experimental data from the
Belle collaboration while the reweighted fit contains both
the experimental data from Belle and the pseudodata
generated in the previous section. For this section, we
take the integrated luminosity of the EIC pseudodata to
be 40 fb−1.
In this analysis, we follow the parametrization in

Ref. [27] with fit parameters Nu, Nd, Ns, Nsea, αu, αd,
αs, αsea, βval, βsea, and hM2

Di. We note that the Belle
experimental data was gathered in double inclusive hadron
production in eþ þ e− annihilation. In this paper, we do not
provide the theoretical expression for this polarization and
instead refer the reader to our previous work in Ref. [27]
which contains this expression as well as the methodology
for fitting these data. To perform the fit of the generated

pseudodata, we integrate the numerator and denominator of
Eq. (40) in x, y, and Ph⊥. Namely to generate the
pseudodata, events are binned into 1>xB>10−1,
10−1>xB>10−2, 10−2>xB>10−3, and 10−3>xB>10−4.
To generate our theoretical predictions, we integrate over
these ranges of x values. Pseudodata are also generated
using the constraint that 0.05 < y < 0.95. Using the
relation xBySep ¼ Q2, for each data point in our prediction,
we integrate over 0.05 < y < 0.95 under the condition that
Q > 1 GeV. Finally, to generate the pseudodata, we have
also applied the kinematic constraint that Ph⊥=zΛ < 0.25Q,
which is associated with the TMD factorization region. For
each point, we integrate over this kinematic region in our
fitting procedure.
To perform both of the fits, we use the Migrad fit in the

MINUIT package [55] to minimize the χ2. Furthermore, to
generate the theoretical results, we use the replica method
[56,57] with 200 replicas. For each of the replicas, we
initialize the fit parameters using a MONTE CARLO sampler.

B. Results

In Fig. 7, we plot the first moment of the TMD PFF
which was obtained from the baseline fit as a light band. In
the darker band, we plot the result from the simultaneous fit
to the Belle data as well as the EIC pseudodata. The

theoretical uncertainty for the first moment, δD⊥ð1Þ
1T , is

obtained from the set of replicas by calculating the standard
deviation at each point. Furthermore, we define the average

value of the extracted first moment asD⊥ð1Þ
1T . As we can see,

from this plot, the uncertainty is significantly reduced in the
simultaneous analysis. In order to further quantify the size
of this reduction of the theoretical uncertainties, we also

FIG. 7. The first moment of the TMD PFF at Q ¼ 10.58 GeV.
The light bands represent the uncertainty from the fit to Belle data
in Ref. [27], while the dark bands represent the uncertainty
obtained from the simultaneous fit of the Belle data and the EIC
pseudodata.
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plot the ratio δD⊥ð1Þ
1T =D⊥ð1Þ

1T in Fig. 8. As we see in this
figure, the pseudodata generated from the EIC kinematics
leads to a significant reduction of the theoretical uncertainty
for the u and sea quarks. The large reduction in the
theoretical uncertainties in the sea quark TMD PFF is
occurring because the parametrization in Ref. [27] assumes

charge symmetry. Thus D⊥ð1Þ
1T;Λ=q ¼ D⊥ð1Þ

1T;Λ̄=q̄ and D⊥ð1Þ
1T;Λ=q̄ ¼

D⊥ð1Þ
1T;Λ̄=q. Since the analysis that we perform here uses a

proton beam, the fit with the pseudodata allows us to

strongly constrain the D⊥ð1Þ
1T;Λ̄=u and D

⊥ð1Þ
1T;Λ̄=d functions. From

the charge symmetry assumption, this leads to a large

reduction in the uncertainties for the D⊥ð1Þ
1T;Λ=ū and D⊥ð1Þ

1T;Λ=d̄
functions. As a result, the uncertainties for the sea quark
distributions are dramatically reduced. However, because
the strange distribution in the PDF is small, we find that the

theoretical uncertainties D⊥ð1Þ
1T;Λ=s are unchanged with the

introduction of pseudodata. Furthermore, we find that the
reduction in the theoretical uncertainties for the d quark
distribution is smaller than those for the u and sea quarks.
However, we note that in principle the theoretical uncer-
tainty for this flavor can be further reduced by considering
experimental data from a 3He nuclear beam. Namely by
using a 3He beam and tagging the two protons in the
forward region, a neutron can be isolated in the hadron
beam. This procedure would allow future extractions to
spontaneous Λ production for electron-neutron scattering
which is extremely useful for studying the d-quark
TMD PFF.
In Fig. 9, we plot the pseudodata that was obtained in the

previous section for Λ in red and Λ̄ in blue. Once again, the
light band represents the theoretical uncertainty obtained
from the baseline fit. The dark band represents the
theoretical uncertainty from the simultaneous fit. To cal-
culate the theoretical uncertainties, we compute the stan-
dard deviation of replicas at each point. We bin each row
(column) of this plot according to its xB range (energy
configuration). The top row contains the pseudodata
generated from events with 1 > xB > 10−1. As we can

see in this region, the size of the projected polarization is
relatively large and positive for Λ production. Furthermore,
the polarization is large and negative for the Λ̄ production.
The large and positive polarization for Λ production is
occurring because the contribution from the u quark is
dominant for this process and is also positive. The large and
negative polarization for Λ̄ production is occurring because
the large contribution from the u quark TMD PDF is being
weighted with the sea contribution for the TMD PFF. Since
the sea contribution is negative, the resulting asymmetry is
large and negative. As the binned value of xB decreases as
we move down the rows in Fig. 9, we can see that the
polarization for Λ tends to decrease in magnitude. This
behavior occurs because there are large cancellations
between the u and sea quarks in this kinematic region.

V. SPIN TRANSFER IN SIDIS

In this section, we study the potential role of the future
EIC in constraining the transversity TMD FF. In order to
characterize the theoretical uncertainty which can be
obtained by current experimental data, we first use the
current experimental data from COMPASS to constrain
the transversity TMD FF for Λ baryon production. Using
the theoretical uncertainty obtained from this extraction, we
generate a prediction at EIC kinematics and compare the
projected theoretical uncertainties against the projected
statistical uncertainties.
In this section, we first begin by providing the numerical

recipe used for the extraction of the transversity TMD FF.
To perform this analysis, we work at LO accuracy for the
matching and next-to-leading-logarithmic (NLL) accuracy
for the logarithmic resummation. Beyond the Gaussian
approximation, it is convenient to work in b-space. The
expressions for the unpolarized structure function in
Eq. (12) at LO becomes

FUU ¼
X
q

e2q

Z
dbb
2π

J0

�
bPh⊥
zΛ

�

×DΛ=qðzΛ; b; QÞfq=pðxB; b;QÞ: ð44Þ

FIG. 8. The ratio of the uncertainty of the TMD PFF for each flavor at Q ¼ 10.58 GeV. The solid lines represent the results from the
fit to Belle data while the dashed line represents the result from the fit to the Belle data and the EIC pseudodata.
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At the perturbative accuracy that we use in this section, the
TMDs can be matched onto the collinear distributions
using the relations

fq=pðxB; b;QÞ ¼ fq=pðxB; μb�Þ
× expð−Spertðμb� ; QÞ − SfNPðb;QÞÞ; ð45Þ

DΛ=pðzΛ; b; QÞ ¼ 1

z2Λ
DΛ=qðzΛ; μb� Þ

× exp ð−Spertðμb� ; QÞ − SDNPðzΛ; b; QÞÞ:
ð46Þ

In these expressions, fq=p and DΛ=q are the collinear PDF
and FF, respectively. In order to arrive at this expression,
we have used the b� prescription from [3] with bmax ¼
1.5 GeV−1. Furthermore, Spert represents the perturbative

Sudakov factor which is responsible for evolving the
distribution from μb� , the natural scale, to the hard scale
Q. The expression for this function is given for instance in
Ref. [16] by

Spertðμb� ; QÞ ¼ −K̃ðb�; μb� Þ ln
�
Q
μb�

�

−
Z

Q

μb�

dμ
μ

�
γF

�
αs;

Q2

μ2

��
: ð47Þ

At NLL order one has Kðb�; μb�Þ ¼ 0 and

γF

�
αs;

Q2

μ2

�
¼ γcuspðαsÞ ln

Q2

μ2
þ γVðαsÞ; ð48Þ

where

FIG. 9. Theoretical predictions are compared against the pseudodata generated in the reweighting method at 40 fb−1. The rows are
grouped by the range of xB while the columns are group by the energy configuration of the collision where the first number represents
the energy of the lepton beam in GeVand the second number represents the energy of the hadron beam in GeV. The light band represents
the theoretical uncertainty from the baseline fit to the Belle data while the dark band represents the theoretical uncertainty from the fit
including the pseudodata.
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γcuspðαsÞ ¼
αs
4π

ð4CFÞ þ
�
αs
4π

�
2

×

�
4CF

�
CA

�
67

9
−
π2

3

�
−
20

9
TRnf

��
; ð49Þ

γVðαsÞ ¼
αs
4π

ð−6CFÞ: ð50Þ

are the cusp and noncusp anomalous dimensions.
The SNP functions in Eqs. (45) and (46) are the non-

perturbative Sudakov functions. For this analysis, we
follow the parametrization in [16,58]

SfNPðb;QÞ ¼ gqb2 þ
g2
2
ln

�
b
b�

�
ln

�
Q
Q0

�
; ð51Þ

SDNPðzΛ; b; QÞ ¼ gh
z2

b2 þ g2
2
ln

�
b
b�

�
ln

�
Q
Q0

�
; ð52Þ

where gq ¼ 0.106 GeV2, gh ¼ 0.042 GeV2, and g2 ¼ 0.84
and Q2

0 ¼ 2.4 GeV2. The unpolarized structure function in
Eq. (6) can be written as

FUU ¼
X
q

e2q
1

z2Λ

Z
dbb
2π

J0

�
bPh⊥
zΛ

�
×DΛ=qðzΛ; μb� Þ

× fq=pðxB; μb� Þ × exp½−2Spertðμb� ; QÞ
− SDNPðzΛ; b; QÞ − SfNPðb;QÞ�: ð53Þ

Following a similar analysis for the transverse spin
transfer process, one can write the structure function
associated with this process as

FcosðφS−ϕSÞ
TT ¼

X
q

e2q
1

z2Λ

Z
dbb
2π

J0

�
bPh⊥
zΛ

�
×HΛ=qðzΛ; μb� Þ

× hq=pðxB; μb� Þ × exp½−2Spertðμb� ; QÞ
− SHNPðzΛ; b; QÞ − ShNPðb;QÞ� ð54Þ

where hq=p andHΛ=q are the collinear transversity PDF and
FF while SHNP and ShNP are the nonperturbative Sudakov
factors for these distributions.
Several extraction in the literature for the transversity

TMD PDF. In this work, we follow the work in Ref. [20] to
parametrize the transversity PDF as

hq=pðx; μ0Þ ¼ Nh
qxα

h
qð1 − xÞβhq ðα

h
q þ βhqÞαhqþβhq

αhq
αhqβhq

βhq

×
1

2
½fq=pðx; μ0Þ þ gq=pðx; μ0Þ�: ð55Þ

In this expression, Nh
q, αhq, βhq are fit parameters which were

obtained in this reference for the u and d quarks while the

contributions of the sea quarks were set to zero.
Furthermore, we have defined the initial scale of the
parametrization to be μ0.
The transversity PDF in Eq. (55) can in general have a

nontrivial x dependence. This nontrivial dependence enters
because, while the collinear PDF f and the helicity PDF g
have simply polynomial dependencies on x at their initial
scales, when these initial scales differ from μ0, evolution
effects in f and g will complicate this parametrization. The
simplest parametrization the one could take would be to
choose the scale μ0 such that it corresponds to the intrinsic
scales of both f and g. This constraint limits the number of
parametrizations that we can use for these distributions.
While there are a large number of parametrization for f
available on the market, there are relatively few para-
metrization for g. In this analysis, we take the DSSV
parametrization from Ref. [59]. The initial scale of this
parametrization is 1 GeV. Of the available PDFs, we find
that the MSTW parametrization shares the same initial
scale as the DSSV parametrization. We have therefore
chosen to use this set for the entire paper. As a result of
this choice, the x dependence of our parametrization of
the transversity PDF can be shown to be given by a
polynomial at μ0.
In order to evolve hq=p from the initial scale to μb� in

Eq. (54), we must solve the DGLAP evolution equation for
this distribution. However, as was stated in Ref. [60], there
is no gluon transversity at leading power. As a result, the
DGLAP evolution equation of the quark transversity does
not mix with the gluon distribution. Therefore, the evolu-
tion equation does not contain splitting functions which
mix quarks and gluons and the DGLAP evolution equation
is simply given by

∂
∂lnμ2 hq=pðx; μÞ ¼

αs
2π

Z
1

x

dx̂
x̂
Ph
q→qðx̂Þhq=p

�
x
x̂
; μ

�
; ð56Þ

where the splitting kernel for the transversity PDF is
given by

Ph
q→qðxÞ ¼ CF

�
2x̂

ð1 − x̂Þþ
þ 3

2
δð1 − x̂Þ

�
: ð57Þ

The evolution equation in Eq. (56) can be drastically
simplified by taking the Mellin transform of this expres-
sion. Because our parametrization for the transversity PDF
resulted in polynomial dependence on x at μ0 ¼ 1 GeV, the
Mellin transform for the transversity PDF can be performed
analytically at μ0 ¼ 1 GeV. As a result, evolving our
parametrization for the transversity PDF from μ0 to μb�
can be accomplished by performing a single numerical
integral which is associated with an inverse Mellin
transformation.
To parametrize the transverse momentum dependence on

the transversity TMD PDF, we follow the parametrization
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in Ref. [20]. Explicitly, we parametrize the nonperturbative
Sudakov for the transversity TMD PDF as

ShNPðb;QÞ ¼ SfNPðb;QÞ; ð58Þ

which sets the nonperturbative Sudakov to be the same for
unpolarized TMD PDF and the transversity TMD PDF.
Having parametrized the transversity TMD PDF, we now

turn our attention to the transversity TMD FF. As the
COMPASS measurement is consistent with zero [29], these
experimental data can provide relatively little input on the
size and shape ofHΛ=q. Therefore, we choose the relatively
simple parametrization

HΛ=qðz;QÞ ¼ NH
q DΛ=qðz;QÞ; ð59Þ

where NH
q represents parameters to be fit which control the

overall size of the transversity FF.
Because the parametrization for the transversity TMD

PDF in Eq. (55) has only nonzero contributions from the u
and d quarks, only the NH

u and NH
d parameters can be

constrained in this analysis. As such, we take all other
quark contributions to be zero. Due to these assumptions,
our model will predict zero transverse spin transfer for Λ̄
production. Therefore, we do not consider the Λ̄ production
data for this process.
To parametrize the nonperturbative Sudakov term for the

transversity TMD FF, we follow the procedure that was
done in in Ref. [20] to set the nonperturbative Sudakov
term to be the same for the unpolarized TMD PDF and the
transversity TMD PDF. For the transversity TMD FF, we
explicitly take

SHNPðzΛ; b; QÞ ¼ SDNPðzΛ; b; QÞ: ð60Þ

In order to fit the NH
u and NH

d parameters, we use iMinuit
[55,61]. Furthermore, in order to generate the uncertainty
band from the extraction, we use the replica method [56,57]

with 200 replicas. Using this simple model, we arrive at
a χ2=d:o:f ¼ 1.108 for 12 points. The fitted values for
the parameters are given by NH

u ¼ −0.028� 0.061 and
NH

d ¼ −0.089� 0.210.
In Fig. 10, we plot our theoretical comparison against the

COMPASS experimental data. The gray band represents
our theoretical uncertainty which is obtained by calculating
one standard deviation away from the mean of the replicas
at each point. As we see in this plot, in each kinematic
region, our extraction for the transverse spin transfer is
consistent with zero. In Fig. 11, we plot the extracted
collinear transversity FF as a function of zΛ forQ ¼ 2 GeV
for the u quark in red and the d quark in blue. The dashed
and dotted lines represent the average over the replicas for
the u and the d quark transversity FFs, respectively. Due to
the experimental measurement being consistent with zero,
we see that the transversity FF is also consistent with zero
within our theoretical error bars.

FIG. 10. The comparison of our fitted transverse spin transfer and the experimental data at COMPASS [29]. The gray band represents
our theoretical uncertainty which is obtained using the replica method, while the red error bars are the experimental data from
COMPASS.

FIG. 11. The collinear transversity FF extracted from the
COMPASS measurement. The red and blue bands represent
the theoretical uncertainties from our extraction which was
obtained using the replica method for the u and d quarks,
respectively. The dashed and solid lines represent the average
of the replicas for the u and d quarks.
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Having performed this first extraction of the transversity
TMD FF, we now compare the theoretical uncertainties on
transverse spin transfer from our extraction against the
projected statistical uncertainties at the future EIC. In
Fig. 12, we plot our theoretical prediction at the future
EIC for the transverse spin transfer for Λ production in
SIDIS in the large x region where the valence quarks should
dominate. The red band represents the theoretical uncer-
tainty from our extraction while the black line line
represents the average of the replicas. The black error bars
represent our projected statistical uncertainties at the future
EIC. In order to obtain the statistical uncertainties for these
kinematic ranges, we have divided the statistical uncer-
tainties from the spontaneous polarization section by a
factor of 70% in order to account for the uncertainties
associated with the proton beam polarization. We note that
the theoretical uncertainty which we display in this analysis
stems only from the parameters NH

u and NH
d parameters.

The full theoretical uncertainties should also contain
contributions from the uncertainties from the transversity
TMD PDF as well as the unpolarized TMDs and even the
collinear distributions. As a result, these theoretical uncer-
tainties underestimate the total theoretical uncertainty.
However, as we see in this figure, the theoretical uncer-
tainties are more than an order of magnitude larger than the
projected statistical uncertainties at the EIC. This indicates
that the EIC could potentially be used to perform the first
measurement of the transverse spin transfer which is not
consistent with zero and that such data would be extremely
important in constraining the transversity TMD FF.

VI. PROJECTIONS FOR Λ IN JET

In this section, we first present our parametrization for
spontaneous Λ polarization as well as the transverse spin
transfer for Λ baryon production within the produced jet.

We then present the results of our projections at the
future EIC.
The definition of spontaneous Λ polarization is given in

Eq. (20). This expression relies on the unpolarized structure
functions WUU in Eq. (22), and the structure function for

spontaneous polarization WsinðϕS−ϕΛÞ
UT in Eq. (27). At this

point, we first provide the parametrization for the unpo-
larized structure function.
In this section, we once again work at LOþ NLL

perturbative order. At LO matching, the hard functions
in Eqs. (22) and (29) are

HðQ; μÞ ¼ 1; H⊥ðQ; μÞ ¼ 1: ð61Þ

For this process, there are two separate soft function which
contribute to q⊥. The first contribution is the well-known
global soft function, which we will denote Sglobal. This
function is associated with wide angle soft gluon emissions.
The second contributions is known as the collinear soft
function, which we denote Ssc, is associated with soft gluon
exiting the jet, see for instance Ref. [62] for more details.
The global soft and collinear-soft functions for this process
are given up to NLOþ NLL accuracy in Ref. [37] along
with the anomalous dimensions. At LOþ NLL accuracy,
these functions are given by

Sglobalðb; μÞ ¼ exp

�Z
μ

μb�

dμ0

μ0
γglobalðb; μ0Þ

�
; ð62Þ

Sscðb; yJ; R; μÞ ¼ exp

�Z
μ

μb�

dμ0

μ0
γscðb; yJ; R; μ0Þ

�
; ð63Þ

where the anomalous dimensions for these functions are
given at NLL accuracy by

FIG. 12. Prediction for the transverse spin transfer for Λ production at the future EIC. The label above each subplot provides the
electron beam energy × the proton beam energy. The label to the right indicates the kinematic region for xB. In each subplot, the red bars
represents the theoretical uncertainty from our extraction at one standard deviation. The black line represents the average over the
replicas. The black error bars represent the projected statistical uncertainties at 40 fb−1.
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γglobalðb; μÞ ¼ 2
αsCF

π
yJ þ γcuspCF ln

μ2

μ2b
; ð64Þ

γscðb; yJ; R; μÞ ¼ −γcuspCF ln
μ2

μ2bR
2
; ð65Þ

with μb ¼ 2e−γE=b. In the b-space, the soft functions
combine as a product so that the total soft function entering
into this process, i.e. Uðb; yJ; R; μÞ in Eqs. (22), (27), and
(29), is given by

Uðb; yJ; R; μÞ ¼ Sglobalðb; μÞSscðb; yJ; R; μÞ: ð66Þ

In our numerical analysis, we will always take the jet radius
R ¼ 1 so that the anomalous dimension of U is simply
given by the sum of the global and collinear-soft anomalous
dimensions.
In order to obtain the final expression for the unpolarized

structure functions in Eq. (22), we now use the collinear
matching expression in Eq. (46) to write the unpolarized
TMD fragmenting jet function as

GΛ=qðzJΛ; j⊥; μJ; μÞ

¼ exp

�Z
μ

μJ

dμ0

μ0
γJðμ0Þ

� Z
dbb
2π

J0

�
bj⊥
zJΛ

�
DΛ=qðzJΛ; μb� Þ

× exp ½−Spertðμb� ; μJÞ − SDNPðzJΛ; b; μJÞ�: ð67Þ

At NLL, the anomalous dimension for the TMD fragment-
ing jet function is given by

γJðμÞ ¼ −γcuspðαsÞ ln
�
μ2J
μ2

�
− γVðαsÞ: ð68Þ

In addition, we also include contributions from the non-
global logarithms, see Refs. [33,62–65] for details. Finally,
in order to obtain the structure function for unpolarized Λ
production, we also apply the matching relation for the
TMD PDF in Eq. (45) onto the expression in Eq. (22). After
performing the matching, the unpolarized structure func-
tion is given by

WUU ¼
X
q

e2qGΛ=qðzJΛ; j⊥; μJ; μÞ

×
Z

dbb
ð2πÞ J0ðbq⊥Þfq=pðxB; μb� ÞUðb; yJ; R; μÞ

× exp ð−Spertðμb� ; μÞ − SfNPðb; μÞÞ: ð69Þ

To obtain numerical results for this section, we use the
same parametrization for the unpolarized TMDs as in Sec. V.
In order to verify the validity of our formalism so far, we

have included a comparison with PYTHIA in Fig. 13. In this
figure, we plot our j⊥ distribution for unpolarized Λ
production inside the jet. In our Monte Carlo analysis

where we generated the pseudodata for this process, we
have examined events which satisfy the constraints 0.05<
y<0.95, pJ⊥>5GeV, q⊥=pJ⊥ < 0.3, and 0.2<zJΛ<0.5.
Therefore, in order to generate our theoretical prediction for
this data, we integrate the structure functions entering into
the polarization over these kinematic regions. To perform
the integration in y, we simply use the relation in Eq. (24) to
relate the lepton rapidity to the inelasticity. To perform the
integration in pJ⊥, we note that up to power corrections
of q⊥=pj⊥ that l0⊥ ¼ pj⊥ so that we can simply perform
the integration in the jet transverse momentum. We have
also taken R ¼ 1 for the jet radius. In this figure, the
PYTHIA histogram as well as our theoretical curve have
been normalized by integrating over j⊥ < 1.5 GeV. As we
can see in this figure, the shape of the j⊥ distribution
matches the result of the PYTHIA simulation extremely well.
Using the collinear matching relation for the TMD PDF,

the structure function for spontaneousΛ polarization can be
written as

WsinðϕS−ϕΛÞ
UT ¼

X
q

e2qG⊥
1T;Λ=qðzJΛ; j⊥;μJ;μÞ

×
Z

dbb
ð2πÞ J0ðbq⊥Þfq=pðxB;μb� ÞUðb; yJ; R;μÞ

× exp ð−Spertðμb� ;μÞ− SfNPðb;μÞÞ: ð70Þ
In order to simplify the TMD polarizing fragmenting jet
function, we introduce the collinear matching relation for
the TMD PFF

D⊥ð1Þ
1T;Λ=qðz; b;QÞ ¼ hM2

Di
2z2M2

Λ
D⊥

1T;Λ=qðz; μb� Þ

× e−Spertðμb� ;QÞ−S⊥NPðb;z;QÞ: ð71Þ
Using this collinear matching relation, the TMD fragment-
ing jet function can be written as

FIG. 13. The j⊥ distribution for unpolarized Λ baryons in a jet
for back-to-back lepton-jet production in ep collisions. The
orange line represents our theoretical prediction while the blue
histogram represents the PYTHIA simulation. The integrated phase
space is also displayed on the right side of this figure.
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G⊥
1T;Λ=qðzJΛ;j⊥;μJ;μÞ

¼−
hM2

Di
2z4JΛMΛ

sinðϕs−ϕΛÞexp
�Z

μ

μJ

dμ0

μ0
γJðμ0Þ

�

×
Z
dbb
2π

J1

�
bj⊥
zJΛ

�
D⊥

1T;Λ=qðzJΛ;μb� Þe−Spertðμb� ;μJÞ−S
⊥
NPðzJΛ;b;μJÞ:

ð72Þ

In Fig. 14, we plot our theoretical prediction for
spontaneous Λ polarization for back-to-back electron-jet
production. The red and blue curves represent the theo-
retical uncertainty for Λ and Λ̄ production in which we
obtain from the baseline fit in Sec. IV B. The red and blue
error bars represent the statistical uncertainties for Λ and Λ̄
production at an integrated luminosity of 100 fb−1. To
generate each curve, we integrate over the kinematic region

FIG. 14. Our projections for spontaneous Λ polarization. The red band and blue bands represents our theoretical uncertainty using the
parameters obtained from the baseline fit in Sec. IV B for Λ and Λ̄ production, respectively. The error bars represent our projected
statistical uncertainties at an integrated luminosity of 100 fb−1. To obtain these results, we integrate over the kinematic regions listed in
the top right of the left plot. Furthermore, we also impose the conditions that xB is within each of the listed regions.
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j⊥ < 1.5 GeV, q⊥=pJ⊥ < 0.3, pJ⊥ > 5 GeV, and 0.05 <
y < 0.95 following the same procedure as in the unpolar-
ized case. From left to right, we impose the kinematic
constraint that 0.01 < xB < 0.05, 0.05 < xB < 0.10, and
0.10 < xB < 0.80. In each of these plots, we see that the
polarization for Λ is positive at small zJΛ, while the
polarization becomes negative at large zJΛ. Furthermore,
we also find that the polarization for Λ is more positive at

small zJΛ and large xB. These qualitative behaviors can be
seen by studying Fig. 7. At small zJΛ, the contribution from
the u quark will dominate the polarization due to the
electro-magnetic coupling of the u quark as well as the size
of the u quark TMD PDF. As a result, the polarization is
large and positive at small zJΛ. At large zJΛ the contribu-
tions from the other quark flavors overcome the u quark
and the polarization becomes negative. Since the

FIG. 15. Our projection for the transverse spin transfer for Λ production for back-to-back lepton-jet production at the future EIC. The
red bar represents our theoretical uncertainties which we obtain from our extraction of the NH

u and NH
d parameters. The error bars

represent the projected statistical uncertainties at 100 fb−1. We have obtained these statistical uncertainties by dividing the uncertainties
from Fig. 14 by 70% to account for beam polarization uncertainty.
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contribution from the u quark is largest in the large xB
region, the polarization is more positive at large xB. For Λ̄
production, the u and d are sea contributions to the TMD
PFF. As a result, the contributions from the u and d quarks
give large negative contributions to the polarization. We see
in these plots that the size of the statistical uncertainties is
smaller than the theoretical uncertainties in the region of
small xB. This is an indication that experimental data
gathered in that particular region can be useful in further
constraining the TMD PFF. However, the displayed theo-
retical uncertainties stem only from the uncertainties from
the fit parameters for the TMD PFF. Other theoretical
uncertainties stemming from the unpolarized TMD PDF as
well as the collinear distributions will also contribute to this
prediction.
After performing the collinear matching for the trans-

versity TMD PDF, the structure function associated with
the transverse spin transfer is given by

Wcos ðφS−ϕSÞ
TT ¼

X
q

e2qGT
Λ=qðzJΛ; j⊥;μJ;μÞ

×
Z

dbb
2π

J0ðbq⊥Þhq=pðxB;μb� ÞUðb; yJ; R;μÞ

× exp ð−Spertðμb� ;μÞ− ShNPðb;μÞÞ: ð73Þ

In this expression, the TMD fragmenting jet function is
given by

GT
Λ=qðzJΛ; j⊥; μJ; μÞ

¼ exp

�Z
μ

μJ

dμ0

μ0
γJðμ0Þ

�
1

z2JΛ

Z
dbb
2π

J0

�
bj⊥
zJΛ

�
HΛ=qðzJΛ; μb� Þ

× exp ð−Spertðμb� ; μJÞ − SHNPðzJΛ; b; μJÞÞ: ð74Þ

To generate our theoretical prediction for back-to-back
lepton-jet production, we use the extracted transversity FF
from Sec. V while we once again use the parametrization
from Ref. [20] for the transversity TMD PDF.
In Fig. 15, we plot our projected transverse spin transfer

in the region of large xB where the contribution from the
valence quarks should dominate. The red bar represents
the theoretical uncertainty for our fit to the NH

u and NH
d

parameters while the error bar is the projected statistical
uncertainty. To generate the statistical uncertainties for this
measurement, we use the statistical uncertainties used in
Fig. 14, while dividing by a factor of 70% to account for the
uncertainty in the polarization of the proton beam. We once
again emphasize that the advertised theoretical uncertainty
stems only from the parameters that enter into our fit while
we expect additional large uncertainties originating from
the transversity TMD PDF, the unpolarized TMDs, as well
as the unpolarized collinear distributions also contribute to
this measurement.

VII. CONCLUSION

In this paper we have studied Λ production at the future
EIC for spontaneous transverse Λ polarization as well
as transverse spin transfer in the TMD formalism.
Furthermore, we have studied each of these spin configu-
rations in SIDIS as well as back-to-back lepton-jet pro-
duction. For each of these processes, we have discussed the
impact of the future EIC in constraining the TMD PFF as
well as the transversity TMD FF.
In order to characterize the size of the contribution that

the future EIC data will have on constraining the TMD PFF,
we have performed an EIC impact study. As a baseline we
have performed a fit to the experimental data at Belle.
While in order to test the impact of the EIC data, we have
performed a PYTHIA analysis to generate projections for the
statistical uncertainties at the future EIC. Using these
statistical uncertainties, we have performed a simultaneous
fit to the Belle data as well as the pseudodata. By
performing this fit, we have demonstrated a significant
reduction in the theoretical uncertainties for the u and sea
TMD PFF. We have also discussed how potential mea-
surements with a 3He beam can be used to significantly
reduce the uncertainty for the d TMD PFF.
In order to study the impact of future EIC data on the

transversity TMD FF, we have performed an extraction of
this function from the recent COMPASS measurement [29]
in the SIDIS process. We find that the current statistical
precision from the COMPASS measurement is not high
enough for an extraction of the transversity TMD FF. By
providing projections for the statistical uncertainties for Λ
polarization in the SIDIS process at the future EIC, we
demonstrate that the statistical uncertainties for this process
at the future EIC will be roughly an order of magnitude
smaller than the current theoretical uncertainties for this
process. Thus, the EIC data presents the possibility of
being the first significant measurement of the transversity
TMD FF.
In addition, we have provided projections for Λ in jet

production in back-to-back lepton-jet production. We have
generated projected statistical uncertainties at the future
EIC for spontaneous Λ production at an integrated lumi-
nosity of 100 fb−1. We find that in the region of low xB that
the statistical precision for this process can be used to
further constrain the TMD PFF. Finally, we have also
provided projections for the transverse spin transfer forΛ in
jets in the scattering of an electron and a transversely
polarized proton at the future EIC, and we emphasize its
importance in constraining the transversity TMD FF.
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