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We evaluate the leading-order hadronic vacuum polarization contribution to the anomalous magnetic
moment of the muon with two light flavors in minimal hard-wall and soft-wall holographic QCD models,
as well as in simple generalizations thereof, and compare it to the rather precise results available from
dispersive and lattice approaches. While holographic QCD cannot be expected to shed light on the existing
small discrepancies between the latter, this comparison in turn provides useful information on the
holographic models, which have been used to evaluate hadronic light-by-light contributions where
errors in data-driven and lattice approaches are more sizable. In particular, in the hard-wall model that has
recently been used to implement the Melnikov-Vainshtein short-distance constraint on hadronic light-by-
light contributions, a matching of the hadronic vacuum polarization to the data-driven approach points to
the same correction of parameters that has been proposed recently in order to account for next-to-leading-

order effects.

DOI: 10.1103/PhysRevD.105.094032

I. INTRODUCTION

Currently there is a 4.2¢ discrepancy between the
Standard Model prediction for the anomalous magnetic
moment of the muon a, = (g —2),/2 as assembled in the
white paper (WP) [1] and the new experimental result,
obtained by combining the Brookhaven National
Laboratory and Fermilab E989 values, involving an exper-
imental error of 41 x 10~'!, which is expected to be
reduced further by additional data taking and future experi-
ments. The uncertainty in the Standard Model prediction
has a similar magnitude; it is almost entirely due to
hadronic contributions from hadronic vacuum polarization
(HVP) and hadronic light-by-light scattering (HLbL),
which according to [1] amount to

af¥"WVP = (6845 £ 40) x 1071, (1.1)
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af™=WP — (92 +19) x 107!, (1.2)
The data-driven computation of HVP thus claims an
accuracy of 0.6%, whereas the much smaller HLbL
contribution has about 20% uncertainty. To match the
experimental progress, improvements in the theoretical
predictions for both contributions are called for.
However, the data-driven HVP result was recently ques-
tioned using a direct lattice QCD calculation [2] by the
BMW Collaboration, which claims a similar error of 0.8%,

(1.3)

but deviates from Eq. (1.1) by about 3% or 2.1c. Replacing
Eq. (1.1) with Eq. (1.3) would reduce the discrepancy
between experiment and theory in the case of a, to about
1.50, while it may give rise to tensions with electroweak
precision fits of the hadronic contribution to the running of
the electromagnetic coupling [3-5].

Once this critical issue has been resolved, it will also be
crucial to reduce the theoretical uncertainty in the HLbL
contribution. In the latter, an important question has been
the implementation of certain short-distance constraints
in hadronic models [6-8], where recently holographic
QCD has helped to shed light on the role of axial-vector
mesons [9-12]. Holographic QCD also makes interesting
quantitative predictions given the large spread of results in

afVPEMY — (7075 4 55) x 10711,
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other hadronic models, which have led to a 100% uncer-
tainty for the estimated contribution of axial-vector mesons
in the WP. Being an approach which is based on the large
color number N, limit, it cannot be expected to help with
the percent-level discrepancies in the highly constrained
HVP contribution. However, given that it typically achieves
an accuracy of 10%—20%, it can provide potentially useful
information in the case of HLbL. Investigating the perfor-
mance in the case of HVP allows us to test the holographic
QCD models with regard to their ability to describe photon-
hadron interactions quantitatively.

In this paper we evaluate the leading-order (LO) HVP
contribution of the minimal bottom-up holographic QCD
models that have been employed in the study of the HLbL.
contribution, as well as simple generalizations thereof, and
compare it to relevant results obtained within the data-
driven approach, in particular those for the contributions of
the lightest quark flavors, thereby revisiting and extending
the study of Hong et al. [13].

As shown in [14,15], the leading-order HVP contribu-
tions to the muon g — 2 is related to the hadronic vacuum
polarization function through

QLo _ 42 (g) |7 arommien. 04

where Q% = —¢? is the Euclidean momentum squared and
Q21 - 02)
f(Qz) = ﬂl 2272 ’
+m, Q°Z
Q2 _ Q4 + 4ml24 Q2
Z———\ . (1.5)
Zmﬁ 0?

The hadronic vacuum polarization function needs to be
renormalized such that IT04(0) = 0. It is given by the
vector-current correlator, which is defined by

i [ e ol ()2 0))0)

=g’ n — ¢"q" )My (=¢*) (1.6)
in the flavor-symmetric case, via
I (=¢*) = 2Tr Q8 Iy (=¢°), (1.7)

where O, = diag(3,—1....) is the quark charge matrix.

As we shall show, the holographic results can deviate by
up to 50% from the data-driven result, even after account-
ing for the fact that the holographic QCD results, being
essentially a large-N . approximation, can account for only
a subset of multihadron intermediate states. However, the
simplest hard-wall (HW) model that can simultaneously fit
the rho meson mass and the pion decay constant, as well as

the leading-order short-distance behavior of the vector
correlator, is performing quite reasonably. Interestingly,
the amount of correction expected from next-to-leading-
order effects in the large-momentum domain, where
perturbative corrections to the asymptotic behavior propor-
tional to a,/7 should play a role, turn out to be consistent
with the corrections proposed recently by two of us in the
case of the HLbL contribution [11].

In the next section, we shall review the minimal holo-
graphic QCD models included in our study to the extent
necessary for evaluating the LO-HVP contribution to a, in
Sec. III. Section IV summarizes our conclusions.

II. MINIMAL HOLOGRAPHIC QCD MODELS

In this work we shall limit ourselves to holographic QCD
models with a minimal set of adjustable parameters with
anti—de Sitter background geometry and simple general-
izations thereof.

A. Hard-wall models

In HW AdS/QCD models, a five-dimensional anti—de
Sitter (AdS) background geometry is chosen. In terms of a
holographic radial coordinate z where the conformal
boundary is at z = 0O, the line element is given by (using
a mostly minus metric convention)

1
i

ds? = gyndx"dx" == (n,,dx*dx* —dz*), 0<z<z,.

(2.1)

Conformal invariance is broken by a hard cutoff at 7 = z,
where suitable boundary conditions for bulk fields dual to
the quantum operators of the four-dimensional (large-N )
gauge theory are imposed.

The fields dual to left and right quark bilinears
wy*T?Py gy are five-dimensional U(N); » gauge fields
ALR) " where chiral symmetry breaking can be imple-
mented through spontaneous symmetry breaking by a
bifundamental scalar X [16,17] or through different boun-
dary conditions [18] on vector and axial-vector fields, V =
AW + A®] and A =1[AD) — AP or both [19].

The five-dimensional action of models with a bifunda-
mental scalar X introduced first by Erlich et al. [16] (termed
HW1 in the following) reads

1
S = /dsx\/g_] Tr{|DX|2+3|X|2—4—gz(F§+F§)},
5

(2.2)

whereas the model of Hirn and Sanz [18] (termed HW2)
has only the Yang-Mills part.

In both cases, the field equations for transverse vector
fields 9,V# = 0 are given by
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2

1
o.(2ovia0) + Lvita =0, @3

where we have Fourier transformed with respect to the
spacetime coordinates of the boundary theory. Splitting the
vector field further as V{(q,z) = V(q.z)v], one can
interpret the on-shell action, given by the boundary term

1 1
S=— [ dx(-Vio, v+
293/ x<z o >

as the generating functional for QCD flavor currents. In
both the HW1 and HW?2 models, boundary conditions on V
are such that there is no contribution from z = z,, while the
conformal boundary at z = 0 needs regularization by a
finite cutoff z = ¢ when V(g,¢) = 1 is imposed.

Thus we find that

, (2.4)

z=€

1 9.V(g.2)

HV(_qz) = _gng z

(2.5)

=€

The equations of motion (2.3) can be solved in terms
of Bessel functions. Using the boundary conditions
V(g.€) =1 and 9.V(q,2)|,_,, = 0 yields

zJ1(q2)Yo(qz0) — 2Y1(92)J0(q20)
eJ1(q€)Yo(qzo) — €Y1(qe)Jo(qz0)

V(g.z) = (2.6)

e—0
Plugging this result into Eq. (2.5) yields

1 1 Jy(gz20)Yo(ge) —Yo(g20)Jo(ge)

2 —_
(=) 93q€J0(qz0)Y1(q€) = Yo(qz0)J 1 (ge€)

. (27)

and expanding this at ¢ — 0 gives

_ [ xYy(qz)

I1 —q2 =
vi=a) g2 | 2J0(q20)

+y—=In2+1Inge+O(e?) |,
(2.8)

where y is the Euler-Mascheroni constant. This expression
is divergent for ¢ — 0 and has to be renormalized. Adding a
counterterm

1
Sn) = [[atx (e JlF e (29)
95
to the action gives rise to an additional term

1
Iy = ——In(ue).

Z (2.10)

which cancels the divergent part of Eq. (2.8). The resulting
renormalized vacuum polarization is

" (=¢?) = lim(Mly (=¢) + 115" (=¢?)]

1 [ 7Y(qzo) q
== |- +y4+In—|,
G 2Jo(qz0) 2u

(2.11)

where p can be chosen such that IT;"(0) = 0 holds, as
required for a in Eq. (1.4) to be identified with the standard
fine structure constant in the Thomson limit. For Euclidean
momenta this yields

1 |K
— 70(QZ0>+ln%+}/ .

ren 2\
I (Q%) = 2 | 1o(0z) 5 (2.12)

As can be seen in Eq. (2.11), in the timelike domain the
vacuum polarization function has an infinite series of poles
at ¢> = m2 with m,, determined by Jy(m,zo) = 0, corre-
sponding to an infinite tower of (stable) vector mesons (as
expected in a large-N . limit). The latter are described by
normalizable solutions of

1 2
81 (Eaz‘//n> + %W}’l =0, (213)

with boundary conditions y/},(z) = 0, v, (0) = 0, and are
explicitly given by

W (Z _ \/EZJl(ng>
! 20J1 (M, 20) .

(2.14)
The unrenormalized vector-current correlator can then be
represented as

oS R
Iy (q°) :Zﬁa

(2.15)
— (g% — my)m;,

with decay constants F,, defined as (0J}(0)|V5) =
F,5%¢e#, given by

1 1 V2
F, = lim =y, (e)/e = _Vam,

= . (2.16)
¢=~09s s 2071 (m,z0)

1. Parameters of the HWI model

In the chiral limit, the HW1 model has only three free
parameters, gs, zo, and the chiral condensate described by
X(zp). In the application to HLbL contributions [9], those
were matched to the pion decay constant f,, the p meson
mass, and g5 was set such that the short-distance constraint
on I1y from QCD [20,21],
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My (Q%) =

2 2
Ne (1435 (L) -2 Ne(G)
2472 r u? 24m 3 Q4

14N, na (qg)*

—_— 2.17
27 Q6 ’ ( )
is satisfied to leading order.! This determines
1 N
— = 02 , (2.18)
g5 12m

which holds true in other bottom-up models with a bulk
geometry that is at least asymptotically AdS.

The HW cutoff z, directly determines the mass of the
lightest vector meson, which we choose as m, =775 MeV,
corresponding to

70 = 3.103 GeV~1. (2.19)
This remains unchanged when finite quark masses are
introduced in the HW1 model; the latter modify, however,
axial-vector meson masses and vector meson masses with
open flavor quantum numbers [23].

2. Parameters in the HW2 model

In the inherently chiral HW2 model of Hirn and Sanz
[18], chiral symmetry breaking is implemented without a
symmetry breaking bifundamental scalar X through differ-
ent boundary conditions for vector and axial-vector fields.

When g5 and z, are chosen as above, the pion decay
constant can no longer be fitted to phenomenological
values. In the application to HLbL contributions for the
muon anomalous magnetic moment [9,10,24,25], which
are dominated by the coupling of pions to two photons, f,
is fixed first, leaving the choice of matching either the
infrared parameter m, through z, or the ultraviolet behavior
through g¢s. In [9,25], the former option, with physical
values for f, and m,, is referred to as the HW2 model. This
matches the short-distance constraints on transition form
factors and also the Melnikov-Vainshtein short-distant
constraint [6] only at a level of 61%. Conversely, the
leading term in Eq. (2.17) is too large at the level of 164%.
Matching these constraints at the expense of a much too
heavy rho meson (987 MeV) was called HW2(UV fit).2

The symmetry breaking boundary conditions can in fact
also be used in conjunction with the symmetry breaking
scalar X. This possibility was proposed in [19] and also
explored in [11] for HLbL contributions to a,,, where it was
referred to as HW3. In the vector sector, however, this

ISee [22] for a modification of the HW1 model which aims to
incorporate the effects from the gluon condensate (G?).

These two choices correspond essentially to the parameters in
“set 17 and “set 2 of [10], where only the Hirn-Sanz model was
considered.

coincides with the HW1 model, so our HVP results for the
latter also pertain to the HW3 case.
Summarizing the values of the parameters for the three
different fits we have, for N, = 3,
HW1: g5 = 2x,
HW2: g5 =4.932,
HW2 (UVfit): g5 = 2z,

2o = 3.103 GeV~!,
20 = 3.103 GeV~!,
2o = 2.4359 GeV~!.
(2.20)

B. Soft-wall (SW) model

A shortcoming of the HW models is that the masses of
highly excited vector mesons do not rise as m2 ~ on as
expected from linear confinement with the string constant
o, but instead like m?2 ~ n?.

The so-called soft-wall model introduced in [26] (a
precursor of which appeared in [27]) achieves a strictly
linear dependence of m2 on n by introducing a dilaton
®(z) = x%z* as an additional background field in the five-

dimensional Lagrangian [26,28]

1
S = /d5xe‘q’(z)\/§ Tr{|DX|2 +3|X]> - z—gz(F% + F%)}
5

(2.21)

while keeping the AdS metric (2.1). The z coordinate is,
however, now unbounded from above, z € [0, o).
Solving the correspondingly modified field equation

—-d 2 -0
o, (e—azvg> +21¢ _ya—g
Z Z

with the boundary conditions V(g,e) =1 in the limit
€ - 0 and lim,_ V(q,z) = 0 gives [29]

N\, (-7 2
Vig,z) =T({1-— |U|-—.0, ,
(0.0 =1 (1- 5 )u (7% 0.00)

with the confluent hypergeometric function of the second
kind U (also known as the Tricomi function). Plugging this
into

(2.22)

(2.23)

e®0.V(q,2)
M) - 2Y0 gy
A
switching to the Euclidean momentum Q? = —g?, and

expanding in a series for small € gives

Iy (0?%) 2;2[(4sz+1>+1n( )—I—2y}+(’)(e),

(2.25)
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where y(z) = dInT'(z)/dz. Renormalizing as above and
using w(0) = —y, we find that

1 2
Hren(QQ) — z_gg |:W <4Q_K2 + 1) + 7/:| R (226)

with g5 fixed as in the HW1 model.
From the poles of the digamma function y one can see
that the spectrum of vector mesons is now given by
m2 =4’n, n=1,23,... (2.27)
Alternatively, the hadronic vacuum polarization can be
calculated as above from the normalizable solutions given
by [26,29]

wa(z) = \/%KzzzLi_,(Kzzz), (2.28)

where the L) are the generalized Laguerre polynomials of

2,2
el —1

e = — .
e/l 2y _|’_ e/l 5 2

(2.30)

The HW model is recovered by Az, — oo at a fixed z,
whereas at large z the dilaton behaves as ®(z) ~ A2z%.

In [30] two sets of parameters were considered, involv-
ing Azy = 2.1 and 1, where the first choice was found to
display a good agreement with the pion form factor F,(Q?)
comparable to that of the HW1 model, albeit at the cost of
not matching the pion decay constant very well; the second
choice led to a prediction for F,(Q?) similar to that of the
SW model.

In the following we shall choose the two free parameters
A and z; such that, in addition to the mass of the lightest rho
meson, this model reproduces the mass of p(1450), which
the Particle Data Group [34] lists as 1465 4+ 25 MeV. This
leads to

order 1, leading to the decay constants Azg = 1.697, 70 =2.9738 GeV~',  (2.31)
F,= lz//’,,’(O) _ l x2\/8n. (2.29) which is right between the two parametejr sets expl'ored in
gs gs [30]. Note that the SHW parameter A, which determines the

C. Interpolating models

The phenomenological study of pion form factors for
HW and SW models in [28] led to the conclusion that the
HW1 model generally performed better than the SW
model. In [28,30], a simple interpolating model was
proposed that combines features of HW and SW models,
whereas in [31-33] a more sophisticated version including
a dynamical tachyon for chiral symmetry breaking was
developed, which achieves a similar behavior.

1. Semihard-wall (SHW) model
In the model proposed by Kwee and Lebed in [28,30], a

behavior of ® at large z, is significantly larger [~#571 MeV
in the case of Eq. (2.31)] than the analogous SW param-
eter k = m, /2.

With Eq. (2.30) closed analytical results are no longer
available, and one has to resort to numerical solutions of the
equations of motion for the vector modes. In contrast to the
SW model, m? becomes a linear function of n only for large
n, where the spacing is determined by m?2,, — mj ~ 42’n
[~1.3 GeV? for our choice, Eq. (2.31)]. The decay con-
stants are again given by F, =" (0)/gs, with gs still
determined by Eq. (2.18). Table I lists the results for the
first eight modes.

The full subtracted self-energy function with IT"(0) =0
can then be calculated using

semihard wall was set up by replacing the dilaton back- m P F2 e
ground of the SW model e=® = ¢~*" with a background 5" (—¢?) = Z ————— + (’)< 3 > (2.32)
given by n=1 (q - mn)mn mm+]
TABLE 1. Vector meson masses m, and decay constants F },/ % in MeV (fitted values in italics).

HWI1 HW2(IR|UV fit) SW SHW TC(fit 1]2)
n m, F)? m, F)? m, F)? m, F)? m, F)?
1 775 329.1 775/987.2 371.4]419.2 775 260.0 775 314.0 765.4/803.9 313.2]329.0
2 1779 615.8 1779|2266 695.1]784.5 1096 309.2 1465 458.5 13821453 418.0|438.9
3 2789 863.3 2789|3553 974.4|1100 1342 342.2 1903 498.7 1806/1899 488.7|513.0
4 3800 1089 3800|4841 1229|1387 1550 367.7 2230 540.0 2158|2269 538.4|564.9
5 4812 1300 4812|6130 14671656 1733 388.8 2511 570.7 2466|2593 577.3|605.4
6 5824 1500 5824|7419 1693|1911 1898 406.9 2762 597.4 2744|2885 610.4]639.6
7 6836 1692 6836|8708 1909|2155 2050 422.9 2991 621.4 2999|3153 639.4/669.7
8 7848 1876 7848|9997 2118|2390 2192 437.2 3203 642.8 3236|3402 665.5|696.6

094032-5
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2. Tachyon condensation (TC) model

Finally we consider a more sophisticated but still
relatively simple bottom-up model, developed in [31-33],
where chiral symmetry breaking is implemented using a
brane-antibrane effective action with an open string
tachyon mode as proposed by Sen [35]. This is based
on a pair of Dirac-Born-Infeld type Lagrangians augmented
by a tachyon potential V(|T'|), which in the case of a single
flavor reads

/d“xsz (7)) (\/detA )+ v det AR ) (2.33)

where
2ral
A = gun + Q—FW + 7 A[(DyT)* (DNT)
\%
+ (DNT)*(DyT)] (2.34)
and
DyT = 0y +iAll — AT, T =1z, (235)

with a Gaussian potential

1,22

V=Ke" (2.36)
The background geometry is derived from a six-
dimensional AdS soliton, which was proposed by
Kuperstein and Sonnenschein as a holographic model of
four-dimensional Yang-Mills theory [36]. It is given by

2

R
Z [dxi 5 — f3'dZ’),

(2.37)

ds% = g”dtz - gzzdzz - gxxdx% =

where fo = 1—(z/z4).

Like the bifundamental scalar X in the HW and SW
models, the scalar 7" mediates chiral symmetry breaking by
its possible vacuum solutions. In order to match the scaling
dimension of a quark bilinear, the AdS/CFT correspon-
dence requires one to set the mass of the field 7 to

R2 2
H —_3,
2ra’ A

m2R? = — (2.38)

which leads to the differential equation for its profile z(z),

4Pzfa W 3
"_ 3 A 2.2 =0
T 3 + < 2n 7+ ZQfA+u 77 )r=0,

(2.39)

and a UV asymptotic behavior parametrized by two
constants ¢; and c3,

1T—m————

0 I T L I
0.0 0.5 1.0 1.5

z[GeV!]

FIG. 1. Tachyon field z(z) for the parameters in Eq. (2.41).

2
T=c1z+ %c?f Inz+c322 +0(°).  (2.40)
When the source parameter ¢, corresponding to the quark
mass is chosen, the parameter c; is tuned such that the
tachyon diverges exactly at z = z,.

The parameter y in the tachyon potential does not have a
physical meaning, as it can be absorbed in the definition of 7;
in the following it will be set to y?> = . In [32] a fit of light
unflavored mesons (composed of u and d quarks) gave

zy' =522 MeV, ¢; = 0.0125z3! (2.41)
We shall refer to this as TC (fit 1). In [33] the parameters are
chosen as

73! =549 MeV, c; = 0.0094z;! (2.42)
which gives a slightly higher mass for the lightest rho meson
[referred to as TC (fit 2) in the following].

The function 7(z) that we obtain as the solution of
Eq. (2.39) is plotted in Fig. 1. The value that we obtain for
the other constant is

c3~0.37z3%. (2.43)
Given 7(z), one can proceed by expanding the action (2.33)
up to quadratic order in the fields as in the other mod-
els above.

For the vector gauge fields V,, = [A,<,L> + A,(lR)] /2 and the
corresponding field strength V,, the action up to quadratic
order reads

(27ra

SV = /C/d4xdze_5”T

1. -1
X [EZJZZV”UV”” + 94 G:2 0.V, 0. VF |, (2.44)

094032-6
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where we have defined §.. = g.. + 2za’A(0.(z))?. This
leads to the mode equations

1 22 -1
0. g G20, (2) = My, (2). (2.45)

1
—UTT X2
e

As in the SHW model, solutions have to be obtained by
relying on numerical calculations, which is best done by
transforming the differential equations to Liouville normal
form (see the Appendix of [33]). The vector correlator,
which is given by

27/ )’KR 0,V (q, z
Iy (—¢?) = —2 2 : (2 )
gV q Z =€

(2.46)

for a solution with the boundary condition V(¢,0) = 1, can
then be calculated alternatively by summing a sufficiently
large number of modes according to Eq. (2.32). The
behavior at large g*> can be shown [33] to be of a form
similar to that of the SW model. Matching to the leading-
order term of the operator product expansion (OPE) result
leads to

225 )PKR N,
gy 1277

(2.47)

Like the SHW model, the TC model has a linear depend-
ence of m2 on n only for large n, where it can be shown [33]
that the spacing is given by m? - m?% ~ 6z, [~1.6 and
1.8 GeV? for Egs. (2.41) and (2.42), respectively].

III. NUMERICAL RESULTS

A. Masses and decay constants

In Table I we list our results for the masses and decay
constants of the vector mesons in the various models.
In the HW1, SW, and SHW models we have fixed m; =
775 MeV while setting gs such that the asymptotic
behavior of the vector correlator is matched. The extra
parameter in the SHW model was used to additionally
match m, = 1465 MeV, while in the TC model we have
considered the two sets presented in [32,33]. The simpler
HW2 model, which instead has fewer parameters, is
considered in the two versions used in [9,10] for evalu-
ating the HLbL contribution to the muon g — 2: an IR fit
where m, and f, are matched but short-distance con-
straints are only satisfied at the level of 61%, and a UV fit
where f, and the short-distance behavior are correct but
m, is too heavy by 27%.

In the HW models, the masses of excited rho mesons rise
very quickly, asymptotically like m?2 ~ n?, whereas the SW,
SHW, and TC models have m2 ~ n, as required by linear
confinement. While in the HW models the first excited
rho meson has a mass significantly higher than the

20f ]
1.5i§ ——o—0—o—0—0—

o= r 1
lS [ e

: 1.0: A

[Q\IE 4
0.0;1 1 1 1 1 1 1 1 1 1 1 17

1 2 3 4 5 6 7 8 9 10 11 12

FIG. 2. Plots of m2,; —m? in GeV? in models where m3 ~ n
for large n: the SW model (light green/diamonds), the SHW
model (darker green/triangles), and the TC model (fit 1 in red/
disks and fit 2 in orange/squares). The gray line is the phenom-
enological value given in [37] as 1.38(4) GeV?, with the gray

shaded region representing its uncertainty.

experimental value m, = 1465 MeV, in the simple SW
this value is 25% too low. This can be remedied in the SHW
by our choice for its parameters, and also by the overall fits
[32,33] in the TC model. In the SHW and TC models, m5
and my are also very compatible with the next states on the
radial Regge trajectory, which in [37] were assumed to be
p(1900) and p(2150). In Fig. 2 we plot the increments of
the masses squared for the first 12 modes in the models
with an asymptotically linear behavior, which shows that
the simple SW model has a much smaller value
(m2,, —mj =m3~0.601 GeV?) than the SHW and TC
models. The latter are in fact closer to the observed slope of
radial Regge trajectories, which in [37] was determined
as 1.38(4) GeV?2.

Regarding decay constants, sufficient experimental
information is available for only the lightest rho meson
through T(p° - ete™) =7.04(6) keV  [34], which
yields [38]

F/z)o =3mI(p° > ete™)/(4na?) = [348(1) MeV]*“.
(3.1)

The largest deviations from this result, of about 25% and
20%, respectively, are found in the SW model and in the
HW?2(UYV fit) case, whereas the HW1 model deviations are
merely 5% too low. Note that F,, o g52, which implies that
one could match the experimental result by a corresponding
adjustment of gs.

B. Ny =2 LO-HVP contribution to a,

In Table II we finally give the results for the leading-
order HVP contribution to the anomalous magnetic

moment of the muon with two light flavors, ahg\;‘;{;’;, by

using Eq. (1.4). As mentioned above, for the HW and SW
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TABLE 1II.  Values of aL®"VP with N; =2 for the different
hQCD models in multiples of 107'°. The last column gives the
ratio of these results over a0 VP a5 obtained in the dispersive

u(wm,wnm,mwy)
approach [Eq. (3.2)].

a/&g\;‘f;’; Mismatch
HW1 476.9 0.86
HW2(IR[UV fit) 773.9]304.0 1.39/0.55
SW 276.4 0.50
SHW 415.4 0.75
TC (fit 1]2) 442.31403.6 0.79(0.72

models we can use closed form expressions for HV.3 For the
SHW and TC models, we rely on numerical results and
the expansion (2.32). The corresponding integrands in the
master formula (1.4) are displayed in Fig. 3.

With the exception of the model HW2 (with fitted m,
and f), where the asymptotic behavior of Il is about a
factor of 1.6 larger than the OPE result, the holographic
results are much smaller than the results obtained for the
Ny = 2 contributions in dispersive and lattice approaches

(the latter are about 590 x 1070 [1] and 640 x 10710 [2],
respectively). However, the holographic QCD models
should be viewed as (more or less crude) large-N,
approximations. HVP contributions with multihadron
states such as four pions correspond to higher-order
contributions in the large-N, expansion, so it appears
to be more reasonable to compare only with contributions
from intermediate states corresponding to the p and w
channels, which are dominated by two- and three-
pion states as well as z’y. Table III lists their contribu-
tions to a, according to [39,40], which combined give
approximately

LO-HVP

a
u(mr.mmm,my

| =557(3) x 107", (3.2)

While the HW2 model in its two versions brackets this
result, with rather large deviations on either side, the HW1
model, where m, and f, as well as the short-distance
behavior can be fitted simultaneously, is only a factor of
0.86 smaller, and thus comes the closest of all models
considered here.

The smallest result, at only 50%, is obtained with the SW
model. As we have seen above, the SW model with a

*In[13] Iy, in the HW1 model was calculated by truncating the
infinite sum in Eq. (2.15) at n = 4, which produces a result that is
about 1% lower than the full contribution. With the slightly
different choice of m; = 775.49 MeV of [13], we would obtain

at&iﬂ’; = 476.4 x 1070, while the truncated result given in [13]

iy LO-HVP _ -10
I8 a2 = 470.5 x 107'°.

025 :x T T T T T T T T T T T T T T T xj
020F ]
% 0.15F ]
(/E: [ ]
S 0.10F .
= i ]
0.05F ]
0.00 51 R R R I R R R I R R R I R R R 15
0.00 0.02 0.04 0.06 0.08
0% [GeV?]
FIG. 3. Plot of the integrand f(Q*)I1(Q?) =

F(Q*)4xT1hd(Q?) in Eq. (1.4) for the HW1 model (blue line;
peak value ~0.24), SW model (light green line; 0.14), SHW model
(darker green line; 0.21), and the TC model with fit 1 (red line;
0.22) and fit 2 (orange line; 0.20). The HW?2 model is shown only
in the UV-fit version (purple line; 0.15), where the UV behavior is
reproduced at the expense of an unrealistically heavy rho meson;
whenm, and f, are fitted, the integrand peaks at about 0.39 and the
UV behavior is about a factor of 1.6 too large.

strictly linear dependence of m2 on n underestimates the
masses of all excited tho mesons. While this should tend to
overestimate a°MVP, the decay constant squared of the
ground-state tho meson is at only 30% of its experimental
value, which is thus responsible for the strong attenuation.
However, the simple modification (2.30) in the SHW
model, which leads to a much improved mass spectrum,
also brings the decay constants closer to realistic values,
yielding a result for a ®"VP that is only 25% below
Eq. (3.2). The more sophisticated TC model turns out to
be comparable, coming somewhat closer, with parameters
of fit 1.

Thus all models which reproduce m,, f,, and F
reasonably well also do not deviate too strongly from
the dispersive result for a "V but uniformly under-
estimate it. Since the latter is proportional to g5, this
suggests that its value, obtained from matching the leading-
order term in the vector correlator (2.17), should be
corrected to account for the next-to-leading-order term,
which is indeed positive. Exactly such a correction was

TABLEIII. Rounded contributions of decay channels with one,
two, and three pions to af°"VP in multiples of 107'% [1].
DHMZ19 [39] KNT19 [40]
ntn 508(3) 504(2)
ataa° 46(1) 47(1)
0y 4.4(1) 4.6(1)
Sum 558(4) 555(3)
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proposed by two of us in the evaluation of the HLbL
contribution within the (massive) HW1 and HW3 models
[11,12], where it has the effect of reducing the holographic
HLbL result, as this brings the asymptotic behavior of
transition form factors down by amounts that are roughly
consistent with perturbative corrections to the leading-order
QCD results for moderately high Q2 values [41,42]. At the
same time, the coefficient of the logarithm in the asymp-
totic expression (2.17) is increased by a similar amount,
which is consistent with the next-to-leading-order terms in
this expression.

In the case of the HW1 model, F L0 can be matched
by reducing gg by a factor of 0.9. This happens to
bring the HW1 result for the z° pole contribution to the
HLbL part of a, into perfect agreement with the dispersive

(111 @5 = (6:17...6.39) x 10719,

A% iy = 626739 x 10710 [43].
With F o matched, the HW1 result for a;;°""* becomes

correspondingly larger—namely, 533.2 x 107'°, which is
less than 5% smaller than the dispersive result (3.2).4

result while

IV. CONCLUSION

By considering a number of simple bottom-up holo-
graphic QCD models, we have found that their quantitative
predictions are too spread out to be of help with the task of
determining the HVP contribution to the anomalous mag-
netic moment of the muon, which is currently hindered by
the largest uncertainty with regard to the ongoing efforts of
testing the Standard Model in a new round of experiments.
However, a comparison of the holographic results for the
LO-HVP contribution with the existing data-driven results
at or below percent accuracy allows us to assess the various
holographic models with regard to their ability to account
for the relevant interactions between hadrons and photons.
This is useful because holographic QCD can provide
interesting estimates for HLbL contributions, where con-
ventional approaches have uncertainties that are compa-
rable to or larger than expected errors in the large-N,. limit
that holographic QCD is based upon.’

In particular, we have considered the holographic SW
and HW models that have been used previously for
estimating the HLbL contributions of pseudoscalars and
axial-vector mesons (see the recent review [12]), and we
have also explored two simple extensions that aim to
interpolate between the HW and SW models while keeping
their respective advantages.

We have found that the original HW1 model [16] turned
out to come closest to the phenomenological value of the

4Interestingly, in [22] it was argued that inclusion of the effects
of a gluon condensate within a modified HW1 model leads to an
increase of about 6% of the holographic value for a%HVP.

For example, the contribution of axial-vector mesons was
assigned a 100% uncertainty in [1].

rho meson decay constant as well as to the value for

ak&i‘;’; obtained in dispersive approaches. The somewhat

simpler HW2 model, which was used in holographic
calculations of the axial-vector contribution in two versions
which fit either IR or UV constraints, brackets the latter
with rather large deviations in both directions. The SW
model turns out to give the worst fit, but the simple
improvement of a semihard wall proposed in [28,30]
already reduces the deviation considerably; the more
sophisticated TC model achieves roughly the same with
the parameters considered previously in [31-33].

In the HW1 model, the LO-HVP result is simply
proportional to the coupling g5 determining the asymp-
totic behavior of the vector correlator. Reducing g% by a
factor of 0.9 or 0.85 was proposed in [11,12] as a simple
way to account for next-to-leading-order QCD effects for
the large-Q? behavior of transition form factors. In the case
of the rho meson decay constant, a factor of 0.9 leads to a
perfect fit with the phenomenological value and a result for

ak&ﬁi’; that is only 5% too small. As shown in [11,12], the

same reduction of g2 brings about a perfect agreement of
the pion pole contribution in the HW1 model with the data-
driven result of [43]. We interpret this as support for the
predictions for pseudoscalar and axial-vector meson con-
tributions obtained by two of us in various versions of the
HW1 and HW3 model [11,12], where a theoretical error
was formed by taking the unchanged results of these
models as the upper bound and those with g§ reduced
by a factor of 0.85 as the lower bound. The corresponding
values with the factor 0.9 could then be regarded as the best
guess within these models.®

As an outlook we would like to refer to the many
possible improvements that can be considered for bottom-
up holographic QCD models. In [22] it has already been
shown that incorporating the effects of a gluon condensate
within a modified HW1 model leads to an increase of about
6% of the holographic value for a;°"V?, bringing it very
close to the data-driven result. It would be interesting to
study even more extensions, such as models that relax the
assumption Ny < N, of the *t Hooft limit [44].
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We do not reproduce these numbers here. They can be easily
obtained by applying the correction factors given in Table III of
[11] to the results in Table II therein.
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