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We study all-charm tetraquarks in the front form of Hamiltonian dynamics using the many-body basis
function approach known as basis light-front quantization. The model Hamiltonian contains transverse and
longitudinal confining potentials and a one-gluon-exchange effective potential. We calculate masses of
two-charm-two-anticharm states focusing on the lowest state. We also calculate two-quark and four-quark
estimates of meson-meson breakup threshold. The results suggest that the lowest two-charm-two-
anticharm state is not a tightly bound tetraquark. We discuss implications of the cluster decomposition
principle for theories formulated on the light front and present our treatment of identical particles together
with color-singlet restrictions on the space of quantum states.
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I. INTRODUCTION

Even though four-quark states called tetraquarks have
been studied for a long time (see Refs. [1-4] for some early
studies), the stability of tetraquarks is still under debate.
One of the basic questions is whether there are four-quark
states whose masses are smaller than the sum of the masses
of two mesons into which the tetraquark could potentially
decay through a rearrangement of the quarks. Because
ab initio calculations in QCD are challenging, researchers
make use of various strategies and approaches to estimate
the masses of tetraquarks, and their results are often in
conflict with each other [5—40]. The goal of our paper is to
initiate studies of tetraquarks within the framework of the
front form of Hamiltonian dynamics [41] and basis light-
front quantization (BLFQ) [42], an approach whose ulti-
mate goal is to achieve ab initio calculations in QCD.
Therefore, our study is focused on the development of the
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approach as much as on providing a preliminary answer to
the main tetraquark problem—whether or not four heavy
quarks can form a bound state.

We choose to study heavy quarks (charm quarks)
because for heavy quarks one would expect it to be possible
for the proper, QCD-based theoretical description to be
simplified. Asymptotic freedom, which is believed to be
relevant for heavy quarks, allows for perturbative expan-
sion of the QCD Hamiltonian and produces some con-
fidence that the simple Hamiltonian with confining and
one-gluon-exchange potentials that we use shares impor-
tant features with the full QCD Hamiltonian. Owing to
asymptotic freedom and quark masses much larger than the
strong interaction scale Agcp, charm quarks are expected to
be relatively slow in comparison to the speed of light;
hence, additional pairs of heavy charm quarks cannot be
easily produced and should not contribute significantly to
the tetraquark dynamics. Tetraquarks of any kind are an
interesting topic of study because they are exotic, i.e., they
are neither mesons nor baryons; therefore, they provide
opportunities to test and extend our understanding of
hadron physics beyond the boundary of fairly well-estab-
lished meson and baryon physics. Finally, studies of all-
heavy tetraquarks recently received additional motivation
in the form of the first experimental identification of all-
charm tetraquark resonance X (6900) [43]. The discovery of
a doubly charmed tetraquark is also worth noting [44].
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BLFQ has already been used with success to study
various mesons and baryons [45-54] as well as in QED;
see, for example, Ref. [55]. However, most of those studies
involve only one Fock sector, with recently appearing
extensions [56]. Questions like “how does confinement
work?” cannot be fully answered by studying quark-
antiquark or three-quark systems alone, even if one uses
phenomenologically successful confining potentials. If one
is to believe that gluon strings are formed in a Hamiltonian
approach to QCD (as seems to be the case for lattice QCD),
then one is necessarily forced to explicitly include many-
gluon sectors in addition to the leading “valence” Fock
sector. Furthermore, breaking of those strings requires Fock
sectors with additional quark-antiquark pairs. The strength
of BLFQ stems from the fact that, in principle, it can handle
many Fock sectors, each of which can contain many
particles, in a straightforward manner.

The QCD Fock space is rich in structure and, even with
the help of supercomputers, the calculations are challeng-
ing because the dimensionality of the required spaces of
states grows quickly with the addition of new Fock sectors.
The QQQ Q sector is one of the natural next targets after
the Q0 and QQQ sectors.

Another important challenge resides in how to renorm-
alize divergent interactions of QCD. The eventual success
of the approach will probably require an adoption of
effective interactions calculated from QCD using, for
example, the renormalization group procedure for effective
particles (RGPEP) [57]. The Hamiltonian of bare, pointlike
quarks and gluons leads to the problem of overlapping
divergences [58]. RGPEP, by defining effective, finite-size
particles, can tame singular interactions and reduce the
number of Fock sectors necessary to obtain satisfactory
results. Effective Hamiltonians computed using the closely
related similarity renormalization group [59] (see also
Ref. [60]) have been successfully used in combination
with many-body methods in ab initio calculations in
nuclear physics; see, for example, [61-63]. However, a
relativistic quantum field theory such as QCD is much more
complicated than the nonrelativistic nuclear many-body
problem of interacting nucleons.

Since we choose to deal with only charm quarks and
antiquarks, we take into account the antisymmetrization of
identical particles. This is also the first system treated
within BLFQ where the question about color dependence
of the confining potential needs to be addressed because
there are two color-singlet combinations in the QQQ Q
sector, whereas both the QQ and QQQ sectors admit only
one color singlet each. We adopt the commonly used
assumption that the confining potential depends on color
in exactly the same manner as one-gluon-exchange inter-
actions depend on color. We also add a color-independent
term in the longitudinal direction. Without this added term,
we find some spurious, unphysical solutions with negative
mass squared.

In Sec. II we present our model many-body Hamiltonian
and derive Schrodinger-like equations for three cases
describing one meson, a tetraquark, and two mesons.
The two-meson system allows us to discuss the cluster
decomposition principle on the light front. Section III is
devoted to a description of the main elements of the
computational framework of BLFQ. Our results for the
masses in the three mentioned cases and a discussion about
whether all-charm tetraquarks are stable against dissocia-
tion are given in Sec. IV. Section V concludes the paper.
Color factors between color-singlet states are given in the
Appendix, where we describe the procedure that takes into
account the Pauli exclusion principle and allows us to work
with color singlets only.

II. HAMILTONIAN

A. Front form of Hamiltonian dynamics

Before we introduce our model Hamiltonian, we mention
a few aspects of the framework that we use that are
important in the context of our long-term goal of ab initio
calculations in QCD. The front form of Hamiltonian
dynamics [41] has two important advantages over other
Hamiltonian approaches. One of them is the fact that
particles cannot be created from the free vacuum in a
way that they can be created, for example, in the instant
form of Hamiltonian dynamics. Front form theories con-
serve total longitudinal momentum of particles taking
part in the interaction, where the longitudinal momentum
of a particle is defined as p™ = p° + p3. In Hamiltonian
approaches particles are on mass shell; hence, p° > |p’|
and p* cannot be negative. At the same time the vacuum
should have p™ = 0; therefore, all particles created from
the vacuum should have exactly p™ = 0. Since for massive
particles p* — 0 means energy diverging to infinity, one
should regularize the theory and remove the p™ = O states,
which are called zero modes. However, it is also known that
one cannot simply discard those states and that zero modes
have to be taken into account in some way. Even though it
is an open question as to exactly which way zero modes
need to be included, we have still gained something: the
difference between the free vacuum and the interacting
vacuum can be contained only in the singular point p™ = 0.
Therefore, to a large extent one can separate zero modes
from the p™ > 0 region, where most of the usual dynamics
happen [this is similar in form to the Schrédinger equation
or quark model Hamiltonians; see Egs. (23), (28), and
(36)]. This is in contradistinction with the instant form, in
which particles of arbitrary momenta can be created from
the free vacuum, making the interacting vacuum a com-
plicated state upon which one-, two-, and many-particle
states are to be built.

Another advantage of the front form of Hamiltonian
dynamics is the fact that one can freely boost particles, and
wave functions can be decomposed into products of total

094028-2



ALL-CHARM TETRAQUARK IN FRONT FORM DYNAMICS

PHYS. REV. D 105, 094028 (2022)

and relative motion factors. This is very fortunate because
one can use exactly the same wave functions that describe
the internal structure of a hadron regardless of how fast the
hadron is moving in the laboratory frame. Hence, the front
form is uniquely suited to describing high-energy processes
and offers practical advantages for building a Poincaré-
covariant quantum theory in a Hamiltonian approach.

In the front form of Hamiltonian dynamics, the
Hamiltonian is P~ = P — P3. The momentum operators
are Pt = P° 4+ P3, which is the longitudinal momentum,
and the transverse momenta are P! and P?. We denote
two-dimensional transverse vectors in bold font, e.g.,
P = (P!, P?). The evolution of quantum states is given
by the analog of the Schrédinger equation, which in the
stationary version is P~|¥) = E|¥), where E is the
eigenvalue of operator P~. One can also study the closely
related eigenvalue equation

PP, W) = M?|¥), (1)

where the eigenvalue M? is the invariant mass squared of
the eigenstate |¥). The eigenvalue M? depends only on
the relative motion of the constituents and not on their
absolute motion. Since we work with P# P, instead of P~ it
is convenient for us to call H = P#P, the Hamiltonian.
This is sometimes referred to as the “light cone
Hamiltonian” [64]. Therefore,

H=P'P~-P% (2)

In the front form of Hamiltonian dynamics operators P
and P are kinematic, while P~ is dynamic. In other words,
P~ contains interactions, while P+ and P are the same
regardless of which interactions are present in the theory.

B. Hamiltonian

The model Hamiltonian that we use to study four-quark
systems is

H=H Kinetic T H transverse 1~ H longitudinal +H OGE> (3)

where Hkinetic’ H transverse» H longitudinal » and HOGE stand for
the kinetic term, transverse confining potential term,
longitudinal confining potential term, and one-gluon-
exchange (OGE) term, respectively. The kinetic energy
Hamiltonian is

Hkinetic = P+P6 - PZ’ (4)

where P stands for the noninteracting, kinetic part of P~.
The momentum operators are

P = / P (biby + didy). (5)

szpmbibl +didy). (6)

Py = [ pi(bib, +djd,), (7)

with py = (m* + p?)/p;, where m is the quark mass and
b, and d; are annihilation operators of a quark and an
antiquark with label 1, respectively. Moreover,

f=xlale o

c1,04

where ¢ and o are the color and the light-front helicity of
particle 1, respectively. The normalization of operators is
{b1,b}} = {d,,d}} = p{ 8,264, 4,0, ,» Where &, , stands
for the momentum conservation Dirac delta multiplied
by 167°.

The Hamiltonians of the transverse and longitudinal
confining potentials are

H i ansverse = [21/2/ (p;r + p;)SIZ.l’T Uconf,LBDOGE’ (9)

Hlongitudinal = [21/2/ (pl+ + p2+)312‘1’2’ Ucont .z [aBDOGE
+ Cp(a — 1)BD¢], (10)
where Uy and Uy, are the interaction kernels that
depend on the momenta and helicities of particles 1, 2, 1/,
and 2'. The momentum conservation Dirac delta is
Siovy =4x8(pf + pi — Py —py)
- (27)28*(p1 + P2 — Pr — P2). (11)

The color dependence is encoded in BDggg and BDy,

8
BDogg = Z(E t‘fl/tgz,blb;bz’bl’ - t‘fl,t“,zbld;dz/bl'
a=1

1
+2t7,lz;,2d1d;d2/dl/), (12)

1. .
BDcy = 8, ¢, 80, 0, (5 bibibyby + bididyby

1
+§d{d;d2,dl,>, (13)
with tj-‘j standing for ;(Z,. T o where T = %/1“, with A4
being a Gell-Mann matrix (a =1,2,...,8) and y,. =
[8c.1.8:2.6.3)" being a three-dimensional vector, while
¢ =1, 2, 3 is the color quantum number. In other words, t?j
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is half of the matrix element of matrix A¢ in the c¢;th row and
¢jth column. The color dependence of BDggg, is the same
as the color dependence of the one-gluon exchange—hence
the subscript “OGE.” On the other hand, BDy is diagonal
in color and color independent—hence the subscript “CIL.”
BDggg and BD(; have three terms each that describe
pairwise interactions in quark-quark, quark-antiquark, and
antiquark-antiquark pairs. The factor 1/2 that multiplies
quark-quark as well as antiquark-antiquark terms is present
because the two quarks, or the two antiquarks, that interact
are indistinguishable. Finally, a is a constant between 0 and
1, and Cr = (N2—-1)/(2N,) = 4/3 is the value of the
quadratic Casimir operator in a fundamental representation
of SU(N.), N, = 3. We choose a = 0.85; therefore, in our
Hamiltonian 85% of longitudinal confining strength in a
meson comes from the OGE-like term, and 15% comes
from the color-independent term. See below for a more
detailed discussion.
The kernels are

_ b 2
Ucont, 1 =K 551.01,502.02,4”5()612 — xyy) (X122

62
8 [ak2

12

(2226 (kyy ku)} , (14)

Uconf,z = K450|,0|/5(72,o—2/(277)252((112 - (I1’2’)
y |: 1 0 1 1 0 1
VD12 0x13 /D13 /D11y Ox 1y \/Dyry

X And(xyy = x12)} , (15)

where « is the interaction strength parameter, x;, =
pi/(pT + py) is the longitudinal momentum fraction
of particle 1 with respect to 2, and x,; = 1 — xq, is the
longitudinal momentum fraction of particle 2 with res-
pect to particle 1. The relative transverse momentum is
k12 = X21P1 — X12P2- MOI'eOVCr,

q;2 = ) 16
L= o (16)
X12 — X721
g5 = m——, 17
12 e (17)
and
dqi, m
= dx, (xu) 2[x12(1—x12)}3/2 ( )

Objects with the subscript 1’2’ are defined in the same way
as objects with the subscript 12, except that 1 is replaced by
1’ and 2 is replaced by 2'.

The confining potential is determined by the anti—de
Sitter (AdS)/QCD holography [65], and its transverse part

reproduces the AdS/QCD harmonic oscillator in the QQ
sector. With appropriate momentum variables [66], in the
QQ sector, the longitudinal and transverse terms comple-
ment each other and form a three-dimensional, rotationally
invariant harmonic oscillator; see Eq. (26). The potentials
in the QQ sector are naturally extended to other sectors
through Egs. (9) and (10), which act in all sectors. The
extension, however, is not unique. For example, the factor
p{ + p3 could be replaced by the total PT. Moreover,
BDggg and BD(y evaluate to the same expression between
states in the QQ sector up to a factor of Cp. Their
combination, as in Eq. (10), gives a result that is indepen-
dent of a in the QQ sector. Our choice of the confining
potential was obtained after studying several variants and
searching for the acceptable spectral behavior of the
solutions.

We found that removing the color-independent part or
replacing p| + p; with P* leads to the appearance of
unphysical solutions with negative mass squared. While
in general tachyonlike states can be a sign of unstable
equilibrium in a linear approximation of a field theory (see
Ref. [67]), our approach is nonperturbative and we are
dealing with model Hamiltonians. Therefore, we regard
candidate model Hamiltonians with such tachyonic solu-
tions as unphysical. The properties of these states are very
far from the properties expected of bound tetraquark states.
For example, the dominant components of wave functions
of these nonphysical states reveal a very fast motion of
quarks with respect to each other, making them more like
highly excited, high momentum scale states than like states
characterized by the low relative momenta appropriate for
our model. a = 0.85 is the largest value of a that guarantees
that no negative M? states will appear up to K = 50 for
Nmax = 6 (see Sec. III). It is worth noting that exchange
potentials consisting of two or more gluons are in general
mixtures of OGE-like and color-independent parts. Hence,
our confining potential appears to be reasonable, apart from
the fact that our CI potential confines at large distances.
However, the states which should be affected the most by
this confinement are the excited states, while we focus
mainly on the ground state.

The Hamiltonian term of the one-gluon-exchange inter-
action is Hogg = P*Vogg, where

Voge = [21/2/ 312.1’2’ Uoce(1,2;1',2")BDog. (19)
The kernel of the OGE term is
Uy, up oy uy
U 1,2:1,2) = =2 £ — = = Toiphpt,
oGE( )=-g (12— x19)D \/Pi P2 PiP;
(20)

where D is the energy denominator,
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D:l p%+m2_p%,+m2_p§+m2+p§,+m2}
2 X12 Xy Xo1 Xory
)2 42
X2 — Xy

with ¢ being a fictitious gluon mass. We use the same
spinors as those in Ref. [55], and iy, u it;y*uy can be
found in Table I therein. The fictitious gluon mass y is
introduced to regulate the Coulomb singularity: if we take
p; = pr and x;, = xyo, then (x5 — xp»)D, which is in
the denominator of Eq. (20), becomes zero unless y # 0.
This singularity is integrable if the momenta are continu-
ous; however, in BLFQ we discretize the longitudinal
momenta and the singularity somehow has to be regulated.
Even though diagonal matrix elements of the discretized
version of Hpgg diverge as y — 0, the eigenvalues and
eigenvectors approach a finite limit.

The Hamiltonian of Eq. (3) provides a unified descrip-
tion of the Q0 and QQQ Q systems. In fact, one could
apply this Hamiltonian in sectors with an arbitrary number
of heavy quarks and antiquarks. We use it in three separate
calculations for three purposes. In all three cases we restrict
the space of states to color singlets, which can be achieved
since H conserves color. Details are provided in the
Appendix. First, we solve the QQ eigenvalue problem
and, by fitting the numerical spectrum to the experimental
spectrum of charmonium, we fix the free parameters of the
Hamiltonian: quark mass m, confining potential strength
parameter k and OGE coupling constant g. Second, we
solve the QQQ Q eigenvalue problem to find the four-
quark ground-state mass. Third, we solve the QQQ QO
eigenvalue problem with some interactions turned off. The
interactions that are kept allow one quark to form a meson
with one antiquark, and the other quark to form a meson
with the other antiquark. There is no interaction between
the two mesons, and we restrict the space of states to
the states in which both mesons are color singlets sepa-
rately. This way we can numerically estimate the two-
meson threshold, which can be different than the sum of
the masses of two mesons obtained in the QQ calculation
due to the finite basis. Below we briefly present the
three cases.

C. Eigenvalue equation for mesons

The Hamiltonian can have many eigenvectors of various
forms. States that describe a single meson with fixed
momenta P;, and P, are of the form

W) = AP;SIQ.PMwMuz)bId;my (22)

M>+P3,
P
where M is the mass of the meson. P, are eigenvalues of

The “front form energy” of the meson is Py, =

operators P#, and M? is an eigenvalue of H. The eigenvalue
equation H|y ) = M?|y,,) reduces to

2y (12) + ———wy(12)
X1 X

+ ZK4012WMCI,CZ,(12) - // ,

CI/,CZ/ 12

X UOGE(]’Z; ],,2/)

P b1y p, 1915,
wu(1'2') = My (12), (23)

where

I __sa ia 2
Uiy = t],15,X1%21 (1] — 12)

4
at‘fl,ta,z + g (1 - 0)501,01/562,62/
1 o 1 0 1
x — . (24)
VD12 0x15 D15 0x15 /Dy

One can simplify the form of this equation considerably by
changing the variables from k;, and x, to q;; and ¢j,
(collectively denoted as ¢;,), which were introduced in
Egs. (16) and (17). Moreover, we assume that the meson is
a color-singlet state. Therefore,

50 I -
12) = \/}T_ V D12 alaz(qu)' (25)

We get

2

- - 0 -
(4m?* + Q%2)¢610’2 (G12) = CFK4T2¢6152(6112)

g7,
d*qry Upge(1,2;1,2)) _
C LU
' ﬂzﬂz/ / % 2\/m ¢"1"’2’ (QI 2 )
= M? ¢o‘]o‘2 (Q12). (26)

This equation looks much like a nonrelativistic Schrodinger
equation in momentum space. The Laplacian acting on the
wave function is equivalent to a rotationally symmetric
harmonic-oscillator potential, and the OGE potential is
written in a generic form. It is worth noting that the same
confining potential can be derived using RGPEP with a
gluon mass ansatz [68,69]. Our OGE potential differs from
the Coulomb plus Breit-Fermi equation in Ref. [68] and is
taken instead from Ref. [55]. The choice was dictated by
the availability of software implementation of the latter
potential. Similarly, instead of the longitudinal potential
given in Eq. (15) we could have chosen a kernel that would
give us the 9,x(1 — x)d, potential of Refs. [45,46]. In the
limit of relative momenta vanishing with respect to the
quark masses the two potentials become equal; hence, both
should be suitable for phenomenology. It is sufficient for
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our purposes to select one longitudinal confining potential
and one OGE potential and work with them.

D. Eigenvalue equation for tetraquarks

Tetraquark states have a form very similar to that of
meson states,

|l//T> = %234 P;51234.PTV/T(1234)b-{b;d§d1|0>' (27)

This state has the fixed momenta P; and P7, while

p; =" PtPT The eigenvalue equation H|y;) = M?|yr)
reduces to

4

Z wr(1234) + > iUy (1234)

i<j

/ (P +p; )fsij.i’j’WOGE(i’j; )

=X +x
Moy (1234, (28)

where x; = p//PF and Y% | x; = 1, while k; is a trans-
verse momentum of particle 7 in a rest frame of the bound
state where > ¢ | k; = 0. The harmonic oscillator U;; for
the quark-antiquark interaction is given in Eq. (24), with 1,
2, 1, and 2’ replaced by i, j, i/, and j/, respectively. For
quark-quark and antiquark-antiquark interactions it is

7 2
U;j = —t, t]j,x,jxﬂ(rl -r;)
4
+ |atf 1, — 3 (1- a)5c,-.c,.,5cj,cj/

Lo1a 1 -

1/ ij0x;; Dij 0x;; \/D;;

Wogel(i, j; i, j' )y’ differs depending on i and j. For the
quark-quark interaction, i.e., i =1 and j = 2,

Woge(1,2;1,2")y/
14855, Uoce(1,2;17,2") -
- 2
x yr(12/34). (30)

ttllz’tgl’UOGE(lv 2, 2/, 1/)

For the antiquark-antiquark interaction, i = 3 and j = 4,

WOGE(3 43/ 4/) !
14,14, Uoce (3,43, 4) = 14,14, Uoce(3, 4,4, 3)
2
x yrp(123'4"). (31)

For quark-antiquark interactions, i = 1 or 2 and j = 3 or 4,

Woge(i. ji i’ j W' = —15,15,Uocr (i, j: ', ) )wiy. (32)
where ;= wr(123'4), ywr(1'234'), wp(12'3'4), and
wr(12'34") for ij = 13, 14, 23, and 24, respectively. The
interaction kernels are antisymmetrized as a result of
having the identical particles b{b] and d}d} in Eq. (27).

E. Eigenvalue equation for two mesons

To describe two separate mesons A and B, we choose
|V/AB> = [3 PXSB.PAWA(B)Z’M;

< [ PiBurn@oBld0). (33

Meson A has the momentum components P and P4, while
meson B has the momentum components P} and Py. By
placing the two mesons far enough from each other, we can
make the total interaction between them arbitrarily small.
We simulate this situation by turning off all interactions
except those between particles 1 and 3, which form meson
A, and between particles 2 and 4, which form meson B.
Moreover, two identical quarks contained in two separated
mesons are in practice distinguishable. Therefore, in this
section we treat all particles as distinguishable. Since there
are no interactions between the two mesons, we expect that
in the general eigenvalue equation,

Hyag) = M*|wyp), (34)
the eigenvalue M? can be written as the invariant mass of
two mesons with masses M, and Mp,

M; + k3 +M% + k%,
XA XB
(35)

M? = (P4, + Py,)(P} + Py) =

The relative transverse momentum between mesons is
kAB :-XBPA _XAPB’ where XA :PX/(PX +P§) =X +X3,
Xp = X, + x4. Equation (34) reduces to

1 1
—5AWB(24) + _EBWA(I?’)

M: M3
< +—> wa(13)yp(24), (36)
XA X
where
m? + k? i
Efy=—y,(13) — x4 Z KUY ac, e, (13)

X13X31 ey

- [/3/ PXSI’?)’.PA t?]rtg/:; UOGE(L 3, 1/, 3/)WA(1/3/),

(37)
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m? + k3, i
B g Y 2 21
- L/W PESZ’W.PB ISZ’tZ%UOGE(za 4, 2/’ 4/>WB (2/4/)

(38)

Note that the relative transverse kinetic energy between the
mesons in the eigenvalue, k3,/x, + k%p/xp, canceled
with the transverse kinetic energy between mesons in
Hignetic» Which is fixed by the choice of state |w,p).
We separate Eq. (36) in two, &4 = Miw,(13) and
Ep = M3y (24). Using the same kind of substitution as
in Sec. IIC,

5c c pd
13) :\/}%\/D13¢A0163(q13)’ (39)

O, -
24) = \/2—N_4 V' D24bBoys, (G24) (40)

we get two eigenvalue equations,
2

— - 8
(4m* + §33)P a0, (G13) — X4 Cprt ﬁ%@wm (413)

d*qy3y Uoge(1,3;1',3)
-C
FZ / > 2yDi3Dyy

61,0y
M,24¢A6103(al3)’ (41)

X ¢Aa /6/(QI’3/) =
1"73

2

0 =
- XBCFK4 W ¢BO‘20‘4 (%4)
24

C Z /d qra UOGE 2 4 2/ 4/)
F,, 3 2y/DyDyy
2/ Oy!

MZB¢BUZU4 (&24)' (42)

(4m* + G54) Ppoo, (Goa)

X PBoyoy (Grw) =

F. Cluster decomposition principle

The two-meson solutions in the QQQ Q sector provide a
good example of how the cluster decomposition principle
works in the front form of Hamiltonian dynamics. There are
several elements needed for the cluster decomposition
principle to be satisfied. First, the mass M, of meson A
should not depend on the state of particles in meson B.
Similarly, the mass My of meson B should not depend on
the state of the particles in meson A. Second, M, and My
calculated in the QQQ Q sector should be equal to the
corresponding masses in the QQ sector. For example, if
meson A is in the 0~ ground state and meson B is in the
17~ ground state, then M, should be exactly equal to the
mass of 7, calculated in the QQ sector and My should be
exactly equal to the mass of J/y calculated in the QQ

sector. This is expected from the analytic solutions;
numerical solutions may differ slightly.

In the two-meson example in Sec. Il E, those conditions
are not satisfied. Comparing Eqgs. (41) and (26), one can see
that in Eq. (41) there is an extra factor x4, multiplying the
confining potential. Since x, is fixed, the mass M, is
independent of whether meson B is in the 7. or J/y or
any other state. Nevertheless, M 4 depends on P, because x,
depends on Pg. Moreover, M, cannot be the same as the
mass of the corresponding charmonium in the QQ sector,
because the strength of the confining potential in the QQ
sectoris Cx*, while itis x, Ck* for meson A inthe 000 QO
sector.

We could formally restore the decomposition principle
by replacing p; + p; in Egs. (9) and (10) with P, but this
would lead to the appearance of spurious states, as
described in Sec. II B. We prioritize the acceptable spec-
trum over exact conservation of the decomposition prin-
ciple since the former is more important in practice, while
the latter can be approximately restored. Since charm
quarks are heavy, the two-meson system and tetraquark
can be considered nonrelativistic. Therefore, x, x xg~ 1/2,
and one can partly restore the cluster decomposition
principle by rescaling x in the QQQ Q sector. In other
words, in the QQQ O sector we use k7 = 2!/%k instead of
k. This guarantees that x, Cpk} ~ Cpx* for x4 ~ 1/2.

As opposed to the confining potential, the OGE potential
fully obeys the cluster decomposition principle. This is to
be expected because it can be derived from QCD in
perturbation theory. In fact, all two-body potentials in
QCD have the same generic form of Eq. (19) (apart from
the color factors, which may differ). It is important for
Uogr(1,2;1’,2') to depend only on the relative momenta
between particles 1 and 2 and between 1’ and 2/, and not on,
e.g., the momentum fractions x; or x,, which depend on the
total P* of the system. Therefore, Eq. (19) illustrates the
general form of two-body operators that admit the cluster
decomposition principle in the sense described here. A
more general treatment of relativistic theories obeying
cluster separability can be found in Ref. [70].

In the eigenvalue equations the cluster decomposition
principle manifests itself through the presence of the 1/x,
and 1/xp factors in Eq. (36) and the 1/(x; + x;) factor in
Eq. (28) that multiply interaction terms that depend only on
relative momenta within the interacting pair, with no trace
of the total P*. Note that momentum conservation in
Jop(pi + pf)é,, vy fixes py + py, and one is left with an
1ntegral over the relative momenta x;; and K.

II1. BASIS LIGHT-FRONT QUANTIZATION
AND TRUNCATION SCHEME

Basis light-front quantization is a basis function approach
to Hamiltonian light-front field theories [42]. Longitudinal
and transverse directions are treated differently. In the
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longitudinal direction a box of length 2L, i.e., coordinate
x~ € [-L, L], is introduced. This leads to discretization of
the longitudinal momenta. We apply antiperiodic boundary
condition for the quark field, which means that quark
longitudinal momenta can take only the values

pt=—k, (43)

where £ is called the longitudinal quantum number and it is a
positive half integer. In sectors with many particles, the total
longitudinal momentum is by definition P = 2L—”K , where
K = >, k; is the sum of longitudinal quantum numbers of all
particles. In Sec. II Pt denoted the momentum operator;
from now on, P* indicates the eigenvalue of the operator P+
and we keep it fixed (we use only eigenstates of the operator
P with eigenvalue PT). For a given particle i, the longi-
tudinal momentum fraction x; is

k.
X = i—; =2 (44)
The longitudinal continuum limit is L, K — oo, while P is
kept fixed. None of the quantities that we calculate depend on
the exact values of P™ and L due to front form boost
invariance.
For transverse momenta we introduce the harmonic-
oscillator basis [42]. We define the new creation and
annihilation operators as

1 d’q
B = —— W (q) byl o 45
= [ G @ b (49
1 d*q

Wlpm" (q)*dilpiz\/)'c'iq' (46)

D, =

N
Note that the operators B; and D; depend on the discrete
quantum numbers n;, m;, k;, 0;, and c¢;, while the plane-
wave operators b; and d; depend on the continuum trans-
verse momentum p; = ,/x;q, the discretized longitudinal
momentum pf = 2xk;/L (or, equivalently, on k;), and the
spin and color o; and c¢;. Operators B; and D,; are
normalized to unity, that is,

{Bh Bj} = {Di’ D;} = 5n,~,nj(sm,-,m,-51(,-,/(]56,-,6_,-50,-‘6]' (47)

The basis wave functions are

1 4zn! ml (@ —2
¥i(q) = ) |<q—>e 27 %

== " e (48
b\ (0 + |m|)! ¢ (48)

where L!" are the associated Laguerre polynomials,
g=1/(¢")?+(¢*)?, p =argq, and b is a selectable
positive parameter of dimension of P. The principal

quantum number n is a non-negative integer, while m
can be an arbitrary integer. The choice of the harmonic-
oscillator wave functions is compatible with our choice of
the transverse confining potential and is important for the
factorization of the center-of-mass motion, which we
describe in detail later in this section.

In practice one has to truncate the many-particle basis in
the transverse direction by limiting the allowed radial
numbers n; and angular numbers m; to a cutoff in the
number of oscillator quanta in each basis state,

Z(zni + |ml| + 1) < Nmax- (49)

1

Removing this truncation is equivalent to taking the limit
Npax — 0. In addition, we require our multiparticle basis
state to have the total angular momentum projection

M; = Z(mi+ai)7 (50)

i

where 6; = + % is the fermion light-front helicity. Through-
out this article we limit our attention to M, = 0 states." It is
also worth mentioning that the truncation of the basis
breaks the cluster decomposition principle. For example, if
we consider our two-meson example from Sec. II E and if
the quantum numbers of particles forming meson A already
almost saturate Eq. (49), then the particles of meson B will
be restricted to a much smaller space of states than the
particles of meson A. The opposite situation is also possible
and is included in the truncated basis. Therefore, one meson
can influence the other through the truncation, even if there
are no interactions between them. Moreover, each of the
mesons in the QQQ Q sector is subject to a different
truncation than the one meson in the QQ sector and meson
masses in the QQ and QQQ Q sectors can differ slightly,
but the difference should vanish as the basis size is
increased.

It is straightforward to rewrite the Hamiltonian presented
in Sec. II using new operators B and D. One has to addi-
tionally discretize the longitudinal momenta by following a
simple prescription, 4z6(p — p3) = 2L& 4,» [¢° % -
SO b= V2Lb, d — /2Ld. Then it is only a matter of
computing the matrix elements of H and diagonalizing the
obtained matrix to obtain the eigenstates of H and their
masses. Computation of matrix elements between states
containing two quarks and two antiquarks is not much more
complicated than the analogous computation between

'A tetraquark state with M; = O can, in principle, be built from
one meson having, for example, M; = +1, and the other having
M; = —1. However, this is not expected to play a role in
calculations focused on the tetraquark ground state since such
states would be expected to result in a higher tetraquark
dissociation threshold than the one where both mesons have
M J = 0
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states containing only one quark and one antiquark,
because no particle or any pair of particles is distinguished.
One obviously has to calculate terms for all six pairs of
particles instead of just one, and interactions between
identical particles must be property antisymmetrized.
Using a basis in relative momenta of the Jacobi type, for
example, would require us to use different formulas for
different pairs of interacting particles. It should be evident
that the addition of more particles to our calculation
(including gluons) would be straightforward. Admittedly,
this comes at the cost of larger matrices (effectively one
more particle per Fock sector compared to Jacobi coor-
dinates), but the larger matrices are also more sparse, which
aids applications on modern computers, while the simplic-
ity makes the software development more reliable.
Probably the most important complication is introduced
by restricting our space of states to only color-singlet states.
This important, but rather technical, topic is described in
more detail in the Appendix. Similar basis spaces restricted
to include only color singlets have been implemented for a
BLFQ treatment of glueballs with Fock spaces having up to
six gluons [71].

Since BLFQ implements states using single-particle
transverse motion instead of relative motion, the resulting
eigenvectors will possess center-of-mass motion excita-
tions which are of no interest to us because they do not
influence the invariant mass or the internal structure of
hadrons on the light front. The harmonic-oscillator basis
allows us to easily deal with this problem. By adopting
Eq. (49) the eigenvectors of the truncated Hamiltonian
have a known and simple center-of-mass motion. This can
be demonstrated by showing that, even in the truncated
basis, H commutes with the similarly truncated center-of-
mass harmonic-oscillator Hamiltonian

HCM = ﬂ,(:]\/[(l)2 + b4R2 - 21)2), (51)

where P is the transverse momentum operator and R is the
transverse center-of-mass position operator,

5/(],/(250'1,0‘256‘],62/ d2P1 / d2p2
Pt (27)* ) (2#)?

x [—%(2@262@1 _ pg} (blbs + dids).  (52)

R:

kiky.01.05.c1,2

Eigenvalues of Hcy are n-2b%Acy, where n is a non-
negative integer. n = 0 corresponds to the ground state of
center-of-mass motion and n > 1 correspond to excited
states of the center-of-mass motion. In a typical scenario
among eigenstates of H with the lowest eigenvalues, there
will be states with the same relative motion but a different
center-of-mass motion. To keep only the eigenstates with
the ground-state center-of-mass motion, we diagonalize
H + Hcy instead of H. Since H and Hcy commute, they

have the same eigenvectors, while the eigenvalues of the
sum will be the sum of the eigenvalues of H and Hcy;.
Therefore, states with an excited-state center-of-mass
motion will be shifted up by a multiple of 2b%Aqy.
Choosing Acy sufficiently large and positive, all states
with an excited center-of-mass motion will have eigenval-
ues larger than the eigenvalues of the limited number of
states that we obtain numerically. We use Acy = 50 in our
calculations.

IV. ANALYSIS OF BINDING ENERGY

To address the question of whether there are ccc ¢ states
that cannot break up into two charmonia, we need to know
the mass of the lowest tetraquark state and the value of
the two-charmonium threshold taking into account the
implications of the truncated basis space for the subsys-
tems. We obtain estimates of both by numerically diagonal-
izing the truncated matrices of our model Hamiltonian
obtained using BLFQ. We therefore solve three problems
which correspond to three eigenvalue equations presen-
ted in Secs. IIC-IIE. The discrete spectra of truncated
Hamiltonians should look more and more like the spectrum
of the untruncated, infinite Hamiltonian as N, — oo
and K — oo.

The Hamiltonian matrix in the sector with one meson is
used to fix the free parameters of the model, m, k, and
a = ¢*/(4r). The gluon mass y = 10 MeV and the basis
parameter b in the meson calculation is fixed to be equal
to k. We fit the lowest eight states in the spectrum of
charmonium. The root mean square difference between
the fitted and experimental masses is 31 MeV. The
parameters are given in Table I, while Table II lists the
fitted meson masses and the corresponding experimental
values. The fitting was carried out for N,, = 6 and K = 9.
In all calculations we calculate M; = 0O states. For the pur-
pose of estimating the two-meson threshold [see Eq. (55)],
we also calculated meson masses forall 2 < N, < 10 and
1 < K < 17, and c¢ masses with interactions between ¢ and
¢ turned off for the same range of N,,,, and K. The lowest
possible N, in a system with two particles is 2, while the
lowest K is 1. The upper bounds on N, and K for a meson

TABLE 1. Parameters obtained from a fit to an experimental
meson spectrum.

m K a
1.25 GeV 1.21 GeV 0.367
TABLE II. Fitted masses in MeV. N,, =6, K =9.

I’h(lS) J/W Xc0 Xel Xe2 hc WL(ZS) W(ZS)
Fit 3031 3067 3415 3517 3564 3474 3676 3666
Expt. 2984 3097 3415 3511 3556 3525 3637 3686
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are determined by the largest N,,,, and K that we used in
the tetraquark computations.

Tetraquark masses are calculated for N,,, = 6, 8, 10, 12
and for K = 6, 10, 14, 18. We calculated three sets of
tetraquark masses: masses with all interactions turned on
[cf. Eq. (28)], masses with all interactions turned off, x = 0,
a = 0, and masses with only interactions in the pair 13 and
in the pair 24 turned on [cf. Eq. (36)]. For the purpose of the
tetraquark calculations, we readjust the parameter b to
remove a possible source of mismatch between meson and
tetraquark calculations. The characteristic value of ¢ in
Eq. (48) is b, which means that the characteristic value
of |p| is v/xb. In the tetraquark case, similarly, we have
|p| ~ \/xb. However, in the meson case, the expected value
of x is 1/2, while in the tetraquark case the expected value

of x is 1/4. Therefore, it is reasonable to take by = \/EbM,
where by is the value of b for tetraquark calculations and
by, is the value of b for meson calculations. This way the
characteristic scale of |p| in the basis is the same in the two
cases. This readjustment is not strictly necessary, because
for sufficiently large N, and K the results should be
rather insensitive to the choice of b for fixed « over a wide
range of values of b, but it should increase the utility of the
results for small N,,,, and K. Moreover, as mentioned in
Sec. ITF, instead of x we use k; = 2'/4k for the confining
strength parameter.

One of the sources of systematic errors of the framework
that we adopt originates from the fact that a pair of particles
in a ccc ¢ system has a minimal nonzero kinetic energy
with respect to the other two particles. The minimal kinetic
energy should approach zero from above as Np..
approaches infinity, but it may be of importance for finite
Npax- This artifact of a finite basis is called “kinetic
energy penalty” in Ref. [6]. Here we estimate it in the
following way,

AM? = M2 (N pux, K)

ccc
o [MEee(N | K M3 (N, K
— min cC ( 1 1>+ cC ( 2 2) , (53)
Ni.Ky K,/K K,/K

where N, and K, are fixed by the conditions N; + N, =
Npax and K| + K, = K. M2 and M2{*® are tetraquark
and meson ground-state masses squared, respectively,
computed with all interactions turned off. We use masses
squared instead of masses because they, and not the masses,
are the eigenvalues of our Hamiltonian. Moreover, the two
two-quark masses, MZ¢(N, K,) and M2"°(N,, K,),
need to be combined according to Eq. (35) to get the
invariant mass of the full state. To get the minimal invariant
mass we put K, = 0 and minimize over all possible values
of Ny, N, and K,, K, into which N, and K can be
partitioned. Hence, AM?, being the difference between the
actual tetraquark mass and the minimal possible mass of
two separate two-quark subsystems, is a measure of

TABLE III.  Kinetic energy penalty in GeV?>.
Ninax 6 8 10 12
AM? 1.213 1.013 0.659 0.584

minimal k5 between the two subsystems. Table III lists
the values that we obtain. Note that AM? does not depend
on K for the choice of K’s that we made. It should stay the
same for all K =2 (mod 4). We correct the actual
eigenvalues of the truncated Hamiltonians by subtracting
the kinetic energy penalty,

M2E0eed = M2R(N o K) = AM2 (N K. (54)
To give an estimate for a typical downward shift of
tetraquark masses introduced by this correction, for
Npax = 12, if MM =6 GeV, then MMl — ppeomected
49 MeV.

We introduce three estimates of the threshold with which
we compare our numerical tetraquark masses. One estimate
uses the same idea behind the second term in Eq. (53) but
with full meson masses that include interactions,

M2WN(N K
T/l—\/mln[ cC ( 1 1)+

M (N> K>)
K/K |

Ny K K,/K (53)

where the minimum, as in Eq. (53), is taken over all
possible values of N; and K;. Threshold T gives an
unexpectedly poor estimate. It is substantially smaller than
twice our fitted numerical mass of 7. The reason seems to
be an overestimation of the OGE potential for small values
of K because the minima of 7 tend to be reached at the
minimal K; =1, while turning off the OGE potential
makes the minima appear for K; = K, = K/2. In fact,
one naively expects the minimum in the definition of 77
to be reached for K; = K/2 because it implies x4 =
xg = 1/2, which means zero relative longitudinal momen-
tum between the two mesons (as long as they have equal
masses). Moreover, the actual M2 turns out to be
negative for some K = 1 cases, which is unacceptable.
Therefore, we define another estimate of the threshold, for
which both N,,,, and K are equally partitioned among N,
N, and K, K,, i.e.,

N, K
Ty (N, K) = # p2m (m ) (56)

2 72

This estimate seems to be more reasonable, and it is in
rough agreement with a third estimate of the threshold
provided below.

By turning off interactions between particles that
do not belong to the same meson, we can compute the
invariant mass of two mesons occupying almost the same
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TABLE IV. Values (in MeV) of threshold estimates T, T, and corrected tetraquark masses M<°red for various N, and K.

cecece

K 6 10 14 18

Ninax 6 8 10 12 6 8 10 12 6 8 10 12 6 8 10 12
T, 5215 4832 4758 4565 5895 5662 5613 5484 6105 5987 5970 5918 6192 6100 6089 6060
T, 4999 4754 4513 4093 5774 5598 5484 5372 6140 6032 5972 5903 6282 6208 6178 6140
Meoxeeed 7810 7783 7787 7781 7659 7631 7637 7633 7600 7572 7578 1574 7567 7540 7546 7542

finite basis—we have to make identical particles distin-
guishable because otherwise one would not be able to
consistently turn off, for example, an interaction between 1
and 4 and at the same time keep interaction between 1 and 3
turned on. Therefore, we define

$---c-c-c-c:C ¢ _-_-_-ZZ S --Z-Z-ZZ-C =
EE=S=ssssssksss=s====k=======
T, ®K=6
A7' el Ty W K=10
. ®K=14
oo MQected
> M
©)
N— 6,
w2
wn
=
5»
. i )
4 6 8 10 12
Nmax
FIG. 1. Threshold estimates 7, T, and tetraquark masses

Meomeeed depending on Ny, and K. Dashed lines connect

ceee
symbols representing M°Teed  solid lines connect symbols
representing 7', and dotted lines connect symbols representing
T,. Different symbols represent different K. With an increasing K

the threshold lines go up, while the tetraquark lines go down.

—
7 o T
S =N
g corrected
g 6F * Mccﬁ
5»
Nmax = 12
4t L L L L
0 1/18 1/14 1/10 1/6

1/K

FIG. 2. Threshold estimates and tetraquark masses as functions
of 1/K for N, = 12. The fitted solid lines (of the form
a+ b/K + c¢/K?) are used to extrapolate the results to the point
1/K =0.

T, — \/ M2y meson(Nmaxs K) = AM?(Nyr. ). (57)

where M2, meson iS the ground-state mass in the afore-
mentioned calculation of a two-meson system in a tetra-
quark calculation. The results for threshold estimates and
tetraquark masses are summarized in Table IV and plotted
in Fig. 1.

Figure 2 shows the result of a least squares fit of a +
b/K + c/K? to threshold estimates and tetraquark masses
for N« = 12. The results for parameter a, i.e., extrapo-
lations of the fitted curves to the point 1/K =0 are T =
(6748 £225) MeV, T, = (7009 £ 111) MeV, MUl =

(7477 £2) MeV, and MTeeed — (7438 +2) MeV. All
those numbers are expected to go down in the limit
Npax = o (provided that we do not refit our meson
masses), but we expect that the shift should be much
smaller than the shift due to K — oo extrapolation. Our
gluon mass introduces an additional shift upward on the
order of the value of y, i.e., 10 MeV. All tetraquark masses
lie substantially above all threshold estimates, including the
extrapolations. These results indicate that the lowest ccc ¢
eigenstate of our model Hamiltonian is not bound with
respect to breakup into two separated mesons. It could be a
resonant state. However, such a conclusion would require
additional confirmation in the form of a decay analysis.

V. CONCLUSION

We have done, to our knowledge, the first study of
all-heavy tetraquark states using a Hamiltonian in the
front form of dynamics, where all quarks are treated
individually, color degrees of freedom are unconstrained
(apart from the restriction to global color singlets), and
antisymmetrizations due to identical particles are taken into
account.

We note, however, that our confining potential breaks the
cluster decomposition principle, but the breaking should be
rather small for a nonrelativistic system like an all-charm
tetraquark. Attempts to restore it exactly lead to unphysical
states with negative mass squared. Therefore, our confining
potential should be regarded as an approximate effective
potential with a limited range of applicability.

Even without the negative M? problem, confining
long-range forces lead to problematic long-range van der
Waals forces [72,73]. Such long-range forces are unlikely
to be present in QCD. A more likely picture would involve
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effective, massive gluons to be the source of confining
forces. They may or may not form strings, but in any case a
force mediated by such gluons would be short-range.

All our estimates for the cc¢ ¢ ground-state mass turn out
to be substantially higher than the estimates we made for
the lowest threshold for breakup into two c¢ mesons.
Therefore, in our model, the ground-state tetraquark is
unstable against dissociation into two charmonia. There
remain, however, open questions. For example, what would
happen if we used much larger basis spaces? Our estimates
seem to indicate a gap between the two-meson threshold
and the lowest tetraquark, but ultimately, close to the
threshold, we should see a lot of states filling a continuum
spectrum. We might also see some molecular states bound
by the van der Waals forces. The 15% color-independent
admixture might play a role here because it is, perhaps a bit
counterintuitively, likely to work against the binding of
tetraquark states. This is because all pairs of quarks in a
tetraquark contribute an upward shift of mass due to zero-
point energy, while for the OGE-like case four of the
potentials cancel each other to a large extent in the color
configuration with two color singlets. At the same time, by
design, meson spectra and two-meson spectra are unaf-
fected by the admixture.

Even if the ground-state tetraquark is unstable, there may
still be stable tetraquarks higher in the mass, because their
thresholds can be higher. For example, Barnea et al. [7],
using hyperspherical expansion to solve the Schrodinger
equation, find exotic states 0T~ (6515 MeV) and 2%~
(6586 MeV) to be substantially below their respective
thresholds for dissociation.

It is also worth noting that the results for tetraquark
masses seem to be much more reliable than the threshold
estimates that we obtain, as can be seen in Fig. 2 and in our
extrapolations. Fit uncertainties are very small for tetra-
quarks, and very large for threshold estimates. This is
fortunate because meson calculations require far less
amount of computational resources, and hence can be
straightforwardly improved. Therefore, we could fit param-
eters using the extrapolations K — oo and N, — o of
meson masses (instead of at fixed K and N,,,, ). This would
give us the threshold at physical values, while extrapola-
tions of tetraquark masses from comparatively smaller K
and N, would still give reliable results.
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APPENDIX: ANTISYMMETRIZATION OF THE
BASIS AND COLOR PROJECTION

The color space for two quarks and two antiquarks is
3* = 81 dimensional. Assuming color confinement, only
color-singlet states can be physically realized. The space of
000 O color-singlet states is only two dimensional. It is,
therefore, worth working with color-singlet states only
because that means that the matrices that need to be
diagonalized numerically have, roughly speaking, 40 times
smaller dimensions. We refer the reader to Fig. 12 in
Ref. [42] for detailed examples of numbers of color singlets
in sectors with more particles. One has to invest, however,
extra effort in the evaluation of the matrix elements of the
Hamiltonian.

The first step, which needs to be taken in any case, is to
define a space of states with arbitrary color that takes into
account the fact that some particles are identical. One can
use states

|1234) = B{B}D;Dj}|0). (A1)
Each particle is characterized by five quantum numbers: k;,
longitudinal momentum number; n;, transverse-harmonic-
oscillator radial number; m;, transverse-harmonic-oscillator
angular number; o;, light-front helicity; c;, color, with
i =1, 2, 3, 4. For each state |1234) there are several other
states that are linearly dependent, e.g., |2134) = —[1234)
and |1243) = —|1234). Moreover, some states are identi-
cally zero, e.g., |1134) = 0. To define a proper orthonormal
basis one has to constrain possible quantum numbers
of the particles. Since quarks are fermions, this can be
done using a relation of strict order. We say that 1 > 2 if
and only if k; > k,,ork; = k, and ny > n,, ork; = k, and
ny =n, and m; > m,, or k; =k, and n;, = n, and m; =
m, and 6; > 6,, or k; = k, and n; = n, and m; = m, and
o1 =0, and ¢; > ¢,. We define our basis to contain
only such states |1234) for which 1>2 and 3 > 4.
Taking another such state |1'2'3'4’) with 1’ > 2’ and
3’ > 4, we have (1234|1'2'3'4") = §,1/6,2033044, Where
6ij = 5k,-,kj5n,-,n/-6m,»,mj60',-.6j6c,-,cj'
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For the second step we need to find color-singlet states,
which are defined as the kernel of the quadratic Casimir
operator C, = >8_ 79T, where

= Zéklekzéﬂlanzéml,m25”1~”2(tZ|CzB-i_B2 - tgzé'lD.l‘-Dz)’
12
(A2)

where ), is the sum over all quantum numbers of
particles 1 and 2. We omit the gluon part because we do
not have gluons in our model. The color operators 7% do not
change any of the momentum and spin quantum numbers;
hence, C, is diagonal in momentum and spin. Therefore,
we can separately diagonalize C, in subspaces of fixed
momentum and spin quantum numbers. Note that our
relation i > j compares colors ¢; and c; in the very end
only if all the other quantum numbers turned out to be
the same.

There are four different kinds of subspaces. To classify
them, it is convenient to introduce another two relations.
We say that i = j if all quantum numbers of i and j except
color are the same (colors can be arbitrary). We say that
i> jifi > jandnoti = j.In other words, either k; > k; or
ki = k;j and n; > n;, or k; = k; and n; = n; and m; > m;,
or k; = k; and n; = n; and m; = m; and o; > o;. Hence,
the symbol > is just like > except that it does not take color
into account. We can now easily classify the four cases of
color spaces.

Case 1: 1> 2 and 3> 4. In this case all 81 color
combinations are allowed. The color-singlet subspace is
two dimensional and spanned by

1 _
1234,8) = ——= (2|rr7F) + 2|93 3) + 2|bbb b
| ) 2\/g(l ) +2l9999) + 2|bbb b)

+ |rgrg) + |gr7g) + |grg¥) + |rgg¥)

+19gbgb) + |bgg b) + |bgb g) + |gbb 7)

+ |brb¥) + |rbb F) + |rbF b) + |br7 b)),
(A3)

1234.41) = = (ra7 ) = or73) + |or7) = a5 7
+ |gbgb) — |bgg b) + |bgb g) — |gbb g)
+ |brb ¥y — |rbb ) + |rb¥ b) — |br7 b)),
(A4)

where kets on the right-hand sides are denoted by colors
|cicocscy) and we omit momentum and spin quantum
numbers, which are the same for each ket. Instead of 1, 2, 3,
colors are called r, g, b, respectively, for quarks and 7, g, b,
respectively, for antiquarks. For completeness, r < g < b

and 7 < § < b. Note that [1234, S) is symmetric for either

1 <2 or 3« 4, while [1234,A,) is antisymmetric for
either 1 <> 2 or 3 < 4.

Case 2: 1 %2 and 3 > 4. Now only three quark-quark
color combinations, bg, br, and gr, are allowed (because
1 > 2 still holds), while the colors of antiquarks are
unconstrained. Therefore, this color space is 27 dimen-
sional and there is only one antisymmetric color-singlet
combination,

1 -

1234, A,) = —(|lgrg7) — |grr g) + |brbr

| 2) \/g(lgg> lgrig) + |brb7)

— |br7b) + |bgbg) — |bggh)).  (AS)

Case 3: 1 > 2 and 3 x 4. In analogy with case 2, only

three antiquark-antiquark color combinations, Bg, bF,

and gr, are allowed because 3 > 4, while the colors of

quarks are unconstrained. The color space is again 27

dimensional and there is only one antisymmetric color-
singlet combination,

1
V6
— |rbb F) + |bgb g) — |gbb 7)).

[1234,A3) = (|grg?) — |rgg?) + |brb¥)

(A6)

Case 4: 1 %2 and 3 ~4. Both quarks and antiquarks
have constrained colors because 1 > 2 and 3 > 4. The
color space is nine dimensional and there is only one
antisymmetric color-singlet combination,

5
V3

The third and last step is to calculate the common factors
in Hamiltonian matrix elements between states with differ-
ent color-singlet configurations that arise due to color and
antisymmetrization. We summarize the results. In general
we need to evaluate matrix elements of the following types
of operators,

11234, A4) = —=(|grg#) + |brb 7) + |bgb 3)). (A7)

‘A/q = 2555“05 VS/;SB;B5’ (AS)
5.5
V= 8c,cVsisDyDs, (A9)
55
. 1
_ q9 T opf
V= > Cilo:s6V 56565 ByByBsBs,  (A10)
5'.6'.5.6
. - 1,
— q4 i
Viz= D CseVsesoaDyDyDeDs. (A1)
5'.6'.5.6
7 q Tt
V=Y CoseVseseBiDyDeBs.  (Al2)

5.6.5.6
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TABLE V. Interaction color factors between -color-singlet TABLE VI. Symmetry factors S; as functions of /. Note that
states. 899 = 5957,
Color independent OGE-like I Y S? S;/c’/
% ¢, ¢, Gy cf cf cicocl s 1 1 1
A 1 1 1
SS 1 1 % % 1 % % _% Al B | N
SAjorAlS 0 0 0 0 0 0 0 - 2 V2 1 vz
AjA; 11 i ! 1 -1 -l 43 : V2 V2
A 1 L 1
4 2 V2 2
where V.5 and Vs g.56 depend on all quantum numbers
73
except color, while C5/ 6':5.6? CS’ 6:5.6° and CS’ 61:5.6 depend VZS = Vl’;léez/,ez - Vl’;25e2/,el - Vz’;15eu,e2 + V2’;2ée,/.e|a
only on color. There are two types of interactions: color-
independent ones, for which (A22)
qq g q
Cg’t{6';5,6 = Cg’l,]6’;5,6 = Cg’t{6’;5,6 =00y (A13) Vaa, = Viabe e + Videy e, T Vaule e, T Vaade e
S . . (A23)
and OGE-like interactions, for which
V_{SI‘S = V3’;3664/,e4 - V3’;4564/,e3 - V4’;35e3/,e4 + V4’;46e3/,e3a
qq
Cllys = Z 15t (Al4) (A24)
VZ[A,' = V3/;36€4/,64 + V3’;4564/,e3 + V4’;3563/.e4 + V4/;4663/,€3’
C3ls.6 = Z 15166 (Al15) (A25)
Vs = Voo = Voo = Vigor + Vorar (A26)
Cllgs6 = Z 1512, (A16)
VZ?AJ =Viyaa+ Vorua + Vigor + Vorar,  (A27)
Note that Cs,qﬁ, 5.6 Cs’ ¢:5.6- We label color singlets with
capital letters / apd J that can equal S, A, A,, Az, or Ay VIT = Vi yas — Vayas— Vyaas + Vayas, (A28)
The general matrix elements are
O qq = Al Y U YU
(V23 1T [1234,0) = CSISIVESey ebepere (A1T) Vi, = Vewas T Vegaat Vagus + Vegus. (A29)
<1/2,3/4/71 % ’ > = C?JS(I?S?V?J@V,el56,/,:22’ (AIS) V?}i - [Vlr'y;m + avl"4/;l'3 + CZVZ/,3/;1,3 + VZ,'4’;]'3

(V234 1|V, |1234,0) = CLISISIVEIS, , .60y ere (AL9)

(11234 1

VZIZ]| 1234’ ‘]> = C?JQS?S?V?Jqéél/,el 562/,62 4

(A20)

(1234, 1|V,

)= ClSTSEvET. (A21)

where ¢; stands for all quantum numbers of particle i except
color, i.e., n;, m;, k;, and o;. Hence, 561_6/_ is a product of four
Kronecker deltas, S,.k,0n,.n,0m,.m,00,.0,- The color factors

C,; are given in Table V. The symmetry factors S; are given
in Table VI. Finally, the V factors are

+OVizaatabVygaa+abVyyia+0Vyga

+0Vizos+abVyyos+abVyyos+bVygas

+ Vigoa+aVigos +aVyyos + Vo u24)86,
(A30)

wherea = —-1if I =Sanda =1if I = A;, while b = -1
if J=Sand b=1if J=A; 58 stands for matching
Kronecker deltas in quantum numbers of the spectators of
the interaction, and it is different for each of the 16 terms in
Eq. (A30). For example, Vy 4., 3 describes an interaction
where the final interacting quark-antiquark pair is 2'4/,
while initial interacting quark-antiquark pair is 13. Hence,
the final spectator quark-antiquark pair is 1’3" and the initial
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spectator quark-antiquark pair is 24. Therefore, 56 =
8e.es0ey.¢, N this case. V4, V7, V9, and V79 need not

be defined for IJ = SA; or A;S, because color factors are
always zero in those cases. It is also worth noting that if

I e {A3,A4} and J € {S,AI,A2} orif J e {A3,A4} and
1 €{S,A,As}, then 5, .3, ., is always zero. Similarly,
if I € {Az,A4} and J € {S,AI,A3} orif J € {Az,A4} and
1 € {S,A}, A3}, then §,, 8., ., is always zero.
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