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There are eighteen possibly existing D)D), DF K™ and D(*>D§*)_ hadronic molecular states.
We construct their corresponding interpolating currents and calculate their decay constants using QCD sum
rules. Based on these results, we calculate their relative production rates in B and B* decays through the
current algebra, and calculate their relative branching ratios through the Fierz rearrangement, as
summarized in Table III. Our results support the interpretations of the X(3872), Z.(3900)°,
Z.(4020)°, and X,(2900) as the molecular states DD* of J'¢ = 17+, DD* of J'¢ = 17—, D*D* of
JPC = 1%, and D*K* of J¥ = 07, respectively. Our results also suggest that the Z,(3985)~, Z,(4000),
and Z,,(4220)* are strange partners of the X(3872), Z.(3900)°, and Z,.(4020)°, respectively. In the
calculations we estimate the lifetime of a weakly coupled composite particle A =|BC) to be
1/ty~1/tg + 1/tc + Ta_pc + - -+, with - - - partial widths of other possible decay channels.
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I. INTRODUCTION

Since the discovery of the X(3872) in 2003 by Belle [1],
a lot of charmoniumlike XYZ states were discovered in the
past twenty years [2]. These structures are good candidates
of tetraquark states, which are composed by two quarks and
two antiquarks. Although there is still a long way to fully
understand how the strong interaction binds these quarks
and antiquarks together, this subject has become one of the
most intriguing research topics in particle physics. Their
theoretical and experimental studies are significantly
improving our understanding of the strong interaction at
the low energy region [3—12].

Among all the XYZ states, the X(3872), X,(2900),
Z.,(4000)", and Z.;(4220)" have been observed in B
decays [1,13-15]. Besides, the Z.(3900)° and Z,.(4020)°
(may) decay into the J/yz° final states [16-19], so they are
also possible to be observed in the B~ — K~J/wz° decay.
In this paper we shall investigate these six exotic structures
as a whole. We shall study their mass spectra, productions
in B and B* decays, and decay properties. Before doing
this, let us briefly review some of their information, and we
refer to the reviews [3—12] for detailed discussions.

(i) The X(3872) is the most puzzling state among all

the charmoniumlike XY Z states. It is now denoted as
the y.;(3872) in PDG2020 [2], but the mass of
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(i)

1 (2P) was estimated to be 3.95 GeV [20], which
value is significantly larger than the mass of
X (3872). Consequently, various interpretations were
proposed to explain it, such as a compact tetraquark
state [21-28], a loosely-bound DD* molecular state
[29-37], and a hybrid charmonium state [38,39], etc.
The X(3872) was also studied as a conventional c¢
state in Refs. [40—43], and was suggested to be the
mixture of a c¢ state with the DD* component in
Refs. [44-46].

The quantum number of X (3872) was determined
to be I6JP€ = 0t 11+ [47]. It has been observed in
the J/yrr, J/yrrx, vJ/v, yw(2S), ya=, and
D°D* channels [48-55]. Especially, the J/wzr
and J/wzzn channels have comparable branching
ratios [56-59]:

B(X(3872) > J /yrnx)
B(X(3872) 5 J/yrn)

=1.6703 £0.2, (1)

which implies a large isospin violation.

In 2013 BESIII discovered the charged Z,.(3900)*
in the Y(4260) — J/wyn'z~ decay [16], whose
observation was confirmed by Belle [17] and CLEO
[60]. Later BESIII observed the charged Z,.(4020)*
in the ete™ — xta~h, process [61]. Because the
Z.(3900)* and Z.(4020)* both couple strongly to
charmonia and yet they are charged, these two
structures are definitely not conventional c¢ states.
There have been various theoretical models devel-
oped to explain them, such as compact tetraquark
states [21,22,62-64], loosely-bound DD* and D*D*
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molecular states [29,65-73], hadro-quarkonia
[74,75], or due to kinematical threshold effects
[76-78], etc.

The Z.(3900) has been observed in the J/yr,
h.rw, and DD* channels [16,17,79,80], and the
quantum number of its neutral one was determined
to be 16JPC = 1*1*~ [81]. The Z.(4020) has been
observed in the i, and D*D* channels [61,82], and
the quantum number of its neutral one may also be
I6JPC€ = 1t17=. Evidence for the Z.(3900)* —
ne.p~ decay was reported at /s = 4.226 GeV with
the relative branching ratio [83]:

B(Z(3900)* — n.p™)
B(Z.(3900)" = J/yx*)

=22+409. (2

This ratio was suggested in Ref. [84] to be useful to
discriminate the compact tetraquark and hadronic
molecule scenarios, and it has been calculated by
many theoretical methods in Refs. [8§5-95].

(iii) In 2020 BESIII reported their observation of the
Z.+(3985)" in the K* recoil-mass spectra of the
ete” - K*(DyD** + D~ D) process [96]. Later
LHCD reported their observation of the Z,.,(4000)*
and Z..(4220)" in the J/wK™' invariant mass
spectrum of the BT — J/w¢pK™ decay [15], and
one can naturally deduce the existence of the
Z.+(4000)” and Z.(4220)" as their antiparticles.
These structures couple strongly to charmonia and
yet they are charged, so they are definitely exotic
hadrons/structures. There have been some theoreti-
cal methods developed to explain the Z.,(3985)7,
Z.,(4000)", and Z.(4220)", such as compact
tetraquark states [97-102], loosely-bound DD}~
D*Dy, and D*D}~ molecular states [103-113], or
due to kinematical threshold effects [114-118], etc.

(iv) In 2020 LHCb reported their observation of the
X((2900) in the D™K™ invariant mass spectrum of
the Bt — DYD™K* decay [13,14]. This structure
has the quark content ¢5ud, so it is an exotic hadron
with valence quarks of four different flavors. Various
theoretical methods were applied to explain it, such
as a compact tetraquark state [119—-124], a loosely-
bound D*K* molecular state [125-133], or due to
triangle singularities [134], etc.

Summarizing the above discussions, we quickly notice
that the X(3872), Z.(3900)°, Z.(4020)°, and X,(2900) can
be interpreted in the hadronic molecular picture as the
molecular states DD* of J*¢ = 1+, DD* of JF€ = 1*+-,
D*D* of JP€ = 1%, and D*K* of J¥ = 07, respectively;
the Z.,(3985)7/Z.,(4000)~ and Z.;(4220)~ can be inter-
preted in the hadronic molecular picture as the molecular
states DD}~ /D*D; of J¥ = 1 and D*D}~ of JP¢ = 1*.
Besides, there may exist the molecular states DD of
JFC =0T, D*D* of JF€ = 0"+ /2%F, DK of JF =07,

DK*/D*K of J¥ = 1%, D*K* of J' =17/2%, DDy of
JP = 0%, and D*D;~ of JP =01 /2%,

Altogether there are eighteen possibly existing D) D(*),
DHWEK® and D®DH~ molecular states. We use the
symbol

D D) /D RE) /D P, POy, (3)

to denote them, where D" is used to denote D'”~. To

make this paper more understandable, we further simply
our notations as follows:

(i) We shall not differentiate the charged Z.(3900)*
and the neutral Z,(3900)°. They are both denoted as
the Z.(3900), which is interpreted as the DD*
molecular state of J°¢ = 1%~ in the present study.
So does the Z.(4020), which is interpreted as the
D*D* molecular state of J*¢ = 17=. Note that their
negative charge-conjugation parity C = — is only
due to the neutral ones, while the charged ones are
not charge-conjugated.

(i) We shall also denote the Z.,(3985)~, Z.,(4000)*,
and Z.,(4220)* as the Z.,(3985), Z.,(4000), and
Z.,(4220), respectively. Both the Z..(3985) and
Z.,(4000) can be interpreted as the DD}~ /D*Dy
molecular states of J© = 17, and in the present study
we shall further consider the mixing between the
DDj;~ and D*D; components, since their thresholds
are quite close to each other. By doing this we can
obtain strange partners of the |[DD*;1%*) and
|DD*; 177), which are denoted for convenience as
|DD:; 17F) and |DD?;177), respectively. We shall
use them to separately explain the Z.(3985) and
Z.,(4000), but note that they are not charge-
conjugated actually. See Sec. IIC for detailed
discussions.

The above notations can be used to well differentiate the
X(3872), Z.(3900), and Z.(4020) as well as the Z,,(3985),
Z.+(4000), and Z.,(4220). We refer to Refs. [135-147] for
some relevant theoretical studies, and to the reviews [3—12]
again for their detailed discussions.

In this paper we shall systematically study the eighteen
possibly existing D) D), DK, and D* D\ hadronic
molecular states. We shall systematically construct their
corresponding interpolating currents, and apply the method
of QCD sum rules to calculate their decay constants. The
obtained results will be used to further study their pro-
duction and decay properties. This method has been
applied to systematically investigate l_)<*)2(c*)
molecular states in Ref. [148].

We use the isoscalar DD molecular state of JF€ = 0+,
|DD; 0" "), as an example to briefly show our procedures.
First, we construct its corresponding hidden-charm tetra-
quark current:

hadronic
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1 (x) = qa(x)75c,(x)C5(X)y5q5(x), (4)

which is a local meson-meson current coupling to
|DD;0**) through

(Oln1|DD;0**) = fppio+s.- (5)

In principle, one needs to explicitly use the nonlocal current
in order to exactly describe the DD molecular state, but this
cannot be done yet within the present QCD sum rule
framework. In the above expressions, a and b are color
indices; ¢g(x) is an up or down quark field, and c(x) is a
charm quark field; the decay constant f|pp.++) can be
calculated using QCD sum rules, which is an important
input parameter when studying production and decay
properties of [DD;0*).

Second, we investigate the three-body B~ — K~D°D°
decay, where |[DD;0"") can be produced. The total quark
content of the final states is #ccsuu. We apply the Fierz
rearrangement to carefully examine the combination of
these six quarks, from which we select the current 7;, so
that the relative production rate of |DD;0"*) can be
estimated.

Thirdly, we apply the Fierz rearrangement [149] of the
Dirac and color indices to transform the current #; into

1 1

44Y594CpY5CH + _éanyaEbyﬂcb +oee (6)

=T 12

Accordingly, 7, couples to the 7.7 and J/ww channels
simultaneously:

1, . _
1men) = —== a¥’59a bpY5Cu|Nc
(OlnyInen) = 12<0|q qam) (0[cpyscplne) +
| _
<0|m|J/ww>%E<0lqunqu|w><0lcby"cb|1/w>+~--- (7)

We can use these two equations to straightforwardly
calculate the relative branching ratio of the |DD;0"")
decay into 7.7 to its decay into J/yw.

This paper is organized as follows. In Sec. II we
systematically construct hidden-charm tetraquark currents
corresponding to the DD, DHKE) and DH P
hadronic molecular states. We use them to perform QCD
sum rule analyses and calculate their decay constants. The
obtained results are used in Sec. III to study the productions
of the DD, DK™ and D™ D' hadronic molecular
states in B and B* decays through the current algebra. In
Sec. IV we use the Fierz rearrangement of the Dirac and
color indices to study their decay properties, and calculate
some of their relative branching ratios. The obtained results
are summarized and discussed in Sec. V. This paper has a
supplementary file “OPE.nb” containing all the spectral
densities [150].

II. INTERPOLATING CURRENTS

In this section we systematically construct (strange)
hidden-charm and open-charm tetraquark interpolating cur-
rents corresponding to DD, DHE®)  and DHDLY
hadronic molecular states. We separately construct them in
the following subsections.

The isospin quantum number of these molecular states is
important. In the present study,

(i) We assume that |DD;0*"), |D*D*;0**), and

|D*D*;2*+) have I = 0.

(i) The isospin of the X(3872) as |[DD*; 1) will be
separately investigated in Sec. IV A 4. Before that we
simply assume it also has 7 = 0.

(iii) We assume that [DD*;1*~) and |D*D*; 1) have

I=1.
(iv) We assume that all the D®)K®*) molecular states
have I = 0.

(v) All the D(*)Dg*) molecular states have I = 1/2.
Keeping this in mind, we shall use ¢ to denote either the up
or down quark, so that we do not need to explicitly write the
isospin contents out.

A. DYD® currents

In this subsection we use the ¢, ¢, g, and ¢ (¢ = u/d)
quarks to construct hidden-charm tetraquark interpolating
currents. We consider two types of currents, as illustrated in
Fig. 1:

0(x) = (g, (x)T7q, ()] (x)TEeq(x)]. (8)
n(x) = [ga ()T ey (x)][Ec(x)T3g4(x)]. ©)

where a - - - d are color indices and F%'Z’ are Dirac matrices.
We can relate these two configurations through the Fierz
rearrangement in the Lorentz space and the color rear-
rangement in the color space:

1 1
5ab5cd =3 6ad5ch +5 j’zrzld/’lgb‘ (10)
3 2
q [l
q c
c q
c c

(a) O(x) currents (b) n(z) currents

FIG. 1. Two types of hidden-charm tetraquark currents, 6(x)
and 7(x). Quarks are shown in red/green/blue color, and
antiquarks are shown in cyan/magenta/yellow color.
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We shall discuss in detail this rearrangement in Sec. IVA
when investigating decay properties of D*) D(*) molecular
states.

There can exist altogether six D*) D*) hadronic molecu-
lar states:

IDD:0**) = |DD),_,. (11)
V2|DD*; 14) = |DD*),_; +|D*D),y,  (12)
V2|DD*; 147) = [DD*),_, = |D*D),_,.  (13)

D*D50°) = (DD, (14)
|D*D*;1*7) = |D*D*) . (15)
D'Dr2 ) = (DD (16)

Their corresponding currents are

M (x) = @u(x)ysc,(x)Ty(x)75qp(x), (17)

n3(x) = qa(x)ysc,(x)Cp(x)r%qp(x) — {rs < v*},  (18)

n5(x) = Ga(x)rsca(x)p(X)rqp(x) + {rs < r*3. - (19)

Na(x) = G (x)7*co(x)Cp(x)7,q5(x), (20)
ng(x) = qa(x)y,cq(x)C5(x)0™y5q,(x)

—{r, < o™ys}. (21)

"lgﬂ(x) = Paﬁ’”UQa(X)Y/Aca(x)z‘b(x)yDQb(x)7 (22)

where P## is the spin-2 projection operator

P =g =P ()
2 2 4

In the above expressions we have used the tensor field

6,759, (u,v = 0...3) to construct the current 7¢(x) of
JP€ =17~ In principle, this tensor field contains both
JP =17 and 1~ components, but its negative-parity com-
ponent ¢,0,;ys5q, (i, j=1, 2, 3) gives the dominant
contribution to #%(x). Hence, the tetraquark current
nZ(x) of JP€ =17 corresponds to |D*D*;17~). Beside
it, there exists another current directly corresponding to
ID*D*; 1)

“ea(X)8,(x)r gy (x) —

but this current itself contains both positive- and negative-
parity components, so we do not use it in the present study.

17 (x) = qa(x)r {a < p} (24)

We use X to generally denote the D( )D™) molecular
states, and assume that the currents 777" of spin-J couple
to them through

(Ol ]X) = fxen, (25)
where [y is the decay constant, and €*% is the traceless
and symmetric polarization tensor.

We apply the method of QCD sum rules [151,152] to
study the D)D) hadronic molecular states through the
currents #;...¢. We calculate their spectral densities using the
method of operator product expansion (OPE) at the leading
order of @, and up to the D(imension) = 8 terms. In the
calculations we calculate the perturbative term, the quark
condensates (g¢q)/(3s), the gluon condensate (g>?GG), the
quark-gluon mixed condensates (g,50G¢q)/{g,56Gs), and
their combinations (3q)%, (gq)(3s), (qq){g,G0Gq),
(3q){g9,506Gs), and (55)(g,q0Gq). We take into account
the charm and strange quark masses, but ignore the up and
down quark masses. We adopt the factorization assumption
of vacuum saturation for higher dimensional condensates.
The D = 3 quark condensates (gq)/(5s) and the D =5
mixed condensates (g,G0Gq)/{g;56Gs) are both multi-
plied by the charm quark mass m,., which are thus
important power corrections.

The obtained spectral densities are too length, so we list
them in the supplementary file “OPE.nb” [150]. In the
calculations we use the following values for various QCD
sum rule parameters [2,153-161]:

my = 9618 MeV,
m, = 1.275709% GeV,
(@g) = —(0.240 = 0.010)? GeV?,
(5s) = (0.8 £0.1) x (gq).
(2GG) = 0.48 £ 0.14 GeV*,
) = —M} x (aq).
) = —M3 x (5s),
M2 =0.8+02 GeV?, (26)

(9,q0Gq
(9,506Gs

where the running mass in the MS scheme is used for the
charm quark.

Based on these spectral densities, we calculate masses
and decay constants of the D)D) hadronic molecular
states. The results are summarized in Table I, supporting the
interpretations of the X(3872), Z.(3900), and Z.(4020) as
the |[DD*;17*), |[DD*;17), and |D*D*;1"~) molecular
states, respectively. The accuracy of our QCD sum rule
results is moderate but not enough to extract their binding
energies. Therefore, our results can only suggest but not
determine: (a) whether these D*) D) molecular states exist
or not, and (b) whether they are bound states or resonance
states. Note that we have not taken into account the
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TABLE L
.6, and (..., respectively.

Masses and decay constants of DHDE pHKE and D<*>D§*> hadronic molecular states, extracted from the currents 7,...¢,

Working Regions

Currents ~ Configuration — sfi"[GeV?]  s0[GeV?]  M3%[GeV?] Pole [%] Mass [GeV] fx[GeV?] Candidate
m |DD;0*) 16.6 180+£1.0 2.77-3.08 40-50 3.7370%8 (1.421028) x 1072
s |DD*; 17%) 173 190+£1.0 277-3.15  40-51 387700 (216704 x 102 X(3872)
ns |DD*; 1) 17.3 190+1.0 277-3.15  40-51 3.871008 (2.161049) x 102 Z.(3900)
Ma |D*D*;07+) 18.7 200+1.0 2.72-3.00  40-49 401501 (3.07593%) x 1072
ne |D*D*; 17 19.6 200+ 1.0 3.05-3.14 4042 406701 (496798 x 1072 Z.(4020)
n? |D*D*;27+) 17.9 200£1.0 2.68-3.20  40-55 4.045013 (1. 71+323$) x 1072
& IDK;0") 9.2 100+ 1.0 208226  40-47 2725010 (0.771943) x 1072
g IDK*; 1) 10.4 11.0£1.0 224237 4045 2.891010  (0.861019) x 102
§ ID*K; 1) 10.0 1.0£1.0  213-235 4049 2.85:010 (0. 82+o 18) 5 102
& |D*K*;0%) 10.6 115+£1.0 205223  40-48 2915010 (1. 29+g; ) x 1072 X,(2900)
¢ |D*K*;1%) 12.0 125+1.0 246-2.58  40-44 335015 (2.961062) x 1072
ab |D*K*;2%) 118 125+£1.0 240-2.56  40-45 3.095047  (1.102937) x 1072
& |DD,; 0%) 18.4 190+1.0 3.08-322  40-44 386700  (1.747055) x 1072
5 |DD:;1+F) 19.3 200+1.0 3.14-331  40-45 3999008 (2.651048) x 1072 Z((3985)
&5 DD 1) 19.3 200+1.0  3.14-331 4045 3.990008  (2.651048) x 1072 Z,,(4000)
c \D*D?;0%) 21.1 220+1.0 3.20-338  40-45 4205008 (4.445000) x 1072
ze |D*D%; 1) 22.6 220+1.0  ~3.69 ~37 4221009 (6.961]113) x 102 Z,,(4220)
of |D*D* 2+) 20.0 220+1.0 3.16-3.62  40-52 4207000 (2.391935) x 1072

radiative corrections in our QCD sum rule calculations,
which lead to even more theoretical uncertainties. However,
in the present study we are more concerned about the ratios,
i.e., the relative production rates and the relative branching
ratios, whose uncertainties are significantly reduced. We
refer to Refs. [162—184] for more QCD sum rule studies.

B. D®K® currents

In this subsection we use the ¢, s, g, and g (¢ = u/d)
quarks to construct open-charm tetraquark interpolating
currents. We consider the following type of currents, as
illustrated in Fig. 2:

E(x) = [@a(0)T ey (0)][@e (T384(0)], (27)

where Ff jo are Dirac matrices. We shall use the Fierz
rearrangement to study this configuration in Sec. IV B.

q

FIG. 2. Open-charm tetraquark currents &(x).

There can exist altogether six D*) K(*) hadronic molecu-
lar states:

|IDK;0") = |DK),_,, (28)
|DK*; 1%) = |DK*),_,, (29)
|D*K; 1t) = |D*K),_,, (30)
|D*K*;0") = |D*K*),_,, (31)
|D*K*;17) = |D*K*),_,, (32)
ID*K*;2%) = |D*K*),_,. (33)
Their corresponding currents are

£ (%) = qu(¥)rsea(N)ap(x)rssp(x),  (34)
E(x) = g (rsea(®)a,@)rs, (), (33)
E(x) = qu (e (®)a(rssy (), (36)
Ea(x) = QD) a7 (x),  (37)

2(x) = Gu(X)7,€a (%) (x)0™ 55, (x)
— {1, < a™ys}, (38)
& (x) = PG (x)1,ca(¥) 3y (¥)7,55(x). (39
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We use the currents &;...¢ to perform numerical analyses,
and calculate masses and decay constants of D*)K®)
molecular states. The obtained results are summarized in
Table 1. Our results support the interpretation of the X,,(2900)
as the |D*K*;0%) molecular state. However, masses of
|IDK;0%) and |D*K;17") are significantly larger than the
DK and D*K thresholds at about 2360 MeV and 2500 MeV,
respectively. This diversity may be due to the nature of K
mesons as Nambu-Goldstone bosons. Again, the accuracy of
our QCD sum rule results is moderate but not enough to
determine: (a) whether these D) K*) molecular states exist or
not, and (b) whether they are bound states or resonance states.

C. D®D! currents

In this subsection we use the ¢, ¢, s, and g (¢ = u/d)
quarks to construct strange hidden-charm tetraquark inter-
polating currents. We consider the following type of currents:

£(x) = [ga(0)T ey ()] [ ()T5s4(x)]. (40)

where Ff Jp are Dirac matrices. Their Fierz rearrangements

are quite similar to those for n(x), just with one light
up/down quark replaced by another strange quark.

There can exist altogether six D(*)DE*) hadronic molecu-
lar states:

IDD,;0%) = |DD7) . (41)
V2|DD}; 15%) = |DD;7),_y + |D*D5) 1y (42)

VAIDD3:157) = (DD}, — [D'D5) oy, (43)

[D*D5:0%) = [D*D;™) 0. (44)
[D*D§; 1) = [D*D7) 1. (45)
[D*D3:2%) = |D*D;7) . (40)

Their corresponding currents are
81(x) = Ga(x)rsca(x)2p(x)rssp(x). (47)
33(x) = ga(X)rsca(x)Ty(X)rsp(x) — {rs <y}, (48)
35(x) = ga(X)rsca(x)Ty(X)rsp(x) + {rs < 7"} (49)
Ca(x) = @a(X)7" ()2 (X)7,u85 (), (50)

g(x) = Qa(x)yﬂca(x)éb(x)aaﬂySSb(x)
—{ru < o™ys}. (51)
£§ (x) = PP, ()74 (08, (X)7usp(x).  (52)

In the above expressions we have considered the mixing
between the DD}~ and D*D; components, because their

thresholds are very close to each other. After doing this,
|IDD;;171) is the strange partner of |[DD*;177), so we
denote its quantum number as J¢ = 1*7 for convenience;
|DD7;177) is the strange partner of [DD*; 117), so we also
denote its quantum number as J€ = 17,

We use the currents (...¢ to perform numerical analyses,

and calculate masses and decay constants of D(*>D§*)
molecular states. The obtained results are summarized in
Table 1. Our results support the interpretations of the
Z.4(3985), Z.,(4000), and Z.,(4220) as the |[DD3;17+),
|DD?;177), and |D*D}; 1) molecular states, respectively.
However, the accuracy of our QCD sum rule results is not
enough to differentiate the Z.,(3985) and Z,,(4000).

To better understand D)D), DH K and DH DL
molecular states, we shall further study their production
and decay properties in the following sections. Especially,
the decay constants fy calculated in this section are
important input parameters.

III. PRODUCTIONS THROUGH THE
CURRENT ALGEBRA

In this section we study productions of D*)D()

DWEK®  and D® DY hadronic molecular states in B
and B* decays through the current algebra. We shall
calculate their relative production rates, such as
B(B~ - K~X): B(B~ — K~X’), with X and X’ different
molecular states. This method has been applied in
Ref. [148] to systematically study productions of
DM hadronic molecular states in A) decays.

As depicted in Fig. 3, the quark content of the initial state
B~ is ub. When it decays, first the b quark decays into a ¢
quark by emitting a W~ boson, and this W~ boson
translates into a pair of ¢ and s quarks, both of which
are Cabibbo-favored; then they pick up an isoscalar quark-
antiquark pair itu + dd + 5s from the vacuum; finally they

hadronize into the D) D™ K*) and D<*>D§*)¢ final states:
B~ = ith — iiccs — nccs(iau + dd + 5s)

OPEEE + DD p 4. (53)

\)
o

Among all the possible final states, K~D*0D*)0,
K~DWFDH=, p~DOKE0 and D~DH+K)~ can fur-
ther produce the neutral D®)D®) and D® K™ molecular
states, and ¢D(*)°D§*>_
D®DY molecular states.

We shall develop three Fierz rearrangements in Sec. I1I A
to describe the production mechanisms depicted in
Figs. 3(a)-3(c), and use them to perform numerical
analyses separately in Secs. III B-III D. Productions of
DWD®. DHKE and D® DY) molecular states in B*
decays will be similarly investigated in Sec. III E.

can further produce the charged
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K D"

(a) B- — K*D(*)OD(*)O N (b) B~ — DfD(*)OR(*)O

K D-
“ N L
B f i RO X
) B O 7
(d) B~ — K~ D&+ pH)= () B~ — D= DM+ K ()=

FIG. 3. Possible production mechanisms of DD DEEE and D(*)D§*> hadronic molecular states in B~ decays.

A. Fierz rearrangement

To describe the production mechanism depicted in Fig. 3(a), we use the color rearrangement given in Eq. (10), and apply
the Fierz transformation to interchange the s, and u; quarks:

B~ — Jg = [6"n,ysby) (54)
% a7, (1 = v5)es) x (82,7 (1 = 75)sd] (55)
Q_PC)[éabuaYp(l —ys)ep] X [6UC.y? (1 = ys)sq) x [6 i uy] (56)

C@rw X lgy,(1 =ys)cy, X Cey? (1 —ys)sy X Gouy+ - - (57)

P 51,1 = 75)es) X 592 psug] X 5 (1 = 75)s.]

+ % X [6ay, (1 = ys)ep) x (67877 (1 = ys)ug] x [6“iteyss]
- é X [0y, (1 = vs)ep] x [67C.0"ysus] x [6iey, (1 = ys)sq) + - - (58)
= +2174 x (5 = n5) X [Ha¥ayssa] + % Xy X [itgyssa) + 2i4 X 0§ X [UaYalssa] + (59)
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Similarly, we describe the production mechanism depicted in Fig. 3(b) as:

B~ — Jg- = [6u,y5by] (60)
weak ab =, cd= ,,p
—[6T4y,(1 = ys5)ep] x [6°C.r* (1 = ¥5)s4] (61)
QPC - cdz .p ef ]
— (60,7, (1 = ys)cp] x [6°Cr’(1 —ys)s4] x 6 d,dy] (62)
lor 5ab60f5ed _ B _
= 3 X ligy,(1=ys)c, X Cy?(1 —ys)sg x dody+ - -- (63)
Fierz: s <>d 1 _ _ od T
= - ﬁ X [5abuayp(1 - 75)Cb] X [5Cfccy5df] X [5 ddeyp(l - 75)Sd}
1 _ - ed ]
+ 35 X 07 ar, (1 = ys)ep] x [8ecy (1 = ys5)dy] x [6°deyssa]
i — cf = ed n
12 X [5uhua}’p(1 —75)Cp) %[O chYM(l - Ys)df] x [0 ddeG”’stsd] +oe (64)
l {04 = 1 ~ l a ~
= _ﬁ X 53 X [cayaYSda] - E X 54 S [CaySda] + ﬁ X 55 X [CayaySda} + e (65)
and the production mechanism depicted in Fig. 3(c) as:
B~ — Jp- = [6"0,y5by) (66)
weak _ cd=
—[6%a14y,(1 = y5)cp] x [6C. 77 (1 = 15)s4] (67)
QPC ab = cd= ,,p ef <
— (6,7, (1 = rs)cp] X [6°Coy?(1 = 5)sa] X [675,54] (68)
color 5ab56f56d - - —
= fxuayp(l_}%)cbchyp(1_75)sdxsesf+"' (69)
Fierz: s ;<s 1 _ of = ed =
= BET R [6a,7,(1 = ys)cp) X [6C.yssg] x [65.y” (1 = y5)s4]
i _ - ed=
=13 X [0 8ar, (1 = y5)e] x (52,0 yss ] x [6°95pu(1 = ys)sa] + - (70)
1 a a S i a S
- _ﬁx (Cg _Cz) X [Szﬂ/asa] _ﬁXC5 X [Sayasa] + - (71)
|
The brief explanations to the Fierz rearrangement given (v) In Eq. (59) we combine the four quarks i,c,c uy
in Eq. (54) are as follows: together so that D*)°D)% molecular states can be
(1) Eq. (55) describes the Cabibbo-favored weak decay produced.
process, b — ¢ + ¢s, via the V-A current. The other two Fierz rearrangements given in Egs. (60) and
(i) Eqg. (56) describes the production of the #u pair from  (66) can be similarly investigated.
the vacuum via the 3P, quark pair creation In the above expression, we only consider 7;..q, &j...65
mechanism. and {..¢ defined in Egs. (17)-(22), (34)—(39), and (47)—

(iii) In Eq. (57) we apply the color rearrangement given  (52). These currents couple to DHDH, DKM and

in Eq. (10).
(iv) In Eq. (58) we apply the Fierz transformation to
interchange the s, and u; quarks.
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through P-wave, but we do not take them into account in
the present study. Hence, some other molecular states such
as |[DD;0"") may still be produced in B~ decays, and
omissions of these currents cause some theoretical
uncertainties.

Beside the three production mechanisms depicted
in Figs. 3(a)—(c), there exist some other possible production
mechanisms, such as those depicted in Figs. 3(d) and 3(e).
However, the mechanism depicted in Fig. 3(d) contains
the color factor W X ﬁacbécsdc_ledf, and the one
depicted in Fig. 3(e) contains the color factor
w X ﬁachécsdc_z’edf, so both of them are suppressed.

Very recently, the LHCb Collaboration reported their
observations of X(4630) and X(4685) in the Bt —
KX — K™J/w¢ decay process [15]. Although these
two structures were also observed in B decays, their
production mechanisms may not be (completely) the same
as those depicted in Fig. 3(a)—(c), so we do not investigate
them in the present study.

B. Productions of D*)D*) molecules

In this subsection we use the Fierz rearrangement given
in Eq. (54) to perform numerical analyses, and calculate
relative production rates of D)D) molecular states in
B~ — KX decays. To do this we need the following
couplings to the K~ meson:

<0|uai},5sa|K_(Q)> = ’IKa

<0|ﬁaYﬂy5sa|K_(q)> = iqny» (72)
where fx = 155.6 MeV [2] and g = n{ < with the
isospin-averaged current quark mass m, = %

We extract from Eq. (54) the following decay channels:
(1) The decay of B~ into |DD*; 17")K~ is contributed

by ’73 X [ua},aYSsa]:
(B~(q)|DD*; 17" (e1. 1)K~ (q2))
ld
lfo\DD* 1+ €1 " qa- (73)

The decay constant fpp+,++) has been calculated in
the previous section and given in Table I. The overall
factor d; is related to: (a) the coupling of Jz- to B™,
(b) the weak and 3P, decay processes described by
Egs. (55) and (56), (c) the isospin factor between
|ID°D*; 17F) and |DD*; 1*7), and (d) the dynami-
cal process depicted in Fig. 3(a).

(2) The decay of B~ into [DD*; 1*~)K~ is contributed

by 77? X [ﬁaYaySSa]:
(B~(q)IDD*; 1"~ (e1.41)K™(92))
d
! 1fo\DD* 1+)€1 " q2. (74)

(3) The decay of B~ into |[D*D*;0"")K~ is contributed
by n4 X [iyss,):

(B~(q)|D"D*:0""(g1)K™(g2))

d
= ooy (75)

(4) The decay of B~ into |D*D*; 1*=)K~ is contributed
by ’7? X [ﬁayaySSa]:

(B~(q)|D*D*; 17 (€1, 1)K (q2))

d
= _z_jl_fl(f\D*D*;H—)el g2 (76)

In the present study we adopt the possible interpretations
of the X(3872), Z.(3900), and Z.(4020) as the
|DD*;1*+), |DD*;1*7), and |D*D*;1"~) molecular
states, respectively. As summarized in Table I, the masses
of the D®D™ molecular states calculated through the
QCD sum rule method have considerable uncertainties,
based on which we are not able to study their production
and decay properties, e.g., we are not able to calculate the
partial decay width of the [DD*; 17~) molecular state into
the DD* channel due to the ambiguous phase space, as will
be studied in Sec. IVA 5. Hence, we assume the masses of
the D® D™ molecular states to be either the realistic
masses or at the lowest D)D) thresholds [2]:

M‘DD;O++> ~ MDo —+ MDO = 3730 MeV,
= MX(3872) = 3871.69 MCV,
M\DD*;I*’) = MZ((3900) = 3888.4 MeV,
M‘D*D*;O++> ~ MD*O —+ MD*O =4014 MCV,
M‘D*D*'IJﬁ) ~ MZ (4020) = 4024.1 MCV,
M‘D* 2++> ~ MD*O + MD*O — 4014 MeV (77)

M pp1++)

Then we can evaluate the above production amplitudes to
obtain the following partial decay widths:

I'(B~ - K~|DD;0*"))
I'(B~ — K-|DD*; 1++)) J2040x 10710 GeV'3,
['(B~ — K~|DD*;177)) = d30.38 x 10710 GeV'3,
)) = d?4.21 x 10710 GeV'3,
)
)

d31.35 x 10710 GeV13,

I'(B~ — K~|D*D*;0++
I'(B~ - K~|D*D*; 1+~
I'(B~ — K~|D*D*; 2+

(78)

C. Productions of D®K*) molecules

Similarly, we use the Fierz rearrangement given in
Eq. (60) to perform numerical analyses, and calculate
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relative production rates of D) K(*) molecular states in
B~ — D™X decays:
(5) The decay of B~ into |D*K; 17)D~ is contributed by
5? X [Z‘a}/aYSda]:

(B~(q)|D*K; 1" (€1, q1)D™(q2))

ld
2fo|D*K 11)€1 * 42 (79)

The overall factor d, is related to: (a) the coupling
of Jg- to B, (b) the weak and 3P, decay proc-
esses described by Eqgs. (61) and (62), (c) the
isospin factor between |[D*°K?; 17) and |D*K;17),
and (d) the dynamical process depicted in
Fig. 3(b).

(6) The decay of B~ into |[D*K*;0")D~
by &4 x [Carsd,]:

is contributed

(B~(q)|D*K*;0"(q,)D(¢2))

d
=~ 53l ko) (80)

(7) The decay of B~ into |[D*K*;17)D~ is contributed
by ng X [Z‘a}/a}/Sda}:

(B~(q)|D*K*: 1% (e1.41)D™(q5))

d
= _ﬁfo\D*i(*;l*)el 4. (81)

In the above expressions fp and Ap are decay constants of
the D~ meson, whose definitions and values can be found
in Table II.

In the present study we adopt the possible interpretation
of the X,(2900) as the |D*K*;0") molecular state.

Accordingly, we assume masses of D*)K(*) molecular

states to be either the realistic mass or at the lowest D) K (*)
thresholds [2]:

Mipioy & Mpo + Mg+ = 2359 MeV,
M pgey & Mpo + M- = 2756 MeV,
Mp ) & Mpo + My = 2501 MeV,
M k-0 = My, (2000) = 2866 MeV,
M p gy & Mppo + My = 2899 MeV,
My koany ® Mpo + M- = 2899 MeV.  (82)

Then we can evaluate the above production amplitudes to
obtain the following partial decay widths:

I'(B~ — D-|DK;0"
I'(B~ - D~|DK*;1*
I'(B~ - D-|D*K; 1"
I'(B~ — D~|D*K*;0"
I'(B~ - D-|D*K*; 1+
I'(B~ — D-|D*K*; 2+

d32.13 x 10710 GeV'3,
23.18 x 1071% GeV'3,
2223 x 10710 GeV13,

d
d;

)
)
)
)
)
)

(83)

D. Productions of D)D"} molecules

Similarly, we use the Fierz rearrangement given in
Eq. (66) to perform numerical analyses, and calculate
relative production rates of D(*)D_(Y*) molecular states in
B~ — ¢X decays:

(8) The decay of B~ into |[DD}; 17")¢ is contributed by

Cz [Sayasa]
(B=(q)IDD3: 17" (€1. q1) (€2, 42))
_d3
o4 m¢f¢f\DD* 1+H)€1 - €2. (84)
The overall factor d5 is related to: (a) the coupling of
Jg- to B™, (b) the weak and 3P, decay processes
described by Eqs. (67) and (68), and (c) the dynami-
cal process depicted in Fig. 3(c). In this case there

does not exist the isospin factor.
9 The decay of B~ into [DD?; 117)¢ is contributed by

X [Sa¥aSal:
(B~(q )|DD* 177 (e, q1)p(€2. 42))
d
: mqsquf\DD 1Y€ €2, (85)
(10) The decay of B~ into |D*D*; 1) ¢ is contributed by
X [Sa¥aSal:
(B~(q)|D*D3: 1% (e1. q1) (€2, q2))
ld';

7 o Mef S D Driy€L - €2 (86)

In the above expressions f, is decay constant of the ¢
meson. Besides, we also need fg, and their definitions are

<O|§a7/ﬂsa|¢(€7 q)) = My f p€y,
<O|Sa Ouus |¢(€7 Q)> = ifz;;(q#ev - qy€M)7 (87)

where f, = 233 MeV [2] and fg = 177 MeV [196].

In the present study we adopt the possible interpretations
of the Z.(3985), Z.(4000), and Z.(4220) as the
|DD:; 17F), [IDD?;177), and |D*D}; 17) molecular states,
respectively. Accordingly, we assume masses of D(*>D§*)
molecular states to be either the realistic masses or at the

lowest D* ( ) thresholds [2]:
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TABLE II.  Couplings of meson operators to meson states, where color indices are omitted for simplicity. All the isovector meson
operators have the quark content gl'g = (al'u — dI'd)/ V2, and all the isoscalar light meson operators have the quark content

qrq = (alu + dU'd)/\/2.

Operators—/ 16Jr¢ Mesons 16JP¢ Couplings Decay Constants
cc 0r0*t" Xeo(1P) 0o+ O ]xco) = my  fy., fro = 343 MeV [185]
Ciysc 0o~ N, 00—+ O J]ne) = 4y, 1 = fumi
¢ Ne = 2m,
Cyuc 01~ J/w 0" 1~ O, I/ w) = mypf1m€0 fipy = 418 MeV [186]
e 01+ e 0to~* (O, |ne) = ipufy. Sy, =387 MeV [186]
Yu¥s 2e1(1P) 0t1++ O, lxer) =my, [, € fy, =335 MeV [187]
o e - 1% Ty 0717~ 0wl /w) = if]),(Pues = Poey) f7, =410 MeV [186]
i h.(1P) 0~ 1t~ (0[J,,|h.) = if}Tl( €uap® P’ Z =235 MeV [186]
cq 0* D; 0" (0lJ|Dg) = mp:fp, fp; =410 MeV [188]
ciysq 0~ D 0~ (0|J|1D) = Ap Ap = fn+mf>
me+my
Cruq 1= D* 1~ (01J,|D*) = mp- fp-€, fp+ =253 MeV [189]
&r.75a 1+ g) 0~ (0|JE|D) =ip,fp fp=211.9 MeV [2]
yﬂys Dl 1+ <O‘J”‘D1> = lefDleﬂ fDI = 356 MeV [188]
‘o 1+ D* - (01J,,|D*) = if b (pue, — Pu€y) SE. ~ 220 MeV
wd S 1+ o ce.
Cs 0+ e 0+ e ce
ciyss 0~ Dy 0~ (01J|Dy) = 2p, Ap = fomp,
s m.+mg
CYyuS 1= Dz 1- (0|4,|D3) = mp: fp:e, fp: =301 MeV [2]
_ D, 0~ 0J,|D) =i fp. =257 MeV [2]
Yurss 1+ 1+ (O] ;4| > Pufp, D
D* 1- 0|J,,|D7) = ifT. - . .
E’O'MDS 1+ K ( | ;w| As> lfDS (p/lel/ pueﬂ) f{),( ~ fDﬁ X ﬁ
1+
qq 0rott f0(500) 0ro*+ (OlJ1fo) = my fr, fr, ~380 MeV [190]
qiysq 0t0~+ n 0to—* . o
ar.q 0-1—~ ® 0-1— O, |w) = m,f,e, fo=f, =216 MeV [191]
ar.rsa 0+ 14+ n 0fo~+ (O1J,ln) = ipufy, fn =97 MeV [192,193]
wrs £1(1285) 0t+1++
- o g 017 (OWule) = iff(pe - pie)  SER S =159 MeV [191]
- hy(1170) 01+ (O h1) = if} €uape”p” fh ~ f] =180 MeV [194]
gq 1-0++ .. 1-0++ .
qirsq 170~ n° 1-0~* (0|J12% = 2, Ay = L
my,+ny
qvuq I P° 117 (O17,1°) = m,f,e, f, =216 MeV [191]
ar.rsd - b 1-0~* (01J,]7°) = ip,fa f»=130.2 MeV [2]
Hrs a,(1260) =1t (017, |ay) = my, fa,€4 fa, = 254 MeV [195]
G0 . p° 1+ (Ol = if; (pues = Pu€y) fp =159 MeV [191]
H by(1235) 1717 (0J,|b1) = iffleﬂmﬁe“pﬁ f,f] = 180 MeV [194]
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M pp, o+ ® Mpo + Mp- = 3833 MeV,
M ppi++y ® M7z, (3085) = 3982.5 MeV,
M ppra-y & Mz, (4000) = 4003 MeV,

= Mpo + Mp- = 4119 MeV,

M\pp:.1+y ® Mz, (4220) = 4216 MeV,
M\pp:o+y ® Mpo + Mp- = 4119 MeV.

M pp;00)

Then we can evaluate the above production amplitudes to

obtain the following partial decay widths:
(B~ - ¢|DD,;0%)) =0,
(B~ — ¢|DD;;177)) = d32.53 x 10719 GeV"3,
(B~ — ¢|DD;;177)) = d32.38 x 10710 GeV??,
[(B~ — ¢|D*D}:0%))
[(B~ — ¢|D*Dy: 1+)) =
) =

= 07
d?5.77 x 10710 GeV'3,
I(B- - ¢|D*D:;2%)) = 0.

(88)

(89)

B~ — J§. =

[5abﬁayabb}

weak

— [6Pi,yy,(1 = y5)cp) x

QPC
— [0y, (1 = 15)cp) X
co_lor(sabécf(sEd
-3
Fierz: s,<>u, 1
= TR [6“@,yscp) X

1 _
BETRS (6 ,ys5cp) x

1 ab 7
Ex [671,i6%y5c)] X

= ——= X1y X [lgy"Ys5S,) =

1
12 24

[5C‘fz‘c7/5uf] X
627" (1 = ys)uy] x
x 67y’ (1 =ys)us] x [6°

(’72 + ’7%)

From Egs. (78), (83), and (89), we can derive the relative

B(B-—K~X/D~X/¢$X)
 B(B~—=D7[D"K*:0"))/d;"
the obtained results in Table III, which will be further
discussed in Sec. V. The difference among the three overall
factors d, 53 is partly caused by the different dynamical
processes described by Egs. (59), (65), and (71), i.e., the

attraction between D) and D™, the attraction between
D™ and K™, and the attraction between D™*) and D' can

be different. However, we are not able to estimate this in the
present study.

production rate R; = We summarize

E. Productions in B* decays

In this subsection we follow the same procedures to
study productions of D)D) DHKH)  and DHD
molecular states in B* decays.

Similar to Eq. (54), we apply the Fierz transformation to
obtain:

x [6°9e,y”(1 — y5)s4]

x [6°9e.y” (1 = y5)sq]

[5efiteuf]

X dayy,(1 = ys)cp X Cey?(1 = ys)sq X oy + - -

[6°¢a,7*(1 = 75)54]
[56dﬁe‘YSSd]
ieyssa) + -

1 _
— XN X [i,ysS,) + - (90)

[uayssa] - 24

Similar to Eq. (60), we apply the Fierz transformation to obtain:

B~ — J§

B~ — [5abﬁa}/abb]

weak
— [6*1,7"7,(1 = 75)cp) X

B 5 r77,(1 = 75)cy]
C(ioréabécf(sed

x [6°%e.r” (1 = ys)sd]

(6. y7 (1 = y5)s4) X

[6¢/d,d]

3 X iy, (1 = ys)cp x ey’ (1 —ys)sg x dody +

Fierz:_sdeuf 1
1 ab -
- ﬁ X [5 uaySCb] X

1
- % [6%u,ic™ysc,) x

1 _
= +E X 51 X [CuyaYSda]

X [6%,y505) X

[62.y*(1 — ys5)dy] x
[5Cféc7/5 df] X

1
+ﬁx§’2’x

[6¢.ysdy] x

[6/d,y"(1 = 75)s4]
[6d,y554]
[56‘1;&7’”(1 —75)sal +
[Cayvsda) + TR

[ Cals a]+"' (91)
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Similar to Eq. (66), we apply the Fierz transformation to obtain:

B~ — J%_ = [6"11,y"by)
weak

— [6Pi,yy,(1 = y5)cp] x

R (6P, ,(1 = 75)cp] X

Co_loré‘abécféed
-3
Fierz: s,<> 1
L) x
L 6™ ,ses) x
12 UgysCp
1 _
= +E X gl X [sayasa]

From Eq. (90), we obtain the following partial decay widths

d20.16 x 10710 GeV?!3,
20.62 x 10710 GeV13,
20.61 x 10710 GeV13,

(B~ — K=|DD;0"*)) =
[(B*~ — K~|DD*; 1))
I(B*~ — K=|DD*;17))
[(B*~ — K~|D*D*;0++))
)
)

dy
dy

(B~ — K~|D*D*; 17~ 22 84 x 1071° GeV'3,

(B~ - K-|D*D*; 2+

(93)
From Eq. (91), we obtain the following partial decay widths

d20.18 x 10710 GeV13,
d21.69 x 10710 GeV!3,

[(B*~ — D7|DK;0%)) =
(B~ — D-|DK*;1%)
I'(B*~ - D-|D*K;1%)

)
)
)

)
)
I'(B*~ - D~|D*K*;0"))
I(B~ - D7|D*K*; 1)) =
I'(B*~ - D~|D*K*;2"))

0.
0.
Jg 40 x 10710 GeV'3,

(94)
From Eq. (92), we obtain the following partial decay widths

d21.78 x 10710 GeV'3,
d21.09 x 10710 GeV!3,
d21.02 x 10710 GeV13,

[(B*~ — ¢|DD,;0")) =
T(B*~ — ¢|DD;; 11))
[(B*~ = ¢|DD; 177))
[(B*~ — ¢|D*D5;0%))

)
)

(B~ — ¢|D*D:; 1+
I(B*~ — ¢|D*D:; 2"

0,
0,
0.

(95)

In the above expressions dy s are three overall factors.

From Egs. (93)-(95), we can derive the relative pro-
B(B*~—>K~X/D~X/¢X)

= BBk DDO ) /d; We summarize the

duction rate R, =

[5CfECYS sf} X

[5”"@7/,4(1 —75)sy] X

x [6°e.y” (1 — y5)s4]

[6°/cy? (1 = y5)sa]

[5ef§eSf]

X dayy,(1 = ys)cp X Ty (1 = vs)sa X Sesp + -

[6°/5.7*(1 = 75)s4]

(65,6 ys5q) 4+ -

X (Cop +83) X [50™y5Sa] + -+ (92)

obtained results in Table III, which will be further discussed
in Sec. V. Again, the difference among the three overall
factors d 5 ¢ is partly due to that the attraction between D)

and D, the attraction between D*) and K*), and the

(%)

attraction between D™ and D\” can be different.

IV. DECAY PROPERTIES THROUGH THE
FIERZ REARRANGEMENT

The Fierz rearrangement [149] of the Dirac and color
indices has been applied in Refs. [19,190] to study strong
decay properties of the X(3872) and Z.(3900) as DD*
molecular states. In this section we follow the same
procedures to study decay properties of other D)D),

DWK® and D®D ( hadronic molecular states, sepa-
rately in Secs. IVA—IV C. We shall study their two-body
and three-body hadronic decays as well as the four-body
decay process X — J/yw — J/ynrx.

This method has been systematically applied to study
light baryon and tetraquark currents in Refs. [197-205],
and applied to study strong decay properties of the P, and
X(6900) states in Refs. [206,207]. A similar arrangement
of the spin and color indices in the nonrelativistic case can
be found in Refs. [18,208-213], which was applied to study
decay properties of the P. and XYZ states.

Before doing this, we note that the Fierz rearrangement
in the Lorentz space is a matrix identity, valid if each
quark/antiquark field in the initial and final currents is at the
same location. For example, we can apply the Fierz
rearrangement to transform a nonlocal current 7 =
[g(x)c(x)][e(y)g(y)] into the combination of many non-
local currents 6 = [g(x)g(y)][¢(y)c(x)], with all the quark
fields remaining at the same locations. We shall keep this in
mind, and omit the coordinates in this section.

In the calculations we need couplings of charmonium
operators to charmonium states, which are listed in Table II.
We also need couplings of charmed/light meson operators
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to charmed/light meson states, which are also listed in
Table II. We refer to Refs. [19,190] for detailed discussions
of these couplings.

A. Decay properties of D)D) molecules

In this subsection we perform the Fierz rearrangement
for the currents 77, 4 5 6, and use the obtained results to study
strong decay properties of D) D*) molecular states. The
results obtained in Refs. [19,190] using 735 are also
summarized here for completeness.

We adopt the possible interpretations of the X(3872),
Z.(3900), and Z.(4020) as the |DD*;17F), |[DD*; 1),
and |D*D*; 17~) molecular states, respectively. Masses of
D™ D) molecular states are accordingly chosen, as given
in Egs. (77). Besides, we assume that |[DD*;17~) and
|D*D*;17=) have I =1; |DD;0*"), |D*D*;0"*), and
|D*D*;27*) have I = 0; the isospin of the X(3872) as
|DD*; 1*+) will be separately investigated in Sec. IVA 4.

1. |DD;0*+)

The current #7; corresponds to the |[DD;0™) molecular
state. We can apply the Fierz rearrangement to interchange
the ¢, and ¢, quarks, and transform it into:

M = qa¥5CaCp¥59p

1. 1 _ _
- _Eanacbch - EqaySqachySCh

1 _ _ 1 _ _
+E%7ﬂ%cb7’”% - E%?’ﬂs%%l’”?scb

1 ~ v
- ﬁQaaﬂyQacbaﬂ Cp+ -, (96)

where we have only kept the leading-order fall-apart decays
described by color-singlet-color-singlet meson-meson cur-
rents, but neglect the O(a;) corrections described by color-
octet-color-octet meson-meson currents.

As an example, we investigate |[DD; 0" ) through 7, (x)
and the above Fierz rearrangement. As depicted in
Fig. 4(a), when the g, and ¢, quarks meet each other
and the ¢, and ¢, quarks meet each other at the same time,
|DD; 0" ") can decay into one charmonium meson and one
light meson:

]co:lor

1
[6°G,¢p)[6°“Ccq4 §5ad50b51a0b5‘c‘1d + -

Fierz | _
i’g[éaanQd][‘stCbcb] +n (97)

This decay process can be described by the Fierz rear-
rangement given in Eq. (96).

Assuming the isospin of |[DD;0"") to be I =0, we
extract the following three decay channels:

(1) The decay of |[DD;0**) into 5.7 is contributed by
both g,75q, X ¢pyscy and G,y,¥5qa X Cpr*yvsCh:

(DD; 0" (p)Ine(p1)n(pa))

:%Anﬁﬂn +%fncfnpl * D2 (98)
where a, is an overall factor, related to the coupling
of n, to |[DD;0**) as well as the dynamical process
depicted in Fig. 4(a).

(2) The decay of |[DD;0*") into J /w is contributed by
both g,7,9, % ¢py*c, and §,06,,q, X ¢,6"" cp:

(DD:0*(p)|J /w(er, pr)w(er. p2))

aj
= EmJ/l//fJ/l//mmfwel t€2

a
+1—éf;/l,,f£(€1'€2pl'P2—€1'P2€2'P1)- (99)

(3) The decay of |DD; 0" ") into y.of(500) is contrib-
uted by g,q, X ¢pcp:

<DD; 0 (p)lrco(pi)folp2))

- E m)(gof)(co mfoffo : (100)

Assuming the mass of |DD;0*") to be about
M po + Mpo = 3730 MeV, we summarize the above ampli-
tudes to obtain the following partial decay widths:

L(|DD;0 ") = n.n) = a3l.7 x 1074 GeV’,
[(|DD;0" ) - J/ww — J/yznn)

=a21.1 x1071° GeV’,
L(IDD;0%") = xeofo(500) = o)

=a29.7 x 10710 GeV’. (101)
There are two different terms, A = g,ysq, X ¢,y5¢;, and
B = q,7,7594 X CpY*¥5Cp, both of which can contribute to
the decay of |[DD;0**) into the 5, final states. There are
also two different terms, C=g,r,q, X ¢yy*c, and
D = q,0,,q9, X ¢,06"cp, both of which can contribute to
the decay of [DD;0"") into the J/ww final states. Phase
angles among them, such as the phase angle between the
two coupling constants f;,, and ff/w’ cannot be well
determined in the present study. This causes some uncer-
tainties, which will be investigated in Appendix B.

2. |D*D*;0**)
The current 1, corresponds to the |[D*D*; 0*) molecular

state. We can apply the Fierz rearrangement and transform
it into:
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(a) Fierz rearrangement: n — 0

q

q
c
c
q

(b) direct fall-apart process

FIG. 4. Fall-apart decay processes of D)D) molecular states, investigated through the 7n(x) currents.

My = Qayﬂ Cq Ehyll q»
1 1 1

- _gc_]aQaEbcb + gfla}’sqaa‘b}’scb + g%Vﬂaﬁb}’”Cb

1_ _
+ — Q0¥ u¥594CH7"V5CH+ - (102)

6

Assuming the isospin of |[D*D*;07") to be I = 0 and its
mass to be about Mpw0 + Mpo = 4014 MeV, we obtain
the following partial decay widths:

[(|D*D*;0") = 5n) = a24.0 x 1073 GeV7,
T(|D*D*0+) > J/yw) = a24.8 x 107° GeV7,
L(|D*D*;0™") = x.0f0(500)) = a34.1 x 1076 GeV’,
(103)
where ay is an overall factor.
Besides, |D*D*;0" ") can directly fall apart into the D*
and D* mesons, and further decay into the D*Dz and

DD*r final states. This process is depicted in Fig. 4(b). We
estimate its partial width to be

[(|D*D*;0"") - D*D* - D*Dxn + DD*r)

=a?1.7x 107 GeV’, (104)
where ), is another overall factor. It is probably larger than
ay, and we define their ratio to be t=d)/a,. This
parameter measures the dynamical difference between
the process depicted in Fig. 4(a) and the one depicted
Fig. 4(b).

The uncertainty of Eq. (104) is quite large, because
we choose the mass of |[D*D*;0™") to be just at the
D**D*0 threshold, so that only the D**D°z° and D°D*07°
final states are kinematically allowed. However, if its
realistic mass turns out to be slightly larger, some other
final states such as D**D*? and D**D* 7~ may also become

possible. Moreover, phase spaces of the D**D°z° and
D°D*7% final states depend significantly on the mass
of |D*D*;0* ).

3. |ID*D*;2*+)
The current 7 corresponds to the | D* D*; 2 +) molecu-

lar state. We can apply the Fierz rearrangement and
transform it into:

n = PP G,y ,calor s

1 _ _
- _gpaﬂ.ﬂy(’Iayuqacbyucb
1 af.uv = =
~ P darursaaCerursc

1
+ gpaﬂ'ﬂyzlaaﬂanEbaypcb e (105)

Assuming the isospin of [D*D*;2") to be I = 0 and its
mass to be about Mp.0 + Mpo = 4014 MeV, we obtain
the following partial decay widths:

[(|D*D*;2%%) = nn) = a25.1 x 1077 GeV’,

L(|D*D*;2M) - J/yw) = a23.7 x 107> GeV’,  (106)

where ag is an overall factor.

Besides, |D*D*;2*+) can directly fall apart into the D*
and D* mesons, and further decay into the D*Dx and
DD*r final states:

[(|D*D*;2**) — D*D* — D*Dx + DD*x)

= 4249 x 107° GeV’, (107)

where ag & t X ag is another overall factor.

094003-15



HUA-XING CHEN

PHYS. REV. D 105, 094003 (2022)

4. IDD*;1*+)

The current 75 corresponds to the [DD*; 1*+) molecular
state. Based on this current, we have systematically
studied decay properties of the X(3872) as |[DD*;1"")
in Ref. [190]. We summarize some of those results here.

The isospin breaking effect of the X(3872) is significant
and important to understand its nature. In Ref. [190] we
assumed it to be the combination of both / =0 and I =1
|DD*; 17+) states:

X(3872) = cos §|DD*;0"17F)

+sin@|DD*; 1717F). (108)

After fine-tuning the isospin-breaking angle to be
6 = £15°, the BESIII measurement [59],

B(X(3872) —» J/yw — J/yrnn)
B(X(3872) — J/yp — J/ynr)

= 16107 +£02, (109)

can be explained.

In the present study we further select the positive angle
0 = +15°, so that the D°D*® component is more than the
D" D*™ one:

X(3872)
= cos 15°|DD*;0717F) + sin 15°|DD*; 1717+)
— 0.8684/D°D™; 1+) + 0.4959| D+ D*~; 1++). (110)

Using this angle, decay properties of the X(3872) as
|IDD*;17) were systematically studied in Ref. [190],
and the results are summarized in Eq. (133) of Sec. IV C.

Besides, productions of the X(3872) as [DD*; 1*") in B
and B* decays are increased from Egs. (78) and (93) to be

(B~ = K=|DD*;17")) = d20.60 x 10710 GeV!?,
[(B*~ — K~|DD*;177)) = d30.93 x 1071° GeV!3. (111)

The two ratios R; and R, given in Table III need to be
accordingly modified.

5. [IDD*;1*~) and |D*D*;1* ")

The currents 7$ and 52 correspond to the [DD*; 1*~) and
|D*D*; 117) molecular states, respectively. Based on these
two currents, we have systematically studied decay proper-
ties of the Z.(3900) as |[DD*;1*~) in Ref. [19]. We
summarize some of those results here. Especially, in
Ref. [19] we have considered the mixing between
|DD*; 1) and |D*D*; 117):

|DD*;177) = +cos@p|DD*) |+ +singp| D*D*), -,

ID*D*; 147 = —sing|DD*)+- +cos|D*D*),--, (112)

in order to explain the BESIII measurement [83]:

B(Z.(3900)* = n.p*)
B(Z.(3900)* — J/yzn*)

=22+09. (113)

In the present study we do not consider this mixing any
more. We just use the single current 7§ to study decay
properties of the Z.(3900) as |[DD*;1%~), and use the
single current 7¢ to study the Z.(4020) as |[D*D*;1%7).
The results are summarized in Eqgs. (134) and (135) of
Sec. IV C. Actually, as shown in Table IV of Appendix B,
the above BESIII measurement given in Eq. (113) can also
be explained if we take into account those unknown phase
angles among different coupling constants.

B. Decay properties of D)K*) molecules

In this subsection we perform the Fierz rearrangement
for &,..4, and use the obtained results to study strong decay
properties of D*)K*) molecular states. Again, we adopt
the possible interpretation of the X(2900) as the
|D*K*;0*) molecular state. Masses of D*)K*) molecular
states are accordingly chosen, as given in Egs. (82).

1. |DK;0*) and |D*K*;0*)
The currents £, and &, correspond to the [DK;0") and

|D*K*;0") molecular states, respectively. We can apply the
Fierz rearrangement and transform them into:

E1 = Ga¥5CaqpYsSh

1 1 _ _
- —ﬁ%sa%cb - EQaYSsaQbySCb

!
12
1

- ﬂQaGﬂvsaQbaﬂycb +y

ZlayﬂsaZIbyﬂcb - Qay;t}/SsaQbyﬂySCb

1
12
(114)

64 = C—Ia}’”caf_lbhsh
1 1

- —gflasa(?hcb +§éa}’ssa51b}’scb

1_ _ 1_ _
+66]a7ﬂ5a%J’”Cb +6%}’,4755aqw’”750b +-e (115)

Assuming the mass of |DK;0%) to be about
Mpo + Mg+ = 2359 MeV, all its strong decay channels
turn out to be kinematically forbidden.

Assuming the mass of [D*K*;0%) to be My, a900) =
2866 MeV, we obtain the following partial decay widths:
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I(|D*K*;07) - DK) = b21.6 x 1075 GeV’,
I(|D*K*;0*) - D*K* - D*Kn)
= 5254 x 1078 GeV’, (116)

where b, is an overall factor.

Besides, |D*K*;0") can directly fall apart into the D*
and K* mesons, and further decay into the D*Kr final
states:

r'(|[D*K*;0") - D*K* — D*Kn)
— p21.9% 107 GeV7,  (117)

where b, ~ t X by is another overall factor.

2. [IDK*;1%), ID*K;1%*), and |D*K*;1*)

The currents £3, &%, and £2 correspond to the |[DK*;17),
|ID*K; 1%), and |D*K*; 17) molecular states, respectively.
We can apply the Fierz rearrangement and transform them
into:

_ - a 1 P 1 ag 7
3 =4a¥5CalpY sb"‘ﬁ‘]a%%‘]b?’ Cb—ﬁ%}’ SaqpY5Ch

1_ _ 1_

+EQa7a75saQbe_EQasaQbyayicb
i _ i _ _

_EQayﬂ}/SsaQbaaﬂcb _EQaGaﬂsaQbynyCb

i

12

4a¥uSaqpo™ysCh —Eqao‘”yssaqmcb +--,

(118)

4a¥5549pY"Cp —Ezla}’asafib}’scb

_l’_

& =qarcaqpyssy — D
1 - a - 1 = - a
_Eqay V5549pCh +EQasquy V5Ch
i _ _ i_ _
—Eqamssaqm""cb _EQaGaﬂsaQb7y75cb
i ~ i_ _
—Eqay,,saqbcf“"rscb +-59.0"Y58aqpYuCp+

12
(119)

& = 4u7,uCaqp0™yssy, — {7, < 0™ys}

i _ i_ _
- —Eqay5saqby“cb + EQayasaQbYSCb

1_ _ 1_ _
+ gqa}’ﬂssa%ﬁa"cb - gqao'a"sa(]hh}’scb
e (120)

Assuming the mass of |[DK*;17) to be about
Mpo + Mg+ = 2756 MeV, we obtain the following partial
decay widths:

I(|DK*;1%) > D*K) = b21.7 x 1077 GeV’,
[(|DK*;17) - DK* — DKn) = b34.7 x 10~ GeV’,
I(|IDK*;1%) > D*K* — D*Kr) = b37.0 x 10710 GeV’,

(121)
where b, is an overall factor.
Besides, |[DK*; 17) can directly fall apart into the D and
K* mesons, and further decay into the DKz final states:
I'(|DK*;1*) - DK* — DKr)

= 22,9 x 107° GeV’, (122)

where b} & t X b, is another overall factor.

Assuming the mass of |D*K;1%) to be about
Mpo + Mg+ = 2501 MeV, we obtain the following partial
decay widths:

I(|D*K;1") - DK* — DKr) = b35.4 x 1076 GeV’,
[(|D*K;1") - D*K — DzK) = b31.3 x 1072 GeV’,
(123)
where b3 is an overall factor.
Besides, |D*K; 1) can directly fall apart into the D* and
K mesons, and further decay into the DzK final states:
I'(|D*K;1") - D*K — DzK)

= b232x 10710 GeV7, (124)

where b} & t x by is another overall factor.

Assuming the mass of |D*K*;1T) to be about
Mpo + Mg+ = 2899 MeV, we obtain the following par-
tial decay widths:

I(|D*K*;17) - DK*) = b23.8 x 1076 GeV’,

I(|D*K*;17) - D*K) = b1.2 x 10~ GeV’, (125)

where b5 is an overall factor.

Besides, |[D*K*;1") can directly fall apart into the D*
and K* mesons, and further decay into the D*Kx and DzK*
final states:

[(|D*K*;1%) - D*K* — D*Kz) = b21.1 x 107 GeV’,
[(|D*K*;17) - D*K* - DzK*) = b21.1 x 107 GeV’,
(126)

where b ~ t X bs is another overall factor.

3. [ID*K*;2%)
The current &7 corresponds to the | D*K*; 2+) molecular

state. We can apply the Fierz rearrangement and transform
it into:
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égﬂ = Paﬁ’”bc_]ayllcuZIbYLzsb

1 _ _
> - gP“ﬂ’””qay,,saqmcb
1 af.uv 7, -
- EP Mqa¥uYs5SadpYu¥s5Ch

1
+6Paﬂ’lw600ypsaqbal/pcb+"" (127)

Assuming the mass of |D*K*;2%) to be about
Mpw + Mg+ = 2899 MeV, we obtain the following par-
tial decay widths:

[(|D*K*;2%) - DK) = b23.0 x 1077 GeV’,
['(|D*K*;2%) - D*K* —» D*Kz) = b21.3 x 107° GeV’,
[(|D*K*;2%) -» D*K* — DaK*) = b27.4 x 107! GeV’,

(128)
where bg is an overall factor.

Besides, |[D*K*;2") can directly fall apart into the D*

and K* mesons, and further decay into the D*Kx and DzK*
final states:

I(|D*K*;2%) — D*K* — D*Kx) = b21.7 x 107 GeV’,
[(|D*K*;27) > D*K* - DnK*) = b29.9 x 1071 GeV’,
(129)

where by & t X bg is another overall factor.

C. Summary of decay properties

We summarize the relative branching ratios obtained in
Secs. IVA and IV B here. The Fierz rearrangements for
{1..¢ are quite similar to those for 7., just with one
up/down quark replaced by another strange quark. Hence,

decay properties of DYDY molecular states can be
similarly investigated, and we also summarize their results
here. We use the parameter ¢ = a}/a; = b}/b; (i = 1...6) to
measure the dynamical difference between the process
depicted in Fig. 4(a) and the one depicted in Fig. 4(b).

We obtain the following relative branching ratios for
|DD; 0" "), |D*D*;0%"), and |D*D*;2""), all of which
are assumed to have / = O:

B(|DD;0* ") - n.n J/yw(—rrn) Zc0f0(500)(=z7)) (130)
~ 1 1076 1073,

B(|D*D*07%) = nen = J/wo : xefo(500) D*D*(—~Dr)) (131)
~ 1 : 0.001 0.001 10741,

B(D*D*;2"*) » e : J/yo : D*D*(-Dx)) (132)
~ 1 73 9.51.

Decay properties of
obtain

B(|DD*;1*%) - J /yw(—rrr)

~ 1

: J/wp(—nr)
0.63(input)

X0
: 0.015

the X(3872) as |DD*;17") have been systematically studied in Ref. [190], where we

: DD*(—-Dn))
7.4t.

D Xerfo(—mr)
0.086

b nefo(—nm)

0.091 (133)

In the calculations we have assumed the X(3872) to be the combination of both I = 0 and I = 1 |[DD*; 17*) molecular

states.

Decay properties of the Z.(3900) as |[DD*; 17~) have been systematically studied in Ref. [19]. In the present study we
further study the Z.(4020) as |D*D*; 1*7). Altogether, we obtain

B(DD* 17 ) = J/yx = nep : hem

Q

B(|D*D*;1*7) —» J/yx

=~ 1

Nep
0.33

1 :0.092 :0.011 :

: ap(=an) : DD*(~Dr))

134

107° 74¢, (134)

hew i gap(=zz) i D'D'(=Dx)) (135)
0.002 10°° 11¢z.

In the calculations we have assumed that the Z.(3900) and Z.(4020) both have 7 = 1.
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Assuming the mass of |[DK;0") to be about M + Mg+ = 2359 MeV, all its strong decay channels turn out to be
kinematically forbidden. B
We obtain the following relative branching ratios for [D*K;17):

B(|D*K;1") - DK*(—»Kz) : KD*(—-Dn))

136
& 1076 r+0.004. (136)

The isospin-averaged width of the K* meson is about 'y« ~ 49.1 MeV [2], which value is quite large and cannot be
neglected. We refer to Appendix A for more discussions. Taking this into account, we estimate widths of [DK*;17%),
|D*K*;07), |[D*K*;17), and |[D*K*;2") to be

F\D<*)K*;J+) =g + F|D(*)f(*;J*)—»DI?/D*I?/DK*/D*K*/“-’ (137)
with the following relative branching ratios

B(DK*;1*) - DK*(=Kx) : D'K : D*K*(—Kn))

(138)
~ r+0.002 : 0.057 : 1074,
B(|D*K*;0%) - DK : D*K*(—K
(I ) = (=K7)) (139)
~ 85 t+0.028,
B(|D*K*;1") - DK* : D*K : D*K*(—»Kr) : K*D*(—Dnr)) (140)
~ 034 : 11 t : 1074,
B(|D*K*;2") - DK : D*K*(—»Kz) : K*D*(—Dnr)) (141)
~ 0.018 : 1+ 0.074 : 1074z,
We obtain the following relative branching ratios for D(*)D§*> molecular states:
B(|DDy; 0" K 1 J/wK*(=K
(IDD:0%) =1 /yK*(—Kx)) (142)
~ 1 0.001,
B(|DD:; 1*%) - J/wK*(—»Kn) : yoK : DD: : D,D*(—Dnr)) (143)
~ 1 : 0012 : 25 : 68,
B(|DD:; 1) - J/wK : n.,K* : DD: : D,D*(—Dnr)) (144)
~ 1 : 0093 : 41 : 87,
B(|D*D;;0%) - n.K : J/wK* : D;D*(—Dn)) (145)
~ 1 : 0088 : 0.001,
B(|D,D:; 1) - J/wK : nK* : hK : y K (—»Kz) : DiD*(—Dnr)) (146)
~ 1 : 036 : 0002 : 1077 : 31,
B(D*D:;2+) — n,K : J/wK* : DiD*(=D
(I )= /v (=Dm)) (147)

~ 1 27 : 0.055.

In the calculations we have adopted the possible interpretations of the Z.;(3985), Z.,(4000), and Z.,(4220) as the

IDD*; 1°+), |DD*;177), and |D*D*;1%) molecular states, respectively. Masses of D™ D!’ molecular states are
accordingly chosen, as given in Egs. (88).
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V. SUMMARY AND DISCUSSIONS

In this paper we systematically investigate the eighteen
possibly existing D®D®, DK and DH P
(DE*) = Dg*)_) hadronic molecular states, including
|DD;0**), |DD*; 17+ /1%7),  |D*D*;0tF /17— /2++),
|DK;0%), |DK*;1%), |D*K*;07/1%/2%), |DD;0%),
|DD:;177/177), and |D*D?;07/17/2%). Note that the
DD} molecules are not charge-conjugated, but for con-
venience we use |DD?;17") and |DD?;177) to denote
strange partners of |[DD*;17") and |DD*; 1*-), respec-
tively. By doing this, we can differentiate the X(3872),
Z.(3900), and Z.(4020) as well as the Z.(3985),
Z.,(4000), and Z,,(4220).

We systematically construct their corresponding interpo-
lating currents, through which we study their mass spectra as
well as their production and decay properties. The isospin of
these molecular states is important, and in the present study
we assume: (a) [DD*;177) and |D*D*;17~) have I = 1,
(b) [IDD;0"F), |D*D*;07"), and |D*D*;2**) have I = 0,
(c) the isospin of the X(3872) as |DD*; 17F) is separately
investigated in Sec. IVA 4, (d) all the DK™ molecular

states have I = 0, and (e) all the D(*>D§*) molecular states
have I = 1/2.

Firstly, we use the method of QCD sum rules to calculate
masses and decay constants of the DHDH DEHKE) and

D<*>l_)§*) molecular states, and the obtained results are
summarized in Table I. Our results support: (a) the inter-
pretations of the X(3872), Z.(3900), and Z.(4020) as the
|DD*;1F), |DD*;177), and |D*D*;1"~) molecular
states, respectively; (b) the interpretation of the
X((2900) as the |[D*K*;0") molecular state; (c) the inter-
pretations of the Z.(3985), Z.,(4000), and Z;(4220) as
the |DD:;17F), |DD*;177), and |D*D};17) molecular
states, respectively. The uncertainty/accuracy is moderate
but not enough to extract the binding energy as well as to
differentiate the Z.;(3985) and Z.,(4000). Hence, our
QCD sum rule results can only suggest but not determine:
(a) whether these molecular states exist or not, and
(b) whether they are bound states or resonance states. To
better understand them, we further study their production
and decay properties, and the decay constants fy extracted
from QCD sum rules are important input parameters.

Secondly, we use the current algebra to study produc-
tions of DX D®. DH K and D® D) molecular states
in B and B* decays. We derive the relative production
rates

B(B~ — K~X/D~X/¢X)
B(B~ — D7|D*K*;0%))/d,’

R = (148)

B(B*~ —» K-X/D~X/¢X)
B(B~ > K-|DD;0*))/d,’

R, = (149)

and the obtained results are summarized in Table III. In the
calculations we only consider #;..4, &;..6, and ;.. defined
in Egs. (17)-(22), (34—(39), and (47)—(52), which
couple to these molecular states through S-wave.
Besides, there may exist some other currents coupling to
them through P-wave, which are not taken into account
in the present study. Consequently, some other molecular
states such as |[DD;0"") may still be produced in B~
decays, and omissions of these currents cause some
theoretical uncertainties.

Third, we use the Fierz rearrangement of the Dirac and
color indices to study strong decay properties of D)D),

DWE® and D™ D' molecular states. We calculate some
of their relative branching ratios, and the obtained results
are summarized in Table III. In the calculations we only
consider the leading-order fall-apart decays described by
color-singlet-color-singlet meson-meson currents, but
neglect the O(ay) corrections described by color-octet-
color-octet meson-meson currents. Hence, there may be
some other possible decay channels, and omissions of the
O(ay) corrections cause some theoretical uncertainties.

Generally speaking, the uncertainty of our QCD sum rule
results is moderate, as given in Table I, while uncertainties
of relative branching ratios and relative production rates are
much larger. In the present study we use local currents
and work under the naive factorization scheme, so our
uncertainties are significantly larger than the well-devel-
oped QCD factorization scheme [214-216], whose uncer-
tainty is at the 5% level [217]. On the other hand, we only
calculate the ratios, which significantly reduces our uncer-
tainties [218]. Hence, we roughly estimate uncertainties of
relative branching ratios to be at the ngg%% level, and
uncertainties of relative production rates to be at the
X 299% level.

There are three unfixed parameters in Table III: the
parameters ' ~d,/d; ~ds/d, and 1" ~d;/d, ~ dg/d,
(partly) measure the dynamical difference among
Fig. 3(a)-(c), and the parameter ¢=al/a;~ b}/b,
(i = 1...6) measures the dynamical difference between
Figs. 4(a) and 4(b). Simply assuming them to be ¢t~ ¢’ ~
" ~ 1 (local currents), we use the results given in Table IIT
to draw conclusions as follows:

A. X((2900) as [D*K*;0")

Our QCD sum rule analyses support the interpretation of
the X((2900) as the [D*K*;0") molecular state. Given its
width to be about I'y 2900y = 57.2 MeV [219], we use

Eqgs. (137) and (139) to estimate:
(150)

FX0(2900) ~ Fl_(* + FX—»DI_( + FX—»D*I_(*—>DXI_(IU

where
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TABLEIIL.  Relative branching ratios of D®) D), D®) () and D™ D) hadronic molecular states and their relative production rates in

B and B* decays. In the 2nd and 3rd columns we show their relative production rates R = BB K X/D"X/$X)

— B(B~=D"|D*K*;0"))/d,
R, = ég f :15 ‘gi)Dofié“)bj(d In the 4th-16th/9th/13th columns we show their relative branching ratios, where we use the symbol “AB”

to generally denote the two-body decay X — AB, the three-body decay process X — AB — Ab,b,, or the four-body decay process
X — AB — Ab, b, b5, depending on which channel is kinematically allowed. The number 0.63 with 7 is fixed by the BESIII measurement

and

B(X(3872)~J /yw—J |yrrn) __ -1 6+04 +0.2

[59], which is related to the isospin breaking effect of the X(3872) interpreted as the [DD*; 17+)

B(X(3872)=J /yp—Jwnr) 0.3

molecular state. The parameters ¢ =~ d,/d| ~ ds/dy and " = d3/d;| ~ dg/d, (partly) measure the dynamical difference among Fig. 3(a)—

(c), and the parameter 1 & a}/a; ~ b;/b; (i = 1..

.6) measures the dynamical difference between Figs. 4(a) and 4(b).

Productions

Decay Channels

Configuration R, R,

nen Jwo nefo xeofo xafo J/wr yeom  hem

nep J/wp yap DD* D*D* Candidate

|DD;0++> d, 1 100 10-3
\DD*; 1%+ 0.19d, 57dy -~ 1  0.091 0.086 0.015 0631 - T4t X(3872)
|DD*;177) 0.12d, 3.7d, . e 1 ---0.011 0.092 --- 10°° 74t --- (3900)
\D*D*;0**)  13d, --- 1 0.001 0.001 Cee e 1041
|D*D*;177)  0.42d, 17d, . 1 .-+ 0.002 033 --- 1070 --- 11t (4020)
ID*D*;2+) o o 1 T3 Cee 9.5¢
Configuration R, Ry k- [MeV] DK DK* D'K D*K* D*K* Candidate
|DK;0%) 1.1ds
IDE*; 1) - 10ds  49.1 MeV £ +0.002 0.057 104
ID*K; 1+) 0.67d, - - 1076 t + 0.004 . .
|D*K*;0%) d, e 49.1 MeV 8.5 e .. t+0.028 cee X(2900)
|D*I_(*; ") 0.70d, 27ds 49.1 MeV e 0.34 1.1 t 1074¢ e
\D*K*;2+) - 0 491 MeV 0018 140074 107
Configuration Ry R, nK J/wK yoK hK K J/wK* y,K* DD: D*D, D*D: Candidate
\DD,;0%) . 11dy 1 0.001
DD 1) 0.79dy  6.6dg -+ .- 0012 . 1 .25 68 Z.,(3985)
DDy 17) 0754 62dg -+ ] 0.093 - .41 87 - Z,.(4000)
\D*D%;0°) 1 0.088 0.001
DDLIH) 18dy o 1 0002 036 - 1077 - e 31 Z.(4220)
|D*D*;2+) 1 . 27 0.055
Iz ~49.1 MeV, B(B~ — D™D°K®) = (1.55+0.21) x 1073,
Tyopozo & 3.6 MeV, BB~ — D"D"K~) = (22 +0.7) x 1074, (152)
FX—>D+K_ ~ 36 MeV,
r . ~04 MeV the nonsuppressed signal of the neutral X;(2900)? in the
X=DOR0=D(Kx)? B U5 WV, suppressed B~ — D™D*K~ decay channel is probably
Cxopr k- op (Rn)- 7 0.4 MeV. (151)  much more significant than in the B~ — D~D°K" decay

According to the first term '+, we propose to confirm the
X((2900) in its dominant D*Kz decay channel.

It is interesting to notice that in the present study the
neutral X(2900)° is produced in the B~ — D~ [D**K*(]
channel (Fig. 3(b)) and not in the suppressed B~ —
D~ [D** K*~] channel (Fig. 3(e)). However, it equally decays
into the D°K® and DK~ final states. Recalling that the
branching ratio of the B~ — D~DYK? decay is significantly
larger than that of the B~ — D™DTK~ decay [2]:

channel. This behavior can be used to test its isospin breaking
effect.

B. X,(2900) versus X(3872)

The X(3872) and X(2900) have both been observed in
B decays. Some of their experimental measurements are
[2,13,14]:

B(B~ — K~X(3872) — K~J Jynzxx)

=(6.04+22)x 1075,  (153)
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B(B~ — D"D*K~) = (224+0.7) x 10, (154)

B(B~ — D~X,(2900) > D-D*K")
B(B~— D D'K")
=(5.6£1.4£05) x 1072,

(155)
from which we can further derive

B(B~ = D™Xy(2900) - D~D*K"~)
B(B~— K~X(3872) “>K~J/ynxn)

=21+11. (156)

From Table III we can derive:

B(B~ —» D7|D*K*)y» - D"D*K~)
B(B~ - K~|DD*)++ 5K~ J/yzan)

(157)

with the uncertainty roughly at the ngggo% level.

The two values given in Eqgs. (156) and (157) are well
consistent with each other, supporting the interpretations
of the X(3872) and X((2900) as the |DD*;1**) and
|D*K*;0") molecular states, respectively.

C.Z,(3985) as |DD;;1**) and Z,,(4000) as |[DD;; 1+ )
Since the DD}~ and D*Dj thresholds are very close to

each other, in the present study we use them to combine
two mixed states, as defined in Egs. (42)—(43):

V2|DDr 1) = |DD™) -y + |D*D5 )y,
V2|DD;; 147) = |DD{7) ) — |D*D5),_;.

They are strange partner states of |DD*;17") and
|DD*; 177), so we simply denote their quantum numbers
as JPC =1%F and 17~. Our QCD sum rule analyses
support the interpretations of the Z.(3985) and
Z.,(4000) as the |DD}; 1*+) and |DD?;17~) molecular
states, respectively, i.e., they are strange partners of the
X(3872) and Z.(3900), respectively.

Our results given in Table III suggest that the Z.(4000)
as |DD?;1*7) can be observed in the B~ — ¢pK~J/y
decay, but the Z.,(3985) as |[DD}; 1*+) cannot. This is just
consistent with the BESIIT and LHCD observations [15,96].
To verify the above interpretations, we propose to search
for the Z.,(3985) in the B~ — ¢J/wK*~ — ¢J/y(Kn)~
decay process. From Table III we can derive:

B(B~ > $Z.,(3985) L5 pJ )y (Kn)™)

~0.41, 158
B(B~ - K-X(3872) “>K-J Jyrnn) (158)
Together with Eq. (153) we can further derive:
B(B~ — $Z,,(3985) — ¢J /y(Kx)")
~2.4x107°, (159)

D. Z.,(4000) and Z_(4220) versus X(3872)

The Z.,(4000) and Z.,(4220) have both been observed
in the B~ — ¢J/wK~ decay. Some of their experimental
measurements are [2,15]:

B(B~ = ¢J/wK~) = (5.0 +0.4) x 1073, (160)
B(B~ - ¢Z.,(4000) —» ¢J/wK"™)
B(B~ = ¢J/wK™)
=(94+21+34)x1072,  (161)
B(B~ — ¢Z.,(4220) - ¢pJ/wK")
B(B~ = ¢pJ/wK™)
= (10 £ 4719 x 102, (162)
Together with Eq. (153), we can further derive
B(B~ = ¢Z,.,(4000) —» ¢pJ/wK™)
=0.78 +£0.44
B(B~ — K~X(3872) “> K J/yrnx) 0.78 =044,
B(B~ —» ¢$Z.,(4220) — pJ/wK™) g3+095
B(B~ —» K~X(3872) % K~ J/yzrm) O
(163)
From Table III we can derive:
BB~ = 4IDD3) -~ I JwK)
B(B~ — K~|DD*)++ “>K~J/yrar)
B(B_ _)¢|D DS>1+7 _)¢J/WK_) /'2‘/27, (164)

B(B~ — K~|DD*),++ > K~J/ynnn)

with the uncertainty roughly at the X’_ng%% level.

The two sets of values given in Egs. (163) and (164) are
consistent with each other, supporting the interpretations of
the Z.(4000) and Z.(4220) as the |DD};1%~) and
|D*D?;17=) molecular states, respectively. To verify these
interpretations, we propose to confirm the Z.,(4000) in
the B~ — ¢D°D:~ and B~ — ¢D*°D; decays, and the
Z.4(4220) in the B~ — ¢D*°D;~ decay.

E. Z.(3900) and Z,(4020)

Our QCD sum rule analyses support the interpretations
of the Z.(3900) and Z.(4020) as the |DD*;1*~) and
|D*D*; 1*7) molecular states, respectively. From Table III
we can derive:

B(B~ - K~Z.(3900) - K~J/yx°)
B(B~ — K~X(3872) *> K~ J/wrnn)
B(B~ - K~Z.(4020) - K~J/y7°)
B(B~ - K~X(3872) “>K~J/ynrn)

~ 0.078,

~1.7.

(165)
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Together with Eq. (153) and the experiment measurement [2],

B(B~ = J/wK’z™) = (1.14 £0.11) x 1073, (166)
we can further derive:
B(B~ = K~Z.(3900) — K~J /yx°) ~0.1%
B(B~ — K~ J/wn") '
B(B~ - K~Z.(4020) - K~ J /wx") ~17%. (167)

B(B~ — K~ J/yx")

Accordingly, we propose to search for the Z.(4020) in the
B~ — K~Z,— K~ J/yn" decay process, but note that
uncertainties of the above estimations are roughly at the
X 209% level.

F. B* decays

We propose to confirm the X(3872), Z.(3900),
Z.(4020), Z.(3985), and Z.(4000) in B* decays,
although the identification of B* in its hadronic decays
is still not easy. Based on the interpretations of the present
study, we can derive from Table III:

B(B*~ — K=Z.(3900) - K~J /yz")
B(B*~ - K~X(3872) “> K~ J/ynrxn)

B(B*~ — K~ Z.(4020) - K~ J/yz’) _
B(B*~ - K~X(3872) > K~ J Jyzrn)
B(B*~ — ¢Z.,(3985) %5 pJ /y(Kn)™)
B(B*~ - K~X(3872) %> K~ J/wnnx)

B(B*~ — ¢Z.,(4000) —» ¢J/wK")
B(B*~ - K~X(3872) “> K~ J/ynrxn)

~ 0.08,

~0.11,

~ 0.08.

(168)

G. Other possibly existing states

To end this paper, we propose to search for the possibly
existing [D*D*;07 "), |D*K; 17), and |D*K*; 1) molecu-
lar states in B decays:

(i) We propose to search for the isoscalar |[D*D*;0*+)
molecular state in the B~ — K~ X — K™ 5.5 decay,
and the isovector one in the B~ - K X —
K™ n.m decay.

(i) We propose to search for the |D*K;1") molecular
state in the B~ — D™X — D~DKr decay.

(iii) We propose to search for the |[D*K*; 1) molecular

state in the B~ — DX - D DKz and B~ —

DX — D~D*Kr decays.
Estimations on their relative production rates and relative
branching ratios can be found in Table III, although there
are large uncertainties coming from their unknown
(hadron) masses. Before doing this, we propose to search
for the relevant decay processes first, i.e., the B~ — K™ 5.1,
B~ — K n.x, B~ —- D DKrx, and B~ — D D*Kn
decays. Besides, we propose to search for the possibly

existing |DD; 0" "), |DK;0"), |DK*; 17), |[D*K*;17), and
|DD,;0") molecular states in B* decays.
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APPENDIX A: WIDTH OF
COMPOSITE PARTICLE

In this Appendix we generally study the width of a
composite particle A, which is composed by two subpar-
ticles B and C. We discuss several cases:
Case A: The two subparticles B and C are both stable. If
the mass of A is below the BC threshold, that is
My < Mg+ Mc, the composite particle A is also
stable. If M, > Mp+ M, the width of A is
FA = FA—>B+C'

Case B: The subparticle C can decay into c¢; and c¢,, but
its width is not very large. f My <My + M, +M,,,
the composite particle A is stable. f My, > Mg + M,
the width of A can be estimated as I'y * I'y_p . If
Mg +M, +M,. <My < Mg+ Mc, the width of A
can be estimated as the width of the decay proc-
ess I'a ® LuopicoBic tor

Case C: The subparticle C can decay into c¢; and c¢,, but

its width is not so small. We further assume that
M, > Mg+ M, so that A can decay into B and C.
The width of this process is I'4y_ g, ¢, proportional to
GA_pc» With ga_pe the relevant coupling constant.
Besides, the subparticle C can decay inside the
composite particle A, so that A also decays. The width
of this process is probably smaller than I'c. Alto-
gether, we arrive at I'y ST'c +Ty_ 5. c.
Case D: The subparticle C can decay into c¢; and c,, butits
width is not so small. We further assume that Mg+
M, +M,<My<Mg+Mc¢, so that A can decay into
BC and further into Bc ¢,. The width of this process is
LA B4+CB+c,+c,» agaIN proportional to JA—pe
Besides, the subparticle C can decay inside the
composite particle A, so that A also decays. Altogether,
we arrive at I'y ST +Taspiconic, o
In the above discussions we just want to argue that the
decay process depicted in Fig. 5(a) and the one depicted in
Fig. 5(b) are not the same. The former depends on the
coupling constant g4_pc, while the latter depends on
widths of subparticles but not depends on g,_,gc. It might
not be reasonable to take these two decay processes as the
same one, although they might not be fully independent.

Generally assuming that the two subparticles B and C
are both wunstable as well as M, > Mg+ M or
Mg+M. +M, <My <Mp+ Mc, we arrive at
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(a) A—-» B+ C — B+c1 +ca.

FIG. 5.

Ly ST+ Te+Tuspe(oee) s (A1)
with - - - partial widths of other possible decay channels.
Consequently, we can estimate the lifetime of the
composite particle A through

1/l‘A N l/tB+ l/tC+FA—>BC(—>clcz) + e (Az)
In the present study we simply use
FamrIp+Tc+Tuspeoee) + s (A3)

(b) C decays, so that A also decays.

Two possible decay processes of the composite particle A composed by two subparticles B and C.

for a weakly-coupled composite system. This formula may
be useful to examine the nature of the particle A, i.e., to
discriminate whether it is a compact multiquark state or a
composite hadronic molecular state.

APPENDIX B: UNCERTAINTIES
FROM PHASE ANGLES

As discussed in Sec. IV A 1, there are two different terms,
A= qaysqa X Cprscy and B = G,Y,y5qa X Cpy"yscy, both
of which can contribute to the decay of |[DD;0"*) into the

TABLE IV. Relative branching ratios of DHDE DHKE)  and D(*)Dg*) hadronic molecular states and their relative production rates
in B and B* decays. See the caption of Table III for detailed explanations. In this table we take into account those unknown phase angles

among different coupling constants, so that the BESIII measurement 5

interpretation of Z.(3900) as the |DD*; 17~) molecular state.

B(Z,.(3900)* —n.p*)

ARG 2.2 +0.9 [83] can be explained with the

Productions Decay Channels
Configuration R, Ry nn J/yo ncfo xeofo xafo J/yn xon hea  nep  J/yp xap DD* D*D*
\DD; 0" ) d, 09-1.0 10~ 103 - - .
DD 1+4) 0194, 57d, - 1009 -~ 009 .- 002 - 0.63" 7.41
\DD*;1+-)  0.12d, 3.7d, . y 1.0-5.6 001  0.1-2.4 106 74r ..
|D*D*; 0**) 1.34, 0.9-1.0 0.001 0.001 . e cee e 10~4¢
DD 157) 0.42d, 17d, .. . 1.0-1.9 0.002 0.33-0.89 10-5 1
\D*D*;2++) 1 5-73 9.5¢
Configuration R, R, 'z [MeV] DK DK* D*K D*K* D*K*
|DK;0%) 1.1ds
|DI_(*; 1) e 10ds 49.1 MeV t 0.06-0.25 10
|D*I_(’1+> 067d2 10—6 t
\DK*;0") dy S 49.1 MeV 3.5-8.5 o o ‘ o
|D*I_(*; ") 0.70d, 27d5 49.1 MeV ce 0.34-0.75 1.1-2.0 t 1074t
DK 2%) 49.1 MeV 0.02 ' 1041
Configuration R, R, n.K JIwK  yoK  h.K n.K* J/wK* y,K* DD: D*D, D*D:
IDD,:0*) 11dg  02-1.0 0001 o
|DD:T; 1) 0.79d;  6.6d, e 0.01 e 1 e 25 68
|Dl_):; 1) 0.75d;  6.2d, 1.0-8.3 0.1-3.1 41 87 e
ID*D*:0+) - 03-10  --- - . 009 .. 0.001
DD 1) 1.84, e 1.0-23 0.002  0.4-1.0 107 31
\D*D%;2+) 1 227 0.06
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n.n final states; there are also two different terms, C =
Ga¥u9a X Cpy*cy and D = g,0,,q, X ¢0*“cy, both of
which can contribute to the decay of [DD;0"") into the
J/ww final states.

Besides, there can be more than one terms contributing
to some other decay channels. Phase angles among them,
such as the phase angle between the two coupling constants
fiyy and ff/w, cannot be well determined in the present

study. In this Appendix we rotate these phase angles and

redo all the calculations. Their relevant uncertainties are

summarized in Table IV.
Especially, if we take into account these unknown phase
angles, the BESIII measurement [83],

B(Z:(3900)* = np™)
B(Z.(3900)" = J/yx*)

—22+09, (Bl)

can be explained with the interpretation of Z.(3900) as the
|DD*; 17~) molecular state.
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