PHYSICAL REVIEW D 105, 094008 (2022)

Radiative correction to lepton proton scatterings in manifestly
Lorentz-invariant chiral perturbation theory
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Manifestly Lorentz-invariant baryon chiral perturbation theory is used to calculate the radiative
correction of low energy elastic lepton proton scatterings. Corrections of differential cross section and
charge asymmetry are given at chiral next-to-leading order (O(p?)) with a nonzero lepton mass, which are
infrared and ultraviolet finite. The results are basically consistent with previous predictions based on
hadron model calculation, but they are somewhat different from calculations based on heavy baryon chiral

perturbation theory, especially in charge asymmetry.
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I. INTRODUCTION

The lepton proton (£p) elastic scatterings, involving
arbitrary number of real and virtual photons, have been
proven to be an important process in the study of the
electromagnetic structure of proton. An accurate experi-
mental determination of the proton’s electromagnetic form
factors (FFs) can clarify the proton’s structure and internal
dynamics. The electric (G%) and magnetic (G},) form
factors of protons can be extracted by conventional
Rosenbluth separation technique. These FFs describe
charge and magnetization distribution inside a proton.

To improve the accuracy in the determination of proton’s
FFs, the idea to employ a polarization transfer method was
suggested in Ref. [1]. Instead of measuring electric and
magnetic FFs separately, the method is to access the ratio
G~/ GY, by detecting the polarization of the recoil proton in
elastic scattering of polarized leptons off unpolarized
proton targets. An accurate measurement of the ratio
G%./GY, by utilizing the novel experimental recoil polari-
zation transfer technique [2,3], exposed a discrepancy
compared with the Rosenbluth technique. This discrepancy
is referred as “proton form factor puzzle,” raising serious
concerns regarding our basic understanding of the proton
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structure. In order to solve these problems, an idea of two-
photon exchange (TPE) correction was extensively dis-
cussed in papers [4-7].

Meanwhile, proton’s root-mean-square (rms) charge
radius obtained from high precision muonic hydrogen
Lamb-shift measurements [8,9], turned out to be about 5S¢
discrepancy away from previous value extracted from ep
scattering data. This is a so-called proton radius puzzle.
Recent PRad result [10] supports a smaller value extracted
from ep scattering experiment. This result is rather close to
most muonium spectroscopy measurements, and therefore is
inconsistent with previous ep scattering data. According to
Ref. [11], there is a large discrepancy between the electron-
and muon-based charge radius of the proton. The electron-
based value is obtained from both hydrogen spectroscopy
measurements and elastic ep scattering data. But the muon-
based value is only obtained from muonic hydrogen
spectroscopy. Currently, there exists no precisely deter-
mined value for muon rms charge radius extracted from
elastic up scatterings. Despite the efforts such discrepancies
are yet to be conclusively resolved, and it requires further
improved approaches on experimental verification of com-
plete radiative correction of up scattering.

The ep elastic scattering experiments, at BINP
Novosibirsk, CERN, DESY, Fermilab, JLab, MAMI,
SLAC, etc., have provided precision data about electro-
magnetic structure of the proton. Several recent experi-
mental proposals aim at carrying out high precision
measurements of low energy e*p (and u®p) scattering
cross sections. PRad [10] at JLab, COMPASS++/AMBER
at CERN [12,13], and MUSE [14,15] at PSI are three such
experiments. In particular, MUSE experiment plans to
measure the elastic y™p scattering cross sections at
momentum transfer as low as |g?| ~ 0.0016-0.08 GeV?,
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where g means the four-momentum transfer. MUSE’s goal
is to measure the proton’s rms charge radius at a better than
1% precision, with incoming electron and muon beam
momenta to be 115, 153, and 210 MeV. In this kinematical
region, an extra theoretical complication comes out. More
precisely, a widely used ultrarelativistic (UR) approxima-
tion [16] cannot be employed in MUSE to describe the
scattering of muons. In other words, the mass of the muon
is going to be comparable to its energy and thus cannot be
neglected. This means that previous radiative corrections
codes naturally using the UR limit to describe the scattering
of electrons have to be reconsidered.

In addition to the proton’s rms charge radius, another
meaningful observable is the lepton proton charge asym-
metry (or £+p/#p ratio), which describes the difference of
elastic Z*p and #~p cross sections. Here, the charge
asymmetry to order o is derived from interference between
one- and two-photon exchange amplitudes, along with the
interference between bremsstrahlung off lepton and proton.
It provides a valuable input for our understanding of the
radiative corrections [7,17]. Recently, the real hard photon
contribution to the charge asymmetry in elastic lepton- and
antilepton-proton scattering was estimated for the first time
beyond the ultrarelativistic limit in Ref. [18].

The most challenging aspect of radiative correction is
TPE, in low energy regions, more or less approximate
methods have been used to estimate the TPE contributions.
The first is soft-photon approximation (SPA) used in
Refs. [16,19]. However, only the IR divergent part can
be calculated in such a way. Instead, we are interested in the
IR finite part that cannot to be calculated just in the IR
region. The second approach uses a hadron model to
parametrize the on shell FFs. Because of the explicit form,
the results can be calculated easily by using computer
program [5,20-24]. The approximation is reasonable
numerically but still contains some problems. The most
serious problem is that the physical region of £p elastic
scatterings is g*> <0 and ¢*> > 4M? (corresponding to
crossing channel: #~ + #* — N + N, M is nucleon physi-
cal mass), the unphysical region 0 < ¢g*> < 4M? is com-
pletely inaccessible. But the loop integral involves FFs in
the whole timelike region (¢> > 0) as well. The uncertain-
ties caused by the above problem is not easily controlled.
Similarly, in the use of dispersion relations [25-32], the
difficulty is that the uncertainties are mainly from the
unknown subtractions, due to that we cannot estimate well
the high energy contributions of dispersive integrals.

In order to estimate the QED radiative corrections at low
energies (g> ~ m2), effective field theory provides a sys-
tematic formalism to study these processes. Recently,
heavy baryon chiral perturbation theory (HByPT) has been
used to estimate TPE [33] and complete radiative correc-
tions [34]. However, HByPT has its own shortcomings
[35,36]. These disadvantages are related to the nonrelativ-
istic expansion in this approach. The scheme to be used in

this paper is based on manifestly lorentz-invariant baryon
chiral perturbation theory (ByPT). In this work, we only
include elastic intermediate state (proton), and other pos-
sible contribution arising from A(1232) and high nucleon
resonances,l are not included. As described in Ref. [29],
except the nucleon intermediate state there are effects of
nucleon resonance in the TPE diagrams. But nucleon
intermediate state dominates in MUSE kinematical region,
and the size of nucleon resonance contributions are within
the anticipated error of the forthcoming data. Recent papers
of considering A(1232) in low energy scatterings can be
found in Refs. [39-41].

For definiteness, QED radiative corrections include all
one-loop virtual contributions, i.e., TPE, vertex corrections,
and vacuum polarizations to £p elastic scatterings. Single
soft photon emission as the only real contribution are
required in order to cancel the IR divergences from loop
contribution. In this work both chiral and QED divergences
will be treated by employing dimensional regularization
(DR). The IR divergences, will systematically cancel at
each order of chiral expansions. In particular, we explicitly
show that IR divergences of the TPE contribution are only
from chiral leading-order (LO), no new IR divergence
occurs at any chiral high order.

This paper is organized as the following. In Sec. II, the
general lepton proton scattering formalism with explicit
lepton mass is given. In Sec. III, we discuss how to construct
the effective Lagrangian. Based on the chiral power counting
scheme, a self-consistent chiral expansion for observables is
discussed. From Secs. IV to VII, The details of the radiative
corrections, involving evaluations of the corresponding
TPE, single soft photon emission, vertex correction, and
vacuum polarization are presented, in chiral LO and next-to-
leading-order (NLO). In Sec. VIII, we provide the numerical
estimation of various contributions and charge asymmetry in
MUSE kinematical region. The major sources of theoretical
uncertainties are also discussed. Finally our conclusions are
summarized in Sec. IX. Several technical details of the
calculation are relegated to the Appendixes.

II. LEPTON PROTON
SCATTERING KINEMATICS

A. Relativistic kinematics in MUSE
experiment region

According to the applications considered in this paper,
we mainly choose the laboratory (lab) frame, where the
target nucleon is at rest. Elastic process is denoted by
(k) + p(p1) = ¢ (ka) + p(p2), and g = p, — py is
the (nucleon) momentum transfer. Mandelstam variables
are defined below:

1Here, we also ignore the contribution of the subthreshold
resonance (pole) N*(890) [37,38] because the amplitudes in the
physical region can be estimated by chiral low-order results.
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t=(pr—p1)=¢q*=-0
bijzz(ki'pj> (i,j: 1,2), (1)

s = (k; + p1)%
u=(k;— P2)27

where Q% >0 means virtuality of the exchanging
particle. By means of four-momentum conservation in
elastic scatterings, the following identities are satisfied:
by = by, and by, = by;. We also consider the brems-
strahlung process simultaneously: £=(k;) + p(p,) —
% (ky) + p(p,) + y(k), reintroducing a lepton momentum
transfer, ¢, = k; — k,, and the four-momentum conserva-
tion implies g, = g + k. In this section, the elastic process
is of primary consideration, so in the following, we do not
distinguish ¢ from g, unless stated otherwise.

The square of momentum transfer, g*, can be written as a
function of the scattering angle 0,

q* = (ky —k)* =2m* =2 E; (1 = 1 f> cos6,),

pi= \ l—mz/Elg,

QZZ(PQ—Pl)QZ—zM(E/Q—M):—ZM(EI—E2)7 (2)

where the incoming (outgoing) lepton energy is given by
E|(E,), and E}, is the energy of the recoil nucleon of the lab
frame; m denotes the mass of the lepton, and 3, (f3,) is the
velocity of the incoming (outgoing) lepton. There are
several commonly used reference systems as follows: lab
frame, Breit frame, and the center of mass (CM) frame. The
four-momentum conventions of the three reference frames
are shown in Table I. Bold symbols denote three-momen-
tum throughout the paper.

In the Breit system, the electric and magnetic parts of the
proton’s form factor can be completely separated, so it has
crucial physical meaning and can also be used to derive
some kinematic relations in a straightforward manner. As
for massless lepton (like electron at high energies),
Ref. [42] is a pedagogical reference. In our approach,
the mass of lepton is kept in any time. Here, we summarize
the kinematical relations without neglecting lepton mass.

Q? can be defined in terms of scattering angle * in the
CM frame,

>(s, M?*, m?
0% =—(k; —ky)? = Q(l —cos@*), (3)
2s
TABLE I. Notations of four-momentum of leptons and protons
in various reference systems.
Lab CM Breit

q (0.q) (0", q*) (wp =0.9qp)
ky (E1.ky) (E1.p}) (Eip.Kip)
Pi (Ey =M.p, =0) (ET,=p;) (Ep:P15)
ky (Ez. k) (E3.p}) (E2p.K28)
P2 (E3.p2) (E5,—p}) (Eyp.—Pip)

with the kinematical triangle function £, = X(s, M?, m?) =
(s — (M +m)?)(s — (M —m)?) [23]. Scattering angle 0
in Breit frame can be connected with lab’s scattering
angle 0.,

29_3 o (612 —2(’”’12 - E1E2(1 —ﬁlﬁz))z)z z&
cot” -~ = 010 cot =, (4)

where 7 = ;—A‘flzz > (. The outgoing lepton’s energy in lab
frame was also obtained [43],

£ (E| +M)(ME, + m?) 4+ k3 cos 0,/ M* — m?sin® 0,
2 (E; +M)*—k3cos?0, ’
(5)

with k3 = E2 — m?. The scattering angle can be written in
terms of the four-momentum of the outgoing lepton,

E1E2—m2—M(E1 —Ez) (6)
k1 ||Fes |

cosl, =

The relationship between Q? and incident lepton energy-
momentum and scattering angle is [23]

- 2Mk%(M + E, sin? 0, — \/M?* — m?*sin’ §, cos 6,)

(E; +M)?* —k?cos’0,

0
(7)
and

2MK? — Q*(E, + M)
ey |\/4M2IG - 4E,M Q7 + O

(8)

cosf, =

When the scattering angle 6, is limited (as in the MUSE
experiment), the range of values can be obtained by
referring to Ref. [23], see Table II.

TABLE II.  The range of Q? values for ep and up scatterings in
MUSE at the two limits of the lab frame scattering angles, 6, =
20° and 100°, obtained from Eq. (7). For convenience, we borrow
Table 1 in Ref. [33].

Momentum |k| in GeV 0.115 0.153 0.210
0? in GeV for Electron
Angle 6, = 20° 0.0016 0.0028 0.0052
Angle 6, = 100° 0.027 0.046 0.082
0? in GeV for Muon
Angle 0, = 20° 0.0016 0.0028 0.0052
Angle 6, = 100° 0.026 0.045 0.080
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B. Extended Rosenbluth formula
of unpolarized cross section

The lab frame differential cross section of #p elastic
scattering in one-photon exchange (OPE) can be described
by extended Resenbluth formula (with nonzero lepton
mass) [17,23,44,45],

doy, _ 2 (02 2
dQs O |ky|(Jka| + 57 ko] = 57 Ky | cos 6, ])
L1624 QM2 + 07 —4m2AM £ 0Y)

€ 1612 — Q*(4M? + Q?)

The definition and characteristic of the Sachs FFs Gp
and Gy, are referred to [42]. Here we define v as an
s —u crossing symmetric variable, v = (s—u)/4 =
M(E, + E,)/2; € is the so-called photon polarization
parameter; it can be interpreted as a quantity that character-
izes the degree of freedom of the longitudinal polarization
of the virtual photon without considering the lepton mass
[23]. Q, here is the solid angle of outgoing muons in lab
frame. It is advantageous to study the relation between the
photon polarization parameter ¢ and Q2 [23]. For fixed
Q? > 2m?, e is in the interval (e, 1), if Q* < 2m?, then €
falls on (1, €y), with €y = 2m?/ Q. The critical case, € = 1,
corresponds to Q% = 2m?* ~0.022 GeV?> (muon beam).
Meanwhile, s can also be written as a function of e,

S:S1,2
2
=m2+M2+%
— 2 2 2. _ 02
L V(e-1)@M? + Q) (4mPe - Q*(e + 1)) 12)

2(e—1) ’

if we require s > (m + M)?, then we set s =s, when
Q% < 2m?, and then s = s, when Q> > 2m?.

III. ByPT: RADIATIVE CORRECTIONS
AND CHIRAL CORRECTIONS

The relevant parts of manifestly Lorentz-invariant chiral
lagrangian up to O(p?) are given in Refs. [46,47] [the pion
loops arise at O(p?), which is beyond the accuracy of this
work],

Loy =L+ L+ (13)

£ = N(il’) —M+%Ayﬂy5uﬂ)1v, (14)

553325’{0"”[ fivt ,J}+~-}N, (15)

where N = (p,n)T is the nucleon doublet. The covariant
derivatives D = y*D,, the chiral connection I',, and the
chiral vielbein u, in the Lagrangian are
D,N = (9, +T, —iv{)N,
1 . o
r, 2[ (8u —ir,)u+u(d, —il,)u'],
u, = ilu' (0, —ir,)u—u(d, —il,)u'],
/U/(jv) — a;ﬂ)g's) - 81/‘1},545)7
f;:l!:v = qu;qu + quRuvu’
fL;w = avl;t [l 71 ]9
fR;w :8ﬂr avry [I’”,l" ] (16)
where g4 = 1.267,¢¢ = 3.706/(4M), c; = —0.120/(2M)

are chiral low energy constants [47]. Due to the absence
of pions in our calculation, u = 1,,, is the identity matrix
in isospin space. Here in our case the only external source
field is the electromagnetic four-vector potential A, (x).
Relevant external isoscalar and isovector sources are
obtained by r, =1, = et34,/2, 1)) = €A, /2(e > 0),
where 73 is the third Pauli matrix. For more recent
applications, such as the interactions between photon,
nucleon, and x, refer to Refs. [48,49].

It is worth noting that we have two independent
power counting schemes here. One is following o as
QED power counting, and the other is chiral expansion
of momentum p, within the energy Q> ~ m2, which can be

set as ﬁ~%~ , and F, =924 MeV is physical

pion’s decay constant. Since we are considering QED
radiative correction, the leading order of #p scattering
amplitudes come from pure QED pointlike interaction
which are of chiral O(p). Next-to-leading order
result is just chiral O(p?), suppressed by Q/M compared
with LO. However, it is more convenient to rearrange the
chiral power counting of a product (M™)* M ag
O( pm+n—1)'

One of the main purpose of this paper is to calculate
charge asymmetry and complete radiative corrections in the
framework of DR. For instance, all the virtual corrections in
lab frame can be defined by

dael(QZ) _ dgel(Qz) < 2
i, =[] Baten. )
where
_ 2Re)  pins (MM
52}/,v(Q2) = e% P' |(./\/l:|2 W)_élR(Qz)7 (18)
spins
82,0(0%)
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where the subscript “v” is an abbreviation of “virtual.” IR divergence &g (Q*) would be canceled by real photon emission,
and M, is the so-called OPE amplitude. In the framework of yPT, M, is not only the chiral LO, but in principle it should
include any high order of chiral corrections. Therefore, our definition (17) is slightly different from Ref. [34], in which it has

do_el (Q2>

oo . . Dz . . _— o
a factorization structure of chiral LO OPE cross section [ a0, ]i )5(Q2). M,, indicates virtual contributions of radiative

corrections. Based on this, the yPT corrections of &,,, can be written as

2ReY gins (MY + MP + O p?)) (M) + M7 + Oa-ap))]

2y,v

2
Zspins|M}(’1) + M§2) + O(a : p3)|

: (19)

where M;Lz) are the OPE amplitudes of chiral O( p(l*z)), and all the two (virtual) photon amplitudes, such as TPE et al. of
chiral O(p(!?), are encoded in /\/l](,;’z). Such a definition can be calculated order by order, namely,

| 2ReY g (M) My + (M

DY MG+ (M) M)

2rv —

E:spinsl'/\/lﬂ(/])|2
_ ZRemeq[(M;’l))*M}(’;)] % ZReZspins[(M}(’l))*MJ(/2>]

2
Espins|M7(/l>|

The complete radiative (virtual) contributions of QED +
ByPT to O(ap?) should be given by the above formula.
Bremsstrahlung (real correction) corrections are similar
as Eq. (20).

IV. THE CALCULATION OF THE
TPE DIAGRAMS

In this section, we evaluate the TPE amplitudes of elastic
£p scatterings at low energy transfer up to chiral O(p?).
The chiral LO and NLO amplitudes of the OPE required are
as follows:

> IMOP + O(ap?). (20)
spins 4
2_ —_
M}(,U _ Ze u(kz)V”u(le)zp(Pz)YﬂP(Pl) 7 (21)
Mﬁz) :Ziez(c(, +C77>ﬁ(k2)7”“(k1)i’(Pz)%M”P(Pl)’ (22)

Q2

7 = = corresponds to #<p elastic scatterings, respectively.2
Lepton (proton) spinor with momentum & is abbreviated as
u(k)(p(k)). Here only the ¢ p scattering is considered
unless stated otherwise.

As shown in Fig. 1, the amplitudes from box and crossed
box TPE diagrams can be expressed as

M — ot / (;1;‘[1;4 [ (ko)r (f — K+ m)V””(kl)]l[)l_j(PZ)h(ﬂl + ¥+ Myrp(p)] (23)

M) ot / (;1;1;4 [i(ky)y" (1 — ¥ + m)y”u(kl)]g:(pz)n(ﬂz — ¥+ M)y,p(p))] ’ (24)

iMY) = e4( .+ %) / (;1:;4 [a(ko)r" (J — K + m)r”u(kl)}[l’ﬂD(sz)n(m + §+ Mo,k p(p))] ’ (25)
iMD = e (c6 + %) / (;11];4 [@(ko)y" (f1 = ¥ + m)r u(ky)] [i?(plz))zmﬂz ~#HMola =Rrpe)] 0
MO Z ot <c N 627> / (;;/;4 [ (ko)™ (e — K + m)r”u(kl)][ﬁ(pg)l%(q — R FEMp(p]
MU g (Cﬁ N %> / (;111;4 [ (ko)r (H — ¥ + m)r”u(kl)][lgfz)apak“(ﬁz — K+ M)yup(p)] (28)

2Using charge conjugate symmetry, one can prove the notations in Ref. [18] are equivalent to ours.
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(@) (b)
(d) (e)

FIG. 1. The TPE diagrams, thin lines represent a lepton; black
thick lines represent a proton; and red wiggly lines represent
virtual photons. The solid circles represent chiral vertices [1,2
indicate O(p), O(p?) vertices, respectively]. The power counting
of all seagull diagrams is chiral O(p?) or higher. Thus during the
calculation we neglect the seagull diagrams.

(©

()

where the subscript “xbox” is an abbreviation of “crossed
box,” and

D, = (K +i0,)[(q = k)* + i0,][(k; — k)> = m* +i0,]
x [(p1 +k)> = M? +i0,],

D, = (k> +i0,)[(q = k)* + i0,][(k; — k)> = m® +i0, ]
x [(p2 = k)* = M? +i0,].

For brevity, in particular, as for crossed box diagram, one
can make use of crossing symmetry. This requires that the
TPE amplitudes obey the relation [7]
beox(”v l) = +Mbox(s’ t)|5—>u' (29)
So the problems are reduced to how to analytically
calculate the box contributions. By means of the PV
reduction [50], which transforms the complicated calcu-
lation of the box integral into the calculation of standard
n-point integrals. For those Lorentz-invariant Feynman
integrals with massless propagators, the analytical results
have been given in Refs. [51,52]. We use different tools
such as FeynCalc [53,54], PackageX [55], and FeynHelpers [56] to
evaluate above integrals and find an unique result. The final
results are lengthy, hence complete analytical expressions
are not listed here but can be obtained from the authors
upon request. The IR divergence of the Feynman diagrams
in Fig. 1 may occur in each order of yPT. But for
differential cross sections, i.e., d,, tpg, N0 more IR diver-
gences occur except the one from QED of pointlike
particles [7]. In yPT scheme, the IR divergent term of
82y1pE> O3y pp- 1S only from chiral O(p) contributions [23],

200 (1
5IR _ _ 7= _
2y, TPE p <€IR YE

471?
+1In 0
8 (s —m? — M?) ln(—%ﬂyz_y)
Vg
(1 — m® — M?) 1H(M))

2mM
V2,

(30)

with

(s = (m+M)*)(s = (m = M)?),

X, =

Z, = (u—(m+M)>*)(u—(m-M)?), (31)
where v corresponds to the subtraction scale in DR; yg
is Euler constant and e = (4 — D)/2. In literature,
nonzero photon mass A was used to renormalize IR
divergence, in which the IR part is represented by
In (42/Q?%), and the simplest comparison can be taken
by a substitution:

1 41 (4ﬂu2> ! (/12>

——y nl—-| < In{—).

€IR . 0° 0*
In this way, IR divergence obtained by yPT is com-
pletely consistent with the previous results obtained by

SPA calculation [16]. The numerical TPE corrections of
the analytical expressions for &, 1pg = 65, 1pE — S5 1pE

(32)

of e"p and pp scatterings up to O(ap?), are shown in
Figs. 2 and 3.

The estimation of the results displayed in Fig. 2,
indicates that the TPE corrections in ep elastic scatterings
vary between 1% and 1.5% in MUSE kinematical region,
and between 0.5% and 1% for up scatterings. In Fig. 4,
comparing with conventional Feshbach’s result [57] and
recent papers, e.g., Refs. [23,24,33], the contributions are
close to the results of hadron model [23,24] without using
SPA. There are significant differences comparing with the
estimation of HByPT [33] when using SPA, whatever in
ep or up scatterings. At the same time, it can be seen that
the so-called model independent results obtained from
SPA in Ref. [17] also underestimates TPE effects due to
ignoring the contribution of hard momentum region of
box diagrams. Interestingly, using SPA naively may result
in an unphysical consequence that &, tpg - 0 in the
forward limit Q> — 0. The authors of Ref. [17] therefore
forced 6,, rpg — O by virtue of shifting a constant factor
when Q2 — 0 (similar to applying an additional on shell
renormalization procedure). Such manipulation also cor-
responds to the subtracted dispersion relation evaluation
with a Q? dependent subtraction function in the forward
limit [32]. The subtraction function renormalizes the
effects of some momentum dependent couplings in a
proper way.
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k=0.115 GeV (e7)

k=0.115 GeV (u7)

S S
@ @
8 g,
g )
& &
5S) <
0.000 0.005 0.010 0.015 0.020 0.025 0.000 0.005 0.010 0.015 0.020 0.025
Q* (Gev?) Q* (GeV?)
k=0.153 GeV (e7) ;= 0.153 GeV (u™)
= . : : :
S g
@ @
8, ,
e =
& &
< B
0.00 0.01 0.02 0.03 0.04
Q* (Gev?)
k=0.210 GeV (p7)
X S
& &
& s
0.00 0.02 0.04 0.06 0.08
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FIG.2. Comparison of the TPE correction for e~p and i~ p elastic scatterings as a function of Q% in MUSE kinematical region. Here, k

is the incoming lepton three-momentum in a lab frame.

V. THE CALCULATION OF THE
BREMSSTRAHLUNG DIAGRAMS

Bremsstrahlung diagrams are shown in Fig. 5. For the
convenience of comparison, we artificially distinguish
between the bremsstrahlung caused by the interference of
real photon emission from lepton and that of proton (crossed
bremsstrahlung contributions), and other contributions
(direct bremsstrahlung contributions). The former cancels
the IR divergence derived from the TPE corrections, and the
latter cancels the IR divergence of the vertex corrections.

Soft real photon bremsstrahlung where the emission
energy below the resolution of the lab detector, AE,, is
indistinguishable from elastic scatterings. It should be
mentioned that the separation of a photon’s phase space into
soft and hard regions is somewhat arbitrary. According to
the features of MUSE experiment, we can set AEy ~ 1%E,.
It is quite difficult to estimate the soft bremsstrahlung
contributions analytically in DR. The commonly used
prescription is SPA [16,19]. The following results are
given:
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FIG. 3. The ¢ dependence of the NLO TPE corrections for e~p and u~p elastic scatterings, for different momentum transfers Q? in
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Table II. We do not list the chiral LO results, because the differences are very small compared with the NLO results.
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FIG. 4. Comparison of TPE finite contribution to ¢~ p and u~ p elastic scatterings. The contributions of the Feshbach result [57]
(labeled as “Feshbach”), hadron model calculation [23](labeled as “Had”), model-independent calculation based on SPA [17](labeled as
“SPA”), and recent HByPT calculation also based on SPA [33](labeled as “HByPT”) are displayed.
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o _  eulk)d (o +§+m)y'ulk)p(p2)y,p(p1)sea (k- €* W
Marte == @+ A7 ,i?oe<k2 : k>Mr : (35)
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eu(k)y" (o — ¥+ m)d u(ki)p(p2)rup(p1) sPA ( ky-€\
M, =~ / :>e(— ! )M“, (36
(ki = k7 =] S\ hw) M )
(e) e C7 1 * o (k+ﬂ2+M) SPA
M =16 (o4 Jatkairuti) e p(oslesoty () B0 37)
o _ ¢7 1 ( k+ﬂl+ ) *au SPA
M =16+ Jatkayputin) & p(o B k(o) . (38)
je? Dia(ky)y u(ky)p + 5 +M)o,,q" SPA - €*
M%(I)br _te (c6 +F)ia(ky)y Mg 1)P(P2>¢2'*(k 2%72 )64y P(P1) iy e(_ D€ )Mﬁz), (39)
" qazl(k + p2)* — M?] =0\ pa-k
M ie’(co +F)u(ky)y*u(ky) p(p2)owas(p1 — K+ M)¢ p(p1) A (Pl : €*>M(2) (40)
2r.br 01%(171 - k)2 — M2] k—0 P k v
i€ es + Dkl (ot K+ m)pulk)p(p2)ougdp(p) w3 (Ko-e | o )
¢k + K — ] =\l )
3 +D\p H 7 v *
g __te (c6 + 2)“("2)7 K - k‘*‘m)?{*u(kl)P(Pz)%uq p(p1) spa _k1 "€ 2) 4
Moy 1k — K = S\ T )M (42
where the subscript “br” represents bremsstrahlung and e;;(k) denotes the polarization of the real emitted photon.
|
A. Crossed bremsstrahlung contributions where the subscript “xbr” is a crossed bremsstrahlung. The
The square of soft crossed bremsstrahlung amplitudes at ~ aMplitudes obtained from SPA are
LO in lab frame are given by
> (a) (&) Ni(aqle) (@)
da( ) 1 El d3k2 d Ps d’ik S%:ns[ Re(MZy,br + M2y,br) (MZy,br + MZy,br)]
20 T AME ky| (27)32E, (27)2E) (27)2E, k k
451 S:P?fzzz|/\/l(0)|2x2 Prfa P2
(2ﬂ) 8 (ki +p1—ky—pa—k) o L Py kky -k py-kky -k
c d
X Z ZR 2y br+M2y br) (ng?br—i_M(Zy?br)]’ _ P1- k2 + P kl ) (44)
spms P kk2 -k 12 kkl -k

The integral of emitted photon phase space is IR

divergent, and the standard approach is to consider a

special frame, which is sometimes called the S frame

[58], to avoid the dependence of the angle of the radiated

photon. The crucial feature of S frame is the setting of

P> +k=gq,+p; =0. That is, the CM frame of the final

state recoil proton and radiated photon. The details of the S
(a) (b) © (d) (e

frame are given in Refs. [34,59], and the results are given

directly in the S frame,
doh = do'V X ez/ o o P2 ky
dg/f 2y,xbr d'Q‘:f’ y (271')32](0 P2 kk2 -k
_ P2k _ Pk p1 -k
® (2 (h) @ G)

by Kk k pr oKk k| pykk k)

FIG. 5. Bremsstrahlung diagrams of chiral LO and NLO. (45)

094008-9



XIONG-HUI CAO, QU-ZHI LI, and HAN-QING ZHENG

PHYS. REV. D 105, 094008 (2022)

It should be mentioned that the integral of radiated photons
is calculated in the S frame, and the final results need to be
transformed to the lab frame or expressed as Lorentz-
invariant form. When evaluating Eq. (45), the only problem
is how to deal with the integral,

» k<AE gD-1p 1
(ki.p;) =/ (22)P1 260 (k; - k) (p; - k)

(40)

where AES is the upper limit of the integration over the
photon energy in S frame. In this section, k should be
understood as the dimensionless variable k/v. The calcu-
lation of this integral under DR can be found in
Appendix A.

At this point, the LO crossed bremsstrahlung effects can
be written as

5(2}/?Xbr = 4ﬂ'0![b”1(k2, Pz) + blll(kl, p1)

= bial(ky, p2) = bial(ky. p1)], (47)
with the corresponding IR divergence,
r 201 4m?
B2y xbr = 7 \en —7g+1In o
—m2—M>+s5
e (s = m? — M?) In(¥=ge ey
m? 2_u
(= m? — M2) In(Ectr M)

Comparing with the IR divergence of TPE amplitudes
[cf. Eq. (30)], it can be found that the results Eq. (48) is
canceled by 3 pg; directly. The calculations of chiral NLO
correction of crossed bremsstrahlung are straightforward
according to the formula similar to Eq. (20). We found that

5%?“ = 0. The IR divergent part is also 0, as expected. The

results given in Eq. (47) are shown in Fig. 6.

AE, =1%F) (¢7)

0.0
-05
.
_ .:.:.,.'.
S 10 . Ry
9 — k= 0.115 Gev
& -15)
=== k= 0.153 Gev
—20
smin k= 0.210 Gev
_250L . . . .
0.00 0.02 0.04 0.06 0.08
Q* (Gev?)

B. Direct bremsstrahlung contributions

Similar to crossed bremsstrahlung correction, direct
bremsstrahlung effects only exist in chiral LO. Direct
bremsstrahlung correction to the differential scattering
cross section in lab frame can be written as

o &k (
2rbr (27)32k0 \ (k; - k) (k- k)
2 &Pk <Q2+2M2
(27)32k° \(p1 - k) (p2-k)
M? M?
‘<p1-k>2‘<p2-k>2)’

where the subscript “br” denotes direct bremsstrahlung in
this subsection. There are more types of integral appeared
than before, and definitions and explicit expressions are
given in Appendix A.

Thus, the chiral LO direct bremsstrahlung correction is
obtained (NLO is 0),

(ki-k)* (ky-k)?

02 +2m? m2 m2 )

+

(49)

2002 + 1
e = man (D k) 100 - 10 )
-
2(v% + 1
anat (XD 1) = 100 - 1002) ).

(50)

The IR divergent part can be written as

1 4 2 2 1 1
612Rbr:g 7_7/E+]n L’; 2_vl/ﬂ+ lnﬁ
O 2x \er 0 vy vy —1

a (1 Am? vy +1. vy+1
——=yp+1 p e ,
+27T<€IR et n< 0 >)< UN nUN—1>
(51)

which is similar to the calculation of Ref. [59]. The
numerical results are shown in Fig. 7. A remarkable

AE, =1%E, (17)

0.0 -
-0.2
;© -04r "
b
“g 06| = k=0.115 Gev
e
—0.8F === k=0.153 GeV

10 Lamin b =0210 Gev

0.04 0.08

@ (Gov?)

0.00 0.02 0.06

FIG. 6. The Q? dependence of the crossed bremsstrahlung corrections to e”p and u~p elastic scatterings.
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observation is that the results are almost invariant within the
variation of incoming lepton momentum in MUSE kin-
ematical region. The ep and pp direct bremsstrahlung
corrections are both negative, but the latter is over one
order magnitude smaller. Because the Sudakov double-log
terms In?(Q?/m?) dominate in the case of ep scatter-
ing [34].

VI. THE CALCULATION OF THE VERTEX
CORRECTION DIAGRAMS

The vertex correction diagrams for chiral LO and NLO
are shown in Fig. 8.

In most cases, previous investigations ignored the Pauli
FF F%, but it is included in our calculation. It will become
important for the case of up scattering. In general, an
amplitude of any order of vertex diagram can be written as

, ) i —i
Mo = ) (Fip 4 50 (-g,) ulh) ()

) i
X p(p2) <F’fn + Fé’ﬁaﬂpq”>p(p1), (52)

where the F ’f‘p F g"’ corresponds to Dirac and Pauli FFs for
lepton or proton, respectively. For simplicity, the definition
F{ =1+ 6F{ will be used.

I

(a) ©)
()

(b)

(d) (e)

FIG. 8. Vertex correction diagrams of chiral LO and NLO.
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_3'0 7\ 1 L 1 |7
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The Q? dependence of the direct bremsstrahlung corrections to e”p and u~p elastic scatterings.

The calculation of any vertex correction diagram is to
obtain F'”, F5, so that the estimation can be simplified
by using the projection operator method. Once the FFs are
known, the contribution of the vertex correction to the
differential cross section will be obtained straightforwardly
through the interference terms. All the contributions are
evaluated in Appendix B using DR. Adding all the non-
vanishing contributions of the vertex correction, the IR
divergence is canceled by the direct bremsstrahlung cor-
rection [Eq. (51)]. Figure 9 displays the chiral LO and NLO
contributions stemming from ByPT.

The important feature of Fig. 9 is that the chiral
correction can be ignored as for ep scatterings, but it
has significant effects on up. The huge numerical difference
(about two orders of magnitude) between the corrections in
ep case and up case comes from Sudakov double logarithm,
similar to the bremsstrahlung contribution.

VII. THE CALCULATION OF VACUUM
POLARIZATIONS

The one-loop photon vacuum polarization contribution is
IR finite, which has been extensively studied in the
literature. According to Refs. [16,34], we consider two
kinds of important contributions. At low energies, it is
dominated by QED Iepton vacuum polarization (LVP) and
hadron vacuum polarization (HVP). LVP contributions
have been calculated to sufficiently high precision. The
QED LO and NLO contributions are known as analytic
expressions including the full mass dependence [60,61].
For our applications the LO LVP contribution (one-loop
with e, y and 7) can be easily implemented with a sufficient
accuracy. But HVP cannot be reliably calculated from
perturbation QCD. HVP must use experimental data from
e'e™ annihilation to hadrons as input for calculation. We
use a package provided by Jegerlehner [62] and a table
provided by Ignatov [63] (their results are identical in
MUSE kinematical region) to obtain the complete hadronic
HVP (for a review see [64]). In Fig. 10 we display the
diagrams of LVP and HVP.
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FIG. 9. The one-loop chiral LO and NLO vertex corrections.

The results of lepton loops are given in terms of photon
self-energy function, in the compact form [60,61]

HLVP(Q2> =

It could be also useful to perform the numerical comparison
between the HVP by 7 loop calculated by Tsai [58]

4 1\ 203 (v, +1
- I B O =771 z 4
ﬂloop(Q) 471'|: 3<U7[+3)+ 3 n(yﬂ—l>:|7 (5 )

where v, = 1 +4m7 ,/0?, and modern approach to HVP
in Fig. 11. The total renormalized chiral LO VP contribu-
tion (chiral NLO result is exactly 0) is given by
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FIG. 10. Vacuum polarization diagrams of chiral LO and NLO.
The shaded parts represent the contribution of hadronic HVP.
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LVP and HVP contributions to £p scatterings.

58; = 2Myp(Q?) + 2yp(0?)

= Z 5%; + 583;;; = 02,.vps (55)
f=eput

and Fig. 11 shows the numerical results of the largest
kinematical incoming momentum in MUSE kinematical
region. It should be noted that the vacuum polarization
correction is independent of the flavours of lepton, i.e., it is
similar for ep and up scatterings. In Fig. 11, we conclude
that vacuum polarization is dominated by LVP in MUSE
kinematical region, furthermore, one has to include the
effects of hadronic HVP instead of 7 loop for Q2 above a
few times 0.01 GeV?2.

VIII. NUMERICAL RESULTS AND DISCUSSIONS

As previewed in Sec. IV, we only consider £~ p scatter-
ings. On the other hand, by comparing #~p and " p
scattering cross sections, we can obtain the charge

asymmetry of radiative correction, which could be mea-
sured in modern experiments directly. As mentioned above,
only the TPE and the crossed bremsstrahlung corrections
02y Asym = 02y TPE + 62y xor have charge dependence; i.e.,
the charge dependent differential cross section is given by
do”" ~do,(1 & 85, psym + - - -). The charge asymmetry is
defined as [17]

de’” —do”"

—_— . 56
de’” +do” (56)

52y,Asym =

It can be connected to £ p/£p ratio [7] by the definition,
R :g‘;—iiz 1-2685, asym- The predictions on charge
asymmetry are shown in Figs. 12 and 13.

It is surprised to see in Fig. 14 that the HByPT
calculations of charge asymmetry has opposite sign com-
pared with our results. The reason may lie in two facets: one
is that HByPT underestimates TPE effects by means of
SPA, the other is that there are more diagrams contributing
to bremsstrahlung process in HByPT than ByPT and their
power counting of J,, is different from Eq. (20). This
difference needs to be investigated in the future.

In Fig. 15, we summarize all the contributions of 7 p
elastic scatterings up to NLO. We just note that in Fig. 15
large cancellations occur between the vertex correction and
bremsstrahlung contribution at LO in ep scatterings, which
was discovered in Ref. [34].

The so-called Sudakov double-log term that appeared in
an IR divergent part has a significant enhancement at
Q? > m?, which will obviously make the perturbation
expansion invalid under large transfer momentum. It means
that more than one soft photon radiation needs to be
considered. So we can approximately take into account
the high order by exponentiating the LO QED corrections.
It was firstly proposed in Refs. [65-67]. Therefore, the
differential cross section can be written as’

d 2 d 2y71(1)
s L@ 0y, s
a Y

where the resumed contribution is [59]

exp {52;/(Q2) - 52y,vp(Q2)]
[1 - 52y,vp(Q2)/2]2

In Fig. 16, we compare the LO, NLO, and resumed NLO
results for ep and pp scatterings. The total contributions
vary between 15% and 20% in MUSE kinematical region
for ep scatterings. As for up scatterings, the total radiative

5Eésum(Q2) = - L (58)

3This approximation can be checked by comparing the result

dog (Q2>] ~
dQ, Jab™

with the first order of exponential expansion, |
1 (07)1(1
Fo3) Y x (14 8,,(02)).
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FIG. 13. The ¢ dependence of the charge asymmetry for ep and up elastic scatterings. The results correspond to AE, = 1%E;.
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FIG. 16. The total radiative corrections for ep and up scatterings.

correction does not exceed 1.5% in the limit region of
MUSE. One can immediately discover that the lepton
incoming momentum dependence of total radiative correc-
tion is not obvious, especially in the MUSE kinematical
region. We also compare the resumed results with HByPT
in Fig. 17. The magnitude of complete radiative corrections
from ByPT are the same as HByPT basically, and the
numerical difference shows that both schemes may need a
complete calculation of chiral next-to-next-leading-order
correction to clarify this point. Finally, the theoretical
uncertainties of the total radiative correction mainly comes
from two aspects. First, the detector acceptance AE,, is not

known exactly, which relies on the structure of detector.
According to Ref. [34], we assume that AE, varies between
0.5%E, and 2%E,. Second, the chiral truncation up to
NLO is another unknown uncertainty. Using the method of
Ref. [68], for NLO calculation, an estimation of uncertainty
is expressed as

50?) = max {|O0W|B2,|0® —OW|B},  (59)
where B = Q/M. The uncertainty originated from contri-
butions including pion loops, excited states of nucleon and
etc. Figure 18 shows the error bands of above uncertainties.
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FIG. 17. Comparison of radiative corrections to ep and to up elastic scatterings.
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FIG. 18. The inner band represents the NNLO chiral trunction uncertainties obtained by Eq. (59). The outer band stands for the
variation 0.5%E, < AE, < 2%E; upper limit corresponds to AE, = 2%; lower limit corresponds to AE, = 0.5%.
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IX. DISCUSSION AND CONCLUSION

In this work, based on Lorentz-invariant ByPT, we have
investigated £p elastic and inelastic scatterings including a
nonzero lepton mass in low momentum transfer Q2. Our
approach involves virtual QED loops and soft photon
bremsstrahlung corrections. In particular, the TPE contri-
bution is calculated beyond SPA. Consequently, we have
found that the SPA scheme misses the hard region of loop
integrals [34], and it has significant effects on numerical
results.

The charge asymmetry is also calculated to chiral NLO
analytically, and the present result improves previous
theoretical predictions such as Ref. [45], where the authors
use SPA to estimate the TPE results. The model-indepen-
dent charge asymmetry &,, asym (or £ p/£~p ratio) can be
tested in future precision experiments such as MUSE. It is
worth noting that regardless of ep or up scatterings, the
order of magnitude is about 1%.

The total radiative corrections are resumed by exponen-
tiation method. The estimation of total radiative corrections
for ep scattering cross section vary between 10% and 20%.
But for up scatterings, it does not exceed 1.5% in MUSE
kinematical region. These radiative corrections, especially
the TPE correction, are valuable in providing an improved
fit results of electric and magnetic FFs from elastic £p
scatterings. However, for experiments, using different
approximations of TPE correction has little influence on
final differential cross section in analysis [69]. In
Refs. [70,71], the authors argued that different parametri-
zations of FFs are the most critical point in fitting low-Q?
cross section data of ep elastic scattering experiment.
Radiative corrections will only give a small correction to
the value of charge radius, but can not change the value
from “large” (about 0.88 fm) to “small” (about 0.84 fm), or
vice versa [70]. Nevertheless, for up scatterings, radiative
corrections, especially TPE corrections, may play an
important role in the extraction of FFs and charge
radius. It is thus instructive to investigate the validity of
our results in elastic up scatterings such as MUSE[14,15].
For future planned ep and pp scattering experiments,
we recommend the recent report [72]. Finally, the
extension to the description of other radiative corrections
such as ete™ — z77~, NN [73] will advance these studies
even further, while offering the possibility of making
reliable and accurate predictions for future precision
experiments.
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APPENDIX A: BREMSSTRAHLUNG INTEGRALS

The complete calculation of bremsstrahlung integrals
utilizing DR can be found in Appendix A.5 of Ref. [59],
since the expressions are rather lengthy and are inconven-
ient to use. Here we adopt another method [74],4 which
gives a more compact result:

R (ki p; 1 4m? 2
I(ki,pj):M(———f—yE—ln z g )

872 €R 0? 4(AES)?
RO (k;.p;)
7”’ Al
+ 872 (A1)
where (m? = k3, mf = pf)
ROk p) = -In (ﬂ) (A2)
Y Vij m;m;
1 k ‘
R (k;, pj)=— {1112 <M> — In2 (’M)
}/ij ml'M ij
ki)l -
—|—Li2<] _ﬂ( l)zlj p2>
M Vij
+Li (1 -ty - )
’ ﬂ(ki)%'j
YA
—Li2 1_ﬂ<p]2) ij P2
M=ayjy;;
m3li; - pa
-~ L12<1 —#ﬂ (A3)
B(pj)aijyij
Yij = \/(ki : Pj)2 - mlzmjz’ (A4)
Bp)=p-p>+ \/(p p2)’ —kp*M?, (AS)
ki-p;+ \/(ki “pj)* - mZijz
aij ES 7 . (A6)
m;
lij = ajjk; — p;. (A7)
For simplicity, the abbreviations y;;,a;;,[;; denote

y(ki, p;),alk;, p;). l(k;. p;), respectively. It is well known
that Li,(z) is the simplest polylogarithm function, also
known as Spence function Sp(z) in some literatures,
defined as

“There is a slight difference that they introduced a photon mass
A to regulate the IR divergent instead of DR.
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( Z) / M , 7 E R.
0 t
Further we just note that AES in Eq. (A1) is defined in
the S frame. It is convenient to connect AES with some
energy scales in lab frame. According to Refs. [16,34,59],
AES = n(E, - Ey) ~nAE,, (A9)
where AE,, is defined in the lab frame. n = E;/ E, is called
the “inelastic” lab system recoil factor, and the lab recoil
lepton energy is E, in the elastic process. When the radiated
photon is soft, then £, ~ E, and 5 can be understood as the
“elastic” lab system recoil factor, # = E|/E,. The only
parameter that can be adjusted is AE,. In principle,
this depends on the acceptance of the detector.
According to the characteristics of the MUSE experiment,
we can set AE, ~ 1%E;.
At the same time, similar integrals used in this paper are
given:

k<A gD-lf ] 1
I(k"kQ)E/ 2201200 (ky - k) (ky - k)
(27) (K )( 2 )
1 v2—1_ vy+1 1 4m?
_ Ay (R M
872 2m’v, v, — < €IR+yE " 0?
0? R (k. k)
~1 : A10
"aaEy) T e (A10)
k<AE gDl 1
I(p1.p E/ ) ;
(r-p2) GRP 120 (pr K (pa B
1 03 —-1. vy+1 1 4m?
=— N2 n—2 ——+yg—In ﬂz
8 2M-vy vy —1 €IR 0
Q2 R(z)(pI’PZ)
-1 : All
"1aE7) T 82 (A1)

1 kA @l 1]
(ki) =/ (27)P=12k0 (k; - k)?°

= # L + In dm In o
- 82m? \ er vE 0? 4(AES)?
mM

1 ki-pa
+ In , Al2
4w’ m* \/(k; - po)2 —m*M? (ki) (A12)

N L I |
I(p1> = D—111.0 2
@2mP1 200 (p; - )

1 1 4m? 0?

= S0 <_€IR+ ye—1In o ln4(AES)2>
1 pi- M2

4752M2 (pi- p2)? M4 ﬂ i)

(A13)

where v2 =1+4+4m?/Q? and vy =1+4M*/Q* are
invariant kinematical variables.

APPENDIX B: VERTEX CORRECTIONS

1. Lepton photon vertex corrections

The one-loop chiral LO calculation for FFs evaluated
using DR are given [59]:

1 4m?
5F1 (Qz) {[—YE+ln }
4z ( leuv
1 212 +1 1
+{—y5+ln >—+In Q} Vet lnﬂ
€IR 0 Vg vy—1
+v§+1lnvf+llnvf—21 2vf+llnvf—|—l
2’UL0 Vy— 1 4’l}f Vy Vy— 1
24+1 1 -1
e () (50
Uf 2 f 21}/
(B1)
2
) a Df 1 Uf"’l
B2
(Q ) 477,' Vy nl]f—l ( )
a),0
Fl90(0?) = (B3)
a),0
Fyl90(0%) = (B4)

where superscript O represents the bare FFs and the
superscripts (a)—(f) represent the number of the subfigure
in Fig. 8. The NLO result of subfigure (b) is similar to that
of subfigure (a),

) o), B
01002y = FL@(@2), (B6)
D007) = (B7)
P(010(02) = (2¢4 + c7)M. (B8)

The UV divergence can be renormalized by the standard
renormalization method. In the case of one-loop diagrams,
it is convenient to obtain the renormalized results by adding
the counterterm Lagrangian. The renormalized lepton
photon vertex correction is well known [59],
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F{(Q%) = 1+5F( (%) ~6F("(0)

a 1 Am? 0?
=14+—< |—= 1 +In—
+47T{|:IR rEIn T 0? nmz]
2
o (Pet et
Vy Uf—l
+1jfp—|—llnvf—|—1 vi-1 2U§+llnw+1_4
2Uf Uy — 1 4U§ Vy Vy— 1

2
vo+1] . (v,+1 L (ve—1
L -L , (BY
+Uf|:1<2f) 12(2Uf (B9)
and only the F¢ needs to be renormalized.

2. Proton photon vertex corrections

In the scheme of ByPT, the interaction between proton

e = (B10)

2007 = (B11)

9002 =1+ 6F ), Ly (B12)
0% = Fy“"(Q), 2y e (BI3)

where the result is just the same as lepton photon vertex
correction when the lepton mass is replaced by pro-
ton mass.

The only nontrivial contribution is derived from diagrams
(d), (e), and (D,5 which are the chiral NLO contribution,

and photon is constructed in a gauge invariant way order by sF4eh). (QZ) (B14)
order in contrast to traditional on shell FFs approximation
[16,75]. The one-loop calculation of chiral LO diagram (c) f (ded).0, o
represent the the number of the subfigure in Fig. 8 is given, Q%) = (B15)
|
2
(de£).0, 0 a 1 dny 3 3 vy — 1 1
2 M —— In{ —5- = —1 — 0, B16
"(Q%) = (2 +¢1) 4ﬂ{LUV yE+n(M2>K2 ool 1) T (B16)
@eD0(02) — (9 + ey L L | o Q2 e+ |2 B i U R SR
T e " 0’ e F Q2 M? ”N oy —1
+v§,+1lnv,v+1lnv,2v—21 5vN+3lnvN+1_8+v,2v+1 Li vy + 1 L ov =\
21}1\/ Uy — 1 4l)N Un Uy — 1 Un 2UN 2UN
(B17)
Especially note that the UV divergence in chiral NLO not O =T+ (Z = Dy, + (Z\Z. - 1)
only appears in FY{, but also in F5. They need to be i )
renormalized. In the following, the notation is similar to X m(Zcﬁ + ¢7)Moq”. (B19)

QED renormalization, and the related convention can be
found, for example, in Ref. [76]. The bare chiral Lagran-
gian is written explicitly as

— _ e B
Ly =PUP = M)p + epr' pA, + 7 (2 + ¢1) o Foup

+(Zy = D)p(i@)p — (Z,Zy = 1) p(M)p

+(Zy = epy* pA,

+(Z,Z. —1)4(266+c7)p6 YF,,p. (B18)

where Z, is the renormalization constant of the combina-
» .

tion 2¢g + ¢7. We denote Fyy, + FY 517 0upq” aS Il}, the

renormalized vertex function satisfies

>For the sake of simplicity, the notation (d,e,f) imply the
summations of diagrams (d), (e), and (f).

The first renormalization condition is that when Q? goes to
0, T} defines the physical charge. That is to say,

T#(Q* = 0) = y* = FPO(0)y* + (Z, — 1)y*, which is

1=F0)+ 2z, -1. (B20)

Another on shell renormalization condition requires F} (Q?)
returning to the proton magnetic moment at Q> — 0,

0= FL%(0) + (Z1Z, = 1)(2¢ + ¢;)M,  (B21)

6Ne:glecting ByPT correction beyond NLO, the two low energy
constants c¢¢ and c¢; can be related to the anomalous magnetic

ky+k, ky—k, .
moments of the nucleon, C6 = i €7 = 5y with k, and «,
being anomalous magnetic moments of proton and neutron,
respectively. The renormalization of k, = (2¢¢ + ¢7)/M is per-

formed by identify with 1.793 as an experimental input.
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using Egs. (B20) and (B21), the renormalization constants read

a 1 AmL? 1 Am? 0?

€uv €IR 0 M
a 1 dry 3 1
—(2C6+C7)ME{|:E—YE+IH<M2 >:| (E) +§}’ (B22)
Z\Z.=1- 72
N 4z (2¢c6 + c7)M
a 1 Am? 0?
+E{{E_7E+ln< )](4) [;—y5+ln 0 +1In —}(2) 2}, (B23)

and the renormalized expressions for FFs of proton are ultimately given as
Z.(a),0
(Qz) = 1 + 5F (Q2)|L,’—>LN m—-M 6F1 ( ) (0)|1;f—>1;N,m—>M’ (B24)

c Z.(a),0 Z.(a),0
é’( (0% = F3“(07) et = FS 0Ot

:ivlz\’_llnvN—"l_ﬁ

4 vy vw—1 2’ (B25)
FPOe0(Qr) = 14 Fye0(2) — F9(0)
=1+ (2c6+ cﬂM% [%m(ii}’;i)] (B26)
Friden g2y _ preno gy _ prideno g
= (2¢c6 + c7)M::T{ L;— YE+ 1n4522+ lniq <U’2Vv: llnzz i_ : - 2)
+v]2v+llnvN—|—11nv,2V—21 5v]2V+3lnvN—|—1_10
2uy vy —1 4oy vy vy —1
Al ()
vy 2vy 2uy

Here, the process is essentially a renormalization of an effective field theory with U(1) gauge symmetry. Therefore, we find that
the Ward-Takahashi identity, such as Z; = Z,, can be satisfied as verified by direct calculation.

[1] A.I. Akhiezer and M. P. Rekalo, Fiz. Elem. Chastits At. [6] Y.C. Chen, A. Afanasev, S.J. Brodsky, C. E. Carlson, and

Yadra 4, 662 (1973), https://inspirehep.net/literature/95715. M. Vanderhaeghen, Phys. Rev. Lett. 93, 122301 (2004).
[2] O. Gayou et al. (Jefferson Lab Hall A Collaboration), Phys. [7] J. Arrington, P. G. Blunden, and W. Melnitchouk, Prog.
Rev. Lett. 88, 092301 (2002). Part. Nucl. Phys. 66, 782 (2011).
[3] M. K. Jones et al. (The Jefferson Lab Hall A Collaboration), [8] R. Pohl et al., Nature (London) 466, 213 (2010).
Phys. Rev. Lett. 84, 1398 (2000). [9] A. Antognini et al., Science 339, 417 (2013).
[4] P. A. M. Guichon and M. Vanderhaeghen, Phys. Rev. Lett. [10] W. Xiong et al., Nature (London) 575, 147 (2019).
91, 142303 (2003). [11] P.J. Mohr, B. N. Taylor, and D. B. Newell, Rev. Mod. Phys.
[5] P. G. Blunden, W. Melnitchouk, and J. A. Tjon, Phys. Rev. 84, 1527 (2012).
Lett. 91, 142304 (2003). [12] B. Adams et al., arXiv:1808.00848.

094008-21


https://inspirehep.net/literature/95715
https://inspirehep.net/literature/95715
https://doi.org/10.1103/PhysRevLett.88.092301
https://doi.org/10.1103/PhysRevLett.88.092301
https://doi.org/10.1103/PhysRevLett.84.1398
https://doi.org/10.1103/PhysRevLett.91.142303
https://doi.org/10.1103/PhysRevLett.91.142303
https://doi.org/10.1103/PhysRevLett.91.142304
https://doi.org/10.1103/PhysRevLett.91.142304
https://doi.org/10.1103/PhysRevLett.93.122301
https://doi.org/10.1016/j.ppnp.2011.07.003
https://doi.org/10.1016/j.ppnp.2011.07.003
https://doi.org/10.1038/nature09250
https://doi.org/10.1126/science.1230016
https://doi.org/10.1038/s41586-019-1721-2
https://doi.org/10.1103/RevModPhys.84.1527
https://doi.org/10.1103/RevModPhys.84.1527
https://arXiv.org/abs/1808.00848

XIONG-HUI CAO, QU-ZHI LI, and HAN-QING ZHENG

PHYS. REV. D 105, 094008 (2022)

[13] C. Dreisbach et al. (COMPASS++/AMBER working
group), Proc. Sci., DIS2019 (2019) 222.

[14] R. Gilman et al. (MUSE Collaboration), arXiv:1303.2160.

[15] R. Gilman et al. (MUSE Collaboration), arXiv:1709.09753.

[16] L. C. Maximon and J. A. Tjon, Phys. Rev. C 62, 054320
(2000).

[17] O. Koshchii and A. Afanasev, Phys. Rev. D 96, 016005
(2017).

[18] A. Afanasev and A. Ilyichev, Phys. Rev. D 105, LO11301
(2022).

[19] Y.-S. Tsai, Phys. Rev. 122, 1898 (1961).

[20] S. Kondratyuk, P. G. Blunden, W. Melnitchouk, and J. A.
Tjon, Phys. Rev. Lett. 95, 172503 (2005).

[21] P. G. Blunden, W. Melnitchouk, and J. A. Tjon, Phys. Rev.
C 72, 034612 (2005).

[22] D.-Y. Chen and Y.-B. Dong, Phys. Rev. C 87, 045209
(2013).

[23] O. Tomalak and M. Vanderhaeghen, Phys. Rev. D 90,
013006 (2014).

[24] H.-Q. Zhou, Phys. Rev. C 95, 025203 (2017).

[25] M. Gorchtein, Phys. Lett. B 644, 322 (2007).

[26] D. Borisyuk and A. Kobushkin, Phys. Rev. C 78, 025208
(2008).

[27] O. Tomalak and M. Vanderhaeghen, Eur. Phys. J. A 51, 24
(2015).

[28] O. Tomalak and M. Vanderhaeghen, Phys. Rev. D 93,
013023 (2016).

[29] O. Tomalak and M. Vanderhaeghen, Eur. Phys. J. C 76, 125
(2016).

[30] O. Tomalak, B. Pasquini, and M. Vanderhaeghen, Phys.
Rev. D 95, 096001 (2017).

[31] O. Tomalak, B. Pasquini, and M. Vanderhaeghen, Phys.
Rev. D 96, 096001 (2017).

[32] O. Tomalak and M. Vanderhaeghen, Eur. Phys. J. C 78, 514
(2018).

[33] P. Talukdar, V. C. Shastry, U. Raha, and F. Myhrer, Phys.
Rev. D 101, 013008 (2020).

[34] P. Talukdar, V. C. Shastry, U. Raha, and F. Myhrer, Phys.
Rev. D 104, 053001 (2021).

[35] V. Bernard, N. Kaiser, and U.-G. Meissner, Nucl. Phys.
A611, 429 (1996).

[36] T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999).

[37] Y.-F. Wang, D.-L. Yao, and H.-Q. Zheng, Chin. Phys. C 43,
064110 (2019).

[38] Q.-Z. Li, Y. Ma, W.-Q. Niu, Y.-F. Wang, and H.-Q. Zheng,
Chin. Phys. C 46, 023104 (2022).

[39] G. H. Guerrero Navarro, M. J. Vicente Vacas, A. N. H. Blin,
and D.-L. Yao, Phys. Rev. D 100, 094021 (2019).

[40] G.H. Guerrero Navarro and M. J. Vicente Vacas, Phys. Rev.
D 102, 113016 (2020).

[41] N. Rijneveen, A. M. Gasparyan, H. Krebs, and E. Epelbaum,
arXiv:2108.01619.

[42] S. Pacetti, R. Baldini Ferroli, and E. Tomasi-Gustafsson,
Phys. Rep. 550-551, 1 (2015).

[43] G. Gakh, M. Konchatnyi, A. Dbeyssi, and E. Tomasi-
Gustafsson, Nucl. Phys. A934, 52 (2015).

[44] B.M. Preedom and R. Tegen, Phys. Rev. C 36, 2466
(1987).

[45] O. Koshchii and A. Afanasev, Phys. Rev. D 94, 116007
(2016).

[46] N. Fettes, U.-G. Meissner, M. Mojzis, and S. Steininger,
Ann. Phys. (N.Y.) 283, 273 (2000); 288, 249(E) (2001).

[47] S. Scherer and M. R. Schindler, Lect. Notes Phys. 830, 1
(2012).

[48] Y. Ma, W.-Q. Niu, D.-L. Yao, and H.-Q. Zheng, Chin. Phys.
C 45, 014104 (2021).

[49] X.-H. Cao, Y. Ma, and H.-Q. Zheng, Phys. Rev. D 103,
114007 (2021).

[50] G. Passarino and M. J. G. Veltman, Nucl. Phys. B160, 151
(1979).

[51] W. Beenakker and A. Denner, Nucl. Phys. B338, 349
(1990).

[52] R.K. Ellis and G. Zanderighi, J. High Energy Phys. 02
(2008) 002.

[53] V. Shtabovenko, R. Mertig, and F. Orellana, Comput. Phys.
Commun. 207, 432 (2016).

[54] V. Shtabovenko, R. Mertig, and F. Orellana, Comput. Phys.
Commun. 256, 107478 (2020).

[55] H. H. Patel, Comput. Phys. Commun. 218, 66 (2017).

[56] V. Shtabovenko, Comput. Phys. Commun. 218, 48
(2017).

[57] W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759
(1948).

[58] Y.S. Tsai, Phys. Rev. 120, 269 (1960).

[59] M. Vanderhaeghen, J. M. Friedrich, D. Lhuillier, D.
Marchand, L. Van Hoorebeke, and J. Van de Wiele, Phys.
Rev. C 62, 025501 (2000).

[60] R.P. Feynman, Phys. Rev. 76, 769 (1949).

[61] A.O.G. Kallen and A. Sabry, Kong. Dan. Vid. Sel. Mat.
Fys. Med. 29, 1 (1955).

[62] F. Jegerlehner, http://www-com.physik.hu-berlin.de/fjeger/
software.html.

[63] F. Ignatov, https://cmd.inp.nsk.su/ignatov/vpl/.

[64] S. Actis et al. (Working Group on Radiative Corrections,
Monte Carlo Generators for Low Energies), Eur. Phys. J. C
66, 585 (2010).

[65] F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

[66] J. Schwinger, Phys. Rev. 76, 790 (1949).

[67] D.R. Yennie, S.C. Frautschi, and H. Suura, Ann. Phys.
(N.Y.) 13, 379 (1961).

[68] E. Epelbaum, H. Krebs, and U. G. Meiliner, Eur. Phys. J. A
51, 53 (2015).

[69] I. T. Lorenz, U.-G. Meifiner, H. W. Hammer, and Y.B.
Dong, Phys. Rev. D 91, 014023 (2015).

[70] M. Horbatsch and E. A. Hessels, Phys. Rev. C 93, 015204
(2016).

[71] M. Horbatsch, E. A. Hessels, and A. Pineda, Phys. Rev. C
95, 035203 (2017).

[72] H. Gao, Proceedings of the 10th international workshop on
chiral dynamics, IHEP, Beijing, https://indico.ihep.ac.cn/
event/14770/session/9/contribution/79/material/slides/0.pdf.

[73] Z.-H. Zhao, H.-Y. Cao, and H.-Q. Zhou, Phys. Rev. C 102,
035204 (2020).

[74] G. ’t Hooft and M.J. G. Veltman, Nucl. Phys. B153, 365
(1979).

[75] L. W. Mo and Y.-S. Tsai, Rev. Mod. Phys. 41, 205 (1969).

[76] M.E. Peskin and D.V. Schroeder, An Introduction to
Quantum Field Theory (Addison-Wesley, Reading, USA,
1995).

094008-22


https://arXiv.org/abs/1303.2160
https://arXiv.org/abs/1709.09753
https://doi.org/10.1103/PhysRevC.62.054320
https://doi.org/10.1103/PhysRevC.62.054320
https://doi.org/10.1103/PhysRevD.96.016005
https://doi.org/10.1103/PhysRevD.96.016005
https://doi.org/10.1103/PhysRevD.105.L011301
https://doi.org/10.1103/PhysRevD.105.L011301
https://doi.org/10.1103/PhysRev.122.1898
https://doi.org/10.1103/PhysRevLett.95.172503
https://doi.org/10.1103/PhysRevC.72.034612
https://doi.org/10.1103/PhysRevC.72.034612
https://doi.org/10.1103/PhysRevC.87.045209
https://doi.org/10.1103/PhysRevC.87.045209
https://doi.org/10.1103/PhysRevD.90.013006
https://doi.org/10.1103/PhysRevD.90.013006
https://doi.org/10.1103/PhysRevC.95.025203
https://doi.org/10.1016/j.physletb.2006.11.065
https://doi.org/10.1103/PhysRevC.78.025208
https://doi.org/10.1103/PhysRevC.78.025208
https://doi.org/10.1140/epja/i2015-15024-1
https://doi.org/10.1140/epja/i2015-15024-1
https://doi.org/10.1103/PhysRevD.93.013023
https://doi.org/10.1103/PhysRevD.93.013023
https://doi.org/10.1140/epjc/s10052-016-3966-3
https://doi.org/10.1140/epjc/s10052-016-3966-3
https://doi.org/10.1103/PhysRevD.95.096001
https://doi.org/10.1103/PhysRevD.95.096001
https://doi.org/10.1103/PhysRevD.96.096001
https://doi.org/10.1103/PhysRevD.96.096001
https://doi.org/10.1140/epjc/s10052-018-5988-5
https://doi.org/10.1140/epjc/s10052-018-5988-5
https://doi.org/10.1103/PhysRevD.101.013008
https://doi.org/10.1103/PhysRevD.101.013008
https://doi.org/10.1103/PhysRevD.104.053001
https://doi.org/10.1103/PhysRevD.104.053001
https://doi.org/10.1016/S0375-9474(96)00291-6
https://doi.org/10.1016/S0375-9474(96)00291-6
https://doi.org/10.1007/PL00021673
https://doi.org/10.1088/1674-1137/43/6/064110
https://doi.org/10.1088/1674-1137/43/6/064110
https://doi.org/10.1088/1674-1137/ac31a4
https://doi.org/10.1103/PhysRevD.100.094021
https://doi.org/10.1103/PhysRevD.102.113016
https://doi.org/10.1103/PhysRevD.102.113016
https://arXiv.org/abs/2108.01619
https://doi.org/10.1016/j.physrep.2014.09.005
https://doi.org/10.1016/j.nuclphysa.2014.12.003
https://doi.org/10.1103/PhysRevC.36.2466
https://doi.org/10.1103/PhysRevC.36.2466
https://doi.org/10.1103/PhysRevD.94.116007
https://doi.org/10.1103/PhysRevD.94.116007
https://doi.org/10.1006/aphy.2000.6059
https://doi.org/10.1006/aphy.2001.6134
https://doi.org/10.1007/978-3-642-19254-8
https://doi.org/10.1007/978-3-642-19254-8
https://doi.org/10.1088/1674-1137/abc169
https://doi.org/10.1088/1674-1137/abc169
https://doi.org/10.1103/PhysRevD.103.114007
https://doi.org/10.1103/PhysRevD.103.114007
https://doi.org/10.1016/0550-3213(79)90234-7
https://doi.org/10.1016/0550-3213(79)90234-7
https://doi.org/10.1016/0550-3213(90)90636-R
https://doi.org/10.1016/0550-3213(90)90636-R
https://doi.org/10.1088/1126-6708/2008/02/002
https://doi.org/10.1088/1126-6708/2008/02/002
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2020.107478
https://doi.org/10.1016/j.cpc.2020.107478
https://doi.org/10.1016/j.cpc.2017.04.015
https://doi.org/10.1016/j.cpc.2017.04.014
https://doi.org/10.1016/j.cpc.2017.04.014
https://doi.org/10.1103/PhysRev.74.1759
https://doi.org/10.1103/PhysRev.74.1759
https://doi.org/10.1103/PhysRev.120.269
https://doi.org/10.1103/PhysRevC.62.025501
https://doi.org/10.1103/PhysRevC.62.025501
https://doi.org/10.1103/PhysRev.76.769
https://doi.org/10.1007/978-3-319-00627-7_93
https://doi.org/10.1007/978-3-319-00627-7_93
http://www-com.physik.hu-berlin.de/fjeger/software.html
http://www-com.physik.hu-berlin.de/fjeger/software.html
http://www-com.physik.hu-berlin.de/fjeger/software.html
http://www-com.physik.hu-berlin.de/fjeger/software.html
http://www-com.physik.hu-berlin.de/fjeger/software.html
http://www-com.physik.hu-berlin.de/fjeger/software.html
https://cmd.inp.nsk.su/ignatov/vpl/
https://cmd.inp.nsk.su/ignatov/vpl/
https://cmd.inp.nsk.su/ignatov/vpl/
https://cmd.inp.nsk.su/ignatov/vpl/
https://doi.org/10.1140/epjc/s10052-010-1251-4
https://doi.org/10.1140/epjc/s10052-010-1251-4
https://doi.org/10.1103/PhysRev.52.54
https://doi.org/10.1103/PhysRev.76.790
https://doi.org/10.1016/0003-4916(61)90151-8
https://doi.org/10.1016/0003-4916(61)90151-8
https://doi.org/10.1140/epja/i2015-15053-8
https://doi.org/10.1140/epja/i2015-15053-8
https://doi.org/10.1103/PhysRevD.91.014023
https://doi.org/10.1103/PhysRevC.93.015204
https://doi.org/10.1103/PhysRevC.93.015204
https://doi.org/10.1103/PhysRevC.95.035203
https://doi.org/10.1103/PhysRevC.95.035203
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://indico.ihep.ac.cn/event/14770/session/9/contribution/79/material/slides/0.pdf
https://doi.org/10.1103/PhysRevC.102.035204
https://doi.org/10.1103/PhysRevC.102.035204
https://doi.org/10.1016/0550-3213(79)90605-9
https://doi.org/10.1016/0550-3213(79)90605-9
https://doi.org/10.1103/RevModPhys.41.205

