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There are eighteen possibly existing Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞDð�Þ−
s hadronic molecular states.

We construct their corresponding interpolating currents and calculate their decay constants using QCD sum
rules. Based on these results, we calculate their relative production rates in B and B� decays through the
current algebra, and calculate their relative branching ratios through the Fierz rearrangement, as
summarized in Table III. Our results support the interpretations of the Xð3872Þ, Zcð3900Þ0,
Zcð4020Þ0, and X0ð2900Þ as the molecular states DD̄� of JPC ¼ 1þþ, DD̄� of JPC ¼ 1þ−, D�D̄� of
JPC ¼ 1þ−, andD�K̄� of JP ¼ 0þ, respectively. Our results also suggest that the Zcsð3985Þ−, Zcsð4000Þþ,
and Zcsð4220Þþ are strange partners of the Xð3872Þ, Zcð3900Þ0, and Zcð4020Þ0, respectively. In the
calculations we estimate the lifetime of a weakly coupled composite particle A ¼ jBCi to be
1=tA ≈ 1=tB þ 1=tC þ ΓA→BC þ � � �, with � � � partial widths of other possible decay channels.

DOI: 10.1103/PhysRevD.105.094003

I. INTRODUCTION

Since the discovery of the Xð3872Þ in 2003 by Belle [1],
a lot of charmoniumlike XYZ states were discovered in the
past twenty years [2]. These structures are good candidates
of tetraquark states, which are composed by two quarks and
two antiquarks. Although there is still a long way to fully
understand how the strong interaction binds these quarks
and antiquarks together, this subject has become one of the
most intriguing research topics in particle physics. Their
theoretical and experimental studies are significantly
improving our understanding of the strong interaction at
the low energy region [3–12].
Among all the XYZ states, the Xð3872Þ, X0ð2900Þ,

Zcsð4000Þþ, and Zcsð4220Þþ have been observed in B
decays [1,13–15]. Besides, the Zcð3900Þ0 and Zcð4020Þ0
(may) decay into the J=ψπ0 final states [16–19], so they are
also possible to be observed in the B− → K−J=ψπ0 decay.
In this paper we shall investigate these six exotic structures
as a whole. We shall study their mass spectra, productions
in B and B� decays, and decay properties. Before doing
this, let us briefly review some of their information, and we
refer to the reviews [3–12] for detailed discussions.

(i) The Xð3872Þ is the most puzzling state among all
the charmoniumlike XYZ states. It is now denoted as
the χc1ð3872Þ in PDG2020 [2], but the mass of

χc1ð2PÞ was estimated to be 3.95 GeV [20], which
value is significantly larger than the mass of
Xð3872Þ. Consequently, various interpretations were
proposed to explain it, such as a compact tetraquark
state [21–28], a loosely-bound DD̄� molecular state
[29–37], and a hybrid charmonium state [38,39], etc.
The Xð3872Þ was also studied as a conventional cc̄
state in Refs. [40–43], and was suggested to be the
mixture of a cc̄ state with the DD̄� component in
Refs. [44–46].

The quantum number of Xð3872Þ was determined
to be IGJPC ¼ 0þ1þþ [47]. It has been observed in
the J=ψππ, J=ψπππ, γJ=ψ , γψð2SÞ, χc1π, and
D0D̄�0 channels [48–55]. Especially, the J=ψππ
and J=ψπππ channels have comparable branching
ratios [56–59]:

BðXð3872Þ→ω J=ψπππÞ
BðXð3872Þ→ρ J=ψππÞ

¼ 1.6þ0.4
−0.3 � 0.2; ð1Þ

which implies a large isospin violation.
(ii) In 2013 BESIII discovered the charged Zcð3900Þ�

in the Yð4260Þ → J=ψπþπ− decay [16], whose
observation was confirmed by Belle [17] and CLEO
[60]. Later BESIII observed the charged Zcð4020Þ�
in the eþe− → πþπ−hc process [61]. Because the
Zcð3900Þ� and Zcð4020Þ� both couple strongly to
charmonia and yet they are charged, these two
structures are definitely not conventional cc̄ states.
There have been various theoretical models devel-
oped to explain them, such as compact tetraquark
states [21,22,62–64], loosely-bound DD̄� and D�D̄�
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molecular states [29,65–73], hadro-quarkonia
[74,75], or due to kinematical threshold effects
[76–78], etc.
The Zcð3900Þ has been observed in the J=ψπ,

hcπ, and DD̄� channels [16,17,79,80], and the
quantum number of its neutral one was determined
to be IGJPC ¼ 1þ1þ− [81]. The Zcð4020Þ has been
observed in the hcπ and D�D̄� channels [61,82], and
the quantum number of its neutral one may also be
IGJPC ¼ 1þ1þ−. Evidence for the Zcð3900Þ� →
ηcρ

� decay was reported at
ffiffiffi

s
p ¼ 4.226 GeV with

the relative branching ratio [83]:

BðZcð3900Þ� → ηcρ
�Þ

BðZcð3900Þ� → J=ψπ�Þ ¼ 2.2� 0.9: ð2Þ

This ratio was suggested in Ref. [84] to be useful to
discriminate the compact tetraquark and hadronic
molecule scenarios, and it has been calculated by
many theoretical methods in Refs. [85–95].

(iii) In 2020 BESIII reported their observation of the
Zcsð3985Þ− in the Kþ recoil-mass spectra of the
eþe− → KþðD−

s D�0 þD�−
s D0Þ process [96]. Later

LHCb reported their observation of the Zcsð4000Þþ
and Zcsð4220Þþ in the J=ψKþ invariant mass
spectrum of the Bþ → J=ψϕKþ decay [15], and
one can naturally deduce the existence of the
Zcsð4000Þ− and Zcsð4220Þ− as their antiparticles.
These structures couple strongly to charmonia and
yet they are charged, so they are definitely exotic
hadrons/structures. There have been some theoreti-
cal methods developed to explain the Zcsð3985Þ−,
Zcsð4000Þ−, and Zcsð4220Þ−, such as compact
tetraquark states [97–102], loosely-bound DD�−

s ,
D�D−

s , and D�D�−
s molecular states [103–113], or

due to kinematical threshold effects [114–118], etc.
(iv) In 2020 LHCb reported their observation of the

X0ð2900Þ in the D−Kþ invariant mass spectrum of
the Bþ → DþD−Kþ decay [13,14]. This structure
has the quark content c̄s̄ud, so it is an exotic hadron
with valence quarks of four different flavors. Various
theoretical methods were applied to explain it, such
as a compact tetraquark state [119–124], a loosely-
bound D�K̄� molecular state [125–133], or due to
triangle singularities [134], etc.

Summarizing the above discussions, we quickly notice
that the Xð3872Þ, Zcð3900Þ0, Zcð4020Þ0, and X0ð2900Þ can
be interpreted in the hadronic molecular picture as the
molecular states DD̄� of JPC ¼ 1þþ, DD̄� of JPC ¼ 1þ−,
D�D̄� of JPC ¼ 1þ−, and D�K̄� of JP ¼ 0þ, respectively;
the Zcsð3985Þ−=Zcsð4000Þ− and Zcsð4220Þ− can be inter-
preted in the hadronic molecular picture as the molecular
states DD�−

s =D�D−
s of JP ¼ 1þ and D�D�−

s of JPC ¼ 1þ.
Besides, there may exist the molecular states DD̄ of
JPC ¼ 0þþ, D�D̄� of JPC ¼ 0þþ=2þþ, DK̄ of JP ¼ 0þ,

DK̄�=D�K̄ of JP ¼ 1þ, D�K̄� of JP ¼ 1þ=2þ, DD−
s of

JP ¼ 0þ, and D�D�−
s of JP ¼ 0þ=2þ.

Altogether there are eighteen possibly existing Dð�ÞD̄ð�Þ,
Dð�ÞK̄ð�Þ, and Dð�ÞDð�Þ− molecular states. We use the
symbol

jDð�ÞD̄ð�Þ=Dð�ÞK̄ð�Þ=Dð�ÞD̄ð�Þ
s ; JPðCÞi; ð3Þ

to denote them, where D̄ð�Þ
s is used to denote Dð�Þ−

s . To
make this paper more understandable, we further simply
our notations as follows:

(i) We shall not differentiate the charged Zcð3900Þ�
and the neutral Zcð3900Þ0. They are both denoted as
the Zcð3900Þ, which is interpreted as the DD̄�

molecular state of JPC ¼ 1þ− in the present study.
So does the Zcð4020Þ, which is interpreted as the
D�D̄� molecular state of JPC ¼ 1þ−. Note that their
negative charge-conjugation parity C ¼ − is only
due to the neutral ones, while the charged ones are
not charge-conjugated.

(ii) We shall also denote the Zcsð3985Þ−, Zcsð4000Þ�,
and Zcsð4220Þ� as the Zcsð3985Þ, Zcsð4000Þ, and
Zcsð4220Þ, respectively. Both the Zcsð3985Þ and
Zcsð4000Þ can be interpreted as the DD�−

s =D�D−
s

molecular states of JP ¼ 1þ, and in the present study
we shall further consider the mixing between the
DD�−

s and D�D−
s components, since their thresholds

are quite close to each other. By doing this we can
obtain strange partners of the jDD̄�; 1þþi and
jDD̄�; 1þ−i, which are denoted for convenience as
jDD̄�

s ; 1
þþi and jDD̄�

s ; 1
þ−i, respectively. We shall

use them to separately explain the Zcsð3985Þ and
Zcsð4000Þ, but note that they are not charge-
conjugated actually. See Sec. II C for detailed
discussions.

The above notations can be used to well differentiate the
Xð3872Þ, Zcð3900Þ, andZcð4020Þ as well as the Zcsð3985Þ,
Zcsð4000Þ, and Zcsð4220Þ. We refer to Refs. [135–147] for
some relevant theoretical studies, and to the reviews [3–12]
again for their detailed discussions.
In this paper we shall systematically study the eighteen

possibly existingDð�ÞD̄ð�Þ,Dð�ÞK̄ð�Þ, andDð�ÞD̄ð�Þ
s hadronic

molecular states. We shall systematically construct their
corresponding interpolating currents, and apply the method
of QCD sum rules to calculate their decay constants. The
obtained results will be used to further study their pro-
duction and decay properties. This method has been

applied to systematically investigate D̄ð�ÞΣð�Þ
c hadronic

molecular states in Ref. [148].
We use the isoscalar DD̄ molecular state of JPC ¼ 0þþ,

jDD̄; 0þþi, as an example to briefly show our procedures.
First, we construct its corresponding hidden-charm tetra-
quark current:

HUA-XING CHEN PHYS. REV. D 105, 094003 (2022)

094003-2



η1ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγ5qbðxÞ; ð4Þ

which is a local meson-meson current coupling to
jDD̄; 0þþi through

h0jη1jDD̄; 0þþi ¼ fjDD̄;0þþi: ð5Þ

In principle, one needs to explicitly use the nonlocal current
in order to exactly describe theDD̄molecular state, but this
cannot be done yet within the present QCD sum rule
framework. In the above expressions, a and b are color
indices; qðxÞ is an up or down quark field, and cðxÞ is a
charm quark field; the decay constant fjDD̄;0þþi can be
calculated using QCD sum rules, which is an important
input parameter when studying production and decay
properties of jDD̄; 0þþi.
Second, we investigate the three-body B− → K−D0D̄0

decay, where jDD̄; 0þþi can be produced. The total quark
content of the final states is ūcc̄sūu. We apply the Fierz
rearrangement to carefully examine the combination of
these six quarks, from which we select the current η1, so
that the relative production rate of jDD̄; 0þþi can be
estimated.
Thirdly, we apply the Fierz rearrangement [149] of the

Dirac and color indices to transform the current η1 into

η1 → −
1

12
q̄aγ5qac̄bγ5cb þ

1

12
q̄aγμqac̄bγμcb þ � � � : ð6Þ

Accordingly, η1 couples to the ηcη and J=ψω channels
simultaneously:

h0jη1jηcηi≈−
1

12
h0jq̄aγ5qajηih0jc̄bγ5cbjηciþ �� � ;

h0jη1jJ=ψωi≈
1

12
h0jq̄aγμqajωih0jc̄bγμcbjJ=ψiþ �� � : ð7Þ

We can use these two equations to straightforwardly
calculate the relative branching ratio of the jDD̄; 0þþi
decay into ηcη to its decay into J=ψω.
This paper is organized as follows. In Sec. II we

systematically construct hidden-charm tetraquark currents
corresponding to the Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s

hadronic molecular states. We use them to perform QCD
sum rule analyses and calculate their decay constants. The
obtained results are used in Sec. III to study the productions

of the Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ
s hadronic molecular

states in B and B� decays through the current algebra. In
Sec. IV we use the Fierz rearrangement of the Dirac and
color indices to study their decay properties, and calculate
some of their relative branching ratios. The obtained results
are summarized and discussed in Sec. V. This paper has a
supplementary file “OPE.nb” containing all the spectral
densities [150].

II. INTERPOLATING CURRENTS

In this section we systematically construct (strange)
hidden-charm and open-charm tetraquark interpolating cur-
rents corresponding to Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s

hadronic molecular states. We separately construct them in
the following subsections.
The isospin quantum number of these molecular states is

important. In the present study,
(i) We assume that jDD̄; 0þþi, jD�D̄�; 0þþi, and

jD�D̄�; 2þþi have I ¼ 0.
(ii) The isospin of the Xð3872Þ as jDD̄�; 1þþi will be

separately investigated in Sec. IVA 4. Before that we
simply assume it also has I ¼ 0.

(iii) We assume that jDD̄�; 1þ−i and jD�D̄�; 1þ−i have
I ¼ 1.

(iv) We assume that all the Dð�ÞK̄ð�Þ molecular states
have I ¼ 0.

(v) All the Dð�ÞD̄ð�Þ
s molecular states have I ¼ 1=2.

Keeping this in mind, we shall use q to denote either the up
or down quark, so that we do not need to explicitly write the
isospin contents out.

A. Dð�ÞD̄ð�Þ currents

In this subsection we use the c̄, c, q̄, and q (q ¼ u=d)
quarks to construct hidden-charm tetraquark interpolating
currents. We consider two types of currents, as illustrated in
Fig. 1:

θðxÞ ¼ ½q̄aðxÞΓθ
1qbðxÞ�½c̄cðxÞΓθ

2cdðxÞ�; ð8Þ

ηðxÞ ¼ ½q̄aðxÞΓη
1cbðxÞ�½c̄cðxÞΓη

2qdðxÞ�; ð9Þ

where a � � � d are color indices and Γθ=η
1=2 are Dirac matrices.

We can relate these two configurations through the Fierz
rearrangement in the Lorentz space and the color rear-
rangement in the color space:

δabδcd ¼
1

3
δadδcb þ

1

2
λnadλ

n
cb: ð10Þ

(a) θ(x) currents (b) η(x) currents

FIG. 1. Two types of hidden-charm tetraquark currents, θðxÞ
and ηðxÞ. Quarks are shown in red/green/blue color, and
antiquarks are shown in cyan/magenta/yellow color.
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We shall discuss in detail this rearrangement in Sec. IVA
when investigating decay properties of Dð�ÞD̄ð�Þ molecular
states.
There can exist altogether six Dð�ÞD̄ð�Þ hadronic molecu-

lar states:

jDD̄; 0þþi ¼ jDD̄iJ¼0; ð11Þ
ffiffiffi

2
p

jDD̄�; 1þþi ¼ jDD̄�iJ¼1 þ jD�D̄iJ¼1; ð12Þ
ffiffiffi

2
p

jDD̄�; 1þ−i ¼ jDD̄�iJ¼1 − jD�D̄iJ¼1; ð13Þ

jD�D̄�; 0þþi ¼ jD�D̄�iJ¼0; ð14Þ

jD�D̄�; 1þ−i ¼ jD�D̄�iJ¼1; ð15Þ

jD�D̄�; 2þþi ¼ jD�D̄�iJ¼2: ð16Þ

Their corresponding currents are

η1ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγ5qbðxÞ; ð17Þ

ηα2ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγαqbðxÞ − fγ5 ↔ γαg; ð18Þ

ηα3ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγαqbðxÞ þ fγ5 ↔ γαg; ð19Þ

η4ðxÞ ¼ q̄aðxÞγμcaðxÞc̄bðxÞγμqbðxÞ; ð20Þ

ηα5ðxÞ ¼ q̄aðxÞγμcaðxÞc̄bðxÞσαμγ5qbðxÞ
− fγμ ↔ σαμγ5g; ð21Þ

ηαβ6 ðxÞ ¼ Pαβ;μνq̄aðxÞγμcaðxÞc̄bðxÞγνqbðxÞ; ð22Þ

where Pαβ;μν is the spin-2 projection operator

Pαβ;μν ¼ 1

2
gαμgβν þ 1

2
gανgβμ −

1

4
gαβgμν: ð23Þ

In the above expressions we have used the tensor field
c̄bσμνγ5qb (μ; ν ¼ 0…3) to construct the current ηα5ðxÞ of
JPC ¼ 1þ−. In principle, this tensor field contains both
JP ¼ 1þ and 1− components, but its negative-parity com-
ponent c̄bσijγ5qb (i, j ¼ 1, 2, 3) gives the dominant
contribution to ηα5ðxÞ. Hence, the tetraquark current
ηα5ðxÞ of JPC ¼ 1þ− corresponds to jD�D̄�; 1þ−i. Beside
it, there exists another current directly corresponding to
jD�D̄�; 1þ−i:

ηαβ7 ðxÞ ¼ q̄aðxÞγαcaðxÞc̄bðxÞγβqbðxÞ − fα ↔ βg; ð24Þ

but this current itself contains both positive- and negative-
parity components, so we do not use it in the present study.

We use X to generally denote the Dð�ÞD̄ð�Þ molecular
states, and assume that the currents ηα1���αJ1���6 of spin-J couple
to them through

h0jηα1���αJ jXi ¼ fXϵα1���αJ ; ð25Þ

where fX is the decay constant, and ϵα1���αJ is the traceless
and symmetric polarization tensor.
We apply the method of QCD sum rules [151,152] to

study the Dð�ÞD̄ð�Þ hadronic molecular states through the
currents η1���6. We calculate their spectral densities using the
method of operator product expansion (OPE) at the leading
order of αs and up to the DðimensionÞ ¼ 8 terms. In the
calculations we calculate the perturbative term, the quark
condensates hq̄qi=hs̄si, the gluon condensate hg2sGGi, the
quark-gluon mixed condensates hgsq̄σGqi=hgss̄σGsi, and
their combinations hq̄qi2, hq̄qihs̄si, hq̄qihgsq̄σGqi,
hq̄qihgss̄σGsi, and hs̄sihgsq̄σGqi. We take into account
the charm and strange quark masses, but ignore the up and
down quark masses. We adopt the factorization assumption
of vacuum saturation for higher dimensional condensates.
The D ¼ 3 quark condensates hq̄qi=hs̄si and the D ¼ 5
mixed condensates hgsq̄σGqi=hgss̄σGsi are both multi-
plied by the charm quark mass mc, which are thus
important power corrections.
The obtained spectral densities are too length, so we list

them in the supplementary file “OPE.nb” [150]. In the
calculations we use the following values for various QCD
sum rule parameters [2,153–161]:

ms ¼ 96þ8
−4 MeV;

mc ¼ 1.275þ0.025
−0.035 GeV;

hq̄qi ¼ −ð0.240� 0.010Þ3 GeV3;

hs̄si ¼ ð0.8� 0.1Þ × hq̄qi;
hg2sGGi ¼ 0.48� 0.14 GeV4;

hgsq̄σGqi ¼ −M2
0 × hq̄qi;

hgss̄σGsi ¼ −M2
0 × hs̄si;

M2
0 ¼ 0.8� 0.2 GeV2; ð26Þ

where the running mass in the MS scheme is used for the
charm quark.
Based on these spectral densities, we calculate masses

and decay constants of the Dð�ÞD̄ð�Þ hadronic molecular
states. The results are summarized in Table I, supporting the
interpretations of the Xð3872Þ, Zcð3900Þ, and Zcð4020Þ as
the jDD̄�; 1þþi, jDD̄�; 1þ−i, and jD�D̄�; 1þ−i molecular
states, respectively. The accuracy of our QCD sum rule
results is moderate but not enough to extract their binding
energies. Therefore, our results can only suggest but not
determine: (a) whether theseDð�ÞD̄ð�Þ molecular states exist
or not, and (b) whether they are bound states or resonance
states. Note that we have not taken into account the
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radiative corrections in our QCD sum rule calculations,
which lead to even more theoretical uncertainties. However,
in the present study we are more concerned about the ratios,
i.e., the relative production rates and the relative branching
ratios, whose uncertainties are significantly reduced. We
refer to Refs. [162–184] for more QCD sum rule studies.

B. Dð�ÞK̄ð�Þ currents

In this subsection we use the c, s, q̄, and q̄ (q ¼ u=d)
quarks to construct open-charm tetraquark interpolating
currents. We consider the following type of currents, as
illustrated in Fig. 2:

ξðxÞ ¼ ½q̄aðxÞΓξ
1cbðxÞ�½q̄cðxÞΓξ

2sdðxÞ�; ð27Þ

where Γξ
1=2 are Dirac matrices. We shall use the Fierz

rearrangement to study this configuration in Sec. IV B.

There can exist altogether six Dð�ÞK̄ð�Þ hadronic molecu-
lar states:

jDK̄; 0þi ¼ jDK̄iJ¼0; ð28Þ

jDK̄�; 1þi ¼ jDK̄�iJ¼1; ð29Þ

jD�K̄; 1þi ¼ jD�K̄iJ¼1; ð30Þ

jD�K̄�; 0þi ¼ jD�K̄�iJ¼0; ð31Þ

jD�K̄�; 1þi ¼ jD�K̄�iJ¼1; ð32Þ
jD�K̄�; 2þi ¼ jD�K̄�iJ¼2: ð33Þ

Their corresponding currents are

ξ1ðxÞ ¼ q̄aðxÞγ5caðxÞq̄bðxÞγ5sbðxÞ; ð34Þ

ξα2ðxÞ ¼ q̄aðxÞγ5caðxÞq̄bðxÞγαsbðxÞ; ð35Þ

ξα3ðxÞ ¼ q̄aðxÞγαcaðxÞq̄bðxÞγ5sbðxÞ; ð36Þ

ξ4ðxÞ ¼ q̄aðxÞγμcaðxÞq̄bðxÞγμsbðxÞ; ð37Þ

ξα5ðxÞ ¼ q̄aðxÞγμcaðxÞq̄bðxÞσαμγ5sbðxÞ
− fγμ ↔ σαμγ5g; ð38Þ

ξαβ6 ðxÞ ¼ Pαβ;μνq̄aðxÞγμcaðxÞq̄bðxÞγνsbðxÞ: ð39Þ

TABLE I. Masses and decay constants ofDð�ÞD̄ð�Þ,Dð�ÞK̄ð�Þ, andDð�ÞD̄ð�Þ
s hadronic molecular states, extracted from the currents η1���6,

ξ1���6, and ζ1���6, respectively.

Working Regions

Currents Configuration smin
0 ½GeV2� s0½GeV2� M2

B½GeV2� Pole [%] Mass [GeV] fX½GeV5� Candidate

η1 jDD̄; 0þþi 16.6 18.0� 1.0 2.77–3.08 40–50 3.73þ0.08
−0.08 ð1.42þ0.28

−0.25 Þ × 10−2

ηα2 jDD̄�; 1þþi 17.3 19.0� 1.0 2.77–3.15 40–51 3.87þ0.08
−0.09 ð2.16þ0.40

−0.36 Þ × 10−2 Xð3872Þ
ηα3 jDD̄�; 1þ−i 17.3 19.0� 1.0 2.77–3.15 40–51 3.87þ0.08

−0.09 ð2.16þ0.40
−0.36 Þ × 10−2 Zcð3900Þ

η4 jD�D̄�; 0þþi 18.7 20.0� 1.0 2.72–3.00 40–49 4.01þ0.11
−0.11 ð3.07þ0.58

−0.52 Þ × 10−2

ηα5 jD�D̄�; 1þ−i 19.6 20.0� 1.0 3.05–3.14 40–42 4.06þ0.14
−0.13 ð4.96þ0.89

−0.80 Þ × 10−2 Zcð4020Þ
ηαβ6 jD�D̄�; 2þþi 17.9 20.0� 1.0 2.68–3.20 40–55 4.04þ0.13

−0.12 ð1.71þ0.30
−0.27 Þ × 10−2

ξ1 jDK̄; 0þi 9.2 10.0� 1.0 2.08–2.26 40–47 2.72þ0.10
−0.10 ð0.77þ0.18

−0.17 Þ × 10−2

ξα2 jDK̄�; 1þi 10.4 11.0� 1.0 2.24–2.37 40–45 2.89þ0.10
−0.11 ð0.86þ0.19

−0.17 Þ × 10−2

ξα3 jD�K̄; 1þi 10.0 11.0� 1.0 2.13–2.35 40–49 2.85þ0.10
−0.11 ð0.82þ0.18

−0.17 Þ × 10−2

ξ4 jD�K̄�; 0þi 10.6 11.5� 1.0 2.05–2.23 40–48 2.91þ0.10
−0.11 ð1.29þ0.31

−0.28 Þ × 10−2 X0ð2900Þ
ξα5 jD�K̄�; 1þi 12.0 12.5� 1.0 2.46–2.58 40–44 3.13þ0.15

−0.12 ð2.96þ0.62
−0.55 Þ × 10−2

ξαβ6 jD�K̄�; 2þi 11.8 12.5� 1.0 2.40–2.56 40–45 3.09þ0.12
−0.11 ð1.10þ0.23

−0.21 Þ × 10−2

ζ1 jDD̄s; 0
þi 18.4 19.0� 1.0 3.08–3.22 40–44 3.86þ0.07

−0.08 ð1.74þ0.32
−0.29 Þ × 10−2

ζα2 jDD̄�
s ; 1

þþi 19.3 20.0� 1.0 3.14–3.31 40–45 3.99þ0.08
−0.08 ð2.65þ0.46

−0.42 Þ × 10−2 Zcsð3985Þ
ζα3 jDD̄�

s ; 1
þ−i 19.3 20.0� 1.0 3.14–3.31 40–45 3.99þ0.08

−0.08 ð2.65þ0.46
−0.42 Þ × 10−2 Zcsð4000Þ

ζ4 jD�D̄�
s ; 0

þi 21.1 22.0� 1.0 3.20–3.38 40–45 4.20þ0.08
−0.08 ð4.44þ0.77

−0.69 Þ × 10−2

ζα5 jD�D̄�
s ; 1

þi 22.6 22.0� 1.0 ∼3.69 ∼37 4.22þ0.09
−0.09 ð6.96þ1.15

−1.03 Þ × 10−2 Zcsð4220Þ
ζαβ6 jD�D̄�

s ; 2
þi 20.0 22.0� 1.0 3.16–3.62 40–52 4.20þ0.09

−0.10 ð2.39þ0.36
−0.34 Þ × 10−2

q

s

q

c

_

FIG. 2. Open-charm tetraquark currents ξðxÞ.
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We use the currents ξ1���6 to perform numerical analyses,
and calculate masses and decay constants of Dð�ÞK̄ð�Þ
molecular states. The obtained results are summarized in
Table I. Our results support the interpretation of theX0ð2900Þ
as the jD�K̄�; 0þi molecular state. However, masses of
jDK̄; 0þi and jD�K̄; 1þi are significantly larger than the
DK̄ and D�K̄ thresholds at about 2360 MeVand 2500 MeV,
respectively. This diversity may be due to the nature of K
mesons as Nambu-Goldstone bosons. Again, the accuracy of
our QCD sum rule results is moderate but not enough to
determine: (a)whether theseDð�ÞK̄ð�Þ molecular states exist or
not, and (b) whether they are bound states or resonance states.

C. Dð�ÞD̄ð�Þ
s currents

In this subsection we use the c, c̄, s, and q̄ (q ¼ u=d)
quarks to construct strange hidden-charm tetraquark inter-
polating currents.We consider the following type of currents:

ζðxÞ ¼ ½q̄aðxÞΓζ
1cbðxÞ�½c̄cðxÞΓζ

2sdðxÞ�; ð40Þ

where Γζ
1=2 are Dirac matrices. Their Fierz rearrangements

are quite similar to those for ηðxÞ, just with one light
up=down quark replaced by another strange quark.
There can exist altogether six Dð�ÞD̄ð�Þ

s hadronic molecu-
lar states:

jDD̄s; 0
þi ¼ jDD−

s iJ¼0; ð41Þ
ffiffiffi

2
p

jDD̄�
s ; 1

þþi ¼ jDD�−
s iJ¼1 þ jD�D−

s iJ¼1; ð42Þ
ffiffiffi

2
p

jDD̄�
s ; 1

þ−i ¼ jDD�−
s iJ¼1 − jD�D−

s iJ¼1; ð43Þ

jD�D̄�
s ; 0

þi ¼ jD�D�−
s iJ¼0; ð44Þ

jD�D̄�
s ; 1

þi ¼ jD�D�−
s iJ¼1; ð45Þ

jD�D̄�
s ; 2

þi ¼ jD�D�−
s iJ¼2: ð46Þ

Their corresponding currents are

ζ1ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγ5sbðxÞ; ð47Þ

ζα2ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγαsbðxÞ − fγ5 ↔ γαg; ð48Þ

ζα3ðxÞ ¼ q̄aðxÞγ5caðxÞc̄bðxÞγαsbðxÞ þ fγ5 ↔ γαg; ð49Þ

ζ4ðxÞ ¼ q̄aðxÞγμcaðxÞc̄bðxÞγμsbðxÞ; ð50Þ

ζα5ðxÞ ¼ q̄aðxÞγμcaðxÞc̄bðxÞσαμγ5sbðxÞ
− fγμ ↔ σαμγ5g; ð51Þ

ζαβ6 ðxÞ ¼ Pαβ;μνq̄aðxÞγμcaðxÞc̄bðxÞγνsbðxÞ: ð52Þ
In the above expressions we have considered the mixing
between the DD�−

s and D�D−
s components, because their

thresholds are very close to each other. After doing this,
jDD̄�

s ; 1
þþi is the strange partner of jDD̄�; 1þþi, so we

denote its quantum number as JPC ¼ 1þþ for convenience;
jDD̄�

s ; 1
þ−i is the strange partner of jDD̄�; 1þ−i, so we also

denote its quantum number as JPC ¼ 1þ−.
We use the currents ζ1���6 to perform numerical analyses,

and calculate masses and decay constants of Dð�ÞD̄ð�Þ
s

molecular states. The obtained results are summarized in
Table I. Our results support the interpretations of the
Zcsð3985Þ, Zcsð4000Þ, and Zcsð4220Þ as the jDD̄�

s ; 1
þþi,

jDD̄�
s ; 1

þ−i, and jD�D̄�
s ; 1

þi molecular states, respectively.
However, the accuracy of our QCD sum rule results is not
enough to differentiate the Zcsð3985Þ and Zcsð4000Þ.
To better understand Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s

molecular states, we shall further study their production
and decay properties in the following sections. Especially,
the decay constants fX calculated in this section are
important input parameters.

III. PRODUCTIONS THROUGH THE
CURRENT ALGEBRA

In this section we study productions of Dð�ÞD̄ð�Þ,
Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s hadronic molecular states in B
and B� decays through the current algebra. We shall
calculate their relative production rates, such as
BðB− → K−XÞ∶ BðB− → K−X0Þ, with X and X0 different
molecular states. This method has been applied in
Ref. [148] to systematically study productions of

D̄ð�ÞΣð�Þ
c hadronic molecular states in Λ0

b decays.
As depicted in Fig. 3, the quark content of the initial state

B− is ūb. When it decays, first the b quark decays into a c
quark by emitting a W− boson, and this W− boson
translates into a pair of c̄ and s quarks, both of which
are Cabibbo-favored; then they pick up an isoscalar quark-
antiquark pair ūuþ d̄dþ s̄s from the vacuum; finally they

hadronize into the Dð�ÞD̄ð�ÞK̄ð�Þ and Dð�ÞD̄ð�Þ
s ϕ final states:

B− ¼ ūb → ūcc̄s → ūcc̄sðūuþ d̄dþ s̄sÞ
→ Dð�ÞD̄ð�ÞK̄ð�Þ þDð�ÞD̄ð�Þ

s ϕþ � � � : ð53Þ

Among all the possible final states, K−Dð�Þ0D̄ð�Þ0,
K−Dð�ÞþDð�Þ−, D−Dð�Þ0K̄ð�Þ0, and D−Dð�ÞþKð�Þ− can fur-
ther produce the neutral Dð�ÞD̄ð�Þ and Dð�ÞK̄ð�Þ molecular

states, and ϕDð�Þ0Dð�Þ−
s can further produce the charged

Dð�ÞD̄ð�Þ
s molecular states.

We shall develop three Fierz rearrangements in Sec. III A
to describe the production mechanisms depicted in
Figs. 3(a)–3(c), and use them to perform numerical
analyses separately in Secs. III B–III D. Productions of

Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ
s molecular states in B�

decays will be similarly investigated in Sec. III E.
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A. Fierz rearrangement

To describe the production mechanism depicted in Fig. 3(a), we use the color rearrangement given in Eq. (10), and apply
the Fierz transformation to interchange the sd and uf quarks:

B− ⟶ JB− ¼ ½δabūaγ5bb� ð54Þ
⟶
weak½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� ð55Þ
⟶
QPC ½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefūeuf� ð56Þ

¼color δ
abδcfδed

3
× ūaγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × ūeuf þ � � � ð57Þ

¼Fierz∶ sd↔uf −
1

12
× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγ5uf� × ½δedūeγρð1 − γ5Þsd�

þ 1

12
× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγρð1 − γ5Þuf� × ½δedūeγ5sd�

−
i
12

× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cσμργ5uf� × ½δedūeγμð1 − γ5Þsd� þ � � � ð58Þ

¼ þ 1

24
× ðηα3 − ηα2Þ × ½ūaγαγ5sa� þ

1

12
× η4 × ½ūaγ5sa� þ

i
24

× ηα5 × ½ūaγαγ5sa� þ � � � : ð59Þ

FIG. 3. Possible production mechanisms of Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ
s hadronic molecular states in B− decays.
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Similarly, we describe the production mechanism depicted in Fig. 3(b) as:

B− ⟶ JB− ¼ ½δabūaγ5bb� ð60Þ

⟶
weak½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� ð61Þ

⟶
QPC ½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefd̄edf� ð62Þ

¼color δ
abδcfδed

3
× ūaγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × d̄edf þ � � � ð63Þ

¼Fierz∶ sd↔df −
1

12
× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγ5df� × ½δedd̄eγρð1 − γ5Þsd�

þ 1

12
× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγρð1 − γ5Þdf� × ½δedd̄eγ5sd�

−
i
12

× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγμð1 − γ5Þdf� × ½δedd̄eσμργ5sd� þ � � � ð64Þ

¼ −
1

12
× ξα3 × ½c̄aγαγ5da� −

1

12
× ξ4 × ½c̄aγ5da� þ

i
24

× ξα5 × ½c̄aγαγ5da� þ � � � ; ð65Þ

and the production mechanism depicted in Fig. 3(c) as:

B− ⟶ JB− ¼ ½δabūaγ5bb� ð66Þ

⟶
weak½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� ð67Þ

⟶
QPC ½δabūaγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefs̄esf� ð68Þ

¼color δ
abδcfδed

3
× ūaγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × s̄esf þ � � � ð69Þ

¼Fierz∶ sd↔sf −
1

12
× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cγ5sf� × ½δeds̄eγρð1 − γ5Þsd�

−
i
12

× ½δabūaγρð1 − γ5Þcb� × ½δcfc̄cσμργ5sf� × ½δeds̄eγμð1 − γ5Þsd� þ � � � ð70Þ

¼ −
1

24
× ðζα3 − ζα2Þ × ½s̄aγαsa� −

i
24

× ζα5 × ½s̄aγαsa� þ � � � : ð71Þ

The brief explanations to the Fierz rearrangement given
in Eq. (54) are as follows:

(i) Eq. (55) describes the Cabibbo-favored weak decay
process, b → cþ c̄s, via the V-A current.

(ii) Eq. (56) describes the production of the ūu pair from
the vacuum via the 3P0 quark pair creation
mechanism.

(iii) In Eq. (57) we apply the color rearrangement given
in Eq. (10).

(iv) In Eq. (58) we apply the Fierz transformation to
interchange the sd and uf quarks.

(v) In Eq. (59) we combine the four quarks ūacbc̄cuf
together so that Dð�Þ0D̄ð�Þ0 molecular states can be
produced.

The other two Fierz rearrangements given in Eqs. (60) and
(66) can be similarly investigated.
In the above expression, we only consider η1���6, ξ1���6,

and ζ1���6 defined in Eqs. (17)–(22), (34)–(39), and (47)–
(52). These currents couple to Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and

Dð�ÞD̄ð�Þ
s molecular states through S-wave. Besides, there

may exist some other currents coupling to these states
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through P-wave, but we do not take them into account in
the present study. Hence, some other molecular states such
as jDD̄; 0þþi may still be produced in B− decays, and
omissions of these currents cause some theoretical
uncertainties.
Beside the three production mechanisms depicted

in Figs. 3(a)–(c), there exist some other possible production
mechanisms, such as those depicted in Figs. 3(d) and 3(e).
However, the mechanism depicted in Fig. 3(d) contains
the color factor δadδcfδeb

9
× ūacbc̄csdd̄edf, and the one

depicted in Fig. 3(e) contains the color factor
δadδcfδeb

9
× ūacbc̄csdd̄edf, so both of them are suppressed.

Very recently, the LHCb Collaboration reported their
observations of Xð4630Þ and Xð4685Þ in the Bþ →
KþX → KþJ=ψϕ decay process [15]. Although these
two structures were also observed in B decays, their
production mechanisms may not be (completely) the same
as those depicted in Fig. 3(a)–(c), so we do not investigate
them in the present study.

B. Productions of Dð�ÞD̄ð�Þ molecules

In this subsection we use the Fierz rearrangement given
in Eq. (54) to perform numerical analyses, and calculate
relative production rates of Dð�ÞD̄ð�Þ molecular states in
B− → K−X decays. To do this we need the following
couplings to the K− meson:

h0jūaiγ5sajK−ðqÞi ¼ λK;

h0jūaγμγ5sajK−ðqÞi ¼ iqμfK; ð72Þ

where fK ¼ 155.6 MeV [2] and λK ¼ f2KmK

mqþms
with the

isospin-averaged current quark mass mq ¼ muþmd
2

.
We extract from Eq. (54) the following decay channels:
(1) The decay of B− into jDD̄�; 1þþiK− is contributed

by ηα2 × ½ūaγαγ5sa�:
hB−ðqÞjDD̄�; 1þþðϵ1; q1ÞK−ðq2Þi

¼ −
id1
24

fKfjDD̄�;1þþiϵ1 · q2: ð73Þ

The decay constant fjDD̄�;1þþi has been calculated in
the previous section and given in Table I. The overall
factor d1 is related to: (a) the coupling of JB− to B−,
(b) the weak and 3P0 decay processes described by
Eqs. (55) and (56), (c) the isospin factor between
jD0D̄�0; 1þþi and jDD̄�; 1þþi, and (d) the dynami-
cal process depicted in Fig. 3(a).

(2) The decay of B− into jDD̄�; 1þ−iK− is contributed
by ηα3 × ½ūaγαγ5sa�:

hB−ðqÞjDD̄�; 1þ−ðϵ1; q1ÞK−ðq2Þi

¼ i d1
24

fKfjDD̄�;1þ−iϵ1 · q2: ð74Þ

(3) The decay of B− into jD�D̄�; 0þþiK− is contributed
by η4 × ½ūaγ5sa�:

hB−ðqÞjD�D̄�; 0þþðq1ÞK−ðq2Þi

¼ d1
12

λKfjD�D̄�;0þþi: ð75Þ

(4) The decay of B− into jD�D̄�; 1þ−iK− is contributed
by ηα5 × ½ūaγαγ5sa�:

hB−ðqÞjD�D̄�; 1þ−ðϵ1; q1ÞK−ðq2Þi

¼ −
d1
24

fKfjD�D̄�;1þ−iϵ1 · q2: ð76Þ

In the present study we adopt the possible interpretations
of the Xð3872Þ, Zcð3900Þ, and Zcð4020Þ as the
jDD̄�; 1þþi, jDD̄�; 1þ−i, and jD�D̄�; 1þ−i molecular
states, respectively. As summarized in Table I, the masses
of the Dð�ÞD̄ð�Þ molecular states calculated through the
QCD sum rule method have considerable uncertainties,
based on which we are not able to study their production
and decay properties, e.g., we are not able to calculate the
partial decay width of the jDD̄�; 1þ−i molecular state into
theDD̄� channel due to the ambiguous phase space, as will
be studied in Sec. IVA 5. Hence, we assume the masses of
the Dð�ÞD̄ð�Þ molecular states to be either the realistic
masses or at the lowest Dð�ÞD̄ð�Þ thresholds [2]:

MjDD̄;0þþi ≈MD0 þMD̄0 ¼ 3730 MeV;

MjDD̄�;1þþi ¼ MXð3872Þ ¼ 3871.69 MeV;

MjDD̄�;1þ−i ¼ MZcð3900Þ ¼ 3888.4 MeV;

MjD�D̄�;0þþi ≈MD�0 þMD̄�0 ¼ 4014 MeV;

MjD�D̄�;1þ−i ≈MZcð4020Þ ¼ 4024.1 MeV;

MjD�D̄�;2þþi ≈MD�0 þMD̄�0 ¼ 4014 MeV: ð77Þ

Then we can evaluate the above production amplitudes to
obtain the following partial decay widths:

ΓðB− → K−jDD̄; 0þþiÞ ¼ 0;

ΓðB− → K−jDD̄�; 1þþiÞ ¼ d210.40 × 10−10 GeV13;

ΓðB− → K−jDD̄�; 1þ−iÞ ¼ d210.38 × 10−10 GeV13;

ΓðB− → K−jD�D̄�; 0þþiÞ ¼ d214.21 × 10−10 GeV13;

ΓðB− → K−jD�D̄�; 1þ−iÞ ¼ d211.35 × 10−10 GeV13;

ΓðB− → K−jD�D̄�; 2þþiÞ ¼ 0: ð78Þ

C. Productions of Dð�ÞK̄ð�Þ molecules

Similarly, we use the Fierz rearrangement given in
Eq. (60) to perform numerical analyses, and calculate
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relative production rates of Dð�ÞK̄ð�Þ molecular states in
B− → D−X decays:
(5) The decay of B− into jD�K̄; 1þiD− is contributed by

ξα3 × ½c̄aγαγ5da�:

hB−ðqÞjD�K̄; 1þðϵ1; q1ÞD−ðq2Þi

¼ −
id2
12

fDfjD�K̄;1þiϵ1 · q2: ð79Þ

The overall factor d2 is related to: (a) the coupling
of JB− to B−, (b) the weak and 3P0 decay proc-
esses described by Eqs. (61) and (62), (c) the
isospin factor between jD�0K̄0; 1þi and jD�K̄; 1þi,
and (d) the dynamical process depicted in
Fig. 3(b).

(6) The decay of B− into jD�K̄�; 0þiD− is contributed
by ξ4 × ½c̄aγ5da�:

hB−ðqÞjD�K̄�; 0þðq1ÞD−ðq2Þi

¼ −
d2
12

λDfjD�K̄�;0þi: ð80Þ

(7) The decay of B− into jD�K̄�; 1þiD− is contributed
by ξα5 × ½c̄aγαγ5da�:

hB−ðqÞjD�K̄�; 1þðϵ1; q1ÞD−ðq2Þi

¼ −
d2
24

fDfjD�K̄�;1þiϵ1 · q2: ð81Þ

In the above expressions fD and λD are decay constants of
the D− meson, whose definitions and values can be found
in Table II.
In the present study we adopt the possible interpretation

of the X0ð2900Þ as the jD�K̄�; 0þi molecular state.
Accordingly, we assume masses of Dð�ÞK̄ð�Þ molecular
states to be either the realistic mass or at the lowestDð�ÞK̄ð�Þ
thresholds [2]:

MjDK̄;0þi ≈MD0 þMKþ ¼ 2359 MeV;

MjDK̄�;1þi ≈MD0 þMK�þ ¼ 2756 MeV;

MjD�K̄;1þi ≈MD�0 þMKþ ¼ 2501 MeV;

MjD�K̄�;0þi ¼ MX0ð2900Þ ¼ 2866 MeV;

MjD�K̄�;1þi ≈MD�0 þMK�þ ¼ 2899 MeV;

MjD�K̄�;2þi ≈MD�0 þMK�þ ¼ 2899 MeV: ð82Þ

Then we can evaluate the above production amplitudes to
obtain the following partial decay widths:

ΓðB− → D−jDK̄; 0þiÞ ¼ 0;

ΓðB− → D−jDK̄�; 1þiÞ ¼ 0;

ΓðB− → D−jD�K̄; 1þiÞ ¼ d222.13 × 10−10 GeV13;

ΓðB− → D−jD�K̄�; 0þiÞ ¼ d223.18 × 10−10 GeV13;

ΓðB− → D−jD�K̄�; 1þiÞ ¼ d222.23 × 10−10 GeV13;

ΓðB− → D−jD�K̄�; 2þiÞ ¼ 0: ð83Þ

D. Productions of Dð�ÞD̄ð�Þ
s molecules

Similarly, we use the Fierz rearrangement given in
Eq. (66) to perform numerical analyses, and calculate
relative production rates of Dð�ÞD̄ð�Þ

s molecular states in
B− → ϕX decays:
(8) The decay of B− into jDD̄�

s ; 1
þþiϕ is contributed by

ζα2 × ½s̄aγαsa�:
hB−ðqÞjDD̄�

s ; 1
þþðϵ1; q1Þϕðϵ2; q2Þi

¼ d3
24

mϕfϕfjDD̄�
s ;1

þþiϵ1 · ϵ2: ð84Þ

The overall factor d3 is related to: (a) the coupling of
JB− to B−, (b) the weak and 3P0 decay processes
described by Eqs. (67) and (68), and (c) the dynami-
cal process depicted in Fig. 3(c). In this case there
does not exist the isospin factor.

(9) The decay of B− into jDD̄�
s ; 1

þ−iϕ is contributed by
ζα3 × ½s̄aγαsa�:

hB−ðqÞjDD̄�
s ; 1

þ−ðϵ1; q1Þϕðϵ2; q2Þi

¼ −
d3
24

mϕfϕfjDD̄�
s ;1

þ−iϵ1 · ϵ2: ð85Þ

(10) The decay of B− into jD�D̄�
s ; 1

þiϕ is contributed by
ζα5 × ½s̄aγαsa�:

hB−ðqÞjD�D̄�
s ; 1

þðϵ1; q1Þϕðϵ2; q2Þi

¼ −
i d3
24

mϕfϕfjD�D̄�
s ;1

þiϵ1 · ϵ2: ð86Þ

In the above expressions fϕ is decay constant of the ϕ
meson. Besides, we also need fTϕ, and their definitions are

h0js̄aγμsajϕðϵ; qÞi ¼ mϕfϕϵμ;

h0js̄aσμνsajϕðϵ; qÞi ¼ ifTϕðqμϵν − qνϵμÞ; ð87Þ

where fϕ ¼ 233 MeV [2] and fTϕ ¼ 177 MeV [196].
In the present study we adopt the possible interpretations

of the Zcsð3985Þ, Zcsð4000Þ, and Zcsð4220Þ as the
jDD̄�

s ; 1
þþi, jDD̄�

s ; 1
þ−i, and jD�D̄�

s ; 1
þi molecular states,

respectively. Accordingly, we assume masses of Dð�ÞD̄ð�Þ
s

molecular states to be either the realistic masses or at the

lowest Dð�ÞD̄ð�Þ
s thresholds [2]:
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TABLE II. Couplings of meson operators to meson states, where color indices are omitted for simplicity. All the isovector meson
operators have the quark content q̄Γq ¼ ðūΓu − d̄ΓdÞ= ffiffiffi

2
p

, and all the isoscalar light meson operators have the quark content
q̄Γq ¼ ðūΓuþ d̄ΓdÞ= ffiffiffi

2
p

.

Operators–JðμνÞ IGJPC Mesons IGJPC Couplings Decay Constants

c̄c 0þ0þþ χc0ð1PÞ 0þ0þþ h0jJjχc0i ¼ mχc0fχc0 fχc0 ¼ 343 MeV [185]

c̄iγ5c 0þ0−þ ηc 0þ0−þ h0jJjηci ¼ ληc ληc ¼
fηcm

2
ηc

2mc

c̄γμc 0−1−− J=ψ 0−1−− h0jJμjJ=ψi ¼ mJ=ψfJ=ψϵμ fJ=ψ ¼ 418 MeV [186]

c̄γμγ5c 0þ1þþ ηc 0þ0−þ h0jJμjηci ¼ ipμfηc fηc ¼ 387 MeV [186]
χc1ð1PÞ 0þ1þþ h0jJμjχc1i ¼ mχc1fχc1ϵμ fχc1 ¼ 335 MeV [187]

c̄σμνc 0−1�−
J=ψ 0−1−− h0jJμνjJ=ψi ¼ ifTJ=ψ ðpμϵν − pνϵμÞ fTJ=ψ ¼ 410 MeV [186]

hcð1PÞ 0−1þ− h0jJμνjhci ¼ ifThcϵμναβϵ
αpβ fThc ¼ 235 MeV [186]

c̄q 0þ D̄�
0

0þ h0jJjD̄�
0i ¼ mD�

0
fD�

0
fD�

0
¼ 410 MeV [188]

c̄iγ5q 0− D̄ 0− h0jJjD̄i ¼ λD λD ¼ fDm2
D

mcþmd

c̄γμq 1− D̄� 1− h0jJμjD̄�i ¼ mD�fD�ϵμ fD� ¼ 253 MeV [189]

c̄γμγ5q 1þ
D̄ 0− h0jJμjD̄i ¼ ipμfD fD ¼ 211.9 MeV [2]
D̄1 1þ h0jJμjD̄1i ¼ mD1

fD1
ϵμ fD1

¼ 356 MeV [188]

c̄σμνq 1�
D̄� 1− h0jJμνjD̄�i ¼ ifTD� ðpμϵν − pνϵμÞ fTD� ≈ 220 MeV
� � � 1þ � � � � � �

c̄s 0þ � � � 0þ � � � � � �
c̄iγ5s 0− D̄s 0− h0jJjD̄si ¼ λDs λDs

¼ fDsm
2
Ds

mcþms

c̄γμs 1− D̄�
s 1− h0jJμjD̄�

si ¼ mD�
s
fD�

s
ϵμ fD�

s
¼ 301 MeV [2]

c̄γμγ5s 1þ D̄s 0− h0jJμjD̄i ¼ ipμfDs
fDs

¼ 257 MeV [2]
� � � 1þ � � �

c̄σμνs 1�
D̄�

s 1− h0jJμνjD̄�
si ¼ ifTD�

s
ðpμϵν − pνϵμÞ fTD�

s
≈ fD�

s
×

fT
D�

fD�

� � � 1þ � � � � � �
q̄q 0þ0þþ f0ð500Þ 0þ0þþ h0jJjf0i ¼ mf0ff0 ff0 ∼ 380 MeV [190]
q̄iγ5q 0þ0−þ η 0þ0−þ � � � � � �
q̄γμq 0−1−− ω 0−1−− h0jJμjωi ¼ mωfωϵμ fω ≈ fρ ¼ 216 MeV [191]

q̄γμγ5q 0þ1þþ η 0þ0−þ h0jJμjηi ¼ ipμfη fη ¼ 97 MeV [192,193]
f1ð1285Þ 0þ1þþ � � � � � �

q̄σμνq 0−1�−
ω 0−1−− h0jJμνjωi ¼ ifTωðpμϵν − pνϵμÞ fTω ≈ fTρ ¼ 159 MeV [191]

h1ð1170Þ 0−1þ− h0jJμνjh1i ¼ ifTh1ϵμναβϵ
αpβ fTh1 ≈ fTb1 ¼ 180 MeV [194]

q̄q 1−0þþ � � � 1−0þþ � � � � � �
q̄iγ5q 1−0−þ π0 1−0−þ h0jJjπ0i ¼ λπ λπ ¼ fπm2

π
muþmd

q̄γμq 1þ1−− ρ0 1þ1−− h0jJμjρ0i ¼ mρfρϵμ fρ ¼ 216 MeV [191]

q̄γμγ5q 1−1þþ π0 1−0−þ h0jJμjπ0i ¼ ipμfπ fπ ¼ 130.2 MeV [2]
a1ð1260Þ 1−1þþ h0jJμja1i ¼ ma1fa1ϵμ fa1 ¼ 254 MeV [195]

q̄σμνq 1þ1�− ρ0 1þ1−− h0jJμνjρ0i ¼ ifTρ ðpμϵν − pνϵμÞ fTρ ¼ 159 MeV [191]
b1ð1235Þ 1þ1þ− h0jJμνjb1i ¼ ifTb1ϵμναβϵ

αpβ fTb1 ¼ 180 MeV [194]
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MjDD̄s;0
þi ≈MD0 þMD−

s
¼ 3833 MeV;

MjDD̄�
s ;1

þþi ≈MZcsð3985Þ ¼ 3982.5 MeV;

MjDD̄�
s ;1

þ−i ≈MZcsð4000Þ ¼ 4003 MeV;

MjD�D̄�
s ;0

þi ¼ MD�0 þMD�−
s
¼ 4119 MeV;

MjD�D̄�
s ;1

þi ≈MZcsð4220Þ ¼ 4216 MeV;

MjD�D̄�
s ;2

þi ≈MD�0 þMD�−
s
¼ 4119 MeV: ð88Þ

Then we can evaluate the above production amplitudes to
obtain the following partial decay widths:

ΓðB− → ϕjDD̄s; 0
þiÞ ¼ 0;

ΓðB− → ϕjDD̄�
s ; 1

þþiÞ ¼ d232.53 × 10−10 GeV13;

ΓðB− → ϕjDD̄�
s ; 1

þ−iÞ ¼ d232.38 × 10−10 GeV13;

ΓðB− → ϕjD�D̄�
s ; 0

þiÞ ¼ 0;

ΓðB− → ϕjD�D̄�
s ; 1

þiÞ ¼ d235.77 × 10−10 GeV13;

ΓðB− → ϕjD�D̄�
s ; 2

þiÞ ¼ 0: ð89Þ

From Eqs. (78), (83), and (89), we can derive the relative

production rate R1 ≡ BðB−→K−X=D−X=ϕXÞ
BðB−→D−jD�K̄�;0þiÞ=d2. We summarize

the obtained results in Table III, which will be further
discussed in Sec. V. The difference among the three overall
factors d1;2;3 is partly caused by the different dynamical
processes described by Eqs. (59), (65), and (71), i.e., the
attraction between Dð�Þ and D̄ð�Þ, the attraction between

Dð�Þ and K̄ð�Þ, and the attraction between Dð�Þ and D̄ð�Þ
s can

be different. However, we are not able to estimate this in the
present study.

E. Productions in B� decays

In this subsection we follow the same procedures to
study productions of Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s

molecular states in B� decays.
Similar to Eq. (54), we apply the Fierz transformation to

obtain:

B�− ⟶ JαB�− ¼ ½δabūaγαbb�
⟶
weak ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd�
⟶
QPC ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefūeuf�

¼color δ
abδcfδed

3
× ūaγαγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × ūeuf þ � � �

¼Fierz∶ sd↔uf þ 1

12
× ½δabūaγ5cb� × ½δcfc̄cγ5uf� × ½δedūeγαð1 − γ5Þsd�

−
1

12
× ½δabūaγ5cb� × ½δcfc̄cγαð1 − γ5Þuf� × ½δedūeγ5sd�

þ 1

12
× ½δabūaiσαργ5cb� × ½δcfc̄cγρð1 − γ5Þuf� × ½δedūeγ5sd� þ � � �

¼ −
1

12
× η1 × ½ūaγαγ5sa� −

1

24
× ðηα2 þ ηα3Þ × ½ūaγ5sa� −

i
24

× ηα5 × ½ūaγ5sa� þ � � � : ð90Þ
Similar to Eq. (60), we apply the Fierz transformation to obtain:

B�− ⟶ JαB�− ¼ ½δabūaγαbb�
⟶
weak ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd�
⟶
QPC ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefd̄edf�

¼color δ
abδcfδed

3
× ūaγαγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × d̄edf þ � � �

¼Fierz∶ sd↔uf þ 1

12
× ½δabūaγ5cb� × ½δcfc̄cγ5df� × ½δedd̄eγαð1 − γ5Þsd�

−
1

12
× ½δabūaγ5cb� × ½δcfc̄cγαð1 − γ5Þdf� × ½δedd̄eγ5sd�

−
1

12
× ½δabūaiσαργ5cb� × ½δcfc̄cγ5df� × ½δedd̄eγρð1 − γ5Þsd� þ � � �

¼ þ 1

12
× ξ1 × ½c̄aγαγ5da� þ

1

12
× ξα2 × ½c̄aγ5da� þ

i
24

× ξα5 × ½c̄aγ5da� þ � � � : ð91Þ
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Similar to Eq. (66), we apply the Fierz transformation to obtain:

B�− ⟶ JαB�− ¼ ½δabūaγαbb�
⟶
weak ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd�
⟶
QPC ½δabūaγαγρð1 − γ5Þcb� × ½δcdc̄cγρð1 − γ5Þsd� × ½δefs̄esf�

¼color δ
abδcfδed

3
× ūaγαγρð1 − γ5Þcb × c̄cγρð1 − γ5Þsd × s̄esf þ � � �

¼Fierz∶ sd↔sf þ 1

12
× ½δabūaγ5cb� × ½δcfc̄cγ5sf� × ½δeds̄eγαð1 − γ5Þsd�

−
i
12

× ½δabūaγ5cb� × ½δcfc̄cγμð1 − γ5Þsf� × ½δeds̄eσαμγ5sd� þ � � �

¼ þ 1

12
× ζ1 × ½s̄aγαsa� −

i
24

× ðζ2μ þ ζ3μÞ × ½s̄aσαμγ5sa� þ � � � : ð92Þ

From Eq. (90), we obtain the following partial decay widths

ΓðB�− → K−jDD̄; 0þþiÞ ¼ d240.16 × 10−10 GeV13;

ΓðB�− → K−jDD̄�; 1þþiÞ ¼ d240.62 × 10−10 GeV13;

ΓðB�− → K−jDD̄�; 1þ−iÞ ¼ d240.61 × 10−10 GeV13;

ΓðB�− → K−jD�D̄�; 0þþiÞ ¼ 0;

ΓðB�− → K−jD�D̄�; 1þ−iÞ ¼ d242.84 × 10−10 GeV13;

ΓðB�− → K−jD�D̄�; 2þþiÞ ¼ 0: ð93Þ

From Eq. (91), we obtain the following partial decay widths

ΓðB�− → D−jDK̄; 0þiÞ ¼ d250.18 × 10−10 GeV13;

ΓðB�− → D−jDK̄�; 1þiÞ ¼ d251.69 × 10−10 GeV13;

ΓðB�− → D−jD�K̄; 1þiÞ ¼ 0;

ΓðB�− → D−jD�K̄�; 0þiÞ ¼ 0;

ΓðB�− → D−jD�K̄�; 1þiÞ ¼ d254.40 × 10−10 GeV13;

ΓðB�− → D−jD�K̄�; 2þiÞ ¼ 0: ð94Þ

From Eq. (92), we obtain the following partial decay widths

ΓðB�− → ϕjDD̄s; 0
þiÞ ¼ d261.78 × 10−10 GeV13;

ΓðB�− → ϕjDD̄�
s ; 1

þþiÞ ¼ d261.09 × 10−10 GeV13;

ΓðB�− → ϕjDD̄�
s ; 1

þ−iÞ ¼ d261.02 × 10−10 GeV13;

ΓðB�− → ϕjD�D̄�
s ; 0

þiÞ ¼ 0;

ΓðB�− → ϕjD�D̄�
s ; 1

þiÞ ¼ 0;

ΓðB�− → ϕjD�D̄�
s ; 2

þiÞ ¼ 0: ð95Þ

In the above expressions d4;5;6 are three overall factors.
From Eqs. (93)–(95), we can derive the relative pro-

duction rate R2 ≡ BðB�−→K−X=D−X=ϕXÞ
BðB�−→K−jDD̄;0þþiÞ=d4. We summarize the

obtained results in Table III, which will be further discussed
in Sec. V. Again, the difference among the three overall
factors d4;5;6 is partly due to that the attraction betweenDð�Þ

and D̄ð�Þ, the attraction between Dð�Þ and K̄ð�Þ, and the

attraction between Dð�Þ and D̄ð�Þ
s can be different.

IV. DECAY PROPERTIES THROUGH THE
FIERZ REARRANGEMENT

The Fierz rearrangement [149] of the Dirac and color
indices has been applied in Refs. [19,190] to study strong
decay properties of the Xð3872Þ and Zcð3900Þ as DD̄�
molecular states. In this section we follow the same
procedures to study decay properties of other Dð�ÞD̄ð�Þ,
Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s hadronic molecular states, sepa-
rately in Secs. IVA–IV C. We shall study their two-body
and three-body hadronic decays as well as the four-body
decay process X → J=ψω → J=ψπππ.
This method has been systematically applied to study

light baryon and tetraquark currents in Refs. [197–205],
and applied to study strong decay properties of the Pc and
Xð6900Þ states in Refs. [206,207]. A similar arrangement
of the spin and color indices in the nonrelativistic case can
be found in Refs. [18,208–213], which was applied to study
decay properties of the Pc and XYZ states.
Before doing this, we note that the Fierz rearrangement

in the Lorentz space is a matrix identity, valid if each
quark/antiquark field in the initial and final currents is at the
same location. For example, we can apply the Fierz
rearrangement to transform a nonlocal current η ¼
½q̄ðxÞcðxÞ�½c̄ðyÞqðyÞ� into the combination of many non-
local currents θ ¼ ½q̄ðxÞqðyÞ�½c̄ðyÞcðxÞ�, with all the quark
fields remaining at the same locations. We shall keep this in
mind, and omit the coordinates in this section.
In the calculations we need couplings of charmonium

operators to charmonium states, which are listed in Table II.
We also need couplings of charmed/light meson operators
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to charmed/light meson states, which are also listed in
Table II. We refer to Refs. [19,190] for detailed discussions
of these couplings.

A. Decay properties of Dð�ÞD̄ð�Þ molecules

In this subsection we perform the Fierz rearrangement
for the currents η1;4;5;6, and use the obtained results to study
strong decay properties of Dð�ÞD̄ð�Þ molecular states. The
results obtained in Refs. [19,190] using ηα2;3 are also
summarized here for completeness.
We adopt the possible interpretations of the Xð3872Þ,

Zcð3900Þ, and Zcð4020Þ as the jDD̄�; 1þþi, jDD̄�; 1þ−i,
and jD�D̄�; 1þ−i molecular states, respectively. Masses of
Dð�ÞD̄ð�Þ molecular states are accordingly chosen, as given
in Eqs. (77). Besides, we assume that jDD̄�; 1þ−i and
jD�D̄�; 1þ−i have I ¼ 1; jDD̄; 0þþi, jD�D̄�; 0þþi, and
jD�D̄�; 2þþi have I ¼ 0; the isospin of the Xð3872Þ as
jDD̄�; 1þþi will be separately investigated in Sec. IVA 4.

1. jDD̄; 0+ + i
The current η1 corresponds to the jDD̄; 0þþi molecular

state. We can apply the Fierz rearrangement to interchange
the ca and qb quarks, and transform it into:

η1 ¼ q̄aγ5cac̄bγ5qb

→ −
1

12
q̄aqac̄bcb −

1

12
q̄aγ5qac̄bγ5cb

þ 1

12
q̄aγμqac̄bγμcb −

1

12
q̄aγμγ5qac̄bγμγ5cb

−
1

24
q̄aσμνqac̄bσμνcb þ � � � ; ð96Þ

where we have only kept the leading-order fall-apart decays
described by color-singlet-color-singlet meson-meson cur-
rents, but neglect the OðαsÞ corrections described by color-
octet-color-octet meson-meson currents.
As an example, we investigate jDD̄; 0þþi through η1ðxÞ

and the above Fierz rearrangement. As depicted in
Fig. 4(a), when the q̄a and qd quarks meet each other
and the cb and c̄c quarks meet each other at the same time,
jDD̄; 0þþi can decay into one charmonium meson and one
light meson:

½δabq̄acb�½δcdc̄cqd� ¼color
1

3
δadδcbq̄acbc̄cqd þ � � �

⟶
Fierz 1

3
½δadq̄aqd�½δcbcbcb� þ � � � : ð97Þ

This decay process can be described by the Fierz rear-
rangement given in Eq. (96).
Assuming the isospin of jDD̄; 0þþi to be I ¼ 0, we

extract the following three decay channels:

(1) The decay of jDD̄; 0þþi into ηcη is contributed by
both q̄aγ5qa × c̄bγ5cb and q̄aγμγ5qa × c̄bγμγ5cb:

hDD̄; 0þþðpÞjηcðp1Þηðp2Þi
¼ a1

12
ληcλη þ

a1
12

fηcfηp1 · p2; ð98Þ

where a1 is an overall factor, related to the coupling
of η1 to jDD̄; 0þþi as well as the dynamical process
depicted in Fig. 4(a).

(2) The decay of jDD̄; 0þþi into J=ψω is contributed by
both q̄aγμqa × c̄bγμcb and q̄aσμνqa × c̄bσμνcb:

hDD̄;0þþðpÞjJ=ψðϵ1;p1Þωðϵ2;p2Þi
¼ a1
12

mJ=ψfJ=ψmωfωϵ1 · ϵ2

þ a1
12

fTJ=ψf
T
ωðϵ1 · ϵ2p1 ·p2− ϵ1 ·p2ϵ2 ·p1Þ: ð99Þ

(3) The decay of jDD̄; 0þþi into χc0f0ð500Þ is contrib-
uted by q̄aqa × c̄bcb:

hDD̄; 0þþðpÞjχc0ðp1Þf0ðp2Þi
¼ −

a1
12

mχc0fχc0mf0ff0 : ð100Þ

Assuming the mass of jDD̄; 0þþi to be about
MD0 þMD̄0 ¼ 3730 MeV, we summarize the above ampli-
tudes to obtain the following partial decay widths:

ΓðjDD̄; 0þþi → ηcηÞ ¼ a211.7 × 10−4 GeV7;

ΓðjDD̄; 0þþi → J=ψω → J=ψπππÞ
¼ a211.1 × 10−10 GeV7;

ΓðjDD̄; 0þþi → χc0f0ð500Þ → χc0ππÞ
¼ a219.7 × 10−10 GeV7: ð101Þ

There are two different terms, A≡ q̄aγ5qa × c̄bγ5cb and
B≡ q̄aγμγ5qa × c̄bγμγ5cb, both of which can contribute to
the decay of jDD̄; 0þþi into the ηcη final states. There are
also two different terms, C≡ q̄aγμqa × c̄bγμcb and
D≡ q̄aσμνqa × c̄bσμνcb, both of which can contribute to
the decay of jDD̄; 0þþi into the J=ψω final states. Phase
angles among them, such as the phase angle between the
two coupling constants fJ=ψ and fTJ=ψ , cannot be well
determined in the present study. This causes some uncer-
tainties, which will be investigated in Appendix B.

2. jD�D̄�; 0+ + i
The current η4 corresponds to the jD�D̄�; 0þþimolecular

state. We can apply the Fierz rearrangement and transform
it into:
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η4 ¼ q̄aγμcac̄bγμqb

→ −
1

3
q̄aqac̄bcb þ

1

3
q̄aγ5qac̄bγ5cb þ

1

6
q̄aγμqac̄bγμcb

þ 1

6
q̄aγμγ5qac̄bγμγ5cb þ � � � : ð102Þ

Assuming the isospin of jD�D̄�; 0þþi to be I ¼ 0 and its
mass to be about MD�0 þMD̄�0 ¼ 4014 MeV, we obtain
the following partial decay widths:

ΓðjD�D̄�; 0þþi → ηcηÞ ¼ a244.0 × 10−3 GeV7;

ΓðjD�D̄�; 0þþi → J=ψωÞ ¼ a244.8 × 10−6 GeV7;

ΓðjD�D̄�; 0þþi → χc0f0ð500ÞÞ ¼ a244.1 × 10−6 GeV7;

ð103Þ
where a4 is an overall factor.
Besides, jD�D̄�; 0þþi can directly fall apart into the D�

and D̄� mesons, and further decay into the D�D̄π and
DD̄�π final states. This process is depicted in Fig. 4(b). We
estimate its partial width to be

ΓðjD�D̄�; 0þþi → D�D̄� → D�D̄π þDD̄�πÞ
¼ a024 1.7 × 10−6 GeV7; ð104Þ

where a04 is another overall factor. It is probably larger than
a4, and we define their ratio to be t≡ a04=a4. This
parameter measures the dynamical difference between
the process depicted in Fig. 4(a) and the one depicted
Fig. 4(b).
The uncertainty of Eq. (104) is quite large, because

we choose the mass of jD�D̄�; 0þþi to be just at the
D�0D̄�0 threshold, so that only the D�0D̄0π0 and D0D̄�0π0
final states are kinematically allowed. However, if its
realistic mass turns out to be slightly larger, some other
final states such asD�0D̄�0 andD�0Dþπ− may also become

possible. Moreover, phase spaces of the D�0D̄0π0 and
D0D̄�0π0 final states depend significantly on the mass
of jD�D̄�; 0þþi.

3. jD�D̄�; 2+ + i
The current ηαβ6 corresponds to the jD�D̄�; 2þþi molecu-

lar state. We can apply the Fierz rearrangement and
transform it into:

ηαβ6 ¼ Pαβ;μνq̄aγμcac̄bγνqb

→ −
1

6
Pαβ;μνq̄aγμqac̄bγνcb

−
1

6
Pαβ;μνq̄aγμγ5qac̄bγνγ5cb

þ 1

6
Pαβ;μνq̄aσμρqac̄bσνρcb þ � � � : ð105Þ

Assuming the isospin of jD�D̄�; 2þþi to be I ¼ 0 and its
mass to be about MD�0 þMD̄�0 ¼ 4014 MeV, we obtain
the following partial decay widths:

ΓðjD�D̄�; 2þþi → ηcηÞ ¼ a265.1 × 10−7 GeV7;

ΓðjD�D̄�; 2þþi → J=ψωÞ ¼ a263.7 × 10−5 GeV7; ð106Þ

where a6 is an overall factor.
Besides, jD�D̄�; 2þþi can directly fall apart into the D�

and D̄� mesons, and further decay into the D�D̄π and
DD̄�π final states:

ΓðjD�D̄�; 2þþi → D�D̄� → D�D̄π þDD̄�πÞ
¼ a026 4.9 × 10−6 GeV7; ð107Þ

where a06 ≈ t × a6 is another overall factor.

FIG. 4. Fall-apart decay processes of Dð�ÞD̄ð�Þ molecular states, investigated through the ηðxÞ currents.

HADRONIC MOLECULES IN B DECAYS PHYS. REV. D 105, 094003 (2022)

094003-15



4. jDD̄�; 1+ + i
The current ηα2 corresponds to the jDD̄�; 1þþi molecular

state. Based on this current, we have systematically
studied decay properties of the Xð3872Þ as jDD̄�; 1þþi
in Ref. [190]. We summarize some of those results here.
The isospin breaking effect of the Xð3872Þ is significant

and important to understand its nature. In Ref. [190] we
assumed it to be the combination of both I ¼ 0 and I ¼ 1

jDD̄�; 1þþi states:

Xð3872Þ ¼ cos θjDD̄�; 0þ1þþi
þ sin θjDD̄�; 1−1þþi: ð108Þ

After fine-tuning the isospin-breaking angle to be
θ ¼ �15°, the BESIII measurement [59],

BðXð3872Þ → J=ψω → J=ψπππÞ
BðXð3872Þ → J=ψρ → J=ψππÞ ¼ 1.6þ0.4

−0.3 � 0.2; ð109Þ

can be explained.
In the present study we further select the positive angle

θ ¼ þ15°, so that the D0D̄�0 component is more than the
DþD�− one:

Xð3872Þ
¼ cos 15°jDD̄�; 0þ1þþi þ sin 15°jDD̄�; 1−1þþi
¼ 0.8684jD0D̄�0; 1þþi þ 0.4959jDþD�−; 1þþi: ð110Þ

Using this angle, decay properties of the Xð3872Þ as
jDD̄�; 1þþi were systematically studied in Ref. [190],
and the results are summarized in Eq. (133) of Sec. IV C.
Besides, productions of the Xð3872Þ as jDD̄�; 1þþi in B

and B� decays are increased from Eqs. (78) and (93) to be

ΓðB− → K−jDD̄�; 1þþiÞ ¼ d210.60 × 10−10 GeV13;

ΓðB�− → K−jDD̄�; 1þþiÞ ¼ d230.93 × 10−10 GeV13: ð111Þ

The two ratios R1 and R2 given in Table III need to be
accordingly modified.

5. jDD̄�; 1+ − i and jD�D̄�; 1+ − i
The currents ηα3 and η

α
5 correspond to the jDD̄�; 1þ−i and

jD�D̄�; 1þ−i molecular states, respectively. Based on these
two currents, we have systematically studied decay proper-
ties of the Zcð3900Þ as jDD̄�; 1þ−i in Ref. [19]. We
summarize some of those results here. Especially, in
Ref. [19] we have considered the mixing between
jDD̄�; 1þ−i and jD�D̄�; 1þ−i:

jDD̄�;1þ−i0 ¼þcosϕjDD̄�i1þ− þ sinϕjD�D̄�i1þ− ;

jD�D̄�;1þ−i0 ¼−sinϕjDD̄�i1þ− þ cosϕjD�D̄�i1þ− ; ð112Þ

in order to explain the BESIII measurement [83]:

BðZcð3900Þ� → ηcρ
�Þ

BðZcð3900Þ� → J=ψπ�Þ ¼ 2.2� 0.9: ð113Þ

In the present study we do not consider this mixing any
more. We just use the single current ηα3 to study decay
properties of the Zcð3900Þ as jDD̄�; 1þ−i, and use the
single current ηα5 to study the Zcð4020Þ as jD�D̄�; 1þ−i.
The results are summarized in Eqs. (134) and (135) of
Sec. IV C. Actually, as shown in Table IV of Appendix B,
the above BESIII measurement given in Eq. (113) can also
be explained if we take into account those unknown phase
angles among different coupling constants.

B. Decay properties of Dð�ÞK̄ð�Þ molecules

In this subsection we perform the Fierz rearrangement
for ξ1���6, and use the obtained results to study strong decay
properties of Dð�ÞK̄ð�Þ molecular states. Again, we adopt
the possible interpretation of the X0ð2900Þ as the
jD�K̄�; 0þi molecular state. Masses of Dð�ÞK̄ð�Þ molecular
states are accordingly chosen, as given in Eqs. (82).

1. jDK̄; 0+ i and jD�K̄�; 0+ i
The currents ξ1 and ξ4 correspond to the jDK̄; 0þi and

jD�K̄�; 0þimolecular states, respectively. We can apply the
Fierz rearrangement and transform them into:

ξ1 ¼ q̄aγ5caq̄bγ5sb

→ −
1

12
q̄asaq̄bcb −

1

12
q̄aγ5saq̄bγ5cb

þ 1

12
q̄aγμsaq̄bγμcb −

1

12
q̄aγμγ5saq̄bγμγ5cb

−
1

24
q̄aσμνsaq̄bσμνcb þ � � � ; ð114Þ

ξ4¼ q̄aγμcaq̄bγμsb

→−
1

3
q̄asaq̄bcbþ

1

3
q̄aγ5saq̄bγ5cb

þ1

6
q̄aγμsaq̄bγμcbþ

1

6
q̄aγμγ5saq̄bγμγ5cbþ�� � : ð115Þ

Assuming the mass of jDK̄; 0þi to be about
MD0 þMKþ ¼ 2359 MeV, all its strong decay channels
turn out to be kinematically forbidden.
Assuming the mass of jD�K̄�; 0þi to be MX0ð2900Þ ¼

2866 MeV, we obtain the following partial decay widths:
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ΓðjD�K̄�; 0þi → DK̄Þ ¼ b241.6 × 10−5 GeV7;

ΓðjD�K̄�; 0þi → D�K̄� → D�K̄πÞ
¼ b245.4 × 10−8 GeV7; ð116Þ

where b4 is an overall factor.
Besides, jD�K̄�; 0þi can directly fall apart into the D�

and K̄� mesons, and further decay into the D�K̄π final
states:

ΓðjD�K̄�; 0þi → D�K̄� → D�K̄πÞ
¼ b024 1.9 × 10−6 GeV7; ð117Þ

where b04 ≈ t × b4 is another overall factor.

2. jDK̄�; 1+ i, jD�K̄; 1+ i, and jD�K̄�; 1+ i
The currents ξα2 , ξ

α
3 , and ξα5 correspond to the jDK̄�; 1þi,

jD�K̄; 1þi, and jD�K̄�; 1þi molecular states, respectively.
We can apply the Fierz rearrangement and transform them
into:

ξα2 ¼ q̄aγ5caq̄bγαsb→−
1

12
q̄aγ5saq̄bγαcb−

1

12
q̄aγαsaq̄bγ5cb

þ 1

12
q̄aγαγ5saq̄bcb−

1

12
q̄asaq̄bγαγ5cb

−
i
12

q̄aγμγ5saq̄bσαμcb−
i
12

q̄aσαμsaq̄bγμγ5cb

þ i
12

q̄aγμsaq̄bσαμγ5cb−
i
12

q̄aσαμγ5saq̄bγμcbþ�� � ;
ð118Þ

ξα3 ¼ q̄aγαcaq̄bγ5sb→−
1

12
q̄aγ5saq̄bγαcb−

1

12
q̄aγαsaq̄bγ5cb

−
1

12
q̄aγαγ5saq̄bcbþ

1

12
q̄asaq̄bγαγ5cb

−
i
12

q̄aγμγ5saq̄bσαμcb−
i
12

q̄aσαμsaq̄bγμγ5cb

−
i
12

q̄aγμsaq̄bσαμγ5cbþ
i
12

q̄aσαμγ5saq̄bγμcbþ�� � ;
ð119Þ

ξα5 ¼ q̄aγμcaq̄bσαμγ5sb − fγμ ↔ σαμγ5g

→ −
i
2
q̄aγ5saq̄bγαcb þ

i
2
q̄aγαsaq̄bγ5cb

þ 1

6
q̄aγμγ5saq̄bσαμcb −

1

6
q̄aσαμsaq̄bγμγ5cb

þ � � � : ð120Þ

Assuming the mass of jDK̄�; 1þi to be about
MD0 þMK�þ ¼ 2756 MeV, we obtain the following partial
decay widths:

ΓðjDK̄�; 1þi → D�K̄Þ ¼ b221.7 × 10−7 GeV7;

ΓðjDK̄�; 1þi → DK̄� → DK̄πÞ ¼ b224.7 × 10−9 GeV7;

ΓðjDK̄�; 1þi → D�K̄� → D�K̄πÞ ¼ b227.0 × 10−10 GeV7;

ð121Þ

where b2 is an overall factor.
Besides, jDK̄�; 1þi can directly fall apart into the D and

K̄� mesons, and further decay into the DK̄π final states:

ΓðjDK̄�; 1þi → DK̄� → DK̄πÞ
¼ b022 2.9 × 10−6 GeV7; ð122Þ

where b02 ≈ t × b2 is another overall factor.
Assuming the mass of jD�K̄; 1þi to be about

MD�0 þMKþ ¼ 2501 MeV, we obtain the following partial
decay widths:

ΓðjD�K̄; 1þi → DK̄� → DK̄πÞ ¼ b235.4 × 10−16 GeV7;

ΓðjD�K̄; 1þi → D�K̄ → DπK̄Þ ¼ b231.3 × 10−12 GeV7;

ð123Þ
where b3 is an overall factor.
Besides, jD�K̄; 1þi can directly fall apart into theD� and

K̄ mesons, and further decay into the DπK̄ final states:

ΓðjD�K̄; 1þi → D�K̄ → DπK̄Þ
¼ b023 3.2 × 10−10 GeV7; ð124Þ

where b03 ≈ t × b3 is another overall factor.
Assuming the mass of jD�K̄�; 1þi to be about

MD�0 þMK�þ ¼ 2899 MeV, we obtain the following par-
tial decay widths:

ΓðjD�K̄�; 1þi → DK̄�Þ ¼ b253.8 × 10−6 GeV7;

ΓðjD�K̄�; 1þi → D�K̄Þ ¼ b251.2 × 10−5 GeV7; ð125Þ

where b5 is an overall factor.
Besides, jD�K̄�; 1þi can directly fall apart into the D�

and K̄� mesons, and further decay into theD�K̄π andDπK̄�
final states:

ΓðjD�K̄�; 1þi → D�K̄� → D�K̄πÞ ¼ b025 1.1 × 10−5 GeV7;

ΓðjD�K̄�; 1þi → D�K̄� → DπK̄�Þ ¼ b025 1.1 × 10−9 GeV7;

ð126Þ

where b05 ≈ t × b5 is another overall factor.

3. jD�K̄�; 2+ i
The current ξαβ6 corresponds to the jD�K̄�; 2þimolecular

state. We can apply the Fierz rearrangement and transform
it into:
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ξαβ6 ¼ Pαβ;μνq̄aγμcaq̄bγνsb

→ −
1

6
Pαβ;μνq̄aγμsaq̄bγνcb

−
1

6
Pαβ;μνq̄aγμγ5saq̄bγνγ5cb

þ 1

6
Pαβ;μνq̄aσμρsaq̄bσνρcb þ � � � : ð127Þ

Assuming the mass of jD�K̄�; 2þi to be about
MD�0 þMK�þ ¼ 2899 MeV, we obtain the following par-
tial decay widths:

ΓðjD�K̄�; 2þi → DK̄Þ ¼ b263.0 × 10−7 GeV7;

ΓðjD�K̄�; 2þi → D�K̄� → D�K̄πÞ ¼ b261.3 × 10−6 GeV7;

ΓðjD�K̄�; 2þi → D�K̄� → DπK̄�Þ ¼ b267.4 × 10−11 GeV7;

ð128Þ

where b6 is an overall factor.
Besides, jD�K̄�; 2þi can directly fall apart into the D�

and K̄� mesons, and further decay into theD�K̄π andDπK̄�
final states:

ΓðjD�K̄�; 2þi → D�K̄� → D�K̄πÞ ¼ b026 1.7 × 10−5 GeV7;

ΓðjD�K̄�; 2þi → D�K̄� → DπK̄�Þ ¼ b026 9.9 × 10−10 GeV7;

ð129Þ

where b06 ≈ t × b6 is another overall factor.

C. Summary of decay properties

We summarize the relative branching ratios obtained in
Secs. IVA and IV B here. The Fierz rearrangements for
ζ1���6 are quite similar to those for η1���6, just with one
up=down quark replaced by another strange quark. Hence,

decay properties of Dð�ÞD̄ð�Þ
s molecular states can be

similarly investigated, and we also summarize their results
here. We use the parameter t ≈ a0i=ai ≈ b0i=bi (i ¼ 1…6) to
measure the dynamical difference between the process
depicted in Fig. 4(a) and the one depicted in Fig. 4(b).
We obtain the following relative branching ratios for

jDD̄; 0þþi, jD�D̄�; 0þþi, and jD�D̄�; 2þþi, all of which
are assumed to have I ¼ 0:

BðjDD̄; 0þþi → ηcη ∶ J=ψωð→πππÞ ∶ χc0f0ð500Þð→ππÞÞ
≈ 1 ∶ 10−6 ∶ 10−5;

ð130Þ

BðjD�D̄�; 0þþi → ηcη ∶ J=ψω ∶ χc0f0ð500Þ ∶ D�D̄�ð→D̄πÞÞ
≈ 1 ∶ 0.001 ∶ 0.001 ∶ 10−4t;

ð131Þ

BðjD�D̄�; 2þþi → ηcη ∶ J=ψω ∶ D�D̄�ð→D̄πÞÞ
≈ 1 ∶ 73 ∶ 9.5t:

ð132Þ

Decay properties of the Xð3872Þ as jDD̄�; 1þþi have been systematically studied in Ref. [190], where we
obtain

BðjDD̄�;1þþi→ J=ψωð→πππÞ ∶ J=ψρð→ππÞ ∶ χc0π ∶ ηcf0ð→ππÞ ∶ χc1f0ð→ππÞ ∶ DD̄�ð→D̄πÞÞ
≈ 1 ∶ 0.63ðinputÞ ∶ 0.015 ∶ 0.091 ∶ 0.086 ∶ 7.4t:

ð133Þ

In the calculations we have assumed the Xð3872Þ to be the combination of both I ¼ 0 and I ¼ 1 jDD̄�; 1þþi molecular
states.
Decay properties of the Zcð3900Þ as jDD̄�; 1þ−i have been systematically studied in Ref. [19]. In the present study we

further study the Zcð4020Þ as jD�D̄�; 1þ−i. Altogether, we obtain

BðjDD̄�;1þ−i→J=ψπ ∶ ηcρ ∶ hcπ ∶ χc1ρð→ππÞ ∶ DD̄�ð→D̄πÞÞ
≈ 1 ∶ 0.092 ∶ 0.011 ∶ 10−6 ∶ 74t;

ð134Þ

BðjD�D̄�; 1þ−i → J=ψπ ∶ ηcρ ∶ hcπ ∶ χc1ρð→ππÞ ∶ D�D̄�ð→D̄πÞÞ
≈ 1 ∶ 0.33 ∶ 0.002 ∶ 10−5 ∶ 11t:

ð135Þ

In the calculations we have assumed that the Zcð3900Þ and Zcð4020Þ both have I ¼ 1.
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Assuming the mass of jDK̄; 0þi to be about MD0 þMKþ ¼ 2359 MeV, all its strong decay channels turn out to be
kinematically forbidden.
We obtain the following relative branching ratios for jD�K̄; 1þi:

BðjD�K̄; 1þi → DK̄�ð→K̄πÞ ∶ K̄D�ð→DπÞÞ
≈ 10−6 ∶ tþ 0.004:

ð136Þ

The isospin-averaged width of the K̄� meson is about ΓK� ≈ 49.1 MeV [2], which value is quite large and cannot be
neglected. We refer to Appendix A for more discussions. Taking this into account, we estimate widths of jDK̄�; 1þi,
jD�K̄�; 0þi, jD�K̄�; 1þi, and jD�K̄�; 2þi to be

ΓjDð�ÞK̄�;Jþi ≈ ΓK̄� þ ΓjDð�ÞK̄�;Jþi→DK̄=D�K̄=DK̄�=D�K̄�=���; ð137Þ

with the following relative branching ratios

BðjDK̄�; 1þi → DK̄�ð→K̄πÞ ∶ D�K̄ ∶ D�K̄�ð→K̄πÞÞ
≈ tþ 0.002 ∶ 0.057 ∶ 10−4;

ð138Þ

BðjD�K̄�; 0þi → DK̄ ∶ D�K̄�ð→K̄πÞÞ
≈ 8.5 ∶ tþ 0.028;

ð139Þ

BðjD�K̄�; 1þi → DK̄� ∶ D�K̄ ∶ D�K̄�ð→K̄πÞ ∶ K̄�D�ð→DπÞÞ
≈ 0.34 ∶ 1.1 ∶ t ∶ 10−4t;

ð140Þ

BðjD�K̄�; 2þi → DK̄ ∶ D�K̄�ð→K̄πÞ ∶ K̄�D�ð→DπÞÞ
≈ 0.018 ∶ tþ 0.074 ∶ 10−4t:

ð141Þ

We obtain the following relative branching ratios for Dð�ÞD̄ð�Þ
s molecular states:

BðjDD̄s; 0
þi → ηcK̄ ∶ J=ψK̄�ð→K̄πÞÞ

≈ 1 ∶ 0.001;
ð142Þ

BðjDD̄�
s ; 1

þþi → J=ψK̄�ð→K̄πÞ ∶ χc0K̄ ∶ DD̄�
s ∶ D̄sD�ð→DπÞÞ

≈ 1 ∶ 0.012 ∶ 25 ∶ 68;
ð143Þ

BðjDD̄�
s ; 1

þ−i → J=ψK̄ ∶ ηcK̄� ∶ DD̄�
s ∶ D̄sD�ð→DπÞÞ

≈ 1 ∶ 0.093 ∶ 41 ∶ 87;
ð144Þ

BðjD�D̄�
s ; 0

þi → ηcK̄ ∶ J=ψK̄� ∶ D̄�
sD�ð→DπÞÞ

≈ 1 ∶ 0.088 ∶ 0.001;
ð145Þ

BðjDsD̄�
s ; 1

þi → J=ψK̄ ∶ ηcK̄� ∶ hcK̄ ∶ χc1K̄�ð→K̄πÞ ∶ D�
sD̄�ð→DπÞÞ

≈ 1 ∶ 0.36 ∶ 0.002 ∶ 10−7 ∶ 31;
ð146Þ

BðjD�D̄�
s ; 2

þi → ηcK̄ ∶ J=ψK̄� ∶ D̄�
sD�ð→DπÞÞ

≈ 1 ∶ 27 ∶ 0.055:
ð147Þ

In the calculations we have adopted the possible interpretations of the Zcsð3985Þ, Zcsð4000Þ, and Zcsð4220Þ as the

jDD̄�
s ; 1

þþi, jDD̄�
s ; 1

þ−i, and jD�D̄�
s ; 1

þi molecular states, respectively. Masses of Dð�ÞD̄ð�Þ
s molecular states are

accordingly chosen, as given in Eqs. (88).
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V. SUMMARY AND DISCUSSIONS

In this paper we systematically investigate the eighteen
possibly existing Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ

s

(D̄ð�Þ
s ≡Dð�Þ−

s ) hadronic molecular states, including
jDD̄; 0þþi, jDD̄�; 1þþ=1þ−i, jD�D̄�; 0þþ=1þ−=2þþi,
jDK̄; 0þi, jDK̄�; 1þi, jD�K̄�; 0þ=1þ=2þi, jDD̄s; 0

þi,
jDD̄�

s ; 1
þþ=1þ−i, and jD�D̄�

s ; 0
þ=1þ=2þi. Note that the

DD̄�
s molecules are not charge-conjugated, but for con-

venience we use jDD̄�
s ; 1

þþi and jDD̄�
s ; 1

þ−i to denote
strange partners of jDD̄�; 1þþi and jDD̄�; 1þ−i, respec-
tively. By doing this, we can differentiate the Xð3872Þ,
Zcð3900Þ, and Zcð4020Þ as well as the Zcsð3985Þ,
Zcsð4000Þ, and Zcsð4220Þ.
We systematically construct their corresponding interpo-

lating currents, throughwhich we study their mass spectra as
well as their production and decay properties. The isospin of
these molecular states is important, and in the present study
we assume: (a) jDD̄�; 1þ−i and jD�D̄�; 1þ−i have I ¼ 1,
(b) jDD̄; 0þþi, jD�D̄�; 0þþi, and jD�D̄�; 2þþi have I ¼ 0,
(c) the isospin of the Xð3872Þ as jDD̄�; 1þþi is separately
investigated in Sec. IVA 4, (d) all the Dð�ÞK̄ð�Þ molecular

states have I ¼ 0, and (e) all the Dð�ÞD̄ð�Þ
s molecular states

have I ¼ 1=2.
Firstly, we use the method of QCD sum rules to calculate

masses and decay constants of the Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and
Dð�ÞD̄ð�Þ

s molecular states, and the obtained results are
summarized in Table I. Our results support: (a) the inter-
pretations of the Xð3872Þ, Zcð3900Þ, and Zcð4020Þ as the
jDD̄�; 1þþi, jDD̄�; 1þ−i, and jD�D̄�; 1þ−i molecular
states, respectively; (b) the interpretation of the
X0ð2900Þ as the jD�K̄�; 0þi molecular state; (c) the inter-
pretations of the Zcsð3985Þ, Zcsð4000Þ, and Zcsð4220Þ as
the jDD̄�

s ; 1
þþi, jDD̄�

s ; 1
þ−i, and jD�D̄�

s ; 1
þi molecular

states, respectively. The uncertainty/accuracy is moderate
but not enough to extract the binding energy as well as to
differentiate the Zcsð3985Þ and Zcsð4000Þ. Hence, our
QCD sum rule results can only suggest but not determine:
(a) whether these molecular states exist or not, and
(b) whether they are bound states or resonance states. To
better understand them, we further study their production
and decay properties, and the decay constants fX extracted
from QCD sum rules are important input parameters.
Secondly, we use the current algebra to study produc-

tions of Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ
s molecular states

in B and B� decays. We derive the relative production
rates

R1 ≡ BðB− → K−X=D−X=ϕXÞ
BðB− → D−jD�K̄�; 0þiÞ=d2

; ð148Þ

R2 ≡ BðB�− → K−X=D−X=ϕXÞ
BðB�− → K−jDD̄; 0þþiÞ=d4

; ð149Þ

and the obtained results are summarized in Table III. In the
calculations we only consider η1���6, ξ1���6, and ζ1���6 defined
in Eqs. (17)–(22), (34)–(39), and (47)–(52), which
couple to these molecular states through S-wave.
Besides, there may exist some other currents coupling to
them through P-wave, which are not taken into account
in the present study. Consequently, some other molecular
states such as jDD̄; 0þþi may still be produced in B−

decays, and omissions of these currents cause some
theoretical uncertainties.
Third, we use the Fierz rearrangement of the Dirac and

color indices to study strong decay properties of Dð�ÞD̄ð�Þ,
Dð�ÞK̄ð�Þ, andDð�ÞD̄ð�Þ

s molecular states. We calculate some
of their relative branching ratios, and the obtained results
are summarized in Table III. In the calculations we only
consider the leading-order fall-apart decays described by
color-singlet-color-singlet meson-meson currents, but
neglect the OðαsÞ corrections described by color-octet-
color-octet meson-meson currents. Hence, there may be
some other possible decay channels, and omissions of the
OðαsÞ corrections cause some theoretical uncertainties.
Generally speaking, the uncertainty of our QCD sum rule

results is moderate, as given in Table I, while uncertainties
of relative branching ratios and relative production rates are
much larger. In the present study we use local currents
and work under the naive factorization scheme, so our
uncertainties are significantly larger than the well-devel-
oped QCD factorization scheme [214–216], whose uncer-
tainty is at the 5% level [217]. On the other hand, we only
calculate the ratios, which significantly reduces our uncer-
tainties [218]. Hence, we roughly estimate uncertainties of
relative branching ratios to be at the Xþ100%

−50% level, and
uncertainties of relative production rates to be at the
Xþ200%
−67% level.
There are three unfixed parameters in Table III: the

parameters t0 ≈ d2=d1 ≈ d5=d4 and t00 ≈ d3=d1 ≈ d6=d4
(partly) measure the dynamical difference among
Fig. 3(a)–(c), and the parameter t ≈ a0i=ai ≈ b0i=bi
(i ¼ 1…6) measures the dynamical difference between
Figs. 4(a) and 4(b). Simply assuming them to be t ≈ t0 ≈
t00 ≈ 1 (local currents), we use the results given in Table III
to draw conclusions as follows:

A. X0ð2900Þ as jD�K̄�; 0+ i
Our QCD sum rule analyses support the interpretation of

the X0ð2900Þ as the jD�K̄�; 0þi molecular state. Given its
width to be about ΓX0ð2900Þ ¼ 57.2 MeV [219], we use
Eqs. (137) and (139) to estimate:

ΓX0ð2900Þ ≈ ΓK̄� þ ΓX→DK̄ þ ΓX→D�K̄�→D�K̄π; ð150Þ

where

HUA-XING CHEN PHYS. REV. D 105, 094003 (2022)

094003-20



ΓK̄� ≈ 49.1 MeV;

ΓX→D0K̄0 ≈ 3.6 MeV;

ΓX→DþK− ≈ 3.6 MeV;

ΓX→D�0K̄�0→D�0ðK̄πÞ0 ≈ 0.4 MeV;

ΓX→D�þK�−→D�þðK̄πÞ− ≈ 0.4 MeV: ð151Þ

According to the first term ΓK̄� , we propose to confirm the
X0ð2900Þ in its dominant D�K̄π decay channel.
It is interesting to notice that in the present study the

neutral X0ð2900Þ0 is produced in the B− → D−½D�0K̄�0�
channel (Fig. 3(b)) and not in the suppressed B− →
D−½D�þK�−� channel (Fig. 3(e)). However, it equally decays
into the D0K̄0 and DþK− final states. Recalling that the
branching ratio of the B− → D−D0K̄0 decay is significantly
larger than that of the B− → D−DþK− decay [2]:

BðB− → D−D0K̄0Þ ¼ ð1.55� 0.21Þ × 10−3;

BðB− → D−DþK−Þ ¼ ð2.2� 0.7Þ × 10−4; ð152Þ

the nonsuppressed signal of the neutral X0ð2900Þ0 in the
suppressed B− → D−DþK− decay channel is probably
much more significant than in the B− → D−D0K̄0 decay
channel. This behavior can be used to test its isospin breaking
effect.

B. X0ð2900Þ versus Xð3872Þ
The Xð3872Þ and X0ð2900Þ have both been observed in

B decays. Some of their experimental measurements are
[2,13,14]:

BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ
¼ ð6.0� 2.2Þ × 10−6; ð153Þ

TABLE III. Relative branching ratios ofDð�ÞD̄ð�Þ,Dð�ÞK̄ð�Þ, andDð�ÞD̄ð�Þ
s hadronicmolecular states and their relative production rates in

B and B� decays. In the 2nd and 3rd columns we show their relative production rates R1 ≡ BðB−→K−X=D−X=ϕXÞ
BðB−→D−jD�K̄�;0þiÞ=d2 and

R2 ≡ BðB�−→K−X=D−X=ϕXÞ
BðB�−→K−jDD̄;0þþiÞ=d4. In the 4th-16th/9th/13th columns we show their relative branching ratios, where we use the symbol “AB”

to generally denote the two-body decay X → AB, the three-body decay process X → AB → Ab1b2, or the four-body decay process
X → AB → Ab1b2b3, depending onwhich channel is kinematically allowed. The number 0.63 with † is fixed by the BESIII measurement
BðXð3872Þ→J=ψω→J=ψπππÞ
BðXð3872Þ→J=ψρ→J=ψππÞ ¼ 1.6þ0.4

−0.3 � 0.2 [59], which is related to the isospin breaking effect of the Xð3872Þ interpreted as the jDD̄�; 1þþi
molecular state. The parameters t0 ≈ d2=d1 ≈ d5=d4 and t00 ≈ d3=d1 ≈ d6=d4 (partly) measure the dynamical difference among Fig. 3(a)–
(c), and the parameter t ≈ a0i=ai ≈ b0i=bi (i ¼ 1…6) measures the dynamical difference between Figs. 4(a) and 4(b).

Productions Decay Channels

Configuration R1 R2 ηcη J=ψω ηcf0 χc0f0 χc1f0 J=ψπ χc0π hcπ ηcρ J=ψρ χc1ρ DD̄� D�D̄� Candidate

jDD̄; 0þþi � � � d4 1 10−6 � � � 10−5 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
jDD̄�; 1þþi 0.19d1 5.7d4 � � � 1 0.091 � � � 0.086 � � � 0.015 � � � � � � 0.63† � � � 7.4t � � � Xð3872Þ
jDD̄�; 1þ−i 0.12d1 3.7d4 � � � � � � � � � � � � � � � 1 � � � 0.011 0.092 � � � 10−6 74t � � � Zcð3900Þ
jD�D̄�; 0þþi 1.3d1 � � � 1 0.001 � � � 0.001 � � � � � � � � � � � � � � � � � � � � � � � � 10−4t � � �
jD�D̄�; 1þ−i 0.42d1 17d4 � � � � � � � � � � � � � � � 1 � � � 0.002 0.33 � � � 10−5 � � � 11t Zcð4020Þ
jD�D̄�; 2þþi � � � � � � 1 73 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 9.5t � � �

Configuration R1 R2 ΓK̄� [MeV] DK̄ DK̄� D�K̄ D�K̄� D�K̄� Candidate

jDK̄; 0þi � � � 1.1d5 � � � � � � � � � � � � � � � � � � � � �
jDK̄�; 1þi � � � 10d5 49.1 MeV � � � tþ 0.002 0.057 10−4 � � � � � �
jD�K̄; 1þi 0.67d2 � � � � � � � � � 10−6 tþ 0.004 � � � � � � � � �
jD�K̄�; 0þi d2 � � � 49.1 MeV 8.5 � � � � � � tþ 0.028 � � � X0ð2900Þ
jD�K̄�; 1þi 0.70d2 27d5 49.1 MeV � � � 0.34 1.1 t 10−4t � � �
jD�K̄�; 2þi � � � � � � 49.1 MeV 0.018 � � � � � � tþ 0.074 10−4t � � �

Configuration R1 R2 ηcK̄ J=ψK̄ χc0K̄ hcK̄ ηcK̄� J=ψK̄� χc1K̄� DD̄�
s D�D̄s D�D̄�

s Candidate

jDD̄s; 0
þi � � � 11d6 1 � � � � � � � � � � � � 0.001 � � � � � � � � � � � � � � �

jDD̄�
s ; 1

þþi 0.79d3 6.6d6 � � � � � � 0.012 � � � � � � 1 � � � 25 68 � � � Zcsð3985Þ
jDD̄�

s ; 1
þ−i 0.75d3 6.2d6 � � � 1 � � � � � � 0.093 � � � � � � 41 87 � � � Zcsð4000Þ

jD�D̄�
s ; 0

þi � � � � � � 1 � � � � � � � � � � � � 0.088 � � � � � � � � � 0.001 � � �
jD�D̄�

s ; 1
þi 1.8d3 � � � � � � 1 � � � 0.002 0.36 � � � 10−7 � � � � � � 31 Zcsð4220Þ

jD�D̄�
s ; 2

þi � � � � � � 1 � � � � � � � � � � � � 27 � � � � � � � � � 0.055 � � �
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BðB− → D−DþK−Þ ¼ ð2.2� 0.7Þ × 10−4; ð154Þ

BðB− → D−X0ð2900Þ → D−DþK−Þ
BðB− → D−DþK−Þ

¼ ð5.6� 1.4� 0.5Þ × 10−2; ð155Þ

from which we can further derive

BðB−→D−X0ð2900Þ→D−DþK−Þ
BðB−→K−Xð3872Þ⟶ω K−J=ψπππÞ¼ 2.1�1.1: ð156Þ

From Table III we can derive:

BðB− → D−jD�K̄�i0þ → D−DþK−Þ
BðB− → K−jDD̄�i1þþ ⟶ω K−J=ψπππÞ ≈ 3.1; ð157Þ

with the uncertainty roughly at the Xþ200%
−66% level.

The two values given in Eqs. (156) and (157) are well
consistent with each other, supporting the interpretations
of the Xð3872Þ and X0ð2900Þ as the jDD̄�; 1þþi and
jD�K̄�; 0þi molecular states, respectively.

C. Zcsð3985Þ as jDD̄�
s ; 1+ + i and Zcsð4000Þ as jDD̄�

s ; 1+ − i
Since the DD�−

s and D�D−
s thresholds are very close to

each other, in the present study we use them to combine
two mixed states, as defined in Eqs. (42)–(43):

ffiffiffi

2
p

jDD̄�
s ; 1

þþi ¼ jDD�−
s iJ¼1 þ jD�D−

s iJ¼1;
ffiffiffi

2
p

jDD̄�
s ; 1

þ−i ¼ jDD�−
s iJ¼1 − jD�D−

s iJ¼1:

They are strange partner states of jDD̄�; 1þþi and
jDD̄�; 1þ−i, so we simply denote their quantum numbers
as JPC ¼ 1þþ and 1þ−. Our QCD sum rule analyses
support the interpretations of the Zcsð3985Þ and
Zcsð4000Þ as the jDD̄�

s ; 1
þþi and jDD̄�

s ; 1
þ−i molecular

states, respectively, i.e., they are strange partners of the
Xð3872Þ and Zcð3900Þ, respectively.
Our results given in Table III suggest that the Zcsð4000Þ

as jDD̄�
s ; 1

þ−i can be observed in the B− → ϕK−J=ψ
decay, but the Zcsð3985Þ as jDD̄�

s ; 1
þþi cannot. This is just

consistent with the BESIII and LHCb observations [15,96].
To verify the above interpretations, we propose to search
for the Zcsð3985Þ in the B− → ϕJ=ψK�− → ϕJ=ψðK̄πÞ−
decay process. From Table III we can derive:

BðB− → ϕZcsð3985Þ⟶K
�
ϕJ=ψðK̄πÞ−Þ

BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 0.41; ð158Þ

Together with Eq. (153) we can further derive:

BðB− → ϕZcsð3985Þ⟶K
�
ϕJ=ψðK̄πÞ−Þ

≈ 2.4 × 10−6: ð159Þ

D. Zcsð4000Þ and Zcsð4220Þ versus Xð3872Þ
The Zcsð4000Þ and Zcsð4220Þ have both been observed

in the B− → ϕJ=ψK− decay. Some of their experimental
measurements are [2,15]:

BðB− → ϕJ=ψK−Þ ¼ ð5.0� 0.4Þ × 10−5; ð160Þ

BðB− → ϕZcsð4000Þ → ϕJ=ψK−Þ
BðB− → ϕJ=ψK−Þ
¼ ð9.4� 2.1� 3.4Þ × 10−2; ð161Þ

BðB− → ϕZcsð4220Þ → ϕJ=ψK−Þ
BðB− → ϕJ=ψK−Þ

¼ ð10� 4þ10
−7 Þ × 10−2: ð162Þ

Together with Eq. (153), we can further derive

BðB− → ϕZcsð4000Þ → ϕJ=ψK−Þ
BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ ¼ 0.78� 0.44;

BðB− → ϕZcsð4220Þ → ϕJ=ψK−Þ
BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ ¼ 0.83þ0.95

−0.74 :

ð163Þ

From Table III we can derive:

BðB− → ϕjDD̄�
si1þ− → ϕJ=ψK−Þ

BðB− → K−jDD̄�i1þþ ⟶ω K−J=ψπππÞ ≈ 0.28;

BðB− → ϕjD�D̄�
si1þ− → ϕJ=ψK−Þ

BðB− → K−jDD̄�i1þþ ⟶ω K−J=ψπππÞ ≈ 2.7; ð164Þ

with the uncertainty roughly at the Xþ200%
−66% level.

The two sets of values given in Eqs. (163) and (164) are
consistent with each other, supporting the interpretations of
the Zcsð4000Þ and Zcsð4220Þ as the jDD̄�

s ; 1
þ−i and

jD�D̄�
s ; 1

þ−i molecular states, respectively. To verify these
interpretations, we propose to confirm the Zcsð4000Þ in
the B− → ϕD0D�−

s and B− → ϕD�0D−
s decays, and the

Zcsð4220Þ in the B− → ϕD�0D�−
s decay.

E. Zcð3900Þ and Zcð4020Þ
Our QCD sum rule analyses support the interpretations

of the Zcð3900Þ and Zcð4020Þ as the jDD̄�; 1þ−i and
jD�D̄�; 1þ−i molecular states, respectively. From Table III
we can derive:

BðB− → K−Zcð3900Þ → K−J=ψπ0Þ
BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 0.078;

BðB− → K−Zcð4020Þ → K−J=ψπ0Þ
BðB− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 1.7: ð165Þ
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TogetherwithEq. (153) and theexperimentmeasurement [2],

BðB− → J=ψK̄0π−Þ ¼ ð1.14� 0.11Þ × 10−3; ð166Þ

we can further derive:

BðB− → K−Zcð3900Þ → K−J=ψπ0Þ
BðB− → K−J=ψπ0Þ ≈ 0.1%;

BðB− → K−Zcð4020Þ → K−J=ψπ0Þ
BðB− → K−J=ψπ0Þ ≈ 1.7%: ð167Þ

Accordingly, we propose to search for the Zcð4020Þ in the
B− → K−Zc → K−J=ψπ0 decay process, but note that
uncertainties of the above estimations are roughly at the
Xþ200%
−66% level.

F. B� decays

We propose to confirm the Xð3872Þ, Zcð3900Þ,
Zcð4020Þ, Zcsð3985Þ, and Zcsð4000Þ in B� decays,
although the identification of B� in its hadronic decays
is still not easy. Based on the interpretations of the present
study, we can derive from Table III:

BðB�− → K−Zcð3900Þ → K−J=ψπ0Þ
BðB�− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 0.08;

BðB�− → K−Zcð4020Þ → K−J=ψπ0Þ
BðB�− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 2.2;

BðB�− → ϕZcsð3985Þ⟶K
�
ϕJ=ψðK̄πÞ−Þ

BðB�− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 0.11;

BðB�− → ϕZcsð4000Þ → ϕJ=ψK−Þ
BðB�− → K−Xð3872Þ⟶ω K−J=ψπππÞ ≈ 0.08: ð168Þ

G. Other possibly existing states

To end this paper, we propose to search for the possibly
existing jD�D̄�; 0þþi, jD�K̄; 1þi, and jD�K̄�; 1þi molecu-
lar states in B decays:

(i) We propose to search for the isoscalar jD�D̄�; 0þþi
molecular state in the B− → K−X → K−ηcη decay,
and the isovector one in the B− → K−X →
K−ηcπ decay.

(ii) We propose to search for the jD�K̄; 1þi molecular
state in the B− → D−X → D−DK̄π decay.

(iii) We propose to search for the jD�K̄�; 1þi molecular
state in the B− → D−X → D−DK̄π and B− →
D−X → D−D�K̄π decays.

Estimations on their relative production rates and relative
branching ratios can be found in Table III, although there
are large uncertainties coming from their unknown
(hadron) masses. Before doing this, we propose to search
for the relevant decay processes first, i.e., the B− → K−ηcη,
B− → K−ηcπ, B− → D−DK̄π, and B− → D−D�K̄π
decays. Besides, we propose to search for the possibly

existing jDD̄; 0þþi, jDK̄; 0þi, jDK̄�; 1þi, jD�K̄�; 1þi, and
jDD̄s; 0

þi molecular states in B� decays.
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APPENDIX A: WIDTH OF
COMPOSITE PARTICLE

In this Appendix we generally study the width of a
composite particle A, which is composed by two subpar-
ticles B and C. We discuss several cases:

Case A: The two subparticles B and C are both stable. If
the mass of A is below the BC threshold, that is
MA ≤ MB þMC, the composite particle A is also
stable. If MA > MB þMC, the width of A is
ΓA ¼ ΓA→BþC.

Case B: The subparticle C can decay into c1 and c2, but
its width is not very large. If MA ≤ MB þMc1 þMc2 ,
the composite particle A is stable. IfMA > MB þMC,
the width of A can be estimated as ΓA ≈ ΓA→BþC. If
MB þMc1 þMc2 < MA ≤ MB þMC, the width of A
can be estimated as the width of the decay proc-
ess ΓA ≈ ΓA→BþC→Bþc1þc2 .

Case C: The subparticle C can decay into c1 and c2, but
its width is not so small. We further assume that
MA > MB þMC, so that A can decay into B and C.
The width of this process is ΓA→BþC, proportional to
g2A→BC, with gA→BC the relevant coupling constant.
Besides, the subparticle C can decay inside the

composite particle A, so that A also decays. The width
of this process is probably smaller than ΓC. Alto-
gether, we arrive at ΓA ≲ ΓC þ ΓA→BþC.

CaseD: The subparticleC can decay into c1 and c2, but its
width is not so small. We further assume that MBþ
Mc1þMc2 <MA≤MBþMC, so that A can decay into
BC and further into Bc1c2. The width of this process is
ΓA→BþC→Bþc1þc2 , again proportional to g2A→BC.
Besides, the subparticle C can decay inside the

composite particle A, so that A also decays. Altogether,
we arrive at ΓA ≲ ΓC þ ΓA→BþC→Bþc1þc2 .

In the above discussions we just want to argue that the
decay process depicted in Fig. 5(a) and the one depicted in
Fig. 5(b) are not the same. The former depends on the
coupling constant gA→BC, while the latter depends on
widths of subparticles but not depends on gA→BC. It might
not be reasonable to take these two decay processes as the
same one, although they might not be fully independent.
Generally assuming that the two subparticles B and C

are both unstable as well as MA > MB þMC or
MB þMc1 þMc2 < MA ≤ MB þMC, we arrive at
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ΓA ≲ ΓB þ ΓC þ ΓA→BCð→c1c2Þ þ � � � ; ðA1Þ

with � � � partial widths of other possible decay channels.
Consequently, we can estimate the lifetime of the
composite particle A through

1=tA ≲ 1=tB þ 1=tC þ ΓA→BCð→c1c2Þ þ � � � : ðA2Þ

In the present study we simply use

ΓA ≈ ΓB þ ΓC þ ΓA→BCð→c1c2Þ þ � � � ; ðA3Þ

for a weakly-coupled composite system. This formula may
be useful to examine the nature of the particle A, i.e., to
discriminate whether it is a compact multiquark state or a
composite hadronic molecular state.

APPENDIX B: UNCERTAINTIES
FROM PHASE ANGLES

As discussed in Sec. IVA 1, there are two different terms,
A≡ q̄aγ5qa × c̄bγ5cb and B≡ q̄aγμγ5qa × c̄bγμγ5cb, both
of which can contribute to the decay of jDD̄; 0þþi into the

FIG. 5. Two possible decay processes of the composite particle A composed by two subparticles B and C.

TABLE IV. Relative branching ratios of Dð�ÞD̄ð�Þ, Dð�ÞK̄ð�Þ, and Dð�ÞD̄ð�Þ
s hadronic molecular states and their relative production rates

in B and B� decays. See the caption of Table III for detailed explanations. In this table we take into account those unknown phase angles
among different coupling constants, so that the BESIII measurement BðZcð3900Þ�→ηcρ

�Þ
BðZcð3900Þ�→J=ψπ�Þ ¼ 2.2� 0.9 [83] can be explained with the

interpretation of Zcð3900Þ as the jDD̄�; 1þ−i molecular state.

Productions Decay Channels

Configuration R1 R2 ηcη J=ψω ηcf0 χc0f0 χc1f0 J=ψπ χc0π hcπ ηcρ J=ψρ χc1ρ DD̄� D�D̄�

jDD̄; 0þþi � � � d4 0.9–1.0 10−6 � � � 10−5 � � � � � � � � � � � � � � � � � � � � � � � � � � �
jDD̄�; 1þþi 0.19d1 5.7d4 � � � 1 0.09 � � � 0.09 � � � 0.02 � � � � � � 0.63† � � � 7.4t � � �
jDD̄�; 1þ−i 0.12d1 3.7d4 � � � � � � � � � � � � � � � 1.0–5.6 � � � 0.01 0.1–2.4 � � � 10−6 74t � � �
jD�D̄�; 0þþi 1.3d1 � � � 0.9–1.0 0.001 � � � 0.001 � � � � � � � � � � � � � � � � � � � � � � � � 10−4t
jD�D̄�; 1þ−i 0.42d1 17d4 � � � � � � � � � � � � � � � 1.0–1.9 � � � 0.002 0.33–0.89 � � � 10−5 � � � 11t
jD�D̄�; 2þþi � � � � � � 1 5–73 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 9.5t

Configuration R1 R2 ΓK̄� [MeV] DK̄ DK̄� D�K̄ D�K̄� D�K̄�

jDK̄; 0þi � � � 1.1d5 � � � � � � � � � � � � � � � � � �
jDK̄�; 1þi � � � 10d5 49.1 MeV � � � t 0.06–0.25 10−4 � � �
jD�K̄; 1þi 0.67d2 � � � � � � � � � 10−6 t � � � � � �
jD�K̄�; 0þi d2 � � � 49.1 MeV 3.5–8.5 � � � � � � t � � �
jD�K̄�; 1þi 0.70d2 27d5 49.1 MeV � � � 0.34–0.75 1.1–2.0 t 10−4t
jD�K̄�; 2þi � � � � � � 49.1 MeV 0.02 � � � � � � t 10−4t

Configuration R1 R2 ηcK̄ J=ψK̄ χc0K̄ hcK̄ ηcK̄� J=ψK̄� χc1K̄� DD̄�
s D�D̄s D�D̄�

s

jDD̄s; 0
þi � � � 11d6 0.2–1.0 � � � � � � � � � � � � 0.001 � � � � � � � � � � � �

jDD̄�
s ; 1

þþi 0.79d3 6.6d6 � � � � � � 0.01 � � � � � � 1 � � � 25 68 � � �
jDD̄�

s ; 1
þ−i 0.75d3 6.2d6 � � � 1.0–8.3 � � � � � � 0.1–3.1 � � � � � � 41 87 � � �

jD�D̄�
s ; 0

þi � � � � � � 0.3–1.0 � � � � � � � � � � � � 0.09 � � � � � � � � � 0.001
jD�D̄�

s ; 1
þi 1.8d3 � � � � � � 1.0–2.3 � � � 0.002 0.4–1.0 � � � 10−7 � � � � � � 31

jD�D̄�
s ; 2

þi � � � � � � 1 � � � � � � � � � � � � 2–27 � � � � � � � � � 0.06
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ηcη final states; there are also two different terms, C≡
q̄aγμqa × c̄bγμcb and D≡ q̄aσμνqa × c̄bσμνcb, both of
which can contribute to the decay of jDD̄; 0þþi into the
J=ψω final states.
Besides, there can be more than one terms contributing

to some other decay channels. Phase angles among them,
such as the phase angle between the two coupling constants
fJ=ψ and fTJ=ψ , cannot be well determined in the present
study. In this Appendix we rotate these phase angles and

redo all the calculations. Their relevant uncertainties are
summarized in Table IV.
Especially, if we take into account these unknown phase

angles, the BESIII measurement [83],

BðZcð3900Þ� → ηcρ
�Þ

BðZcð3900Þ� → J=ψπ�Þ ¼ 2.2� 0.9; ðB1Þ

can be explained with the interpretation of Zcð3900Þ as the
jDD̄�; 1þ−i molecular state.
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