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The J=ψ production originating from elastic and inelastic photoproduction processes in p-p collisions at
LHC energies is investigated, where the fragmentation processes are involved. An exact treatment is
performed, which adopts the Martin-Ryskin method to weight the contribution from different channels, and
can return to Weizsäcker-Williams approximation (WWA) when Q2 → 0. The relevant kinematical
relations are also achieved. We present a comprehensive analysis for the feature of WWA by comparing
with the exact treatment. The results are expressed in Q2, y, z, pT , and yr (rapidity) distributions, and the
total cross sections are also estimated. The numerical results indicate that the incoherent-photon emission
can provide a meaningful contribution to elastic photoproduction, and starts to play a very important role in
the inelastic processes. The photoproduction and fragmentation processes can improve the contribution of
J=ψ production in p-p collisions at LHC energies. Moreover, the WWA is only effective in very restricted
domains, and the exact treatment is needed to deal accurately with the J=ψ photoproduction, which can
naturally avoid double counting and WWA errors.
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I. INTRODUCTION

During recent years the study of photon-induced inter-
actions at hadronic colliders has been strongly motivated by
the possibility of constraining the dynamics of the strong
interactions at large energies. This mechanism is the domi-
nant channel in ultraperipheral collisions [1–3], and plays a
fundamental role in ep deep inelastic scattering at HERA
[4], and is also an important part of current experimental
efforts at LHC [5]. In the case of heavy vector meson
photoproduction, it sheds light on the low-x physics and
helps to constraint the nuclear parton distributions. On the
side of the projectile, there are two kinds of photon
emission mechanisms [Fig. 1] that need to be distinguished
[6]: coherent-photon emission (coh.) and incoherent-pho-
ton emission (incoh.). In the first type, the virtual photons
are radiated coherently by the whole nucleus which remains

intact after photons emitted. In the second type, the virtual
photons are emitted incoherently by the individual con-
stituents inside nucleus, and as a weakly bound system
nucleus will dissociate after photons emitted. On the target
side, there are two types of photoproduction: elastic process
in which the target nucleus remains intact after scattering
with photons; inelastic process in which the target nucleus
is allowed to break up. When these different channels are
considered simultaneously, we have to weight the different
contributions for avoiding double counting. But in fact, this
serious trouble is encountered in most works and caused the
large fictitious contributions [7–13].
There are a lot of studies for these processes, and the

incoherent-photon emission mechanism has been adopted

(a) (b)

FIG. 1. (a) Coherent-photon emission, virtual photon is radi-
ated coherently by the whole proton which remains intact after
scattering. (b) Incoherent-photon emission, virtual photon is
radiated incoherently by the quarks inside proton which is
allowed to break up after scattering.
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in the two-photon processes [14,15]. However, the appli-
cation of this mechanism from the individual quarks, to our
knowledge, is insufficient in J=ψ photoproduction. In
Refs. [16–19], Klein and Nystrand studied the coherent
and elastic vector meson production via photon-Pomeron
and photon-meson interactions, where J=ψ photoproduc-
tion in p-p collisions is also analyzed by adopting
the photon spectrum associated with a proton. These
authors also presented a Monte Carlo simulation program,
STARTlight, that calculated the cross sections for a variety
of UPC final states [20]. In Refs. [21,22], the authors
studied the inclusive diffractive heavy quarkonium photo-
production using the resolved Pomeron model, where the
direct and resolved contributions are included. Gonçalves
et al. presented a comprehensive analysis of elastic vector
mesons photoproduction in hadronic collisions in
Refs. [23–29], where the predictions for transverse momen-
tum and rapidity distributions considering different QCD
dynamics were estimated. They also presented their results
for the inelastic quarkonium photoproduction by using the
semiclassical photon spectrum [30]. Machado et al. studied
the inclusive and exclusive J=ψ , ψð2SÞ, and ϒ photo-
productions in the proton-nucleus and nucleus-nucleus
collisions at the LHC within the color dipole formalism
[31–34]. There are also a lot of other works for the
photoproduction of heavy quarkonium. However, the
photon emission types in all of theses above works are
coherent, the incoherent contribution is neglected.
On the other hand, it is well known that the J=ψ

photoproduction can be theoretically studied by using
the Weizsäcker-Williams approximation (WWA), which
can be traced back to early works by Fermi [35],
Weizsäcker and Williams [36], and Landau and Lifshitz
[37,38]. The central idea of WWA is that the moving
electromagnetic field of charged particles can be treated as
a flux of photons distributed with some density nðωÞ on a
frequency spectrum [39–41]. Thus, the cross section is
given by the convolution between the photon flux and the
relevant real photoproduction cross section. In the calcu-
lations, an important function is the photon flux function
or equivalent photon spectrum, which has different forms
for different charged sources. Although the great success
has been achieved, the discussion about the properties of
WWA in J=ψ photoproduction is still insufficient. WWA is
usually employed to the processes which are actually not
applicable, and a number of imprecise statements and some
widely used equivalent photon spectra are achieved beyond
the WWA validity range [7–13,42–50]. Especially at LHC
energies, the WWA significantly decides the accuracy of
photoproduction processes, since photon flux function
fγ ∝ ln

ffiffiffi
s

p
=m, the collision energy

ffiffiffi
s

p
is very large and

thus fγ becomes important. For these reasons, we consider
that it is necessary to systematically study the properties of
WWA, and to discuss important inaccuracies encountered
in its application.

According to the purposes discussed above, in this work,
we consider the J=ψ photoproduction in p-p collisions at
LHC energies. We present the comparison between WWA
and the exact treatment which reduces to the WWA in the
limit Q2 → 0 and can be considered as the generalization
of leptoproduction [51,52]. The kinematical relations
matched with the exact treatment are also achieved.
Then we discuss the production rate of photoproduction
and fragmentation processes by comparing with leading
order (LO) contribution.
This paper is organized as follows. Section II presents

the formalism of exact treatment, where the direct, resolved
and fragmentation contributions are included. Based on
Martin-Ryskin method, the coherent and incoherent-
photon emissions, and the elastic and inelastic processes
are considered simultaneously. In Sec. III, the WWA is
discussed by switching the exact formulae into the WWA
ones in the limit Q2 → 0. Section IV provides the numeri-
cal results, the distributions of Q2, y, z, pT , and yr, and the
total cross sections are presented. The summary and
conclusions are given in Sec. V.

II. EXACT TREATMENT

Heavy quarkonium production involves both perturba-
tive and nonperturbative aspects of QCD. The factorization
formalism of nonrelativistic QCD (NRQCD) provides a
rigorous theoretical framework for the description of
heavy-quarkonium production and decay [53]. This for-
malism implies a separation of short-distance coefficients,
which can be calculated perturbatively as expansions in the
strong-coupling constant αs, from long-distance matrix
elements (LDMEs), which must be extracted from experi-
ment. The LDMEs are process independent, and can be
classified in terms of their scaling in ν, the relative velocity
of the heavy quarks in the bound state. A crucial feature of
this formalism is that it takes into account the QQ̄ Fock

space, which is spanned by the states n ¼ 2Sþ1LðcÞ
J with

definite spin S, orbital angular momentum L, total angular
momentum J, and color multiplicity c. In particular, this
formalism predicts the existence of color-octet processes by
the nonperturbative emission of soft gluons in nature.
In this section, we employ the NRQCD factorization

formalism to describe the inelastic J=ψ photoproduction.
For elastic process, we adopt a phenomenological satu-
ration model developed by Marquet-Peschanski-Soyez
(MPS) [54], which is based on the solutions of the BK
equation in the momentum space, and is characterized by a
saturation scale that is proportional to the squared momen-
tum transfer t and by the factorization of the t‐dependence
associated to the proton vertex. This model is recently
updated by Xie and Gonçalves in Ref. [27], through the
fitting to the latest high precision HERA data for the
reduced and vector meson cross sections. In their work they
performed a comprehensive study of the exclusive ρ, J=ψ ,
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and γ production in ep collisions at the kinematical range
that will be probed by the EIC and LHeC. They compared
the MPS model with BSAT and BCGC phenomenological
saturationmodels in Refs. [55,56] based on distinct assump-
tions for the treatment of the dipole scattering amplitude, and
indicated that a future experimental analysis of exclusive
processes, considering events characterized by large values
of the squared transferredmomentum, has the potentiality of
constraining the description of the QCD dynamics.

A. General formalism

As a generalization of leptoproduction framework, the
exact treatment for the J=ψ photoproduction in p-p
collisions consists of two important parts. First, the photon
radiated from the projectile is off the mass shell and no
longer transversely polarized, thus we can expand the
density of this virtual photon using the linear combinations.
The formalism is analogous to that in Ref. [45]. Secondly,
the square of the electric form factor F2

1ðQ2Þ is applied as
the probability or weighting factor (WF) to distinguish the
contributions from the different photon emissions and from
the different interaction types, thus we can avoid the trouble
of double counting.
Actually, a consistent analysis of the terms neglected in

going from the accurate expression of diagram of Fig. 2(a)
to the WWA one, allows us in a natural manner to estimate
the properties of WWA in J=ψ photoproduction. This can
be performed in a general form for every reaction. In our
case, for achieving the first part of exact treatment we
derive the general form of cross section in Fig. 2(a).
Denoting the scattering amplitude as Mαβ, we obtain

dσðαþ β → αþ J=ψ þ βÞ

¼ jMαβj2
4½ðpα · pβÞ2 −m2

αm2
β�1=2

dPS3ðpα þ pβ;p0
α; pJ=ψ ; p0

βÞ;

ð1Þ

where we employ the short-hand notation

dPSnðP;p1;…; pnÞ ¼ ð2πÞ4δ4
�
P −

Xn
i¼1

pi

�Yn
i¼1

d3pi

ð2πÞ32Ei
;

ð2Þ

for the Lorentz invariant N-particle phase-space element.
By decomposing the squared scattering amplitude as
jMαβj2 ¼ 4παeme2αρμνMμM�ν=Q2 and rearranging dPSn,
the cross section can be further expressed as

dσðαþ β → αþ J=ψ þ βÞ

¼ 4πe2ααem
ρμνMμM�ν

Q2

� ðq · pβÞ2 − q2m2
β

ðpα · pβÞ2 −m2
αm2

β

�1=2

×
d3p0

α

ð2πÞ32E0
α

dPS2ðqþ pβ;pJ=ψ ; p0
βÞ

4p̂CM

ffiffiffî
s

p ; ð3Þ

where eα is the charge of the projectile, αem ¼ 1=137 is the
electromagnetic coupling constant, Eα0 is the energy of α0,
Mμ is the virtual photoabsorption amplitude, and

� ðq · pβÞ2 − q2m2
β

ðpα · pβÞ2 −m2
αm2

β

�1=2
¼ p̂CM

ffiffiffî
s

p

pCM
ffiffiffiffiffiffisαβ

p ; ð4Þ

sαβ ¼ ðpα þ pβÞ2 and ŝ ¼ ðqþ pβÞ2 are the energy square
in the αβ and γ�βCM frames, respectively. pCM and p̂CM
are the momenta in the corresponding CM frames. The
details can be found in Appendix. The quantity ρμν is the
density matrix of the virtual photon produced by α,

ρμν ¼
�
−gμν þ qμqν

q2

�
F2ðQ2Þ

−
ð2Pα − qÞμð2Pα − qÞν

q2
F1ðQ2Þ; ð5Þ

(a) (b)

FIG. 2. (a) The general J=ψ photoproduction processes. The virtual photon emitted from the projectile α interacts with target β, α can
be the proton or its charged parton (quarks). β can be the proton or its parton for elastic and inelastic processes, respectively. α0 and β0 are
the scattered α and β. (b) Photoabsorption.
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F1ðQ2Þ and F2ðQ2Þ are the general notations of form
factors.
After integrating over the phase space volume of the

produced system of particles, the following quantity can be
included in Eq. (3)

Wμν ¼ 1

2

Z
MμM�νdPS2ðqþ pβ;pc; p0

βÞ: ð6Þ

Here, Wμν is the absorptive part of the γβ ampli-
tude [Fig. 2(b)], connected with the cross section in
the usual way. The tensors according to which Wμν is
expanded, can be constructed only from the q, pβ, and gμν

tensor. In order to consider explicitly gauge invariance:
qμWμν ¼ qνWμν ¼ 0, it is convenient to use the following
linear combinations [57]

Qμ ¼
�

−q2

ðq · pβÞ2 − q2m2
β

�1
2

�
pβ − q

q · pβ

q2

�
μ

;

Rμν ¼ −gμν þ ðq · pβÞðqμpν
β þ qνpμ

βÞ − q2pμ
βp

ν
β −m2

βq
μqν

ðq · pβÞ2 − q2m2
β

;

ð7Þ

which satisfy the relations: qμQμ ¼ qμRμν ¼ QμRμν ¼ 0,
QμQμ ¼ 1. After expending Wμν in these tensors,
we have

Wμν ¼ RμνWTðq2; q · pβÞ þQμQνWLðq2; q · pβÞ: ð8Þ

The dimensionless invariant functions WT and WL are
simply connected with the cross section of transverse or
longitudinal photon absorption σT and σL, respectively:

WT ¼ 2p̂CM

ffiffiffî
s

p
σTðγ� þ β → J=ψ þ βÞ;

WL ¼ 2p̂CM

ffiffiffî
s

p
σLðγ� þ β → J=ψ þ βÞ: ð9Þ

Substituting Eqs. (8), (9) into (3), we finally achieve the
differential cross section as follows:

dσðαþ β → αþ J=ψ þ βÞ

¼ e2ααem
2π2Q2

ρμν

4p̂CM

ffiffiffî
s

p ½RμνWT þQμQνWL�
p̂CM

ffiffiffî
s

p

pCM
ffiffiffiffiffiffisαβ

p d3p0
α

E0
α

¼ e2ααem
2π2y

�
yρþþ

Q2
σTðγ� þ β → J=ψ þ βÞ þ yρ00

Q2

×
σL
2
ðγ� þ β → J=ψ þ βÞ

�
p̂CM

ffiffiffî
s

p

pCM
ffiffiffiffiffiffisαβ

p d3p0
α

E0
α

: ð10Þ

Here, the coefficients ρab are the elements of the density
matrix Eq. (5) in the γβ-helicity basis:

ρþþ ¼ 1

2

� ð2 − yÞ2
y2 þQ2m2

β=ðpα · pβÞ2
−
4m2

α þQ2

Q2

�
F1ðQ2Þ

þ F2ðQ2Þ;

ρ00 ¼ ð2 − yÞ2
y2 þQ2m2

β=ðpα · pβÞ2
F1ðQ2Þ − F2ðQ2Þ; ð11Þ

where the relations 2ρþþ ¼ ρμνRμν and ρ00 ¼ ρμνQμQν

are used.
We are now in a position to achieve the second part of the

exact treatment, we have to derive the detailed expressions
of the form factors for each photon emission mechanism
and for each interaction type. We adopt the central idea
of the Martin-Ryskin method [58] in the calculations, in
which the coherent probability or weighting factor (WF)
is described by the square of the electric proton form factor
G2

EðQ2Þ, and the effect of the magnetic form factor is
neglected. GEðQ2Þ can be parametrized by the dipole
form: GEðQ2Þ ¼ 1=ð1þQ2=0.71 GeV2Þ2. In the cases
of coherent-photon emission or elastic process, the WF
is wcoh ¼ wel ¼ G2

EðQ2Þ. In the cases of incoherent-photon
emission or inelastic process, the remaining probability,
1 − w ¼ 1 −G2

EðQ2Þ, has to be considered to avoid double
counting.
Therefore, in elastic photoproduction processes, the

general notations F1ðQ2Þ and F2ðQ2Þ in Eq. (11) can be
written as:

Felastic
1 coh ðQ2Þ ¼ Felastic

2 coh ðQ2Þ ¼ welwcoh ¼ G4
EðQ2Þ;

Felastic
1incohðQ2Þ ¼ Felastic

2incohðQ2Þ ¼ welð1 − wcohÞ
¼ G2

EðQ2Þ½1 − G2
EðQ2Þ�; ð12Þ

and those for inelastic processes are changed accordingly:

Finelastic
1 coh ðQ2Þ ¼ Finelastic

2 coh ðQ2Þ ¼ ð1 − welÞwcoh

¼ ½1 − G2
EðQ2Þ�G2

EðQ2Þ;
Finelastic
1 incoh ðQ2Þ ¼ Finelastic

2 incoh ðQ2Þ ¼ ð1 − welÞð1 − wcohÞ
¼ ½1 − G2

EðQ2Þ�2: ð13Þ

B. The Q2 and y distributions of J=ψ production

In the present section, we employ the accurate expres-
sion Eq. (10) to give the Q2 and y dependent differential
cross sections. It is convenient to do the calculations in the
rest frame of α, where jqj ¼ jpα0 j ¼ r, the photon virtuality
Q2¼−q2¼ðpα−pα0 Þ2¼2mαð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þm2

α

p
−mαÞ, d3p0

α ¼
r2drd cos θdφ, and y ¼ ðq · pβÞ=ðpα · pβÞ ¼ ðq0 − jpβj×
r cos θ=EβÞ=mα. By doing the Jacobian transformation,

dydQ2 ¼ J d cos θdr ¼
���� DðQ2; yÞ
Dðcos θ; rÞ

����d cos θdr; ð14Þ
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the details are given in Appendix, the differential cross
section in Eq. (10) can be cast into

dσ
dydQ2

ðαþ β → αþ J=ψ þ βÞ

¼ e2ααem
2π

�
yρþþ

Q2
σTðγ� þ β → J=ψ þ βÞ þ yρ00

Q2

×
σL
2
ðγ� þ β → J=ψ þ βÞ

�
fðsαβ; pCM; ŝ; p̂CMÞ; ð15Þ

and

fðsαβ; pCM; ŝ; p̂CMÞ

¼ p̂CM

ffiffiffî
s

p

ypCM
ffiffiffiffiffiffisαβ

p
sαβ −m2

α −m2
βffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsαβ −m2
α −m2

βÞ2 − 4m2
αm2

β

q : ð16Þ

Now we switch the general expression Eq. (15) to each
specific channel. First of all, we discuss the case of elastic
photoproduction processes. The density matrix ρμν in this
case is the same as Eq. (11), but F1ðQ2Þ and F2ðQ2Þ should
be substituted by Eq. (12). We adopt the Marquet-
Peschanski-Soyez (MPS) model which predicts that the
saturation scale becomes proportional to the squared
momentum transfer t and that nonperturbative contribu-
tions can be factorized when the scattering amplitude is
described in the momentum transfer representation. This
model is recently updated by Xie and Gonçalves in
Ref. [27], through the fitting to the latest high precision
HERA data. In the color dipole formalism, the scattering
amplitude for the γ�p → Ep process can be expressed in
the momentum representation as follows [54]:

Aγ�p→Ep
T;L ðx;Q2; t ¼ −q2Þ ¼ i

Z
d2r

Z
dz
4π

ðψ�
EψγÞT;L

× ðz; r; Q2Þe−izq·rT ðx; r;qÞ;
ð17Þ

where q is the momentum transfer, x ¼ ðQ2 þM2Þ=
ðŝþQ2Þ, r is the size of the qq̄ dipole, and z and
(1 − z) are the momentum fractions of the incoming photon
momentum carried by the quark and antiquark, respec-
tively. The overlap functions ðψ�

EψγÞT;L describe the
fluctuation of a photon with transverse or longitudinal
polarization into a color dipole and the subsequent for-
mation of the final state E. The modeling of the overlap
function for the vector meson production is still a theme of
debate, we will follow Ref. [27] to assume that the vector
meson is predominantly a quark-antiquark state and that its
spin and polarization structures are the same of the photon
[55,59,60]. Such assumptions imply that the overlap
functions are given by

ðΨ�
VΨγÞT ¼ êfe

Nc

πzð1 − zÞ fm
2
fK0ðϵrÞϕTðr; zÞ

− ðz2 þ ð1 − zÞ2ÞϵK1ðϵrÞ∂rϕTðr; zÞg;

ðΨ�
VΨγÞL ¼ êfe

Nc

π
2Qzð1 − zÞK0ðϵrÞ

�
MVϕLðr; zÞ

þ δ
m2

f −∇2
r

MVzð1 − zÞϕLðr; zÞ
�
; ð18Þ

where êf is the effective charge of the quarks, Nc ¼ 3 and
ϕT;Lðr; zÞ define the scalar part of the vector meson wave
functions. There are two popular models employed in the
literature—the boosted Gaussian (BG) and light-cone
Gauss (LCG)—which differ in the assumptions: δ and
ϕT;Lðr; zÞ. In the BG model, δ ¼ 1 and

ϕT;Lðz; rÞ ¼ N T;Lzð1 − zÞ exp
�
−

m2
fR

2

8zð1 − zÞ

−
2zð1 − zÞr2

R2
þm2

fR
2

2

�
; ð19Þ

whereN T;L andR are free parameters to be determined by
the normalization condition of the wave function and by the
decay width. In the LCG model, δ ¼ 0 and

ϕTðz; rÞ ¼ NT ½zð1 − zÞ�2 exp
�
−

r2

2R2
T

�
; ð20Þ

ϕLðz; rÞ ¼ NLzð1 − zÞ exp
�
−

r2

2R2
L

�
: ð21Þ

In our work, we also follow the authors in Ref. [27] to
employ the LCG model in the calculations, which has
smaller χ2 for J=ψ production. The relevant parameters can
be found in Table I of Ref. [27]. In MPS model, the
scattering amplitude can be expressed as [54]:

T MPSðx;r;bÞ ¼ 2πR2
pfðbÞ

×

�
N 0ðrQsðx;bÞ

2
Þ2½γsþð1=κλYÞ lnð2=rQsðx;bÞÞ�; rQsðx;bÞ≤ 2

1− expð−aln2ðbrQsðx;bÞÞÞ; rQsðx;bÞ> 2;

ð22Þ

where N 0 ¼ 0.7, κ ¼ 9.9, Y ¼ lnð1=xÞ, and the constants
a and b are given by

a ¼ −
N 2

0γ
2
s

ð1 −N 0Þ2 lnð1 −N 0Þ
;

b ¼ 1

2
ð1 −N 0Þ−ð1−N 0Þ=ð2N 0γsÞ: ð23Þ

The MPS model is characterized by a q-dependent satu-
ration scale: Qsðx;bÞ ¼ ðx0=xÞλ=2ð1þ cq2Þ, and by the
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factorization of the form factor: fðbÞ ¼ e−Bq
2

, which
describes the q-dependence of the proton vertex. The
parameters c, B, Rp, γs, λ, and x0 have been obtained
by fitting the latest HERA data in Table II of Ref. [27].
Finally, the transverse and longitudinal cross sections for

elastic J=ψ photoproduction in Eq. (15) can be calculated
including the corrections associated to the real part of the
amplitude and the skewedness factor, which is related to the
fact that the gluons emitted from the quark and antiquark
into the dipole can carry different momentum fractions
[61]. As a consequence,

dσγ
�p→J=ψp
T;L

dt
¼ R2

gð1þ β2Þ
16π

jAT;Lðx;Q2;bÞj2; ð24Þ

where β is the ratio of real and imaginary parts of the
amplitude [55]

β ¼ tan

�
π

2
λ

�
; with λ ¼ ∂ lnðImAT;LÞ

∂ ln 1=x : ð25Þ

Moreover, the skewedness factor R2
g is [55]

Rg ¼
22λþ3ffiffiffi

π
p Γðλþ 5=2Þ

Γðλþ 4Þ ; ð26Þ

Considering the different photon emission mechanisms,
the elastic process has to further divide into the elastic-
coherent and elastic-incoherent processes. For elastic-
coherent process, virtual photon is radiated coherently
by the whole incident proton, and then interacts with the
another incident proton which remains intact after scatter-
ing. The corresponding cross section can be derived
directly from Eqs. (15) and (24), where both the projectile
and target are the proton: mα ¼ mβ ¼ mp.
For elastic-incoherent process, the virtual photon emitter

is quarks inside incoming proton, the corresponding differ-
ential cross section is

dσelasticincoh

dydQ2
ðpþ p → XA þ J=ψ þ pÞ

¼ 2
X
a

Z
dxafa=pðxa; μ2Þ

dσ
dydQ2

× ðaþ p → aþ J=ψ þ pÞ; ð27Þ
where xa ¼ pa=pA is the parton’s momentum fraction,
fa=pðxa; μ2Þ is the parton distribution function of proton A,
and the factorized scale is chosen as μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

J=ψ þQ2
q

.

The factor of two in Eq. (27) arises because both protons
emit photons and thus serve as targets. The partonic cross
section can also be obtained from Eqs. (15) and (24) with
mα ¼ ma ¼ 0, mβ ¼ mp.
Here we discuss the inelastic J=ψ photoproduction. In the

initial state, the inelastic photoproduction process may be

direct or resolved [62]. In the inelastic direct photoproduction
process, the high-energy photon, emitted from the projectile
α, interacts with the partons of target proton directly. In the
inelastic resolved photoproduction process, the uncertainty
principle allows the high-energy hadron-like photon to
fluctuate into a color singlet state with multiple qq̄ pairs
and gluons. Due to this fluctuation, the photon interacts with
the partons inside the target proton like a hadron, and the
subprocesses are almost purely strong interaction processes.
Wemust keep in mind that the distinction between these two
types of contributions does not really exist, only the sum
of them has a physical meaning. Actually, as always with
photons, the situation is quite complex. Together with the
two different photon emissions mentioned earlier, we have
four classes of inelastic processes: inelastic coherent-direct
(coh.dir.), inelastic coherent-resolved (coh.res.), inelastic
incoherent-direct (incoh.dir.), and inelastic incoherent-
resolved (incoh.res.) processes. These abbreviations will
appear in many places of the remaining content, and we
do not explain its meaning again.
In the case of inelastic coherent-direct process, the virtual

photon emitted from the whole incident proton A interacts
with parton b of target proton B, and the proton A remains
intact after photon emitted. According to the NRQCD
factorization formalism, the corresponding differential cross
section can be derived with mα ¼ mp and mβ ¼ mb ¼ 0,

dσinelasticcoh:dir:

dydQ2
ðpþ p → pþ J=ψ þ XÞ

¼ 2
X
b

Z
dxbdt̂fb=pðxb; μ2bÞ

X
n

hOJ=ψ ½n�i

×
dσ

dydQ2dt̂
ðpþ b → pþ cc̄½n� þ bÞ; ð28Þ

where hOJ=ψ ½n�i is the LDMEs of NRQCD. xb ¼ pb=pB is
the momentum fraction of the proton, fb=pðxb; μ2Þ is the
parton distribution function ofmassless parton b in protonB.
Based on Eq. (15), the cross section of the subprocess αþ
b → αþ cc̄½n� þ b should be rewritten as

dσ
dydQ2dt̂

ðαþb→ αþ cc̄½n�þbÞ

¼ e2ααem
2π

Fb½n�
�
yρþþ

Q2
Tb½n�− yρ00Lb½n�

�
fðs;pCM; ŝ; p̂CMÞ;

ð29Þ

where Fb½n�, Tb½n� and Lb½n� can be found in Ref. [45].
In the case of inelastic incoherent-direct process, the

virtual photon emitted from the quarks a inside proton A
interacts with parton b of proton B, and A is allowed to
break up after photon emitted. Similarly, the corresponding
differential cross section has the form of
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dσinelasticincoh:dir:

dydQ2
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b

Z
dxadxbdt̂fa=pðxa; μ2aÞfb=pðxb; μ2bÞ

×
X
n

hOJ=ψ ½n�i dσ
dydQ2dt̂

ðaþ b → aþ cc̄½n� þ bÞ;

ð30Þ

the differential cross section dσ=dydQ2ðaþ b → aþ
cc̄½n� þ bÞ can be derived from Eq. (29) with mα ¼
ma ¼ 0 and eα ¼ ea, where ea is the charge of massless
quark a.
In the inelastic coherent-resolved process, the parton a0

of hadronlike photon which emitted from proton A,
interacts with the parton b of proton B via the interactions
of quark-antiquark annihilation, quark-gluon Compton
scattering and gluon-gluon fusion. The relevant differential
cross section reads

dσinelasticcoh:res:

dydQ2
ðpþ p → pþ J=ψ þ XÞ

¼ 2
X
b

X
a0

Z
dxbdza0dt̂fb=pðxb; μ2bÞfa0=γðza0 ; μ2γÞ

×
αem
2π

yρþþ

Q2

X
n

hOJ=ψ ½n�i dσa0b→cc̄½n�d
dt̂

; ð31Þ

where fγðza0 ; μ2Þ is the parton distribution function of
the resolved photon [63], z0a ¼ pa0=q denotes the parton’s
momentum fraction of the resolved photon radiated
from the proton A. The complete list for the partonic
cross sections of a0 þ b → cc̄½n� þ b can be found in
Refs. [64].
In the inelastic incoherent-resolved process, the

quarks inside proton A emit a hadronlike virtual photon,
then the parton a0 of this resolved photon interacts
with parton b inside proton B, and A is break up after
photon emitted. The relevant differential cross section is

dσinelasticincoh:res:

dydQ2
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b

X
a0

Z
dxadxbdza0dt̂fa=pðxa; μ2aÞfb=pðxb; μ2bÞ

× fa0=γðza0 ; μ2γÞ
e2aαem
2π

yρþþ

Q2

X
n

hOJ=ψ ½n�i dσa0b→cc̄½n�d
dt̂

:

ð32Þ

C. The pT , yr, and z distributions
of J=ψ production

The pT , rapidity yr, and inelastic variable z ¼ ðpJ=ψ ·
pβÞ=ðq · pβÞ distributions can be obtained by using the
Jacobian transformation. It is needed to emphasize that one
should add a term with the exchange ðyr → −yrÞ in the
formulas of yr distribution, which reflects the fact that each
colliding proton can serve as a photon emitter and as a
target.
Actually in the final state, the J=ψ photoproduction can

be divided into two categories: direct J=ψ produced from
the γ-g fusion, annihilation, and Compton scattering of
partons; fragmentation J=ψ produced by the fragmentation
process from the final state partons. In the following we
will take into account all of these aspects.

1. Direct J=ψ production

For deriving the pT and yr distributions, we have to
reordering and redefining the integration variables, and
the Mandelstam variables in γ�β CM frame should be
written as

ŝ ¼ 2 cosh yrmT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh2yrm2

T þm2
β −M2

J=ψ

q
þ 2cosh2yrm2

T þm2
β −M2

J=ψ ;

t̂ ¼ M2
J=ψ −Q2 − 2mTðÊγ cosh yr − p̂CM sinh yrÞ;

û ¼ M2
J=ψ þm2

β − 2mTðÊβ cosh yr þ p̂CM sinh yrÞ; ð33Þ

where yr ¼ ð1=2Þ lnðEþpzÞ=ðE−pzÞ,mT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

J=ψ þp2
T

q
is the J=ψ transverse mass, Êγ , Êβ and p̂CM are the energies
and momentum in γ�β CM frame, respectively. The details
are given in Appendix.
In the case of direct photoproduction processes, the

variables xb and t̂ should be chosen to do the following
transformation,

dt̂dxb ¼ J dyrdp2
T ¼

���� Dðxb; t̂Þ
Dðyr; p2

TÞ
����dyrdp2

T; ð34Þ

and then the relevant cross sections for direct J=ψ pro-
duction can be written as,

dσinelasticcoh:dir:

dyrdpT
ðpþ p → pþ J=ψ þ XÞ

¼ 2
X
b

Z
2pTdQ2dyfb=pðxb; μ2bÞJ

X
n

hOJ=ψ ½n�i

×
dσ

dQ2dydt̂
ðpþ b → pþ cc̄½n� þ bÞ; ð35Þ
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dσinelasticincoh:dir:

dyrdpT
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b

Z
2pTdQ2dydxafa=pðxa; μ2aÞfb=pðxb; μ2bÞJ

×
X
n

hOJ=ψ ½n�i dσ
dQ2dydt̂

ðaþ b → aþ cc̄½n� þ bÞ:

ð36Þ

In the case of resolved contributions, we should choose
the variables t̂γ and za0 to do the similar transformation,

dt̂γdza0 ¼ J dyrdp2
T ¼

���� Dðza0 ; t̂γÞ
Dðyr; p2

TÞ
����dyrdp2

T; ð37Þ

the corresponding differential cross sections are

dσinelasticcoh:res:

dyrdpT
ðpþ p → pþ J=ψ þ XÞ

¼ 2
X
b

X
a0

Z
2pTdQ2dydxbfb=pðxb; μ2bÞfγðza0 ; μ2γÞJ

×
αem
2π

yρþþ

Q2

X
n

hOJ=ψ ½n�i dσa0b→cc̄½n�d
dt̂

; ð38Þ

dσinelasticincoh:res:

dyrdpT
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b

X
a0

Z
2pTdQ2dydxadxbfa=pðxa; μ2aÞfb=pðxb; μ2bÞ

× fγðza0 ; μ2γÞJ e2a
αem
2π

yρþþ

Q2

X
n

hOJ=ψ ½n�i dσa0b→cc̄½n�d
dt̂

;

ð39Þ

where the Mandelstam variables of resolved photoproduc-
tion are the same as Eq. (33), but with Q2 ¼ 0.
For the z distribution, we can do the similar trans-

formation and the Mandelstam variables in Eq. (33) should
be rewritten as:

ŝ ¼ M2
J=ψ

z
þ p2

T

zð1 − zÞ ;

t̂ ¼ −ð1 − zÞðŝþQ2 −m2
βÞ;

û ¼ M2
J=ψ þm2

β − zðŝþQ2 −m2
βÞ: ð40Þ

We do not list here the relevant cross sections again.

2. Fragmentation J=ψ production

The fragmentation J=ψ production is also an important
channel which involves a nonperturbative part described
by the J=ψ fragmentation function, Dc→cc̄½n�ðzc; Q2Þ, its

detailed expression was calculated in Refs. [65,66]. zc ¼
2pT cosh yr=

ffiffiffî
s

p
is the momentum fraction of the final state

J=ψ . First of all, we should rewrite the Mandelstam
variables as follows

ŝ ¼ yxbðs − 2m2
pÞ −Q2;

t̂ ¼ −Q2 −
ŝ

2 cosh yr
e−yr þ Q2

2 cosh yr
eyr ;

û ¼ −ðŝþQ2Þ eyr

2 cosh yr
: ð41Þ

Then the variables zc and t̂ should be chosen to do the
following transformation

dt̂dzc ¼ J dyrdp2
T ¼

���� Dðzc; t̂Þ
Dðyr; p2

TÞ
����dyrdp2

T: ð42Þ

For direct photoproduction processes, the corresponding
cross sections of fragmentation J=ψ production are

dσinelasticcoh:dir:�frag:

dyrdpT
ðpþp→pþJ=ψþXÞ

¼ 2
X
b;c

Z
2pTdQ2dydxbfb=pðxb;μ2bÞ

J
zc

X
n

hOJ=ψ ½n�i

×Dc→QQ̄½n�ðzc;Q2Þ dσ
dQ2dydt̂

ðpþb→pþcþdÞ; ð43Þ

dσinelasticincoh:dir:�frag:

dyrdpT
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b;c

Z
2pTdQ2dydxadxbfa=pðxa; μ2aÞ

× fb=pðxb; μ2bÞ
J
zc

X
n

hOJ=ψ ½n�iDc→QQ̄½n�ðzc; Q2Þ

×
dσ

dQ2dydt̂
ðaþ b → aþ cþ dÞ; ð44Þ

where the partonic subprocesses involved here are qγ� →
qγ, qγ� → qg, and gγ� → qq̄ [67].
For resolved contributions, the differential cross sections

are

dσinelasticcoh:res:�frag:

dyrdpT
ðpþp→ pþ J=ψ þXÞ

¼ 2
X
b

X
a0;c

Z
2pTdQ2dydxbdza0fb=pðxb;μ2bÞfγðza0 ;μ2γÞ

J
zc

×
αem
2π

yρþþ

Q2

X
n

hOJ=ψ ½n�iDc→QQ̄½n�ðzc;Q2Þdσa0b→cd

dt̂
;

ð45Þ
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dσinelasticincoh:res:�frag:

dyrdpT
ðpþ p → XA þ J=ψ þ XÞ

¼ 2
X
a;b

X
a0;c

Z
2pTdQ2dydxadxbdza0fa=pðxa; μ2aÞ

× fb=pðxb; μ2bÞfγðza0 ; μ2γÞ
J
zc

e2aαem
2π

yρþþ

Q2

×
X
n

hOJ=ψ ½n�iDc→QQ̄½n�ðzc; Q2Þ dσa0b→cd

dt̂
; ð46Þ

where the involved subprocesses are qq → qq, qq0 → qq0,
qq̄ → qq̄, qq̄ → q0q̄0, qq̄0 → qq̄0, qg → qγ, qg → qg
and gg → qq̄ [68]. The Mandelstam variables of resolved
contributions are the same as Eq. (41), but with Q2 ¼ 0.

III. WEIZSÄCKER-WILLIAMS
APPROXIMATION

The connection between the processes in Fig. 2(a) and
2(b) can help us to understand the central idea of
Weizsäcker-Williams approximation. By replacing the
electromagnetic fields from a fast-moving charged par-
ticle to an equivalent flux of photon, in which the
number of photons with energy ω, nðωÞ, is given by
the Fourier transform of the time-dependent electromag-
netic field. The photoproduction process in Fig. 2(a) can
be factorized into the real photo-absorption cross section
[Fig. 2(b)] and the photon spectrum. This idea was first
raised by Fermi [35], and was developed by Weizsäcker
and Williams to describe the high energy interactions,
and the method is known as the Weizsäcker-Williams
approximation (WWA) [36]. An essential advantage of
WWA consists in the fact that, when using it, it is
sufficient to obtain the photo-absorption cross section on
the mass shell only. Details of its off mass-shell behavior
are not essential. Thus, the WWA, as a useful technique,
has been widely applied to obtain various cross sections
for charged particle productions [57]. Although the great
success has been achieved, the properties of WWA in
J=ψ photoproduction are rarely noticed, and a number of
imprecise statements pertaining to the essence of WWA
were given [7–13,42–50]. And also the serious double
counting exists when different charged sources are
considered simultaneously [7–13].
The exact treatment developed in Sec. II can reduce to

the WWA when Q2 → 0. This provides us an overall
approach to compare our results with the WWA ones. In
the present section we switch the accurate expression
Eq. (10) into the WWA form and discuss a number of
widely employed photon spectra. There are two simplifi-
cations should be performed: the longitudinal photon
contribution σL should be neglected; the term of σT is
substituted by its on-shell value. Taking Q2 → 0, Eq. (10)
switches to:

lim
Q2→0

dσ
dt̂

ðαþ β → αþ J=ψ þ βÞ

¼
�
e2α

αem
2π2

yρþþ

Q2

d3p0
α

E0
α

�
p̂CM

ffiffiffî
s

p

ypCM
ffiffiffiffiffiffi
sαb

p dσT
dt̂

����
Q2¼0

¼
�
e2ααem
2π

ðyρþþÞ dydQ
2

Q2

�
dσT
dt̂

fðsαβ; pCM; ŝ; p̂CMÞ
����
Q2¼0

¼ dnγ
dσT
dt̂

fðsαβ; pCM; ŝ; p̂CMÞ
����
Q2¼0

; ð47Þ

we can see that the contribution of dσL=dt̂ and the terms
proportional to Q2 are neglected. Therefore, the general
form of the photon spectrum fγðyÞ, which is associated
with various particles, reads

fγðyÞ ¼
dnγ
dy

¼ e2ααem
2π

Z
dQ2

Q2
yρþþ

¼ e2ααem
2π

Z
dQ2

Q2

�
yF2ðQ2Þ

þ
�
2ð1 − yÞ

y
−
2ym2

α

Q2

�
F1ðQ2Þ

	
: ð48Þ

Actually, the origin of various widely employed photon
spectra is another plane wave form, which is given in
Ref. [57] and can be written as follows

dnγ ¼
e2ααem
π

dy
y
dQ2

Q2

×

�
ð1 − yÞQ

2 −Q2
min

Q2
F1ðQ2Þ þ y2

2
F2ðQ2Þ

�
; ð49Þ

this form is derived from Eq. (48) by assuming that
Q2

min ¼ y2m2
α=ð1 − yÞ, which is the LO term of the follow-

ing complete expression in the expansion of Oðm2
αÞ,

Q2
min ¼ −2m2

α þ
1

2sαβ

h
ðsαβ þm2

αÞðsαβ − ŝþm2
pÞ

−ðsαβ −m2
αÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsαβ − ŝþm2

αÞ2 − 4sαβm2
α

q i
: ð50Þ

This approximation is only valuable when m2
α ≪ 1 GeV2,

however m2
p ≈ 0.88 GeV2 does not satisfy this condition,

and causes about 10% errors in various spectra.
In the case of coherent-photon emission of proton,

Drees and Zeppenfeld (DZ) provided a approximate
form of Eq. (49) [47], this photon flux is widely employed
in the literature [7–11]. By taking Q2

max → ∞, setting
Q2 −Q2

min ≈Q2, and F1ðQ2Þ ¼ F2ðQ2Þ ¼ G2
EðQ2Þ (which

equals to neglect the effect of magnetic form factor), they
obtained
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fDZγ ðyÞ ¼ αem
2π

1þ ð1 − yÞ2
y

�
lnA −

11

6
þ 3

A
−

3

2A2
þ 1

3A2

�
;

ð51Þ

where A ¼ ð1þ 0.71 GeV2=Q2
minÞ.

In the case of incoherent-photon emission, a widely
employed photon spectrum was derived from Eq. (49) in
Ref. [14], by neglecting the WF in Eqs. (12) and (13), and
setting Q2

min ¼ 1 GeV2 and Q2
max ¼ ŝ=4 [7–12,50],

fincohγ ðyÞ ¼ e2α
αem
2π

1þ ð1 − yÞ2
y

ln
Q2

max

Q2
min

: ð52Þ

Another important form of incoherent photon spectrum is
given by Brodsky, Kinoshita and Terazawa in Ref. [69],
which is originally derived for ep scattering, and is directly
expanded to describe the probability of finding a photon in
any relativistic fermion,

fBKTγ ðyÞ ¼ e2ααem
π

�
1þ ð1 − yÞ2

y

�
ln
E
m
−
1

2

�

þ y
2

�
ln
�
2

y
− 2

�
þ 1

�
þ ð2 − yÞ2

2y
ln
�
2 − 2y
2 − y

�	
:

ð53Þ

IV. NUMERICAL RESULTS

In this section, we provide the numerical results for the
J=ψ photoproduction in p-p collisions at LHC energies.
There are several theoretical inputs, and the kinematic
conditions need to be provided. The mass of proton and
J=ψ are mp ¼ 0.938 GeV, mJ=ψ ¼ 3.097 GeV [70]. The
LDMEs of NRQCD used in this paper are [71],

hOJ=ψ ½3Sð1Þ1 �i ¼ 1.2 GeV3;

hOJ=ψ ½1Sð8Þ0 �i ¼ 1.8 × 10−2 GeV3;

hOJ=ψ ½3Sð8Þ1 �i ¼ 1.3 × 10−3 GeV3; ð54Þ

and the multiplicity relations

hOJ=ψ ½3Pð8Þ
0 �i ¼ m2

charmhOJ=ψ ½1Sð8Þ0 �i;
hOJ=ψ ½3Pð8Þ

J �i ¼ ð2J þ 1ÞhOJ=ψ ½3Pð8Þ
0 �i; ð55Þ

are adopted. The strong coupling constant is taken as the
one-loop form [72]

αs ¼
12π

ð33 − 2nfÞ lnðμ2=Λ2Þ ; ð56Þ

with nf ¼ 3 and Λ ¼ 0.2 GeV. Furthermore, we choose
the MSHT20 set for the parton distribution function of

proton with nf ¼ 3 [73]. The complete kinematical rela-
tions and the boundaries of involved variables are sum-
marized in Appendix. Finally, the differential cross section
for the LO initial parton hard scattering (had.scat. and
had.scat.-frag.) satisfies the following forms

dσhad:scat: ¼
X
a;b

Z
dxadxbfa=pðxa; μ2aÞfb=pðxb; μ2bÞ

×
X
n

hOJ=ψ ½n�idσab→cc̄½n�d; ð57Þ

dσhad:scat:�frag: ¼
X
a;b;c

Z
dxadxbdzcfa=pðxa; μ2aÞfb=pðxb; μ2bÞ

×
X
n

hOJ=ψ ½n�iDc→QQ̄½n�ðzc; Q2Þ
zc

dσab→cd;

ð58Þ

where the partonic cross sections are given in Ref. [68].
In Fig. 3, the Q2 distribution of J=ψ photoproduction in

p-p collisions at LHC energies is plotted. The left panels
show the results of Q2 dependent differential cross sections
for elastic photoproduction processes at different energies;
while the right panels show the corresponding results for
inelastic processes. The curves of WWA and exact results
share the same trend, and are consistent with each other in
the small Q2 region, this reflects one of the advantages of
exact treatment that it recovers WWA in the limit Q2 → 0.
The differences between WWA and exact results appear
when Q2 > 0.3 GeV2 and become evident at large values
of Q2. These differences become more and more obvious
from elastic to inelastic processes, and also from coherent
to incoherent-photon emissions. Therefore, WWA is only
applicable in the small Q2 domain, and its error appears
when Q2 > 0.3 GeV2.
We find that the contributions of elastic and inelastic

photoproduction processes dominate the small and largeQ2

regions, respectively. Furthermore, the contributions of
coherent and incoherent-photon emissions also concentrate
on the small and large Q2 regions, respectively. They
become comparable around Q2 ¼ 0.3 GeV2. Comparing
with the WWA feature derived from early discussion, we
can deduce that WWA can be employed for elastic photo-
production processes, and also for coherent-photon emis-
sion. Especially in the case of elastic-coherent processes
[Figs. 3(a) and 3(c)], the exact results almost have no
difference compared to the WWA ones. Since the elastic-
coherent processes rapidly decreased with increasing Q2,
which effectively avoid WWA errors. However, WWA
is not a good approximation for inelastic photoproduc-
tion processes, and also for incoherent-photon emission.
Especially in the case of inelastic-incoherent processes
[Figs. 3(b) and 3(d)], the WWA is inapplicable, in which
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the deviations between the WWA results and the exact ones
become largest. That is, the WWA results are about 100
times larger than the exact ones at Q2 ¼ 102 GeV2. This is
because the inelastic-incoherent processes concentrate on
the large Q2 domain, where the WWA errors are largest.
In Fig. 4, the results are expressed vs y. The coherent-

photon emission are important when y < 0.5 and rapidly
deceased with y increasing. Inversely, the contribution of
incoherent-photon emission is important in the whole y
regions and much higher than those of coherent ones
in right panels. The WWA results nicely agree with the
exact ones when y < 0.35, but the differences appear with
increasing y. Especially, when y > 0.7 the differences
become evident (at y ¼ 0.35, the WWA results deviate
from the exact ones by about 2.6% and 9.7% for coherent
and incoherent-photon emissions, respectively; at y ¼ 0.7
the deviations are about 29.1% and 45.6%, respectively).
Therefore, WWA can be a good approximation in the small
y region, although its error is evident at large values of y.
One exception is the case of inelastic-incoherent process,
where the WWA results are about an order of magnitude
(OOM) larger than the exact ones in the whole y regions.
This verifies again the inapplicability of WWA in inelastic-
incoherent process.

We calculate the total cross sections in Tables I–IV, to
quantitatively estimate the influence from different choices
of kinematical boundaries, which are widely employed in
various photon spectra. In the case of coherent-photon
emission [Tables I and II], we can see that the usual choices
of Q2

max ∼ ŝ and ymax ¼ 1 bring the large relative errors.
These relative errors are much larger in the inelastic photo-
production processes, and become more obvious with
increasing

ffiffiffi
s

p
. One exception is the elastic-coherent pro-

cess, where the errors fromQ2
max ∼ ŝ can be neglected. In the

case of incoherent-photon emission [Table III and IV], the
WWA errors are non-negligible. Especially in the inelastic-
incoherent process, the WWA errors are prominent and
become largerwith increasing

ffiffiffi
s

p
; this quantitatively verifies

the inapplicability ofWWA in this case. Therefore, thevalues
of Q2

max and ymax is crucial to the precision of WWA, the
common choices will cause large errors.
We also check the relative contribution of each process by

comparing their exact results in the Tables. We observe that
in the case of elastic photoproduction processes, the main
channel is the coherent-photon emission; this agrees with
the traditional perspective. However, the incoherent-photon
emissioncan alsoprovide themeaningful contribution (about
18%). In the case of inelastic photoproduction processes, the

(a) (b)

(c) (d)

FIG. 3. The Q2 distribution of J=ψ photoproduction in p-p collisions at LHC energies. The left panels show the results of Q2

dependent differential cross sections for elastic photoproduction processes at different energies. The right panels show the corresponding
results for inelastic photoproduction processes. The black solid and red dashed lines represent the exact results and the WWA ones for
coherent-photon emission ½coh:ðdir:þ res:Þ�, respectively. The blue dotted and magenta dot-dashed lines represent the exact results and
the WWA ones for incoherent-photon emission ½incoh:ðdir:þ res:Þ�, respectively.
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main channel is the incoherent-photon emission, its contri-
bution reaches up to 91%. Therefore, the contribution of
incoherent-photon emission cannot be neglected in elastic
photoproduction, and starts to play a fundamental role in
inelastic photoproduction.
On the other hand, it is necessary to discuss the double

counting encountered in most of the works. In the Tables,

all of the WWA results without weighting factor (WWA No
WF) are the unrealistic large values. One exception is the
elastic-coherent process, where the errors are relatively
small. For coherent-photon emissions in Tables I and II,
this will cause the large fictitious contributions. And for
incoherent-photon emissions, a traditional way for avoiding
these unphysical results is to adopt an artificial cutoff

TABLE I. Total cross sections of the J=ψ photoproduction in
the coherent-photon emission ½coh:ðdir:þ res:Þ� at ffiffiffi

s
p ¼ 7 TeV.

Elastic Inelastic

Coherent s
1
2 ¼ 7 TeV σ [nb] δa [%] σ [nb] δ [%]

Exact 39.47 0.0 3.64 0.0
WWA (Q2

max ∼ ŝ) 39.75 0.7 9.74 167.4
WWA ðymax ¼ 1Þ 98.42 149.4 14.35 294.2
WWA No WF 50.28 27.4 43.81 1103.3

aRelative error with respect to the exact result: δ ¼ σ=
σExact − 1.

(a) (b)

(c) (d)

FIG. 4. Same as Fig. 3 but for y distribution.

TABLE II. Same as Table I, but at
ffiffiffi
s

p ¼ 14 TeV.

Elastic Inelastic

Coherent s
1
2 ¼ 14 TeV σ [nb] δ [%] σ [nb] δ [%]

Exact 84.26 0.0 6.01 0.0
WWA (Q2

max ∼ ŝ) 84.84 0.7 19.54 225.0
WWA ðymax ¼ 1Þ 187.63 122.7 28.16 368.3
WWA No WF 110.36 31.0 91.81 1427.1

TABLE III. Total cross sections of the J=ψ photoproduction in
the incoherent-photon emission ½incoh:ðdir:þ res:Þ� atffiffiffi
s

p ¼ 7 TeV.

Elastic Inelastic

Incoherent s
1
2 ¼ 7 TeV σ [nb] δ [%] σ [nb] δ [%]

Exact 8.51 0.0 33.83 0.0
WWA 8.63 1.3 235.20 595.2
WWA No WF 211.45 2383.8 389.98 1052.6
WWA No WF ðQ2

min∼1GeV2Þ 121.28 1324.6 220.82 552.7

TABLE IV. Same as Table III, but at
ffiffiffi
s

p ¼ 14 TeV.

Elastic Inelastic

Incoherent s
1
2 ¼ 14 TeV σ [nb] δ [%] σ [nb] δ [%]

Exact 19.01 0.0 67.96 0.0
WWA 19.47 2.4 479.09 605.5
WWA No WF 492.46 2490.5 860.33 1166.1
WWA No WF ðQ2

min∼1GeV2Þ 296.86 1461.6 517.83 762.5
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Q2 > 1 GeV2, but we can see that in Tables III and IV the
corresponding results are still not accurate. Thus, the
weighting factor adopted in exact treatment can effectively
avoid double counting.
In Fig. 5, the z distribution of J=ψ photoproduction is

plotted. The left panels show the results of z dependent
differential cross sections for elastic photoproduction
processes at different energies; while the central and right
panels show the corresponding results for inelastic-direct
and inelastic-resolved photoproduction processes, respec-
tively. It can be seen that the results without weighting
factor are much larger than the exact ones; this reflects the
serious double counting we discussed above. In the left
panels, the WWA results are consistent with exact ones in
the whole z regions; this verifies again that WWA is a good
approximation for elastic photoproduction processes. And
the curves are negligible in most of z regions and become
important when z > 0.9, especially near the endpoint
z ¼ 1, the curves show a pronounced rising.
In the case of inelastic photoproduction processes

[central and right panels], the contributions are important
in most of z regions. We can see that the results without WF
are divergent near z ¼ 1, since the NRQCD prediction

breaks down and the color-octet channels exhibit collinear
singularities in the region of z≲ 1, where diffractive
production takes place. In order to screen the collinear
singularities and suppress the elastic production, the tradi-
tional way is to imposes the following cuts in z and pT :
z < 0.9 and pT > 1 GeV or MJ=ψ (actually, if pT has a
nonzero minimum value, the maximum value of z will
naturally less than one). Another possibility to suppress the
elastic production at z≲ 1 would be to require that Q2 be
sufficiently large [45]. However, then also the bulk of the
inelastic contribution would be also sacrificed. Comparing
with the traditional way, it can be seen that these diffractive
contributions are effectively suppressed in the exact results
(the solid lines fall down rapidly with increasing z at the
endpoint region). In addition, these exact results also agree
well with the calculations which adopt the cut pTmin ¼
MJ=ψ (the dashed lines). The reason is that the weighting
factor is employed in the exact treatment. Therefore, the
exact treatment can naturally suppress the elastic produc-
tion at z≲ 1, and thus effectively avoid double counting.
Finally, we find that the curves of inelastic-direct

processes [central panels] is comparable with elastic photo-
production processes [left panels] near z ¼ 0.9, but rapidly

(a) (b) (c)

(d) (e) (f)

FIG. 5. The z distribution of J=ψ photoproduction in p-p collisions at LHC energies. The left panels show the results of z dependent
differential cross sections for elastic photoproduction processes at different energies. The central and right panels show the
corresponding results for inelastic-direct and inelastic-resolved photoproduction processes, respectively. (a), (d) Black solid and
red dashed lines denote the exact results and the WWA ones for coherent-photon emissions, respectively; bolded dark cyan solid line is
for the exact results, magenta dashed (blue dotted) line is for the WWA results (with no WF), for incoherent-photon emission. (b), (c),
(e), and (f) Black solid line denotes the exact results, red dashed (blue dotted) line depicts the exact results with no WF but (no) adopts
pTmin ¼ MJ=ψ for coherent-photon emission; those for incoherent-photon emission are depicted by the same type lines but are bolded
and with different colors.
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deceased near z ¼ 1; these features are in agreement with
the traditional perspective that z ¼ 0.9 is the boundary to
distinguish the elastic and inelastic photoproductions
[74,75]. And the exact results of inelastic-resolved proc-
esses [right panels] dominate the lower z region and are
smaller than those of inelastic-direct processes when
z > 0.2; these features also agree with the traditional
perspective that the resolved contribution is only important
in the lower z region (z < 0.2) [75,76].
In order to estimate the contribution of J=ψ photo-

production to LO hard scattering of initial partons
(had.scat.), and discuss the feature of the photon spectra
which are widely employed in most works. We plot the pT
distribution of inelastic J=ψ photoproduction in Fig. 6,
where all the curves are the sum of direct and fragmentation
J=ψ contributions. The left panels show the results of pT
dependent differential cross sections in different approx-
imations, while the right panels show the comparison
between the photoproduction processes and the had.scat.

Since the intrinsic motion of incident partons inside
colliding hadrons renders the differential cross section
uncertain for pT < 2 GeV, we have not attempt to remove
the divergences from the small pT domain. Instead, we
simply regard the portion of the plot which runs below
pT ¼ 2 GeV as untrustworthy.
In the left panels, we observe that the results based on the

photon spectra mentioned in Sec. III generally have the
prominent deviations from the exact ones. In the case of
coherent-photon emission, the curves of fDZ are larger than
the exact ones by about two OOMs; while in the case of
incoherent-photon emission, the curves of fγ=q and fBKT
are larger than the exact ones by about one OOM. There are
two common reasons. First, the integrations of these spectra
are performed in the entire kinematical allowed regions:
Q2

max ∼ ŝ or ∞, and ymax ¼ 1, which include the large
WWA errors. Actually, in most of the physically interesting
cases such a dynamical cut offΛγ exists such that the WWA
errors can be effectively avoided and the photoabsorption

(a)

(c) (d)

(b)

FIG. 6. The pT distribution of inelastic J=ψ photoproduction in p-p collisions at LHC energies. The left panels show the results of pT
dependent differential cross sections in different approximations, while the right panels show the comparison between the
photoproduction processes and the hard scattering of initial partons (had.scat.). (a), (c) Black solid and red dashed lines denote
the exact results and the WWA ones based on the spectrum Eq. (51) for coherent-photon emission ½coh:ðdir:þ res:Þ þ
coh:ðdir:þ res:Þ − frag:�, respectively. Blue dotted, magenta dot-dashed, and dark cyan dot-dot dashed lines represent the exact
results, the WWA ones based on the spectra Eqs. (52) and (53), respectively. (b), (d) Red dashed line is for had.scat., black solid line is
for the sum of had.scat. and photoproduction processes; those thick curves with different colors are the same results but with different
rapidity range. The J=ψ data are from Ref. [77].
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cross sections differ only slightly from their values on
the mass shell. Thus, for the practical use of WWA,
besides considering the kinematically allowed regions,
one should also elucidate whether there is a dynamical
cutoff Λ2

γ , and estimate it. Second, the term of weighting
factor is neglected in these WWA parametrizations, which
causes the double counting problem. In addition, the reason
for error of fBKT is that, fBKT is originally derived from ep
scattering, but is directly expanded to describe the prob-
ability of finding a photon in any relativistic fermion and
to deal with hadronic collisions in Ref. [48], this will
overestimate the cross sections. Therefore, the referred
photon spectra will provide the large fictitious contributions
to the J=ψ production, and the results in Ref. [7–13,42–50]
are not accurate enough, where the mentioned spectra are
adopted and the serious double counting exists.
In the right panels, we compare the exact results with

data derived from relevant collaborations. We observe that
the contribution of J=ψ produced by photoproduction
processes is non-negligible. Especially in the large pT
domain, the corrections of photoproduction processes to
LO had.scat. are evident.
In Fig. 7, the yr distribution is plotted. In the left

panels, the WWA results based on the referred photon
spectra generally have prominent errors compared to the
exact ones in the whole yr region. In the right panels, the
photoproduction processes give the evident corrections to

had.scat., especially in the large yr domain. In order to
estimate the relative contribution of fragmentation J=ψ ,
we calculate the total cross sections in Table V. We observe
that the contributions of fragmentation processes are
important. Especially in the coherent-photon emission,
its contribution reaches up to 46%. Furthermore, the
incoherent-photon emissions are about 30 times larger
than the coherent ones; this verifies again that the
incoherent-photon emission plays a fundamental role in
the inelastic J=ψ photoproduction.
Finally, in Fig. 8 we present the direct comparison of the

current results with works in literature based on WWA
approach. In Ref. [29], Gonçalves and Silveira (GS) studied
the diffractive quarkonium photoproduction in pp colli-
sions at LHC energies to probe the photon flux associated
with a proton. In Ref. [33], a comprehensive analysis of
exclusive vector meson photoproduction using the color

(a) (b)

(c) (d)

FIG. 7. Same as Fig. 6 but for yr distribution.

TABLE V. Total cross sections of the direct and fragmentation
J=ψ photoproductions.

σdir: [nb] σfrag: [nb] (σfrag:=σtotal) σtotal [nb]

Coherent (7 TeV) 2.35 1.70 (0.42) 4.05
Incoherent (7 TeV) 77.91 51.94 (0.40) 129.85
Coherent (14 TeV) 4.30 3.66 (0.46) 7.96
Incoherent (14 TeV) 140.18 97.41 (0.41) 237.59
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dipole formalism was performed by Gonçalves, Machado,
Moreira, Navarra, and Santos (GMMNS). Wu, Cai, and
Xiang (WCX) studied the inclusive diffractive heavy quar-
konium photoproduction using the resolved Pomeron
model in Ref. [22]. All of these works are associated with
the equivalent photon spectrum fDZγ ðQ2Þ [Eq. (51)]. In
Ref. [10], Yu, Cai, Li, andWang (YCLW) studied the heavy
quarkonium photoproduction in ultrarelativistic heavy
ion collisions by using the incoherent photon spectrum
fBKTγ ðQ2Þ [Eq. (53)]. We take into account above works
in Fig. 8.
In panels (a) and (c), the exact results agree well with GS

and WCX predictions, this is consistent with the views
derived in Fig. 3 that the WWA can reach the high precision
in elastic-coherent process. The errors are mainly from
the spectrum fDZγ ðQ2Þ, which is performed in the whole
kinematical allowed regions. In panel (b), the exact results
qualitatively agree with the GS predictions that the inco-
herent-photon emission has the meaningful contribution in
elastic photoproduction processes. The deviations are
originating from the spectrum fincohγ ðQ2Þ, which neglects
the WF factor and set Q2

max ¼ ŝ=4 −m2
q. In panel (d), the

exact results have the visible deviations from the YCLW
predictions, these errors are caused by the inapplicability of
WWA in inelastic-incoherent processes.

V. SUMMARY AND CONCLUSIONS

We have investigated the production of J=ψ induced by
photoproduction and fragmentation processes in p-p col-
lisions at LHC energies. The elastic and inelastic photo-
production processes, and coherent and incoherent-photon
emissions are considered simultaneously. By performing a
consistent analysis of the terms neglected in going from the
accurate expression to the WWA one, the exact treatment
which reduces to the WWA in the region Q2 → 0 is
achieved, where the density of virtual photon is expanded
by using the linear combinations, and the square of electric
form factor F2

1ðQ2Þ is applied as weighting factor to weight
the different channels. And the full partonic kinematics
matched with exact treatment is also obtained. In order to
systematically study the properties of WWA in J=ψ photo-
production in p-p collisions at LHC energies, and to
estimate the relative contributions of different channels
to the J=ψ production, we presented the comparison

(a) (b)

(c) (d)

FIG. 8. Comparison of the exact results with the WWA ones in the literature for J=ψ photoproduction. (a), (c) Magenta dot-dashed
line—the elastic result of Fig. 4 in Ref. [29]. Dark yellow short dashed line—the result based on the bCGC model in Fig. 4 of Ref. [33].
Red dotted line—the total results in Figs. 4 and 7 of Ref. [22]. (b) Red dashed and magenta dot-dashed lines are for the inelastic results
based on the naive approach in Fig. 4 of Ref. [29]. (d) Red dashed and magenta dot-dashed lines are for the coherent and incoherent
results in Figs. 1(a) and 1(b) of Ref. [10]. Those bolded same type curves with different colors are for the same results but at
s1=2 ¼ 14 TeV. Data from LHCb Collaboration [78–80], which was adopted in Ref. [33].
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between the exact results and the WWA ones as the Q2, y,
z, pT , and yr distributions. And the total cross sections are
also calculated.
The numerical results indicate that the coherent-photon

emission is the main part of elastic photoproduction proc-
esses, but its contribution can be neglected in inelastic
processes. The contribution of incoherent-photon emission
should not be neglected in the J=ψ production, since it can
provide the meaningful contributions in elastic photopro-
duction processes, and even starts to play a fundamental role
in the inelastic processes. In addition, the contributions of
photoproduction and fragmentation processes are evident in
the J=ψ production, especially in the large yr and large pT
regions.
On the other hand, the WWA is only effective in

restricted domains (small Q2 and y domains), and the
values of ymax and Q2

max is very crucial to its precision. The
mentioned photon spectra integrating over the entire
allowed kinematical regions, this will lead large errors.
These feature permits one to employ the WWA for elastic
photoproduction processes, and also for coherent-photon
emission. Especially in the case of elastic-coherent process,
the precision of WWA is highest. However, WWA is not a
good approximation for inelastic photoproduction proc-
esses, and also for incoherent-photon emission. Especially
in the case of inelastic-incoherent process, the WWA is
inapplicable. Moreover, the double counting exists when
the different channels are considered simultaneously.
Therefore, the exact treatment can effectively suppress
the WWA errors and can naturally avoid double counting,
which needs to be adopted in J=ψ photoproduction in p-p
collisions at LHC energies.

ACKNOWLEDGMENTS

This work is supported in part by National Key
Research and Development Program of China under
Grant No. 2018YFA0404204, the NSFC (China) Grants
No. 11747086 and No. 12150013, and by the Young
Backbone Teacher Training Program of Yunnan Univer-
sity. Z. M. is funded by China Postdoctoral Science
Foundation under Grant No. 2021M692729.

APPENDIX: FULL KINEMATICAL RELATIONS

We give here the detailed treatment of partonic kinemat-
ics matched with the exact treatment in Sec. II.
The energy and momentum in αβ CM frame read

Eα ¼
1

2
ffiffiffiffiffiffisαβ

p ðsαβ þm2
α −m2

βÞ;

Eβ ¼
1

2
ffiffiffiffiffiffisαβ

p ðsαβ −m2
α þm2

βÞ;

pCM ¼ 1

2
ffiffiffiffiffiffisαβ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsαβ −m2

α −m2
βÞ2 − 4m2

αm2
β

q
; ðA1Þ

while those in γ�β CM frame are

Êγ ¼
1

2
ffiffiffî
s

p ðŝ −Q2 −m2
βÞ;

ÊJ=ψ ¼ 1

2
ffiffiffî
s

p ðŝþM2
J=ψ −m2

βÞ;

p̂CM ¼ 1

2
ffiffiffî
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝþQ2 −m2

βÞ2 þ 4Q2m2
β

q
;

p̂0
CM ¼ 1

2
ffiffiffî
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝ −M2

J=ψ −m2
βÞ2 − 4M2

J=ψm
2
β

q
: ðA2Þ

The Mandelstam variables involved in the case of direct
photoproduction processes are

ŝ ¼ ðqþ pβÞ2 ¼ yðsαβ −m2
α −m2

βÞ þm2
β −Q2;

t̂ ¼ ðq − pJ=ψÞ2 ¼ −ð1 − zÞðŝþQ2Þ;
û ¼ ðpβ − pJ=ψÞ2 ¼ M2

J=ψ − zðŝþQ2Þ; ðA3Þ

while those for resolved processes are

ŝγ ¼ ðpa0 þ pβÞ2 ¼ yza0 ðsαβ −m2
α −m2

βÞ þm2
a0 þm2

β;

t̂γ ¼ ðpa0 − pJ=ψ Þ2 ¼ −ð1 − zÞŝγ;
ûγ ¼ ðpβ − pJ=ψÞ2 ¼ M2

J=ψ − zŝγ: ðA4Þ

We summarize the kinematical boundaries in
Table VI–VIII. The kinematical boundaries of z distri-
bution are the same as Tables VI and VII, but instead
of t̂, Q2 should be integrated out. Finally, we give
here the complete expressions of the Jacobian determi-
nant J for each distribution. In the case of the Q2 and y
distributions,

J ¼ 2r2jpβj
Eα0Eβ

¼ 2r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsαβ −m2

α −m2
βÞ2 − 4m2

αm2
β

ðsαβ −m2
α −m2

βÞ2ðr2 þm2
αÞ

s
: ðA5Þ

TABLE VI. Kinematical boundaries of Q2 and y distributions
for elastic processes, where ŝmin ¼ ðMJ=ψ þmpÞ2.
Variables Coherent Incoherent

t̂min M2
J=ψ −Q2 − 2ðEqEJ=ψ þ pCMp0

CMÞ
t̂max M2

J=ψ −Q2 − 2ðEqEJ=ψ − pCMp0
CMÞ

xa min n ðŝmin þQ2 −m2
βÞ=yðsαβ −m2

α −m2
βÞ

xa max n 1
ymin ðŝmin þQ2 −m2

βÞ=ðsαβ −m2
α −m2

βÞ
ymax 1

2m2
α

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ð4m2

αþQ2Þ½ðs−m2
α−m2

βÞ2−4m2
αm2

β �
p

sαβ−m2
α−m2

β
−Q2

�
Q2

min y2m2
α=ð1 − yÞ

Q2
max ð1 − yÞðs − 2m2

pÞ
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In the case of the pT and yr distributions,

J ¼ 2p̂CMŝ

ðsαβ −m2
α −m2

βÞð
ffiffiffî
s

p
− cosh yrmTÞ

; ðA6Þ

for elastic-coherent processes. The relations between Eq. (A6) and the rest cases are J elastic
incoherent ¼ J inelastic

coh:dir: ¼ J =y,
J inelastic

incoh:dir: ¼ J =yxa, J inelastic
coh:res: ¼ J =yxb, and J inelastic

incoh:res: ¼ J =yxaxb. In the case of fragmentation processes,
J ¼ ðŝþQ2Þ= cosh yr

ffiffiffî
s

p
.
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TABLE VII. Same as Table VI but for inelastic photoproduction processes, where ŝmin ¼ ŝγmin, p2
T ¼ t̂ðŝ ûþQ2M2

J=ψ Þ=ðŝþQ2Þ2.
Variables Coherent direct Incoherent direct Coherent resolved Incoherent resolved

zmin ½ðM2
J=ψ þ ŝÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝ −M2

J=ψ Þ2 − 4p2
Tminŝ

q
�=2ŝ

zmax ½ðM2
J=ψ þ ŝÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝ −M2

J=ψ Þ2 − 4p2
Tminŝ

q
�=2ŝ

t̂min −ð1 − zminÞðŝþQ2Þ −ð1 − zminÞŝγ
t̂max −ð1 − zmaxÞðŝþQ2Þ −ð1 − zmaxÞŝγ
za0 min n n ŝγmin=yxbðs − 2m2

pÞ ŝγmin=yxaxbðs − 2m2
pÞ

za0 max n n 1 1
xbmin ðŝmin þQ2Þ=yðs − 2m2

pÞ ðŝmin þQ2Þ=yxaðs − 2m2
pÞ ðŝγminÞ=za0 maxyðs − 2m2

pÞ ðŝγminÞ=za0 maxyxaðs − 2m2
pÞ

xb max 1
xa min n ðŝmin þQ2Þ=yðs − 2m2

pÞ n ðŝγminÞ=za0 maxyðs − 2m2
pÞ

xa max n 1 n 1
ymin ðŝmin þQ2Þ=ðs − 2m2

pÞ ŝγmin=za0 maxðs − 2m2
pÞ

ymax ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ð4m2

α þQ2Þ
p

−Q2�=2m2
α

TABLE VIII. Same as Table VII but for pT and yr distributions. x1 ¼ ŝ=s, τ ¼ M2
J=ψ=ŝmax, τ0 ¼ m2

d=ŝmax, and zamax ¼ 1=ð1þ
Q2=4p2

TÞ [81]. The bounds of y are the same as Table VII, we do not list it here.

Variables Coherent direct Incoherent direct Coherent resolved Incoherent resolved

xbmin n n ŝγ=zamaxyðs − 2m2
pÞ ŝγ=zamaxyxaðs − 2m2

pÞ
xbmax n n 1 1
xamin n ðŝþQ2Þ=yðs − 2m2

pÞ n ŝγ=zamaxyðs − 2m2
pÞ

xamax n 1 n 1
Q2

min x21m
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Q2
max ŝ=4 ð1 − x1Þðs − 2m2
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pÞ

jyrmaxj 1
2
ln

ŝmaxþM2
J=ψ−m

2
βþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝmax−M2

J=ψ−m
2
βÞ2−4ðM2

J=ψm
2
βþp2

T ŝmaxÞ
p

ŝmaxþM2
J=ψ−m

2
β−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðŝmax−M2

J=ψ−m
2
βÞ2−4ðM2

J=ψm
2
βþp2

T ŝmaxÞ
p

pTmin MJ=ψ

pTmax
ffiffiffiffiffiffiffiffiffi
ŝmax

p ½ð1 − τÞ2 þ ð1 − τ0Þ2 − 2ττ0 − 4τ sinh2 yr − 1�12=2 cosh yr
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