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We derive the twist-3 gluon fragmentation function (FF) contribution to the transversely polarized
hyperon production in semi-inclusive deep inelastic scattering, ep → eΛ↑X, in the leading order (LO) with
respect to the QCD coupling in the framework of the collinear twist-3 factorization. Together with the
known result for the contribution from the twist-3 distribution in the proton and the twist-3 quark FFs for
the hyperon, this completes the LO cross section for this process. The constraint relations among the twist-3
FFs are taken into account. The formula is relevant to large-PT hyperon production in the future electron-
ion-collider experiment.
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I. INTRODUCTION

In a recent paper [1], three of the present authors studied
the transverse polarization of hyperons produced in semi-
inclusive deep inelastic scattering, ep → eΛ↑X. For large-
PT hyperon production, this process can be analyzed in the
framework of the collinear factorization, in which the
polarization appears as a twist-3 observable in the absence
of a leading twist-2 effect. For ep → eΛ↑X, the responsible
twist-3 effects are (i) the twist-3 distribution functions
(DFs) in the initial proton combined with the twist-2
transversity fragmentation function (FF) for Λ and (ii) the
twist-3 FFs for the polarized hyperon combined with the
twist-2 unpolarized parton DFs in the proton. The twist-3
FFs in (ii) are chiral even, and both (a) quark and (b) gluon
types of twist-3 FFs contribute. In Ref. [1], the twist-3
polarized cross section for ep → eΛ↑X from the above (i)
and (ii)(a) was derived in the leading order (LO) with
respect to the QCD coupling constant. As a sequel to
Ref. [1], we will derive in this paper the LO cross section
from (ii)(b), which completes the LO twist-3 cross section
for this process. Since the gluons are ample in the collision

environment and the twist-3 quark and gluon FFs mix
under renormalization, the effect of (ii)(b) could be as
important as (ii)(a). We also remind that the twist-3
fragmentation effect is important to understand the single
transverse-spin asymmetry in p↑p → πX [2,3], which
shows a similar rising asymmetry at large xF as the
polarization in pp → Λ↑X. Our present study has a direct
relevance to the hyperon polarization phenomenon in the
future electron-ion-collider (EIC) experiment.
Here, we make some remarks on the phenomenological

use of the twist-3 cross section. As we will see, it contains
several unknown nonperturbative functions, the determina-
tion of which requires a global analysis of data for various
processes such as ep → eΛ↑X, eþe− → Λ↑X, and
pp → Λ↑X, etc., combined with an appropriate modeling
of those functions.We also recall that in the small-PT region
the transverse-momentum-dependent (TMD) factorization
holds for ep → eΛ↑X and eþe− → Λ↑X, and we anticipate
that the two frameworks match in the intermediate region of
PT

1 as for the case of p↑p → lþl−X [4] and ep↑ → eπX
[5–7]. Information on the TMD functions obtained from
the analysis of those small-PT datawill also help to constrain
the twist-3 functions owing to the relations between the
TMD functions and the twist-3 functions [8,9]. In this
connection, we mention the recent data on eþe− → Λ↑X
at Belle [10] and the phenomenological analyses of the data
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in terms of the TMD factorization [11–14]. These studies
will be useful to analyze the EIC data at large PT in terms of
the twist-3 cross section derived in this work.
The formalism of calculating the twist-3 gluon FFs

contribution is very complicated and was completed only
recently for a similar process in the pp collision, pp →
Λ↑X [15]. Here, we apply the method to ep → eΛ↑X.
Since the kinematics for this process was described in
Ref. [1] and the method is in parallel to the case for pp →
Λ↑X [15], our presentation in this paper will be brief,
referring to those papers for the details.
The remainder of this paper is organized as follows: In

Sec. II, we introduce the twist-3 gluon FFs relevant in our
study. In Sec. III, we briefly describe the formalism for
calculating the twist-3 gluon FF contribution to ep →
eΛ↑X and present the LO cross section. Section IV is
devoted to a brief summary.

II. TWIST-3 GLUON FRAGMENTATION
FUNCTIONS

A. Three types of twist-3 gluon FFs and qq̄g FFs

Here, we list the twist-3 gluon FFs for the spin-1=2
hyperon which are necessary to derive the twist-3 cross
section for ep → eΛ↑X [9,15]. They are classified into the
intrinsic, kinematical, and dynamical FFs. First, the intrin-
sic gluon FFs are defined as the light-cone correlators of the
gluon’s field strength Fμν

a with color index a [9,16]:

Γ̂αβðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−iλ=zh0jð½∞w; 0�Fwβð0ÞÞajhXi

× hhXjðFwαðλwÞ½λw;∞w�Þaj0i
¼ −gαβ⊥ ĜðzÞ − iϵPhwαβðS · wÞΔĜðzÞ
þMhϵ

PhwS⊥fαwβgΔĜ3T̄ðzÞ
þ iMhϵ

αβwS⊥ΔĜ3TðzÞ þ � � � ; ð1Þ

where Ph is the four-momentum of the hyperon with its
mass Mh. P

μ
h can be regarded as lightlike in the twist-3

accuracy, and wμ is another lightlike vector satisfying
Ph · w ¼ 1. Sμ is the spin vector of the hyperon normalized
as S2 ¼ −M2

h and can be decomposed as Sμ ¼ ðS · wÞPμ
h þ

ðS · PhÞwμ þMhS
μ
⊥ with the transverse spin vector Sμ⊥

(S2⊥ ¼ −1). gαβ⊥ ≡ gαβ − Pα
hw

β − Pβ
hw

α, N ¼ 3 is the num-
ber of colors for SUðNÞ, and the ellipsis denotes twist-4 or

higher. jhi denotes the hyperon state. ½λw; μw�≡
P exp ½ig R λ

μ dτw · AðτwÞ� is the gauge-link operator which
guarantees gauge invariance of the correlation function. We
use the convention for the Levi-Civita symbol as ϵ0123 ¼ 1.
The shorthand notation ϵPhwαβ ≡ ϵμναβPhμwν, etc., is used,
and fαβg denotes the symmetrization of Lorentz indices.
ĜðzÞ and ΔĜðzÞ are twist-2 unpolarized and helicity FFs,
respectively, and ΔĜ3T̄ðzÞ and ΔĜ3TðzÞ are intrinsic twist-
3 FFs. All FFs in Eq. (1) are defined to be real and have a
support on 0 < z < 1. ΔĜ3T̄ðzÞ is naïvely T odd and
contributes to the hyperon polarization.
Second, the kinematical gluon FFs are defined from the

derivative of the correlation functions for the intrinsic one:

Γ̂αβγ
∂ ðzÞ¼ 1

N2−1

X
X

Z
dλ
2π

e−iλ=zh0jð½∞w;0�Fwβð0ÞÞajhXi

× hhXjðFwαðλwÞ½λw;∞w�Þaj0i∂⃖γ

¼−i
Mh

2
gαβ⊥ ϵPhwS⊥γĜð1Þ

T ðzÞþMh

2
ϵPhwαβSγ⊥ΔĜ

ð1Þ
T ðzÞ

− i
Mh

8
ðϵPhwS⊥fαgβgγ⊥ þ ϵPhwγfαSβg⊥ ÞΔĤð1Þ

T ðzÞ
þ �� � ; ð2Þ

where

FwαðλwÞ½λw;∞w�j0i∂⃖γ

≡ lim
ξ→0

d
dξγ

Fwαðλwþ ξÞ½λwþ ξ;∞wþ ξ�j0i: ð3Þ

There are three twist-3 gluonic kinematical FFs, Ĝð1Þ
T ðzÞ,

ΔĜð1Þ
T ðzÞ, and ΔĤð1Þ

T ðzÞ, which are real functions and have

a support on 0 < z < 1. Among them, Ĝð1Þ
T ðzÞ and

ΔĤð1Þ
T ðzÞ are naïvely T odd contributing to the hyperon

polarization, while ΔĜð1Þ
T ðzÞ is naïvely T even. They can

also be written as the k2T=M
2
h moment of the TMD FFs [16].

Third, the dynamical gluon FFs are defined from the
three-gluon correlators. Contraction of color indices with
two structure constants for color SUðNÞ, i.e., −ifabc and
dabc, yields two types of FFs [9,17–19]:

Γ̂αβγ
FA

�
1

z1
;
1

z2

�
¼ −ifabc

N2 − 1

X
X

ZZ
dλ
2π

dμ
2π

e−iλ=z1e−iμð1=z2−1=z1Þh0jFwβ
b ð0ÞjhXihhXjFwα

a ðλwÞgFwγ
c ðμwÞj0i

¼ −Mh

�
N̂1

�
1

z1
;
1

z2

�
gαγ⊥ ϵPhwS⊥β þ N̂2

�
1

z1
;
1

z2

�
gβγ⊥ ϵPhwS⊥α − N̂2

�
1

z2
−

1

z1
;
1

z2

�
gαβ⊥ ϵPhwS⊥γ

�
; ð4Þ
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Γ̂αβγ
FS

�
1

z1
;
1

z2

�
¼ dabc

N2 − 1

X
X

ZZ
dλ
2π

dμ
2π

e−iλ=z1e−iμð1=z2−1=z1Þh0jFwβ
b ð0ÞjhXihhXjFwα

a ðλwÞgFwγ
c ðμwÞj0i

¼ −Mh

�
Ô1

�
1

z1
;
1

z2

�
gαγ⊥ ϵPhwS⊥β þ Ô2

�
1

z1
;
1

z2

�
gβγ⊥ ϵPhwS⊥α þ Ô2

�
1

z2
−

1

z1
;
1

z2

�
gαβ⊥ ϵPhwS⊥γ

�
; ð5Þ

where the gauge-link operators are suppressed for simplic-
ity. There are four purely gluonic dynamical FFs,
N̂1;2ð 1z1 ; 1

z2
Þ and Ô1;2ð 1z1 : 1z2Þ, which are complex functions

and have a support on 1=z2 > 1 and 1=z2 > 1=z1 > 0.
Their real parts are naïvely T even, while their imaginary
parts are naïvely T odd. N̂1ð 1z1 ; 1z2Þ and Ô1ð 1z1 ; 1z2Þ satisfy the
symmetry relations

N̂1

�
1

z1
;
1

z2

�
¼ −N̂1

�
1

z2
−

1

z1
;
1

z2

�
;

Ô1

�
1

z1
;
1

z2

�
¼ Ô1

�
1

z2
−

1

z1
;
1

z2

�
: ð6Þ

Finally, we introduce other dynamical FFs defined from
the quark-antiquark-gluon correlators [9], which are nec-
essary for the derivation of the twist-3 cross section for
ep → eΛ↑X:

Δ̃α
ij

�
1

z1
;
1

z2

�
¼ 1

N

X
X

ZZ
dλ
2π

dμ
2π

e−iλ=z1e−iμð1=z2−1=z1Þ

× h0jgFwα
a ðμwÞjhXihhXjψ̄ jðλwÞtaψ ið0Þj0i

¼ Mh

�
ϵαPhwS⊥ðPhÞijD̃FT

�
1

z1
;
1

z2

�

þ iSα⊥ðγ5PhÞijG̃FT

�
1

z1
;
1

z2

��
; ð7Þ

where ta is the generators of SUðNÞ and the spinor indices i
and j are shown explicitly. These two functions D̃FTð 1z1 ; 1z2Þ
and G̃FTð 1z1 ; 1z2Þ are complex functions and have a support
on 1=z1 > 0; 1=z2 < 0 and 1=z1 − 1=z2 > 1. Their real

parts are naïvely T even, while the imaginary parts are
naïvely T odd.

B. Constraint relations among twist-3 gluon FFs

The gluon FFs introduced above are not independent but
are subject to the QCD equation-of-motion (EOM) rela-
tions and the Lorentz invariance relations (LIRs). The
complete set of those relations was derived in Ref. [9].
Here, we quote those relations which are useful to simplify
the twist-3 cross section for ep → eΛ↑X. The relevant
EOM relation allows us to express the intrinsic FF in terms
of the kinematical and dynamical FFs as

1

z
ΔĜ3T̄ðzÞ ¼ −ImD̃FTðzÞ þ

1

2
ðĜð1Þ

T ðzÞ þ ΔĤð1Þ
T ðzÞÞ

þ
Z

d

�
1

z0

�
1

1=z − 1=z0
Im

�
2N̂1

�
1

z0
;
1

z

�

þ N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��
; ð8Þ

where D̃FTðzÞ is defined as

D̃FTðzÞ≡ 2

CF

Z
1=z

0

d

�
1

z0

�
D̃FT

�
1

z0
;
1

z0
−
1

z

�
;

with CF ¼ N2 − 1

2N
: ð9Þ

Other relations derived from the LIRs and the EOM
relations represent the derivative of the kinematical FFs
in terms of other FFs as

1

z
∂Ĝð1Þ

T ðzÞ
∂ð1=zÞ ¼ −2ðImD̃FTðzÞ − Ĝð1Þ

T ðzÞÞ þ 4

Z
d

�
1

z0

�
1

1=z − 1=z0
Im

�
N̂1

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ 2

Z
d

�
1

z0

�
1=z

ð1=z − 1=z0Þ2 Im
�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− 2N̂2

�
1

z
−
1

z0
;
1

z

��
ð10Þ

and

1

z
∂ΔĤð1Þ

T ðzÞ
∂ð1=zÞ ¼ −4ðImD̃FTðzÞ − ΔĤð1Þ

T ðzÞÞ þ 8

Z
d

�
1

z0

�
1

1=z − 1=z0
Im

�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

��

þ 4

Z
d

�
1

z0

�
1=z

ð1=z − 1=z0Þ2 Im
�
N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

��
: ð11Þ
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The relations (8), (10), and (11) show that the purely
gluonic twist-3 FFs are related to the quark-antiquark-gluon
FFs, which implies the contribution to ep → eΛ↑X from
the latter needs to be considered together. It has been shown
that the above three relations (8), (10), and (11) are crucial
to guarantee the frame independence of the cross section
for pp → Λ↑X. Using these relations, we will express the

cross section in terms of Ĝð1Þ
T , ΔĤð1Þ

T , ImN̂1;2, ImÔ1;2,
ImD̃FT , and ImG̃FT [see Eq. (54) below], which gives the
most concise expression for the cross section. We also note

that, in principle, the twist-3 kinematical FFs, Ĝð1Þ
T and

ΔĤð1Þ
T , can be also eliminated in terms of the twist-3

dynamical FFs [see Eqs. (74) and (75) in Ref. [9]].

III. TWIST-3 GLUON FF CONTRIBUTION
TO ep → eΛ↑X

A. Kinematics

Here, we briefly summarize the kinematics for the
process [1],

eðlÞ þ pðpÞ → eðl0Þ þ Λ↑ðPh; S⊥Þ þ X; ð12Þ

where l, l0, p, and Ph are the momenta of each particle and
S⊥ is the transverse spin vector for Λ. With the virtual
photon’s momentum q ¼ l − l0, we introduce the five
Lorentz invariants as

Sep ≡ ðpþ lÞ2 ≃ 2p · l; Q2 ≡ −q2;

xbj ≡ Q2

2p · q
; zf ≡ p · Ph

p · q
; qT ≡

ffiffiffiffiffiffiffiffi
−q2t

q
; ð13Þ

where

qμt ≡ qμ −
Ph · q
p · Ph

pμ −
p · q
p · Ph

Pμ
h ð14Þ

is a spacelike momentum satisfying qt · p ¼ qt · Ph ¼ 0.
As in Ref. [1], we work in the hadron frame [20] (see
Fig. 1), where pμ and qμ are collinear and take the
following form:

pμ ¼ Q
2xbj

ð1; 0; 0; 1Þ; ð15Þ

qμ ¼ ð0; 0; 0;−QÞ: ð16Þ

Defining the azimuthal angles for the hadron plane and the
lepton plane as χ and ϕ, respectively, as shown in Fig. 1, Pμ

h
and lμ can be written as

Pμ
h ¼

zfQ

2

�
1þ q2T

Q2
;
2qT
Q

cosχ;
2qT
Q

sinχ;−1þ q2T
Q2

�
; ð17Þ

lμ ¼ Q
2
ðcoshψ ; sinhψ cosϕ; sinhψ sinϕ;−1Þ; ð18Þ

where ψ is defined by

coshψ ≡ 2xbjSep
Q2

− 1: ð19Þ

With this parametrization, the transverse momentum of the
hyperon PhT is given by PhT ¼ zfqT.
For the calculation of the cross section, we introduce four

axes by

Tμ ≡ 1

Q
ðqμ þ 2xbjpμÞ ¼ ð1;0;0;0Þ;

Zμ ≡−
qμ

Q
¼ ð0;0;0;1Þ;

Xμ ≡ 1

qT

�
Pμ
h

zf
− qμ −

�
1þ q2T

Q2

�
xbjpμ

�
¼ ð0; cosχ; sinχ;0Þ;

Yμ ≡ ϵμνρσZνTρXσ ¼ ð0;− sinχ; cosχ;0Þ; ð20Þ

where the actual form in the hadron frame is given after the
last equality in each equation. The final hyperon resides in
the XZ plane, and the transverse spin vector of the hyperon
can be written as

Sμ⊥ ¼ cos θ cosΦSXμ þ sinΦSYμ − sin θ cosΦSZμ; ð21Þ

where θ is the polar angle of P⃗h as measured from the Z
axis and ΦS is the azimuthal angle of S⃗⊥ around P⃗h as
measured from the XZ plane. From Eq. (17), the polar
angle θ is written as

FIG. 1. Hadron frame and the transverse spin vector S⃗⊥. To
make clear the convention for ΦS, rotate the Z and X axes around
the Y axis by θ (polar angle of P⃗h) so that the new Z axis becomes
parallel to P⃗h. ΦS is defined to be the azimuthal angle of S⃗⊥
around P⃗h measured from the new X axis, just like ϕ and χ are
measured from the x axis around the z axis.
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cos θ ¼ Phz

jP⃗hj
¼ q2T −Q2

q2T þQ2
; ð22Þ

sin θ ¼ PhT

jP⃗hj
¼ 2qTQ

q2T þQ2
: ð23Þ

With the kinematical variables defined above, the
polarized differential cross section for Eq. (12),
σ ≡ σðp;l;l0; Ph; S⊥Þ, takes the following form:

d6σ
dxbjdQ2dzfdq2Tdϕdχ

¼ α2em
128π4x2bjS

2
epQ2

zfLρσðl;l0Þ

×Wρσðp; q; PhÞ; ð24Þ

where αem ¼ e2=ð4πÞ is the QED coupling constant, Lρσ ¼
2ðlρl0σ þ lσl0ρÞ −Q2gρσ is the leptonic tensor, andWρσ is
the hadronic tensor. Although there are two azimuthal
angles, ϕ and χ, the cross section depends on the relative
angle φ≡ ϕ − χ only. Therefore, it can be expressed in
terms of Sep, Q2, xbj, zf, q2T , φ, and ΦS.

B. Hadronic tensor

We now calculate the twist-3 gluon FF contribution to
Eq. (24) following the formalism developed for pp → Λ↑X
[15]. It occurs as a nonpole contribution from the hard part
as in the case of other twist-3 fragmentation contributions

in ep↑ → eπX [21] and pp → Λ↑X [15,22]. We first
factorize the twist-2 unpolarized quark DFs f1ðxÞ from
the hadronic tensor Wρσðp; q; PhÞ:

Wρσðp; q; PhÞ ¼
Z

dx
x
f1ðxÞwρσðxp; q; PhÞ; ð25Þ

where x is the momentum fraction of the quark in the
proton and we have omitted the factor associated with the
quark’s fractional electric charge as well as summation over
quark flavors. Up to twist 3, wρσ receives contribution from
the two-gluon, three-gluon, and quark-antiquark-gluon
correlation functions corresponding to Figs. 2(a)–2(e):

wρσ ≡ wðaÞ
ρσ þ wðbÞ

ρσ þ wðcÞ
ρσ þ wðdÞ

ρσ þ wðeÞ
ρσ ; ð26Þ

where each term can be written as

wðaÞ
ρσ ¼

Z
d4k
ð2πÞ4 Γ

ð0Þμν
ab ðkÞSabμν;ρσðkÞ; ð27Þ

wðbÞ
ρσ ¼ 1

2

ZZ
d4k
ð2πÞ4

d4k0

ð2πÞ4 Γ
ð1Þμνλ
Labc ðk; k0ÞSLabcμνλ;ρσðk; k0Þ; ð28Þ

wðcÞ
ρσ ¼ 1

2

ZZ
d4k
ð2πÞ4

d4k0

ð2πÞ4 Γ
ð1Þμνλ
Rabc ðk; k0ÞSRabcμνλ;ρσðk; k0Þ; ð29Þ

(a) (b) (c)

(d) (e)

FIG. 2. Cut diagrams for the twist-3 gluon fragmentation contribution to ep → eΛ↑X. In each diagram, the lower blob represents the
unpolarized quark distribution, the middle one represents the partonic hard cross section, and the upper one represents the fragmentation
matrix elements for the final hyperon. The diagrams (a) through (e) correspond to each term in (26).
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wðdÞ
ρσ ¼ Tr

ZZ
d4k
ð2πÞ4

d4k0

ð2πÞ4 Δ̃
ð1Þα
La ðk; k0ÞS̃Laα;ρσðk; k0Þ; ð30Þ

wðeÞ
ρσ ¼ Tr

ZZ
d4k
ð2πÞ4

d4k0

ð2πÞ4 Δ̃
ð1Þα
Ra ðk; k0ÞS̃Raα;ρσðk; k0Þ: ð31Þ

Here, Sabμν;ρσðkÞ, SLðRÞabcμνλ;ρσ ðk; k0Þ, and S̃LðRÞaα;ρσ ðk; k0Þ represent
the partonic hard parts with k and k0 the momenta of partons
fragmenting into the final hyperon, and the dependence on

q is suppressed for simplicity. Γð0Þμν
ab , Γð1Þμνλ

LðRÞabc, and Δ̃ð1Þα
LðRÞa

denote the fragmentation matrix elements defined, respec-
tively, as

Γð0Þμν
ab ðkÞ ¼

X
X

Z
d4ξe−ik·ξh0jAν

bð0ÞjhXihhXjAμ
aðξÞj0i;

ð32Þ

Γð1Þμνλ
Labc ðk; k0Þ ¼

X
X

ZZ
d4ξd4ηe−ik·ξe−iðk0−kÞ·ηh0jAν

bð0ÞjhXi

× hhXjAμ
aðξÞgAλ

cðηÞj0i; ð33Þ

Γð1Þμνλ
Rabc ðk; k0Þ ¼

X
X

ZZ
d4ξd4ηe−ik·ξe−iðk0−kÞ·η

× h0jAν
bð0ÞgAλ

cðηÞjhXihhXjAμ
aðξÞj0i; ð34Þ

Δ̃ð1Þα
La;ijðk; k0Þ ¼

X
X

ZZ
d4ξd4ηe−ik·ξe−iðk0−kÞ·ηh0jgAα

aðηÞjhXi

× hhXjψ ið0Þψ jðξÞj0i; ð35Þ

Δ̃ð1Þα
Ra;ijðk; k0Þ ¼

X
X

ZZ
d4ξd4ηe−ik·ξe−iðk0−kÞ·η

× h0jψ ið0Þψ̄ jðξÞjhXihhXjgAα
aðηÞj0i: ð36Þ

The contribution with two parton lines in the left (right) of
the cut in Figs. 2(b)–2(e) are characterized by the symbol
L(R) in the hard parts and the fragmentation matrix
elements. The superscripts (0) and (1) indicate the order

of the gauge coupling g corresponding, respectively,
to the two-parton and three-parton correlation functions.
The factor 1=2 in Eqs. (28) and (29) takes into account the
exchange symmetry in the corresponding matrix
element. In Eqs. (30) and (31), the hard parts and the
fragmentation matrix elements are matrices in both
color and spinor spaces for the quark, and Tr indicates
trace over both indices. The hard parts and the fragmenta-

tion matrix elements satisfy Γð1Þμνλ
Rabc ðk; k0Þ ¼ Γð1Þνμλ

Lbac ðk0; kÞ�,
Δ̃ð1Þα

Ra ðk;k0Þ¼γ0Δ̃ð1Þα
La ðk0;kÞ†γ0, SRabcμνλ;ρσðk;k0Þ¼SLbacνμλ;σρðk0;kÞ�,

and S̃Raα;ρσðk; k0Þ ¼ γ0S̃Laα;σρðk0; kÞ†γ0. We, thus, have

wρσ ¼ wðaÞ
ρσ þ 2RewðbÞ

ρσ þ 2RewðdÞ
ρσ : ð37Þ

To extract the twist-3 contribution to ep → eΛ↑X, we
apply the collinear expansion to the hard part, Sabμν;ρσ,
SLabcμνλ;ρσ, and S̃Laα;ρσ, with respect to the momenta k and k0

around Ph=z and Ph=z0, respectively, taking into account of
the following Ward-Takahashi (WT) identities [15]:

kμSabμν;ρσðkÞ ¼ kνSabμν;ρσðkÞ ¼ 0; ð38Þ

kμSLabcμνλ;ρσðk; k0Þ ¼
ifabc

N2 − 1
Sλν;ρσðk0Þ; ð39Þ

k0νSLabcμνλ;ρσðk; k0Þ ¼ 0; ð40Þ

ðk0 − kÞλSLabcμνλ;ρσðk; k0Þ ¼
−ifabc

N2 − 1
Sμν;ρσðk0Þ; ð41Þ

ðk − k0ÞαS̃Laα;ρσðk; k0Þ ¼ 0; ð42Þ

where Sμν;ρσðkÞ≡ δabSabμν;ρσðkÞ. We note that, unlike the
case for pp → Λ↑X, no ghostlike terms appear in the WT
identities (38)–(42) for the present case. This way, one
obtains the hadronic tensor wρσ in terms of the gauge
invariant FFs as [see Eq. (51) in Ref. [15] and Eq. (56)
in Ref. [21]]

wρσ ¼ Ωα
μΩ

β
ν

Z
d

�
1

z

�
z2Γ̂μνðzÞSαβ;ρσ

�
1

z

�
− iΩα

μΩ
β
νΩγ

λ

Z
d

�
1

z

�
z2Γ̂μνλ

∂ ðzÞ∂Sαβ;ρσðkÞ∂kγ
����
k¼Ph=z

þ Re

�
iΩα

μΩ
β
νΩγ

λ

ZZ
d

�
1

z

�
d

�
1

z0

�
zz0

1

1=z − 1=z0

×

�
−
ifabc

N
Γ̂μνλ
FA

�
1

z0
;
1

z

�
þ Ndabc

N2 − 4
Γ̂μνλ
FS

�
1

z0
;
1

z

�	
SLabcαβγ;ρσ

�
1

z0
;
1

z

��

þ Re

�
iΩα

μ

ZZ
d

�
1

z

�
d

�
1

z0

�
zTrs

�
Δ̃μ

�
1

z0
;
1

z0
−
1

z

�
S̃Lα;ρσ

�
1

z0
;
1

z0
−
1

z

�	�
; ð43Þ
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where Ωα
μ ¼ gαμ − Pα

hwμ and Γ̂μνðzÞ, Γ̂μνλ
∂ ðzÞ, Γ̂μνλ

FA ð1z0 ; 1zÞ,
Γ̂μνλ
FS ð1z0 ; 1zÞ, and Δ̃μð1z0 ; 1z0 − 1

zÞ are given by Eqs. (1), (2),
(4), (5), and (7), respectively. For the hard part, we have
used the notation Sαβ;ρσð1zÞ for Sαβ;ρσðPh

z Þ and SLabcαβγ;ρσð1z0 ; 1zÞ
for SLabcαβγ;ρσðPh

z0 ;
Ph
z Þ, etc., suppressing Ph for short. In the last

term of Eq. (43), S̃Lα;ρσ is defined from S̃Laα;ρσ in Eq. (30) by
ðS̃Laα;ρσÞrs ¼ 1

2N t
a
rsS̃

L
α;ρσ, where r, s indicates the color indices

for the quark and Trs denotes the trace in the spinor space.
The LO diagrams for the hard parts of Figs. 2(a), 2(b),
and 2(d) are, respectively, shown in Figs. 3, 4, and 5. It is

FIG. 3. The lowest-order Feynman diagrams for Sαβ;ρσð1zÞ in Eq. (43). We set p̂≡ xp and P̂h ≡ Ph=z. The symbol ⊗ indicates the
fragmentation to the final hadron, and pd is the momentum of an unobserved parton in the final state.

FIG. 4. The lowest-order Feynman diagrams for SLabcαβγ;ρσð1z0 ; 1zÞ in Eq. (43). We set P̂0
h ≡ Ph=z0. Three crosses (×) on the quark line in the

upper diagrams indicate that the virtual photon line with a cross at one end needs to be attached to one of these crosses, and all three
diagrams have to be included. Thus, the number of diagrams for SLabcαβγ;ρσ is ð3þ 3Þ × 2 ¼ 12. The meaning of the other symbols are the
same as in Fig. 3.
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easy to show that the hadronic tensor wρσ satisfies the
electromagnetic gauge invariance qρwρσ ¼ qσwρσ ¼ 0,
owing to the WT identity in QED.

C. Spin-dependent cross section

The calculation of LρσWρσ in Eq. (24) can be done in the
same way as Ref. [1]: Wρσ can be expanded in terms of the
six tensors [20] Vρσ

k (k ¼ 1;…; 4; 8; 9Þ defined by

Vμν
1 ¼ XμXν þ YμYν; Vμν

2 ¼ gμν þ ZμZν;

Vμν
3 ¼ TμXν þ XμTν; Vμν

4 ¼ XμXν − YμYν;

Vμν
8 ¼ TμYν þ YμTν; Vμν

9 ¼ XμYν þ YμXν: ð44Þ

By introducing the inverses of Vρσ
k and Ṽρσ

k satisfying
Vρσ

k Ṽk0ρσ ¼ δkk0 , as

Ṽμν
1 ¼1

2
ð2TμTνþXμXνþYμYνÞ; Ṽμν

2 ¼TμTν;

Ṽμν
3 ¼−

1

2
ðTμXνþXμTνÞ; Ṽμν

4 ¼1

2
ðXμXν−YμYνÞ;

Ṽμν
8 ¼−

1

2
ðTμYνþYμTνÞ; Ṽμν

9 ¼1

2
ðXμYνþYμXνÞ; ð45Þ

Wμν can be expanded as

Wμν ¼
X

k¼1;…;4;8;9

Vμν
k ½WρσṼ

ρσ
k �: ð46Þ

Then, one obtains

LμνWμν ¼
X

k¼1;…;4;8;9

½LμνV
μν
k �½WρσṼ

ρσ
k �

¼ Q2
X

k¼1;…;4;8;9

A kðϕ − χÞ½WρσṼ
ρσ
k �; ð47Þ

where A kðφÞ≡ LμνV
μν
k =Q2 are given by

A 1ðφÞ¼ 1þ cosh2ψ ; A 2ðφÞ¼−2;

A 3ðφÞ¼−cosφsinh2ψ ; A 4ðφÞ¼ cos2φsinh2ψ ;

A 8ðφÞ¼−sinφsinh2ψ ; A 9ðφÞ¼ sin2φsinh2ψ ; ð48Þ

with ψ defined in Eq. (19). From Eqs. (47) and (48), one
sees the cross section can be decomposed into the five
structure functions with different azimuthal dependences
which are carried by theA kðφÞ’s. Substituting Eqs. (1), (2),
(4), (5), and (7) into Eq, (43), we find that the cross
section (24) takes the following structure:

FIG. 5. The lowest-order Feynman diagrams for S̃Lα;ρσð1z0 ; 1z0 − 1
zÞ. The meaning of the symbols is the same as in Fig. 4. The total number

of diagrams for S̃Lα;ρσ is ð4þ 2Þ × 2 ¼ 12.
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d6σ
dxbjdQ2dzfdq2Tdϕdχ

¼ α2emαsMh

16π2x2bjS
2
epQ2

X
k

A kðφÞSk

ZZ
dxd

�
1

z

�
z3

x
f1ðxÞδ

�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×
�
1

z
ΔĜ3T̄ðzÞσ̂kint þ Ĝð1Þ

T ðzÞσ̂kNDG þ 1

z
∂Ĝð1Þ

T ðzÞ
∂ð1=zÞ σ̂kDG þ ΔĤð1Þ

T ðzÞσ̂kNDH þ 1

z
∂ΔĤð1Þ

T ðzÞ
∂ð1=zÞ σ̂kDH

þ 1

2

Z
d

�
1

z0

��X3
i¼1

ImN̂i

�
1

z0
;
1

z

��
1

1=z − 1=z0
σ̂−ð1Þi;k þ 1

z

�
1

1=z − 1=z0

�
2

σ̂−ð2Þi;k þ z0σ̂−ð3Þi;k þ z02

z
σ̂−ð4Þi;k

�

þ
X3
i¼1

Ôi

�
1

z0
;
1

z

��
1

1=z − 1=z0
σ̂þð1Þ
i;k þ 1

z

�
1

1=z − 1=z0

�
2

σ̂þð2Þ
i;k þ z0σ̂þð3Þ

i;k þ z02

z
σ̂þð4Þ
i;k

��

þ
Z

d

�
1

z0

�
2

CF

�
ImD̃FT

�
1

z0
;
1

z0
−
1

z

��
σ̂kDF þ 1

z
1

1=z − 1=z0
σ̂kDF2 þ

z0

z
σ̂kDF3

þ 1

1 − ð1 − q2T=Q
2Þzf=z0

σ̂kDF4 þ
1

1 − ð1 − q2T=Q
2Þzfð1=z − 1=z0Þ σ̂

k
DF5

�

þ ImG̃FT

�
1

z0
;
1

z0
−
1

z

��
σ̂kGF þ 1

z
1

1=z − 1=z0
σ̂kGF2 þ

z0

z
σ̂kGF3

þ 1

1 − ð1 − q2T=Q
2Þzf=z0

σ̂kGF4 þ
1

1 − ð1 − q2T=Q
2Þzfð1=z − 1=z0Þ σ̂

k
GF5

��	
; ð49Þ

where

S1;2;3;4 ≡ sinΦS; S8;9 ≡ cosΦS;

x̂ ¼ xbj=x; ẑ ¼ zf=z ð50Þ

and we have set

N̂3

�
1

z0
;
1

z

�
≡ −N̂2

�
1

z
−
1

z0
;
1

z

�
;

Ô3

�
1

z0
;
1

z

�
≡ Ô2

�
1

z
−
1

z0
;
1

z

�
ð51Þ

for convenience. Partonic hard parts for each FF can be
computed from the corresponding diagrams, Figs. 3–5. We
have reached the form (49) based on the observation that
the z0 dependence of the hard parts for the dynamical FFs
appears in the cross section only through the factors
explicitly shown in Eq. (49) (see Appendix C in

Ref. [15]), and, hence, we can define all the partonic hard
cross section σ̂’s in Eq. (49) as the functions of x̂, ẑ, Q, and
qT . In addition, we found by explicit calculation of the LO
diagrams that

σ̂�ð3Þ
i;k ¼ σ̂�ð1Þ

i;k ; ð52Þ
σ̂kDF ¼ σ̂kGF ¼ 0: ð53Þ

In order to transform the cross section (49) into a more
concise form, we note the following points: (I) Owing to
the symmetry property under 1=z0 ↔ 1=z − 1=z0 of N̂1 and

Ô1 (6) and the relations (51), the terms of σ̂�ð3Þ
i;k and σ̂�ð4Þ

i;k

can be combined, respectively, with those of σ̂�ð1Þ
i;k and

σ̂�ð2Þ
i;k , taking into account the relation (52). (II) Using

Eqs. (8), (10), and (11), one can eliminate the intrinsic FF
and the derivative of the kinematical FFs in favor of the
kinematical and the dynamical FFs. This way, we finally
obtain the twist-3 gluon FF contribution to ep → eΛ↑X as2

d6σ
dxbjdQ2dzfdq2Tdϕdχ

¼ α2emαsMh

16π2x2bjS
2
epQ2

X
k

A kðϕ − χÞSk

Z
1

xmin

dx
x

Z
1

zmin

dz
z
z2f1ðxÞδ

�
q2T
Q2

−
�
1 −

1

x̂

��
1 −

1

ẑ

��

×

�
Ĝð1Þ

T ðzÞσ̂kG þ ΔĤð1Þ
T ðzÞσ̂kH

þ
Z

d

�
1

z0

��
1

1=z − 1=z0
Im

�
N̂1

�
1

z0
;
1

z

�
σ̂kN1 þ N̂2

�
1

z0
;
1

z

�
σ̂kN2 þ N̂2

�
1

z
−
1

z0
;
1

z

�
σ̂kN3

�

2As was noted at the end of Sec. II, the kinematical FFs Ĝð1Þ
T ðzÞ and ΔĤð1Þ

T ðzÞ can, in principle, be eliminated in terms of the
dynamical FFs.
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þ 1

z

�
1

1=z − 1=z0

�
2

Im

�
N̂1

�
1

z0
;
1

z

�
σ̂kDN1 þ N̂2

�
1

z0
;
1

z

�
σ̂kDN2 þ N̂2

�
1

z
−
1

z0
;
1

z

�
σ̂kDN3

�

þ 1

1=z − 1=z0
Im

�
Ô1

�
1

z0
;
1

z

�
σ̂kO1 þ Ô2

�
1

z0
;
1

z

�
σ̂kO2 þ Ô2

�
1

z
−
1

z0
;
1

z

�
σ̂kO3

�

þ 1

z

�
1

1=z − 1=z0

�
2

Im

�
Ô1

�
1

z0
;
1

z

�
σ̂kDO1 þ Ô2

�
1

z0
;
1

z

�
σ̂kDO2 þ Ô2

�
1

z
−
1

z0
;
1

z

�
σ̂kDO3

��

þ
Z

d

�
1

z0

�
2

CF

�
ImD̃FT

�
1

z0
;
1

z0
−
1

z

��
σ̂kDF1 þ

1

z
1

1=z − 1=z0
σ̂kDF2 þ

z0

z
σ̂kDF3

þ 1

1 − ð1 − q2T=Q
2Þzf=z0

σ̂kDF4 þ
1

1 − ð1 − q2T=Q
2Þzfð1=z − 1=z0Þ σ̂

k
DF5Þ

þ ImG̃FT

�
1

z0
;
1

z0
−
1

z

��
1

z
1

1=z − 1=z0
σ̂kGF2 þ

z0

z
σ̂kGF3

þ 1

1 − ð1 − q2T=Q
2Þzf=z0

σ̂kGF4 þ
1

1 − ð1 − q2T=Q
2Þzfð1=z − 1=z0Þ σ̂

k
GF5

��	
; ð54Þ

where the lower limits of x and z are, respectively, given by

xmin ¼ xbjð1þ zf
1−zf

q2T
Q2Þ and zmin ¼ zfð1þ xbj

1−xbj
q2T
Q2Þ. The

partonic hard cross sections which appear newly in
Eq. (54) are defined from those in Eq. (49) as

σ̂kG ¼ 1

2
σ̂kint þ σ̂kNDG þ 2σ̂kDG; ð55Þ

σ̂kH ¼ 1

2
σ̂kint þ σ̂kNDH þ 4σ̂kDH; ð56Þ

σ̂kN1 ¼ 2σ̂kint þ 4σ̂kDG þ 8σ̂kDH; ð57Þ

σ̂kN2 ¼ σ̂kint þ 8σ̂kDH þ 1

2
ðσ̂−ð1Þ2;k − σ̂−ð1Þ3;k Þ; ð58Þ

σ̂kN3 ¼ −σ̂kint − 4σ̂kDG þ 1

2
ðσ̂−ð1Þ2;k − σ̂−ð1Þ3;k Þ; ð59Þ

σ̂kDN1 ¼ 2σ̂kDG þ 4σ̂kDH þ 1

2
ðσ̂−ð2Þ1;k − σ̂−ð4Þ1;k Þ; ð60Þ

σ̂kDN2 ¼ 2σ̂kDG þ 4σ̂kDH þ 1

2
ðσ̂−ð2Þ2;k − σ̂−ð4Þ3;k Þ; ð61Þ

σ̂kDN3 ¼ −4σ̂kDG þ 1

2
ðσ̂−ð4Þ2;k − σ̂−ð2Þ3;k Þ; ð62Þ

σ̂kO1 ¼ σ̂þð1Þ
1;k ; ð63Þ

σ̂kO2 ¼
1

2
ðσ̂þð1Þ

2;k þ σ̂þð1Þ
3;k Þ; ð64Þ

σ̂kO3 ¼
1

2
ðσ̂þð1Þ

2;k þ σ̂þð1Þ
3;k Þ; ð65Þ

σ̂kDO1 ¼
1

2
ðσ̂þð2Þ

1;k þ σ̂þð4Þ
1;k Þ; ð66Þ

σ̂kDO2 ¼
1

2
ðσ̂þð2Þ

2;k þ σ̂þð4Þ
3;k Þ; ð67Þ

σ̂kDO3 ¼
1

2
ðσ̂þð4Þ

2;k þ σ̂þð2Þ
3;k Þ; ð68Þ

σ̂kDF1 ¼ −σ̂kint − 2σ̂kDG − 4σ̂kDH; ð69Þ

and others are the same as those appearing in Eq. (49).
Although σ̂kDF ¼ 0 as shown in Eq. (53), σ̂kDF1 term appears
in Eq. (54) due to the relations (8), (10), and (11).
To write down the partonic hard cross sections in

Eq. (54), we further take into account the following
relations:

σ̂kO2 ¼ σ̂kO3; ð70Þ

σ̂kDF1 ¼ −
1

2
σ̂kN1; ð71Þ

σ̂kDN1 ¼ σ̂kDN2 ¼ σ̂kDO1 ¼ σ̂kDO2; ð72Þ

σ̂kDN3 ¼ −σ̂kDO3: ð73Þ

The relations (70) and (71) are obvious from Eqs. (64),
(65), (57), and (69), and Eqs. (72) and (73) are obtained by
explicit calculation of the LO diagrams.
Then, the independent hard cross sections are given as

follows:
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σ̂1G ¼ CF
2Q2

q3T

ð−1þ ẑÞ2ð−1 − x̂2 þ ẑ2ð1 − 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2G ¼ CF
8

qT
x̂ð−1þ ẑÞ;

σ̂3G ¼ CF
2Q
q2T

ð−1þ ẑÞðẑ − x̂ − 2ẑ x̂þẑ2ð−2þ 4x̂ÞÞ
ẑ2

; σ̂4G ¼ 1

2
σ̂2G;

σ̂8G ¼ CF
2Q
q2T

ð−1þ ẑÞð−x̂þ ẑð−1þ 2x̂ÞÞ
ẑ2

; σ̂9G ¼ CF
4

qT

x̂ð−1þ ẑÞ
ẑ

; ð74Þ

σ̂1H ¼ −CF
4Q2

q3T

ð−1þ ẑÞ2
ẑ2

; σ̂2H ¼ 0; σ̂3H ¼ −CF
2Q
q2T

ð−1þ ẑÞð−1þ 2ẑÞ
ẑ2

;

σ̂4H ¼ −CF
4

qT

ð−1þ ẑÞ
ẑ

; σ̂8H ¼ σ̂3H; σ̂9H ¼ σ̂4H; ð75Þ

σ̂1N1 ¼ CF
8Q2

q3T

ð−1þ ẑÞ2ð3ẑð1 − 2x̂Þx̂þ x̂ð1þ x̂Þ þ ẑ2ð1 − 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2N1 ¼ CF
32

qT

x̂ð−1þ ẑÞ2
ẑ

;

σ̂3N1 ¼ CF
8Q
q2T

ð−1þ ẑÞ2ð−1 − 2x̂þ ẑð−2þ 4x̂ÞÞ
ẑ2

; σ̂4N1 ¼ −CF
8

qT

ð−1þ ẑÞð1 − 2ð−1þ ẑÞxÞ
ẑ

;

σ̂8N1 ¼ −CF
8Q
q2T

ð−1þ ẑÞ2
ẑ2

; σ̂9N1 ¼ −CF
8

qT

ð−1þ ẑÞ
ẑ

; ð76Þ

σ̂1N2 ¼ −CF
4Q2

q3T

ð−1þ ẑÞ2ð−1þ ð−1þ 3ẑÞx̂Þ
ẑ3

; σ̂2N2 ¼ −CF
8

qT

x̂ð−1þ ẑÞ
ẑ

;

σ̂3N2 ¼ −CF
2Q
q2T

ð−1þ ẑÞð−3ð1þ x̂Þ þ ẑð3þ 4x̂ÞÞ
ẑ2

; σ̂4N2 ¼ −CF
4

qT

ð−1þ ẑÞð2þ x̂Þ
ẑ

;

σ̂8N2 ¼ −CF
2Q
q2T

ð−1þ ẑÞð−3 − x̂þ ẑð3þ 2x̂ÞÞ
ẑ2

; σ̂9N2 ¼ σ̂4N2; ð77Þ

σ̂1N3 ¼ −CF
4Q2

q3T

ð−1þ ẑÞ2ð3ẑð2 − 3x̂Þx̂þ x̂ð1þ x̂Þ þ 2ẑ2ð1 − 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2N3 ¼ −CF
8

qT

x̂ð−1þ ẑÞð−3þ 4ẑÞ
ẑ

;

σ̂3N3 ¼ −CF
2Q
q2T

ð−1þ ẑÞð1þ ẑð7 − 20x̂Þ þ 5x̂þ 8ẑ2ð−1þ 2x̂ÞÞ
ẑ2

; σ̂4N3 ¼
1

2
σ̂2N3;

σ̂8N3 ¼ −CF
2Q
q2T

ð−1þ ẑÞð1 − x̂þ ẑð−1þ 2x̂ÞÞ
ẑ2

; σ̂9N3 ¼ −CF
4

qT

x̂ð−1þ ẑÞ
ẑ

; ð78Þ

σ̂1DN1 ¼ CF
2Q2

q3T

ð−1þ ẑÞ2ð2ẑð1 − 3x̂Þx̂þ ð1þ x̂Þ2 þ ẑ2ð1 − 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2DN1 ¼
1

4
σ̂2N1;

σ̂3DN1 ¼ CF
4Q
q2T

ð−1þ ẑÞ2ð−1 − x̂þ ẑð−1þ 2x̂ÞÞ
ẑ2

; σ̂4DN1 ¼ −CF
4

qT

ð−1þ ẑÞð1þ x̂ − x̂ ẑÞ
ẑ

;

σ̂8DN1 ¼
1

2
σ̂8N1; σ̂9DN1 ¼

1

2
σ̂9N1; ð79Þ

σ̂1DN3 ¼ −CF
4Q2

q3T

ð−1þ ẑÞ2ð1þ 2ẑð2 − 3x̂Þx̂þ x̂2 þ ẑ2ð1 − 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2DN3 ¼ −2σ̂2DN1;

σ̂3DN3 ¼ −CF
8Q
q2T

ð−1þ ẑÞ2ð−x̂þ ẑð−1þ 2x̂ÞÞ
ẑ2

; σ̂4DN3 ¼ −σ̂2DN1; σ̂8DN3 ¼ 0; σ̂9DN3 ¼ 0; ð80Þ
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σ̂1O1 ¼ −CF
8Q2

q3T

ð−1þ ẑÞ2ð−1 − x̂þ ẑð−2þ 3x̂ÞÞ
ẑ3

; σ̂2O1 ¼ −CF
16

qT

x̂ð−1þ ẑÞ
ẑ

;

σ̂3O1 ¼ −CF
4Q
q2T

ð−1þ ẑÞð−1 − 3x̂þ ẑð−1þ 4x̂ÞÞ
ẑ2

; σ̂4O1 ¼
1

2
σ̂2O1;

σ̂8O1 ¼ −CF
4Q
q2T

ð−1þ ẑÞð−1 − x̂þ ẑð−1þ 2x̂ÞÞ
ẑ2

; σ̂9O1 ¼
1

2
σ̂2O1; ð81Þ

σ̂1O2 ¼ CF
4Q2

q3T

ð−1þ ẑÞ2ð1þ x̂þ 3ẑð2− 3x̂Þx̂þ 2x̂2 þ ẑ2ð1− 6x̂þ 6x̂2ÞÞ
x̂ẑ3

; σ̂2O2 ¼ −CF
8

qT

x̂ð−1þ ẑÞð3− 2ẑÞ
ẑ

;

σ̂3O2 ¼ CF
2Q
q2T

ð−1þ ẑÞð1þ ẑð5− 16x̂Þ þ 7x̂þ ẑ2ð−4þ 8x̂ÞÞ
ẑ2

; σ̂4O2 ¼
1

2
σ̂2O2; σ̂8O2 ¼

1

2
σ̂8O1; σ̂9O2 ¼

1

2
σ̂9O1; ð82Þ

σ̂1DF2 ¼
CF

N
Q2

q3T

ð−1þ ẑÞð1þ x̂ − ẑ x̂Þ
x̂ẑ2

; σ̂2DF2 ¼ 0;

σ̂3DF2 ¼ −
CF

N
Q
q2T

ð−1þ ẑÞ
ẑ

; σ̂4DF2 ¼ −
CF

N
1

qT
;

σ̂8DF2 ¼ σ̂3DF2; σ̂9DF2 ¼ σ̂4DF2; ð83Þ

σ̂1DF3 ¼ −
CF

N
1

qT

3ẑð1 − 2x̂Þx̂þ x̂ð1þ x̂Þ þ ẑ2ð1 − 6x̂þ 6x̂2Þ
ẑ2

; σ̂2DF3 ¼ −
CF

N
4qT
Q2

x̂2;

σ̂3DF3 ¼ −
CF

N
1

Q
x̂ð−1 − 2x̂þ ẑð−2þ 4x̂ÞÞ

ẑ
; σ̂4DF3 ¼ −

CF

N
1

qT

ð−1þ x̂Þð−1þ 2ð−1þ ẑÞx̂Þ
ẑ

;

σ̂8DF3 ¼
CF

N
1

Q
x̂
ẑ
; σ̂9DF3 ¼

CF

N
1

qT

−1þ x̂
ẑ

; ð84Þ

σ̂1DF4 ¼
CF

N
Q2

q3T

ð−1þ ẑÞð−1þ ẑþ 5x̂ − 6ẑ x̂−6x̂2 þ 6ẑx̂2Þ
x̂2

þ CF

qT

ðx̂ − 1Þ2ð1þ x̂Þ − ẑðx̂ − 1Þ2ð1þ 6x̂Þ − ẑ3ð1 − 6x̂þ 6x̂2Þ þ ẑ2ð1þ x̂ − 6x̂2 þ 6x̂3Þ
ẑ x̂ð−1þ ẑþ x̂Þ ;

σ̂2DF4 ¼
CF

N
4

qT
ẑð−1þ ẑÞ − CF

4qT
Q2

ẑð1þ ẑ − x̂Þx̂
ð−1þ ẑþ x̂Þ ;

σ̂3DF4 ¼
CF

N
2Q
q2T

ð−1þ ẑÞð−x̂þ ẑð−1þ 2x̂ÞÞ
x̂

þ 2CF

Q
ðẑþ ẑ2 þ x̂ − 2ẑ x̂−2ẑ2x̂ − x̂2 þ 2ẑx̂2Þ

ð−1þ ẑþ x̂Þ ;

σ̂4DF4 ¼
CF

N
1

qT

ð1þ x̂þ 2ẑ2x̂ − ẑð1þ 2x̂ÞÞ
x̂

− CF
2

qT

ð−1þ x̂Þð1þ ẑ2x̂þ x̂2 − ẑð1þ x̂2ÞÞ
x̂ð−1þ ẑþ x̂Þ ;

σ̂8DF4 ¼
CF

N
2

Q
ẑ − CF

4

Q
ẑð−1þ x̂Þ

ð−1þ ẑþ x̂Þ ;

σ̂9DF4 ¼
CF

N
1

qT

ð1 − x̂þ ẑð−1þ 2x̂ÞÞ
x̂

− CF
2

qT

ð−1þ x̂Þð1 − x̂þ ẑð−1þ 2x̂ÞÞ
x̂ð−1þ ẑþ x̂Þ ; ð85Þ
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σ̂1DF5 ¼
CF

N
1

qT

ð−1þ x̂Þ2ð1þ x̂þ 6ẑ2x̂ − ẑð1þ 6x̂ÞÞ
ẑ2x̂

−
CF

qT

ðx̂ − 1Þ2ð1þ x̂Þ − ẑðx̂ − 1Þ2ð1þ 6x̂Þ − ẑ3ð1 − 6x̂þ 6x̂2Þ þ ẑ2ð1þ x̂ − 6x̂2 þ 6x̂3Þ
ẑ x̂ð−1þ ẑþ x̂Þ ;

σ̂2DF5 ¼
CF

N
4qT
Q2

ð−1þ x̂Þx̂þ CF
4qT
Q2

ẑð1þ ẑ − xÞx̂
ð−1þ ẑþ x̂Þ ;

σ̂3DF5 ¼
CF

N
2

Q
ð−1þ x̂Þð−x̂þ ẑð−1þ 2x̂ÞÞ

ẑ
−
2CF

Q
ðẑþ ẑ2 þ x̂ − 2ẑ x̂−2ẑ2x̂ − x̂2 þ 2ẑx̂2Þ

ð−1þ ẑþ x̂Þ ;

σ̂4DF5 ¼
CF

N
1

qT

ð−1þ x̂Þð−1þ ẑþ x̂ − 2ẑ x̂−2x̂2 þ 2ẑx̂2Þ
x̂ ẑ

þ CF
2

qT

ð−1þ x̂Þð1þ ẑ2x̂þ x̂2 − ẑð1þ x̂2ÞÞ
x̂ð−1þ ẑþ x̂Þ ;

σ̂8DF5 ¼ −
CF

N
2

Q
ð−1þ x̂Þ þ CF

4

Q
ẑð−1þ x̂Þ

ð−1þ ẑþ x̂Þ ;

σ̂9DF5 ¼ −
CF

N
1

qT

ð−1þ x̂Þð1 − x̂þ ẑð−1þ 2x̂ÞÞ
x̂ ẑ

þ CF
2

qT

ð−1þ x̂Þð1 − x̂þ ẑð−1þ 2x̂ÞÞ
x̂ð−1þ ẑþ x̂Þ ; ð86Þ

σ̂1GF2 ¼ −
CF

N
;
Q2

q3T

ð−1þ ẑÞð1 − x̂þ ẑ x̂Þ
x̂ẑ2

; σ̂2GF2 ¼ 0; σ̂3GF2 ¼ σ̂3DF2;

σ̂4GF2 ¼ σ̂4DF2; σ̂8GF2 ¼ σ̂8DF2; σ̂9GF2 ¼ σ̂9DF2; ð87Þ

σ̂1GF3 ¼ −
CF

N
1

qT

ẑð5 − 6x̂Þx̂þ x̂ð−1þ x̂Þ þ ẑ2ð1 − 6x̂þ 6x̂2Þ
ẑ2

; σ̂2GF3 ¼ σ̂2DF3;

σ̂3GF3 ¼ −
CF

N
1

Q
x̂ð−1þ 2ẑÞð−1þ 2x̂Þ

ẑ
; σ̂4GF3 ¼ −

CF

N
1

qT

ð−1þ x̂Þð1þ 2ð−1þ ẑÞx̂Þ
ẑ

;

σ̂8GF3 ¼ −σ̂8DF3; σ̂9GF3 ¼ −σ̂9DF3; ð88Þ

σ̂1GF4 ¼
CF

N
Q2

q3T

ð−1þ ẑÞð−1þ ẑþ 7x̂ − 6ẑ x̂−6x̂2 þ 6ẑx̂2Þ
x̂2

− CF
1

qT

ð−1þ x̂Þ2 − 6ẑð−1þ x̂Þx̂þ ẑ2ð1 − 6x̂þ 6x̂2Þ
ẑ x̂

;

σ̂2GF4 ¼
CF

N
4

qT
ẑð−1þ ẑÞ − CF

4qT
Q2

ẑ x̂;

σ̂3GF4 ¼
CF

N
2Q
q2T

ð−1þ ẑÞð1 − x̂þ ẑð−1þ 2x̂ÞÞ
x̂

− CF
2

Q
ð1 − x̂þ ẑð−1þ 2x̂ÞÞ;

σ̂4GF4 ¼
CF

N
1

qT

ð−1þ ẑþ x̂ − 2ẑ x̂þ2ẑ2x̂Þ
x̂

− CF
2

qT

ð−1þ x̂Þð1þ ð−1þ ẑÞx̂Þ
x̂

;

σ̂8GF4 ¼
CF

N
2Q
q2T

ð−1þ ẑÞ − CF
2

Q
;

σ̂9GF4 ¼
CF

N
1

qT

ð−1þ ẑ − x̂þ 2ẑ x̂Þ
x̂

− CF
2

qT

ð−1þ x̂Þ
x̂

; ð89Þ
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σ̂1GF5 ¼
CF

N
1

qT

ð−1þ x̂Þ2ð−1þ ẑþ x̂ − 6ẑ x̂þ6ẑ2x̂Þ
ẑ2x̂

− CF
1

qT

ð−1þ x̂Þ2 − 6ẑð−1þ x̂Þx̂þ ẑ2ð1 − 6x̂þ 6x̂2Þ
ẑ x̂

;

σ̂2GF5 ¼
CF

N
4qT
Q2

ð−1þ x̂Þx̂ − CF
4qT
Q2

ẑ x̂;

σ̂3GF5 ¼
CF

N
2

Q
ð−1þ x̂Þð1 − x̂þ ẑð−1þ 2x̂ÞÞ

ẑ
− CF

2

Q
ð1 − x̂þ ẑð−1þ 2x̂ÞÞ;

σ̂4GF5 ¼
CF

N
1

qT

ð−1þ x̂Þð−1þ ẑþ 3x̂ − 2ẑ x̂−2x̂2 þ 2ẑx̂2Þ
x̂ ẑ

− CF
2

qT

ð−1þ x̂Þð1þ ð−1þ ẑÞx̂Þ
x̂

;

σ̂8GF5 ¼ −
CF

N
2

Q
ð−1þ ẑÞð−1þ x̂Þ

ẑ
− CF

2

Q
;

σ̂9GF5 ¼ −
CF

N
1

qT

ð−1þ x̂Þð1 − 3x̂þ ẑð−1þ 2x̂ÞÞ
x̂ ẑ

− CF
2

qT

ð−1þ x̂Þ
x̂

: ð90Þ

Equations (74)–(90) and the relations (70)–(73) specify all
the partonic cross sections in the final formula (54).

IV. SUMMARY

In this paper, we have studied the transversely polarized
spin-1=2 hyperon production in semi-inclusive deep inelas-
tic scattering (SIDIS), ep → eΛ↑X. Specifically, we have
derived the LO twist-3 gluon FF contribution to the
polarized cross section. Since the twist-3 gluon FFs are
related to the qq̄g FFs through the EOM relations and the
LIRs, we consistently took into account the latter contri-
bution together. This has completed the twist-3 LO cross
section for this process together with the results for the
contribution from the twist-3 DF and the twist-3 quark FFs
derived in Ref. [1]. The final result for the cross section is
given in Eq. (54). It consists of five components with
different azimuthal structures as

d6σ
dxbjdQ2dzfdq2Tdϕdχ

¼ F 1 sinΦS þ F 2 sinΦS cosφ

þ F 3 sinΦS cos 2φ

þ F 4 cosΦS sinφ

þ F 5 cosΦS sin 2φ; ð91Þ
where φ ¼ ϕ − χ is the relative azimuthal angle between
the lepton (ϕ) and the hadron (χ) planes and ΦS is the

azimuthal angle of the transverse spin vector of Λ↑

measured from the hadron plane with the structure func-
tions F 1;2;3;4;5 written as the convolution of the twist-3 FFs
and the quark DF in the proton and the partonic hard cross
sections. The LO cross section given in Ref. [1] and the
present study contains several unknown nonperturbative
functions, and their determination requires global analyses
of many twist-3 processes in which the same twist-3
functions appear. Information from analyses of small-PT
data in terms of the TMD factorization is also of great help
to constrain some of the twist-3 functions. In any case, our
twist-3 cross section formula is the starting point of
analyzing the large-PT hyperon polarization in SIDIS,
which we hope to be measured in the future EIC
experiment.
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