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We calculate the next-to-leading order (NLO) QCD corrections to γ þ γ → ηc þ cþ c̄, γ þ γ → ηb þ
bþ b̄; and γ þ γ → Bc þ bþ c̄ processes in the framework of nonrelativistic QCD factorization
formalism. The cross sections at the SuperKEKB electron-positron collider, as well as the future collider
like the Circular Electron Positron Collider, are evaluated. Numerical results indicate that the NLO
corrections are significant, and the uncertainties in theoretical predictions with NLO corrections are
reduced as expected. Due to the high luminosity of the SuperKEKB collider, the ηc þ cþ c̄ production is
hopefully observable in the near future.
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I. INTRODUCTION

Heavy quarkonium plays an important role in high
energy collider physics, as it presents an ideal laboratory
for studying the perturbative and nonperturbative properties
of quantum chromodynamics (QCD) within a controlled
environment. The nonelativistic QCD (NRQCD) factori-
zation formalism [1], which was developed by Bodwin,
Braaten, and Lepage, provides a systematic framework for
the theoretical study of quarkonium production and decay.
According to the NRQCD factorization formalism, quar-
konium production rates can be written as a sum of
products of short distance coefficients and the long distance
matrix elements (LDMEs). The short distance coefficients
can be calculated as a perturbation series in the strong-
coupling constant αs, and the LDMEs can be expanded in
powers of the relative velocity v of the heavy quarks in the
bound state. In this way, the theoretical prediction takes
the form of a double expansion in αs and v. Although the
quarkonium production has been extensively investigated
at various colliders, the existing researches are still not
sufficient to clarify the underlying production mechanisms
[2–5].

Quarkonium production in association with two heavy
quarks via the massless vector boson fusion, i.e.,
γðgÞ þ γðgÞ → Q½Q1Q̄2� þQ2 þ Q̄1, process (withQi rep-
resenting the c or b quark) is an interesting topic to study.
Experimentally, the techniques to tag heavy quarks are now
routinely used with high efficiencies, hence the observation
of these associated production processes is hopefully
possible. On the other hand, as has been indicated by
previous studies [6–15], these processes are the dominant
color-singlet channels for corresponding single quarko-
nium inclusive production, and therefore be crucial for
pinning down the contributions from color-singlet model.
The color-octet channels for these processes are estimated
to be suppressed by the color-octet LDMEs about two
magnitudes. For Bc meson production, a similar mecha-
nism is more important, as quark flavor conservation
requires that the Bc meson should be produced in accom-
paniment with an additional bc̄ pair. Despite the admitted
importance, these processes are not fully investigated
due to the high technical difficulty. At present, the only
full next-to-leading order (NLO) study is in Ref. [15],
where the NLO QCD corrections to the γ þ γ → J=ψ þ
cþ c̄ process is calculated. As a further step, in this
work, we calculate the NLO QCD corrections to the
γ þ γ → ηc þ cþ c̄, γ þ γ → ηb þ bþ b̄ and γ þ γ →
Bc þ bþ c̄ processes.
The rest of the paper is organized as follows. In Sec. II,

we present the primary formulas employed in the calcu-
lation. In Sec. III, we elucidate some technical details for
the analytical calculation. In Sec. IV, the numerical evalu-
ation for concerned processes is performed. The last section
is reserved for summary and conclusions.
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II. FORMULATION

The photon-photon scattering can be achieved at eþe−
collider like SuperKEKB, where the initial photons are
generated by bremsstrahlung effect. The energy spectrum
of bremsstrahlung photon is well formulated by
Weizsacker-Williams approximation (WWA) [16]:

fγðxÞ ¼
α

2π

�
1þ ð1 − xÞ2

x
log

�
Q2

max
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�

þ 2m2
ex
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1

Q2
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where Q2
min ¼ m2

ex2=ð1 − xÞ, Q2
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ffiffiffi
s

p
=2Þ2

ð1 − xÞ þQ2
min, me is the electron mass, x ¼ Eγ=Ee is

the energy fraction of photon,
ffiffiffi
s

p
is the collision energy of

the eþe− collider, θc ¼ 32 mrad [6] is the maximum
scattering angle of the electron or positron.
In future eþe− collider like the Circular Electron

Positron Collider (CEPC), high energy photon can be
achieved through the Compton backscattering of laser light
off an electron or positron beam, namely the laser back-
scattering (LBS) effect. The LBS photons mostly carry a
large energy fraction of the incident electron or positron
beam and, at the same time, can achieve high luminosity.
The energy spectrum of LBS photon is [17]
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1
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N ¼
�
1 −

4

xm
−

8

x2m

�
logð1þ xmÞ þ

1

2
þ 8

xm
−

1

2ð1þ xmÞ2
:

ð3Þ

Here xm ≈ 4.83 [18], and the maximum energy fraction of
the LBS photon is restricted by 0 ≤ x ≤ xm

1þxm
≈ 0.83.

The total cross section can be obtained by convoluting
the γ þ γ → Q½Q1Q̄2� þQ2 þ Q̄1 cross section with the
photon distribution functions:

dσ ¼
Z

dx1dx2fγðx1Þfγðx2Þdσ̂ðγ þ γ → Q½Q1Q̄2�

þQ2 þ Q̄1Þ; ð4Þ

where Q ¼ ηc, ηb, or Bc, and Qi denotes charm or bottom
quark accordingly. The dσ̂ is calculated perturbatively up to
the NLO level,

dσ̂ðγ þ γ → Q½Q1Q̄2� þQ2 þ Q̄1Þ
¼ dσ̂born þ dσ̂virtual þ dσ̂real þOðα2α4sÞ: ð5Þ

The Born level cross section, the virtual correction, and the
real correction take the following forms:

dσ̂born ¼
1

2ŝ

X
jMtreej2dPS3;

dσ̂virtual ¼
1

2ŝ

X
2ReðM�

treeMone−loopÞdPS3;

dσ̂real ¼
1

2ŝ

X
jMrealj2dPS4; ð6Þ

where ŝ is the center-of-mass energy square for the two
photons,

P
means sum (average) over the polarizations

and colors of final (initial) state particles, dPS3 (dPS4)
denotes final state three- (four-)body phase space.
The computation of dσ̂ can be carried out by using the

covariant projection method [19]. At the leading order of
relative velocity expansion, the standard spin and color
projection operator can be simplified to

Π ¼ 1

2
ffiffiffiffiffiffiffi
mQ

p γ5ð=pQ þmQÞ ⊗
�

1cffiffiffiffiffiffi
Nc

p
�
; ð7Þ

where pQ and mQ are the momentum and mass of the
pseudoscalar quarkoniumQ, respectively, 1c represents the
unit color matrix, and Nc ¼ 3 is the number of colors
in QCD.

III. ANALYTICAL CALCULATION

At LO, there are 20 Feynman diagrams contributing to
the γ þ γ → Q½Q1Q̄2� þQ2 þ Q̄1 process. Half of them
are shown in Fig. 1, and the rest can be generated by
exchanging the initial two photons. The typical Feynman
diagrams in virtual correction are shown in Fig. 2. Therein,
loops N1–N5 and loop N11 arise from the corrections to
LO Feynman diagrams, and the rest are new topologies
appearing at NLO. We note that, according to the charge-
parity conservation, the contributions of type loop N6
diagrams are vanished, which is verified by our explicit
calculation. And obviously, loops N6–N10 will not appear
in the Bc production case.
In the computation of virtual corrections, the conven-

tional dimensional regularization with D ¼ 4 − 2ϵ is
employed to regularize the ultraviolet (UV) divergences,
while the infrared (IR) divergences are regularized by
introducing an infinitesimal gluon mass λ. The gluon mass
regularization scheme breaks gauge invariance and is
applicable only if the triple-gluon vertex does not play a
role in the process, fortunately we should not worry about
this due to the IR divergent diagrams for the processes
considered here are all QED-like. As a result, the UV
and IR singularities appear as 1=ϵ and lnðλ2Þ terms,
respectively.
In renormalized perturbation theory, the UV singularities

are canceled by corresponding counterterm diagrams,
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hence the final virtual corrections are UV finite. Here, the
relevant renormalization constants include Z2, Z3, Zm,
and Zg, which correspond to the heavy quark field, gluon
field, heavy quark mass, and strong coupling constant,

respectively. Among them, Z2 and Zm are defined in the
on-mass-shell (OS) scheme, while others are defined in the
modified minimal-subtraction (MS) scheme. The counter-
terms are

FIG. 2. Typical Feynman diagrams in virtual corrections.

FIG. 1. Typical LO Feynman diagrams for γ þ γ → Q½Q1Q̄2� þQ2 þ Q̄1 process.
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δZOS
2 ¼ −CF

αs
4π

�
2 ln

λ2

m2
þ 1

ϵUV
− γE þ ln

4πμ2

m2
þ 4

�
;

δZOS
m ¼ −3CF

αs
4π

�
1

ϵUV
− γE þ ln

4πμ2

m2
þ 4

3

�
;

δZMS
3 ¼ ðβ0 − 2CAÞ

αs
4π

�
1

ϵUV
− γE þ lnð4πÞ

�
;

δZMS
g ¼ −

β0
2

αs
4π

�
1

ϵUV
− γE þ lnð4πÞ

�
; ð8Þ

where γE is the Euler’s constant, μ is the renormalization
scale, m stands for mc or mb, β0 ¼ 11

3
CA − 4

3
TFnf is the

one-loop coefficient of the QCD β function, nf denotes the
active quark flavor numbers, and CA ¼ 3; CF ¼ 4

3
, and

TF ¼ 1
2
are QCD color factors. Note that, since there is

no gluon external leg, the final result is independent of δZ3.
The IR singularities in virtual corrections can be isolated

by using the method proposed in [20]. Considering the
scalar five-point integral of Fig. 2, loop N4, the IR
singularities originate from q → 0 region. By performing
power counting analysis, we have

E0 ¼
1

iπ2
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�
; ð9Þ

where s45¼ðp4þp5Þ2, s56¼ðp5þp6Þ2, t26¼ðp2−p6Þ2.
The Coulomb singularities, which appear when a poten-

tial gluon is exchanged between the constituent quarks of a
quarkonium, are also regularized by the infinitesimal gluon
mass λ. We obtain

2ReðM�
treeMoneloopÞ Coulomb

∼
jMtreej2

2αsCFm
λ

; ð10Þ

which can be absorbed into the wave function of quarko-
nium. Note, for Bc production, the m in Eq. (10) should be
replaced by 2mbmc

mbþmc
.

Typical Feynman diagrams in real corrections are shown
in Fig. 3. The IR divergences here are also regularized by
infinitesimal gluon mass. To isolate the IR singularities, the
subtraction method that was formulated in Ref. [21] is
employed. As a result, the contribution of real corrections
can be separated into two parts:

FIG. 3. Typical Feynman diagrams in real corrections.
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σ̂real ¼ σ̂Areal þ σ̂Breal; ð11Þ

with

σ̂Areal ¼
1

2ŝ

Z
dPS4

�X
jMrealj2 − jMsubj2

�
; ð12Þ

σ̂Breal ¼
1

2ŝ

Z
dPS4jMsubj2 ¼

1

2ŝ

Z
dPS3

Z
½dpg�jMsubj2:

ð13Þ

Here ½dpg� denotes the phase space of the additional
emitted gluon, and jMsubj2 is an auxiliary subtraction
function that holds the same asymptotic behavior as

PjMrealj2 in the soft limits. Hence the difference
ðPjMrealj2 − jMsubj2Þ is nonsingular at each point
of phase space, and the integral can be evaluated with
λ ¼ 0 everywhere. With an appropriate construction of
jMsubj2 [21], the integral

R ½dpg�jMsubj2 can be carried out
analytically. After adding 2ReðM�

treeMoneloopÞ andR ½dpg�jMsubj2, the IR singularities, i.e., lnðλ2Þ terms,
cancel with each other as expected.

IV. NUMERICAL RESULTS

In the numerical calculation, the input parameters are
taken as

α ¼ 1=137.065; me ¼ 0.511 MeV; mc ¼ 1.5 GeV; mb ¼ 4.8 GeV;

jRLO
ηc ð0Þj2 ¼ 0.528 GeV3; jRNLO

ηc ð0Þj2 ¼ 0.907 GeV3;

jRLO
ηb ð0Þj2 ¼ 5.22 GeV3; jRNLO

ηb ð0Þj2 ¼ 7.48 GeV3; jRBc
ð0Þj2 ¼ 1.642 GeV3:

Here, the Bc wave function at the origin is estimated by using the Buchmueller-Tye potential [22]. According to the heavy
quark spin symmetry of NRQCD at the leading order in relative velocity expansion [1], here we take Rηcð0Þ ¼ RJ=ψð0Þ and
Rηbð0Þ ¼ Rϒð0Þ. The J=ψ and ϒ radial wave functions at the origin are extracted from their leptonic widths.

ΓðQ → eþe−Þ ¼ α2e2Q
m2

Q
jRQð0Þj2

�
1 − 4CF

αsðμ0Þ
π

�
; eQ ¼

(
2
3
; if Q ¼ J=ψ

1
3
; if Q ¼ ϒ

; ð14Þ

with μ0 ¼ 2mQ, ΓðJ=ψ → eþe−Þ ¼ 5.55 keV, and Γðϒ →
eþe−Þ ¼ 1.34 keV [23]. Note that the LO and NLO
extractions are employed in the LO and NLO calculations,
respectively.
In the NLO calculation, the two-loop formula,

αsðμÞ
4π

¼ 1

β0L
−
β1 lnL
β30L

2
; ð15Þ

for the running coupling constant is employed, in which
L ¼ lnðμ2=Λ2

QCDÞ, β0 ¼ 11
3
CA − 4

3
TFnf, β1 ¼ 34

3
C2
A−

4CFTFnf − 20
3
CATFnf, with nf ¼ 4, ΛQCD ¼ 297 MeV

for ηc production, and nf ¼ 5, ΛQCD ¼ 214 MeV for ηb
and Bc production. For the LO calculation, the one-loop
formula for the running coupling constant is used. We note
that, for the computation of the LO contribution in the NLO
cross section, the two-loop formula for the running cou-
pling constant is employed. To estimate the effects of αs
and LDMEs settings on total cross section, different
schemes adopted by previous researches [5,24–28] are
compared, see Table I.
We investigate the production of ηc þ cþ c̄ with WWA

photons as the initial state at the SuperKEKB collider,

where the beam energies of the positron and electron are 4
and 7 GeV respectively, yielding a center-of-mass energy
of 10.6 GeV. In order to estimate the theoretical uncer-
tainties induced by renormalization scale and charm quark
mass, we set μ ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

c þ p2
t

p
with r ¼ f0.5; 1; 2g,

TABLE I. The LO (in brackets) and NLO total cross sections
for ηc þ cþ c̄ production via photon-photon fusion at the
SuperKEKB collider using different schemes of αs and LDMEs
settings: I. The two-loop formula of the running coupling for the
LO and NLO cross section with fixed LDMEs [24,25]. II. The
one-loop formula of the running coupling for the LO cross
section and the two-loop formula of the running coupling for the
NLO cross section with LDMEs fixed [5,26]. III. The one-loop
formula of the running coupling and the LO extraction of LDMEs
for the LO cross section, the two-loop formula of the running
coupling and the NLO extraction of LDMEs for the NLO cross
section [27,28]. Here mc ¼ 1.5 GeV, μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

c þ p2
t

p
, the

transverse momentum cut 0.2 GeV ≤ pt ≤ 4.0 GeV is imposed
to ηc meson, and the NLO extraction of LDMEs is employed for
fixed LDMEs.

Scheme I II III

σ (fb) 0.364(0.169) 0.364(0.293) 0.364(0.171)
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mc ¼ f1.4; 1.5; 1.6g GeV, and pt is the transverse momen-
tum of ηc. The corresponding results are shown in Tables II
and III, respectively. It can be seen that the NLO corrections
are significant, and the total cross sections are enhanced by
a factor (defined as the K factor) of about 2.1. To measure
the dependency of the cross section on renormalization

scale and charm quark mass, we define Rμ ¼ σjr¼0.5−σjr¼2

σjr¼1

and Rm ¼ σjmc¼1.4−σjmc¼1.6

σjmc¼1.5
. Then we have RLO

μ ¼ 1.39,

RNLO
μ ¼ 1.03, RLO

m ¼ 1.86, and RNLO
m ¼ 1.80, which indi-

cates that the theoretical uncertainties are slightly reduced
by NLO corrections.
In the coming year, the instantaneous luminosity of the

SuperKEKB collider may reach 8 × 1035 cm−2 s−1 [29].
Then the yearly produced ηc þ cþ c̄ events is estimated

to be ð3.93 ∼ 20.5Þ × 103. In experiment, ηc can be
reconstructed through its KK̄π decay channel with the
branching ratio Brðηc → KK̄πÞ ¼ 7.3% [23], and the tag-
ging efficiency of charm quark is about 41% [30].
Therefore we expect to obtain 48 ∼ 251 ηc þ cþ c̄ events
per year, this will provide a test for the challenge [31] when
making NRQCD prediction in the quarkonium production
with low pt, e.g.,

pt
2mQ

≤ 3, the NRQCD factorization may

be violated by power corrections of order m4
Q=p

4
t [32].

Of the future high energy eþe− colliders, like the CEPC,
the collision energy may reach 250 GeV [33]. And the LBS
photon collision can be realized by imposing a laser beam
to each e beam. Therefore, we investigate the ηc þ cþ c̄,
ηb þ bþ b̄, and Bc þ bþ c̄ productions under both WWA
and LBS photon collisions with

ffiffiffi
s

p ¼ 250 GeV. The
corresponding LO and NLO total cross sections are
presented in Table IV. As the energy scale of CEPC is
higher than that of SuperKEKB, the K factors here are less
than 2. Taking a typical luminosity L ¼ 1034 cm−2 s−1

[23], the number of reconstructed ηc þ cþ c̄ candidates
per year is about 8.42 × 102 for the WWA photon case,
4.38 × 103 for the LBS photon case. For ηb þ bþ b̄
production, the observation is somewhat difficult due to
the insignificant production rates. For Bc inclusive pro-
duction, it is not necessary to reconstruct the produced b
and c̄ jets. Assuming Bc is reconstructed through
B�
c → J=ψð1SÞπ�, whose branching fraction is predicted

TABLE II. The LO and NLO total cross sections for ηc þ cþ c̄
production via photon-photon fusion at the SuperKEKB collider.
Here mc ¼ 1.5 GeV and μ ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

c þ p2
t

p
with r ¼ f0.5; 1; 2g.

The transverse momentum cut 0.2 GeV ≤ pt ≤ 4.0 GeV is
imposed to the ηc meson.

r 0.5 1 2

σLO (fb) 0.340 0.171 0.102
σNLO (fb) 0.622 0.364 0.244

TABLE III. The LO and NLO total cross sections for ηc þ cþ
c̄ production via photon-photon fusion at the SuperKEKB
collider. Here mc ¼ f1.4; 1.5; 1.6g GeV and μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

c þ p2
t

p
.

The transverse momentum cut 0.2 GeV ≤ pt ≤ 4.0 GeV is
imposed to the ηc meson.

mc (GeV) 1.4 1.5 1.6

σLO (fb) 0.393 0.171 0.074
σNLO (fb) 0.813 0.364 0.156

TABLE IV. The LO (in brackets) and NLO total cross sections
for ηc þ cþ c̄, ηb þ bþ b̄, Bc þ bþ c̄ production via photon-
photon fusion at

ffiffiffi
s

p ¼ 250 GeV. Here the cut 1 GeV ≤ pt ≤
50 GeV is imposed.

Photon σηccc̄ (fb) σηbbb̄ (fb) σBcbc̄ (fb)

WWA 218.0(126.7) 0.068(0.055) 0.799(0.778)
LBS 1133(606) 3.67(2.08) 26.6(23.1)

(a) (b)

FIG. 4. The pt distribution for the ηccc̄ production via photon-photon fusion at (a) the SuperKEKB collider and (b) the CEPC. Here
the renormalization scale μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

c þ p2
t

p
, the transverse momentum cut 0.2 ≤ pt ≤ 4 GeV and 1 ≤ pt ≤ 10 GeV is imposed on ηc,

respectively.
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to be 0.5% [34], and J=ψ is reconstructed through
J=ψ → lþl−ðl ¼ e; μÞ with a branching fraction of about
12% [23], the number of the reconstructed Bc candidates
for the LBS photon case would reach 10 per year. Note
that, since B�

c almost always decays to Bc, a more exact
prediction on Bc candidates should take into account the
γ þ γ → B�

c þ bþ c̄ process, and we leave it for
future study.
As the number of events corresponding to ηc þ cþ c̄

production is large, it is worthy to perform a more
elaborate phenomenological analysis. The differential cross
sections versus pt, i.e., the transverse momentum of ηc, at
the SuperKEKB collider and CEPC are shown in Fig. 4,
the pt at the CEPC is limited within 10 GeV due to the
total cross section decreases rapidly versus pt. It can be
seen that the NLO corrections cause an upward shift
of the LO distributions and leave the shapes nearly
unchanged.

V. SUMMARY AND CONCLUSIONS

In this work, we investigate the ηc þ cþ c̄, ηb þ bþ b̄,
Bc þ bþ c̄ production via photon-photon fusion at the
NLO QCD accuracy in the framework of NRQCD

factorization formalism. The total cross sections and the
differential cross sections versus transverse momentum at
the SuperKEKB collider and the CEPC are given.
Numerical results shows that, after including the NLO

corrections, the total cross sections are significantly
enhanced, and their dependences on the renormalization
scale and heavy quark mass parameter are reduced as
expected. Due to the high luminosity of the SuperKEKB
collider, the ηc þ cþ c̄ production via photon-photon
fusion is hopeful to be observed in the near future. At
the higher energy collider like CEPC, the production rate of
ηc þ cþ c̄ is largely enhanced, which leads to inspiring
events number. If the LBS photon collision can be realized,
then the observation of Bc meson production at the CEPC
can also be expected.
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