PHYSICAL REVIEW D 105, 093003 (2022)

Editors' Suggestion

Evaluation of the three-flavor quark-disconnected contribution to the muon
anomalous magnetic moment from experimental data

Diogo Boito ,1’2 Maarten Golterman ,3’4 Kim Maltman ,5’6 and Santiago Peris 4
'Instituto de Fisica de Sdo Carlos, Universidade de Sdo Paulo,
CP 369, 13570-970 Sao Carlos, Sdo Paulo, Brazil
2University of Vienna, Faculty of Physics, Boltzmanngasse 5, A-1090 Wien, Austria

3Department of Physics and Astronomy, San Francisco State University,

San Francisco, California 94132, USA
4Department of Physics and IFAE-BIST, Universitat Autonoma de Barcelona,
E-08193 Bellaterra, Barcelona, Spain
5Department of Mathematics and Statistics, York University, Toronto, Ontario M3J 1P3, Canada
GCSSM, University of Adelaide, Adelaide, South Australia 5005, Australia

® (Received 22 March 2022; accepted 22 April 2022; published 16 May 2022)

We point out that the sum of the strange-quark-connected and full three-flavor quark-disconnected
contributions to the leading-order hadronic vacuum polarization contribution, abo‘HVP , to the anomalous
magnetic moment of the muon is a physical observable, and we provide a data-based determination of this
quantity in the isospin limit. The result, 40.1(1.5) x 10~1° or 38.7(2.0) x 107!, depending on which data
compilation is used, serves as a target of comparison for lattice calculations of the same isospin-limit
combination. Subtracting from this result the average of lattice determinations of the strange-quark-
connected contribution, one also obtains an alternate determination of the isospin-limit three-flavor
LOHVP * The result of this determination, —13.3(1.5) x 107 or

—14.6(2.0) x 107'9, depending on which data compilation is used, agrees well and is competitive with

disconnected contribution to a

the most precise current lattice determination.

DOI: 10.1103/PhysRevD.105.093003

I. INTRODUCTION

Interest in reducing the uncertainty on the Standard
Model (SM) prediction for a,, the anomalous magnetic
moment of the muon, increased dramatically with the
release of the 2006 BNL E821 experimental result [1],
which showed a more than 3.5¢ tension with then-existing
SM expectations. This interest was further heightened with
the release of the first results from the Fermilab E989
experiment [2], which raised the discrepancy between the
SM expectation and the experimental world average to the
420 level. The main source of uncertainty in the SM
prediction is currently that on hadronic contributions, in
particular, the leading-order (LO) hadronic vacuum polari-
zation (HVP) contribution, a,I;O’HVP. While a dispersive
evaluation of this contribution is possible using experi-
mental hadronic cross-section data, the result in fact
represents the SM expectation for this quantity only if
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beyond-the-SM contributions to the appropriately weighted
integral of the experimental cross sections are numerically
negligible. While this is likely the case at the current level

of precision, a first-principles lattice determination of the

SM expectation for a}:o‘HVP is of interest in its own right,

and there has been intense recent activity aimed at reducing
the uncertainty on such lattice determinations [3-24], with
the most recent BMW Collaboration result [20] reaching,
for the first time in a lattice determination, the subpercent
precision level. First-principles lattice determinations also
avoid experimental issues present in the alternate dispersive
determination, such as the impact of the long-standing
inconsistencies between the BABAR and KLOE results for
the ete™ — nt ™ cross sections.

Lattice determinations of a,];O‘HVP typically involve
evaluating and summing isospin-limit light-, strange-,
charm-, and bottom-quark-connected contributions, the
isospin-limit-disconnected contribution, and both electro-
magnetic (EM) and strong isospin-breaking (SIB) contri-
butions." The lattice calculation of the disconnected

lBy “isospin limit,” we will always mean pure QCD with no
EM corrections and m,; = m,,.
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contribution is particularly numerically intensive, and only
a limited number of lattice results exist for this quantity.

Comparisons between the results from different lattice
collaborations for each of the individual flavor-specific-
connected contributions, the disconnected contribution, and
the EM and SIB contributions are useful for identifying and
controlling lattice systematic effects, as are comparisons
between results from different groups for related quantities
such as the intermediate-Euclidean-time-window integrals,
aXV, introduced by RBC/UKQCD [11]. The window quan-
tities are also of interest since they have alternate dispersive
representations and hence allow comparisons of data-based
lattice and dispersive results for contributions to a};o’HVP
from different windows in Euclidean time. Additional
observables amenable to both lattice and dispersive deter-
minations, ideally with relative / = 1 and / = 0 contribu-
tions that differ from those of the RBC/UKQCD window
quantities, would be of interest for a similar reason.

In this paper, we point out that the sum of strange-quark-
connected and full three-flavor-disconnected contributions
to a,];O’HVP, denoted as aff"““*disc in what follows, provides
an example of such an additional observable, one with a
significantly higher relative weight for / = 0 contributions.
We then show how existing experimental results can be used
to obtain a data-based determination of aj°™ 4. The
precision on this determination turns out to be such that,
using existing lattice results for the strange-quark-connected
contribution, one is able to determine the three-flavor
disconnected contribution to a;®™"" with a precision
comparable to that of the best current lattice determination.

The rest of the paper is organized as follows. Section II
lays out some relevant background and notation, while
Sec. III outlines the basic analysis approach. Section IV
provides details of a numerical implementation using as
input (i) the results of the BABAR determination of the
differential 7 — K~K°v, decay distribution [25] and (ii) the
assessment of exclusive-mode e*e~ — hadrons cross sec-
tions and exclusive-mode contributions to a;®™"" detailed
in Refs. [26,27]. In Sec. V, we discuss isospin-breaking
corrections to the results obtained in Sec. IV that are needed
to make contact with isospin-symmetric lattice results.
Section VI outlines an alternate version of the full analysis
employing, in place of the exclusive-mode a,I;O’HVP con-
tributions of Refs. [26,27], the alternate set of such
contributions from Ref. [28]. Finally, in Sec. VII, we
summarize and briefly discuss our results. In the rest of
the paper we will, for the sake of brevity, use the shorter
forms “disconnected contribution” and “‘strange-quark-
connected plus disconnected contribution” in place of
the more accurate, but longer, expressions “full three-flavor
disconnected contribution” and “strange-quark-connected
plus full three-flavor disconnected contribution.”

II. NOTATION AND BACKGROUND

In this section, we define our notation and introduce a
number of useful decompositions. We denote the flavor

octet of light- and strange-quark vector currents as
Vé=g%y,q, a=1,...8, with g the column vector
(u,d,s)’. This allows us to define the vector-current
two-point functions, Hﬁ,’j (g), their associated polarizations,
[1%°(Q?), and the associated spectral functions, p?®(s), with
s = ¢* and Q> = —¢?, as usual, by

% (q) = (9,9, — 4*9,,)11**(0?)

=i [ e OV, @)

phs) = TImI(QY), (=075 0),  (22)
and the subtracted polarizations, I1°(Q?), by

1%(0?%) = M (Q?) - T1*(0). (23)

The (u, d, s) part of the EM current, JoM, has the
decomposition

1 _ JEMJ3 EM.8$
JEM = 3 +7§v§ =J,7 + Jy
1 - 1, _ - _
=3 (ity,,u — dy,d) + G (ty,u + dy,d — 25y,s) (2.4)
into/ =1 (a =3)and I = 0 (a = 8) parts. We also define,
for use below, the coefficients ¢{, k = u, d, s and a = 3, 8
via

JEMA = Z ctqr,g. (2.5)
k=u.d,s
The values are ¢ = —c3 =1/2, ¢ =0 and ¢§ =8 =

1/6, 8 = =2/6.

The subtracted three-flavor EM vacuum polarization and
the associated spectral function, pgy(s), have related
decompositions,

- . 2 4 1
M (%) = TMEan(Q%) + —= e (27) + 3 TIew (27)

TIim (Q2) + IT¥m(0?) + i (02).

p(s) = #¥(5) + =) 370

Pim (8) + PEae(s) + piag (s). (2.6)
into pure isovector (ab =33, I =1), pure isoscalar
(ab =88, I =0), and mixed-isospin (MI) (ab = 38,
83) parts, with the latter, of course, vanishing in the
isospin limit. In the isospin limit, I has only light-
quark-connected contributions, while 1% is a sum of
light-quark-connected, strange-quark-connected, and all
disconnected contributions.
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The hadronic contribution a;°™"" can be determined

using the standard “dispersive” representation

2 2 ©
, agny [ K(s)
QLOHVP _ QEM/ /n TasSPREe).(27)

m
972 s

where agy; is the EM fine-structure constant, R(s) is the
standard EM cross-section ratio,

3s
2
4ragy

6[e*e~ — hadrons(+7)],

R(s) = (2.8)

with ¢(®)[e* e~ — hadrons(+y)] the bare inclusive had-
ronic electroproduction cross section. The kernel K(s) is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s = 4 GeV?, and inclusive
R(s) determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

R(s) = 127°pen(s). (2.9)

the three-flavor contribution to aLO HVP can also be broken

downinto I =1 33),1=0 (88) and mixed-isospin (M1,
38 + 83) contributions,

2 1
a oMV = a3 —I—\7§a38 —|—3a§8 =al~'+a"+al>. (2.10)
Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
LO,HVP -
[ Iy (a7 . [a,"]y. and [a [vu x-
The hadronic contribution a;®™ ¥ also has the standard

weighted Euclidean-Q? integral representation [30-32],
O — aay, [T a0 (@ en(@?). 211

with f(Q?) another exactly known kernel which diverges
as 1/ \/@ as Q% — 0, and creates a peak in the integrand
of Eq. (2.11) at very low Q? ~m?/4. This expression, or
the related time-momentum representation [33], forms the
basis for lattice determinations of aLO HVP. Analogous
representations for a/~!, /=, and aMI are obtained by
replacing Ty in Eq. (2.11) with TI5y), 1150, and TTMYL,
respectively. To first order in md m,, there are no SIB
contributions to either a;° or a5°, while SIB is expected to

dominate a3}

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, ﬁﬁ} receives only light-quark-connected
contributions, while TI5;) is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Tlhy and TI4) in which the light-quark-connected
contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

N ) N 1.
sconn+disc — y/=0
110 =150 — - 115

5 (3.1)

The corresponding spectral function is

p]sicl&nn+disc(s> — I:O(s) _

(3.2)
The appropriately weighted dispersive integral of the latter
combination produces a result, a$°™ 4 which is the sum
of the strange-quark-connected and disconnected contribu-
tions to ay”™VP. Tt follows that, if the /=0 and I = 1
contributions to R(s) can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the / = 0 and =
1 contributions to aLO HVE

a;conn+disc — a/14:0 _ al:l‘ (33)
Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to a};O'HVP,
a;°™, has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. The most recent
(BMW) determination, 53.393(89)(68) x 107'9 [20], is in
excellent agreement with the average, (53.2 +0.3) x 10~!°
of previous determinations quoted in the 2020 g — 2 Theory

Initiative white paper [29]. a;7°™ is thus already known to
much higher precision than the final target ~1.4 x 10710
uncertainty on a, expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of ™9 will also provide a
determination, with comparable precision, of the full dis-
connected contribution to ;MY adic = gscomtdise_
ay®™. All this, of course, assumes the experimentally
determined ;™ *95¢ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.

In Sec. IV, we will implement this idea neglecting, to
begin with, isospin-breaking (IB) corrections. Then, in
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Sec. V, we will take into account IB corrections to arrive at
our final results for g™+ and gl

IV. AN IMPLEMENTATION WITH CURRENT
EXPERIMENTAL DATA

In what follows, we employ the dispersive results for
exclusive-mode contributions to a;®™* from the region
/s £1.937 GeV, listed in Table 1 of Ref. [27] (which we
will refer to as KNT2019). Above s = 1.937> GeV?2, we use
the five-loop, n; = 3 pQCD expression for propndise (),
with PDG2020 input for a, [34]. It is straightforward to
show that the pQCD result for pi™ ¢ (s) is one-sixth that
of the ppy (s) result, in the chiral limit, with small corrections
proportional to m? /5. The approximation of using the pQCD
representation for pion™ 4% (s) in this region is expected to
be an accurate one, up to possible small duality-violating
corrections. As illustrated in Fig. 12 of Ref. [29], n; = 3
pQCD expectations for R(s) agree within errors with
experimental determinations [35-37] (especially those of
KEDR [37]) in the region from slightly below /s = 2 GeV
up to the charm threshold.

The main part of the / = 1/ = 0 separation of exclu-
sive-mode contributions is accomplished, as usual, using G
parity. Exclusive modes with positive (negative) G parity
have I = 1 (I = 0). This allows unique isospin assignments
for contributions from exclusive modes consisting entirely
of strong-interaction-stable and/or narrow states with well-
defined G parity (z, 1, @, ¢). Such modes account for more
than 93% of the contribution to a;"? from the KNT2019
exclusive-mode region.

Additional information is required to separate the I = 1
and / =0 components of the contributions of exclusive
modes containing at least one KK pair, which are not
eigenstates of G parity. We discuss below how this separation
can be accomplished using experimental input in the case of
the KK and KKz exclusive modes. For all remaining
KNT2019 G-parity-ambiguous exclusive modes, X, whose
spectral contributions lie at higher s and whose contributions
to af;O'HVP are thus strongly numerically suppressed, we use a
“maximally conservative” assessment of the desired
[ascom+dise] = [al=0]y — 1 [al="]y combination, determined
as follows. Since the I = 0 contribution for mode X can, in
principle, lie anywhere between 0 and the full mode-X /I =
0 + 1 total, [az®""?] |x combination we are
17,LOHVP

interested in necessarily lies between —g[ay
LO.HVP
[ax ]

sconn-+disc
x» the [a};

]y and

X.2 One may thus be maximally conservative and
cover this entire range by taking

2Explicitly: if x is the fraction of the total that is / = 0, the
I =1 fraction is 1 —x, and the (I =0) — (1/9)(I = 1) combi-
nation a fraction x — (1/9)(1 —x) = (10/9)x — (1/9) of the
total. This result is monotonic in x, increasing from —1/9 at
x=0tolatx=1.

. 4
[a;conn+dlsc]x — <§ + g) [a/I;O,HVP]X.

We now turn to the explicit numerical determination of
the strange-quark-connected plus full disconnected sum,
using the data input and analysis strategies outlined above
and described in more detail below. Note that the KNT2019
results used below for all G-parity-unambiguous exclusive-
mode contributions are the contributions of these modes
between the threshold and /s = 1.937 GeV. Inclusive
input is used above this point. In what follows, we outline
how additional experimental input can be used to fix the
I = 1 contributions, [p5(s)]x, to pem(s), and hence also
the I =1 contributions [a/~']y for the exclusive modes
X = KK and KKz. By carrying out the [pLy! (s)]y deter-
minations over the full KNT2019 exclusive-mode region,
/s £1.937 GeV, the associated I = 0 contributions, and
hence also the desired [ai°" 9], combinations, for that
same region follow immediately from the corresponding

KNT2019 total I =0 + 1 [af®"VF] results.

(4.1)

A. G-parity-unambiguous modes

The results of Table I of KNT2019 for the G-parity-

unambiguous exclusive-mode contributions to ay"F

from the region between the threshold and /s =
1.937 GeV are tabulated in Table I. From this table, the
contribution of all G-parity-unambiguous exclusive modes
to the sum of the strange-quark-connected and discon-

nected contributions to a;®™" is

543.21(2.09)

55.10(96) — x 10710 =-5.26(99) x 10~1°.

(4.2)

B. KK modes
LO.HVP

The sum of the two KK-mode contributions to a;
in KNT2019, (23.03(22) + 13.04(19)) x 1071%, is suffi-
ciently large that the error produced by the maximally
conservative I = 0/1 separation assessment would be far
too large to make the resulting determination of the
disconnected contribution useful. The KK contributions
are, however, expected to be dominated by those of the
I =0 ¢ resonance, and the measured cross sections for
both charge modes do, in keeping with this expectation,
show very large peaks in the ¢ region. We need to turn this
qualitative expectation into something more quantitative.
This can be done using the conserved vector current
relation and recent BABAR results for the unit-normalized
differential 7 — KK, decay distribution [25]. The latter,
normalized to reproduce the corresponding branching
fraction, gives an experimental determination of the
charged 7 = 1, vector-current spectral function [38] [the
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TABLEI.  G-parity-unambiguous exclusive-mode contributions to a;*"* for /s < 1.937 GeV from KNT2019.
Entries are in units of 107'°. The notation “npp” is KNT2019’s shorthand for “non purely pionic”.

I =1 modes X afOtVP] L < 1010 I = 0 modes X afOHiVP] L % 1010
Low-s #tn~ 0.87(02) Low-s 37 0.01(00)
- 503.46(1.91) % (w, ¢ dominated) 4.46(10)
2nt2n 14.87(20) 3r 46.73(94)
ata2n0 19.39(78) 2727~ 7° (no w, 1) 0.98(09)
3737 (no w) 0.23(01) 777370 (no 1) 0.62(11)
227227 22° (no n) 1.35(17) 37t377 7% (no w, 1) 0.00(01)
ata4x° (no n) 0.21(21) ny (w, ¢ dominated) 0.70(02)
nata 1.34(05) nata 7% (no w) 0.71(08)
n2n2n 0.08(01) nw 0.30(02)
nata 270 0.12(02) o(— npp)2n 0.13(01)
o(— 7[0}/)710 0.88(02) w2nt 2~ 0.01(00)
o(— npp)3z 0.17(03) ne 0.41(02)
onn® 0.24(05) ¢ — unaccounted 0.04(04)
Total: 543.21(2.09) Total: 55.10(96)

isospin partner of pLyf (s)], and hence provides a determi-
nation of the / = 1 e*e~ — KK contribution to R(s) in the
region s < m? that is kinematically accessible in 7 decay.3
We have used the BABAR results to carry out this
determination up to s = 2.7556 GeV? (which corresponds
to using all but the last BABAR bin, which is not used,
because of its large width and gigantic statistical error).
This produces a contribution of 0.764(9)(26)(18) x 10~1°

to [a7"]xg from the region s <2.7556 GeV?, where the

first error is statistical, the second is systematic, and the
third is that induced by the uncertainty on the 7 — K~ K%,
branching fraction (taken from the HFLAV 2019
compilation [39]), which sets the overall normalization of
the z-decay distribution. Above this point, we switch back
to using ete~ — KK cross-section data.* Integrating the
KNT2019 2-mode, I=0+4+1 eTe” - KK cross-
section sum from s = 2.7556 GeV? to (1.937 GeV)? =
3.7520 GeV?, we find a maximally conservative error
assessment of 0.089(89) x 107!9 for the I = 1 contribution
from this region.5 Combining this result with that

This is up to (for our purposes) numerically negligible
isospin-breaking corrections.

Explicitly, we use the results for the exclusive-mode e™e™ —
K*K™ and eTe™ — K¢K; cross sections and covariances em-
ployed by KNT2019, which were provided to us by the authors.

Additional constraints, generated using experimental KK~
to K¢K; electroproduction cross-section ratios, in fact, allow this
maximally conservative 0.089 x 1071%, I = 0/1 separation error
to be reduced somewhat, to 0.065 x 107!°. Since, however,
neither the improved nor the larger maximally conservative error
is relevant on the scale of the uncertainty in our final results for
aseomdise and gds we do not discuss this improvement further,
and we employ the weaker maximally conservative error assess-
ment in obtaining our final results below.

from the region below s = 2.7556 GeV?, we find a

total / =1 KK contribution to a;*™ " from the region
s < (1.937 GeV)? = 3.7520 GeV? of

[al="] kg = 0.852(94) x 10719,

(4.3)
The central value in Eq. (4.3) is dominated by the
contribution from the region up to 2.7556 GeV? deter-
mined by the BABAR t-decay data.

With KNT2019 giving a /s <1.937 GeV I =0+ 1,
two-mode KK total of

[@i®™P g = (23.03(22) + 13.04(19)) x 10710
= 36.07(29) x 10710, (4.4)

we find an I = 0 contribution of 35.22(30) x 1071, and
hence a KK strange-quark-connected plus disconnected
contribution from the region up to /s = 1.937 GeV of

[alslconn-kdisc]la_( = [a,lfo]Kk — § [a,’l:l]ng
10, ,_
= [a; ")k — 9 [,k

=35.12(31) x 10719, (4.5)

The error on this result, 0.31 x 10710, is dramatically
reduced compared to the ~20 x 107! uncertainty that
would result were the BABAR 7-decay distribution results
not available and one were forced to rely on the maximally
conservative assessment.
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C. KKz modes

The separation of the exclusive-mode KKr cross sec-
tions into / =0 and I =1 components was carried out
already in 2007 by BABAR [40] using a Dalitz plot analysis
predicated on the observed saturation of the cross sections
by KK* contributions. This result, combined with con-
served vector current, was actually already used, again long
ago, by ALEPH to provide a data-based separation of / = 1
vector and axial vector contributions to the experimental
7 — KKnv, distribution [41]. Here we simply convert the
BABAR I =1 cross-section results to the corresponding
KKn contributions to R(s) and integrate these with the
dispersive weight to determine the / = 1 part of the KKz

contribution to a,L,O’HVP. The result is a contribution from
the region up to /s = 1.937 GeV of

[al™kg. = 0.741(36)(117) x 10710 =

! 0.74(12) x 10710,

(4.6)

where the first error is statistical and the second systematic.
With KNT2019 giving an / = 0 4 1 total from this same

region [ayOMVP] . =2.71(12) x 1079, we find a
strange-quark-connected plus disconnected contribution of

10
Kn = [ bO.HVP]KI_(ﬂ 9 [aﬂ ]KKIT

=1.89(18) x 10719,

[azconnerisc]

(4.7)

For completeness, the corresponding / = 0 contribution
is [a{fo]Kkﬂ =1.97(17) x 1071,

D. The remaining G-parity-ambiguous modes

The determination of the sum of the strange-quark-
connected plus disconnected contributions from all remain-
ing G-parity-ambiguous exclusive modes is detailed in the
Appendix. Errors are, in all cases, obtained using the
maximally conservative strategy. The result for this sum,
1.05(98) x 107!, has a central value and an uncertainty
both dominated by the corresponding KK2z-mode
contribution.

E. Perturbative contributions
Finally, we consider the pQCD contribution for the inclu-
sive region [above s = (1.937 GeV)? = 3.7520 GeV?]. To
set notation, the pQCD expression for the EM-current Adler
function, D(Q?) = —Q%dllgy(Q?)/Q?, is [42]

D(Q?) = [1+a(Q2)+1 63982a°(0?) +6.37101a%(Q?)

1 49.0757a4(Q2) +dsa’(Q) +--]. (4.8)

where a(Q?) = a,(Q?)/x. The six-loop coefficient, ds, is
not yet known. In what follows, we employ ds = 283 [43],

which is in agreement with recent estimates of this coefficient
[44-46]. With this notation, the corresponding pQCD expres-
sion for pqconnerlsc( ) is

[plsacl\(;lnn-ﬁ-disc( )]pQCD MEM( )]pQCD

= szl +als) + 1.639824%(s)
JT

—10.283943(s) — 106.880a* ()
+ (ds — 779.581)a’(s) + - - .

Integrating this numerically, using as input the n; = 3 result
a,(m?) = 0.3139(71), which follows from the 2020 PDG
ng = 5 M, scale value 0.1179(10), as an example, and,
keeping the six-loop term with the Beneke-Jamin ds = 283
estimate, gives a total inclusive-region n, = 3 contribution to
aff‘)““*di“ of 6.281(5) x 1071°, If we turn off all O(a))
contributions, this becomes 6.291(6) x 10~1°. The quoted
uncertainties are those associated with that on the PDG input
for a, and are so small that we ignore them in what follows.
The ~ 0.01 x 1079 difference between the fully known five-
loop- and estimated six-loop-truncated results similarly sug-
gests that the uncertainty associated with truncating the pQCD
expansion at five loops is negligible on the scale of other
errors in our determinations of @™ 4% and adisc.

D = 2 perturbative corrections in this region will be very
small for the following reasons. First, the light-quark-loop
contributions to the / =0 and I =1 D = 2 perturbative
series cancel in the (I = 0)-(1/9)(I = 1) combination, and
the MI contribution vanishes. This leaves a D = 2 expres-
sion for the desired strange-quark-connected plus discon-
nected combination that is entirely that of the strange
current / = O contribution. The resulting D = 2 contribu-
tion to the desired polarization combination is then easily
read off from, for example, the vector-current D =2
expression in Ref. [47] and is (neglecting m,, ;)

Lma,
6ﬂ'2 Q2

(4.9)

. 8
I ()] = - +3a(0?)

+24.1415a*(Q?%) + - - ] . (4.10)

From this, it is easily shown that the D = 2 contribution to
the perturbative representation of piso™ 45 (s) is

1 mi(s)
67 s

227

{241( )+Ea2( )+ - ]

P ()] ps =
(4.11)

The leading term in the D = 2 series is thus a factor of
12m2(s)a(s)/s times the leading term in the D = 0 series.
This represents a factor of ~1/400 suppression of the
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leading D = 2 relative to the leading D = 0 contribution for
s ~4 GeV?. This rough estimate for the size of the inte-
grated inclusive-region D = 2 contribution relative to the
corresponding integrated D = 0 contribution is borne out by
the result of integrating the three-loop-truncated D = 2
series, with the integration from s = (1.937 GeV)? to

infinity producing a D =2 contribution to aff"“”dis"

of 0.012x 107'° to be compared to the result 6.29 x
1071° for the corresponding five-loop-truncated D = 0
contribution.

Still to be carried out is an estimate of the impact of possible
small residual exponentially damped quark-hadron duality-
violating (DV) contributions to picom*4is(s) We also expect
these to be small, though not as small as the tiny D = 2
corrections. The question of the size of possible DV-induced
uncertainties can be explored by updating recent finite-
energy-sum-rule (FESR) fits to electroproduction cross-
section data and / = 1 z-decay data, in which the parameters
of a large-N, + Regge-motivated ansatz [48] for the s
dependence of the DV contribution to the vector / = 1 and
I = 0 spectral functions are obtained as part of the fits. We
return to this point in Sec. VIL

Combining the G-parity-unambiguous-mode contribu-
tions given in Eq. (4.2) with the KK and K Kz contributions
given in Egs. (4.5) and (4.7), the remaining G-parity-
ambiguous mode contributions (dominated by KK2r),
detailed in the Appendix, and the inclusive region con-
tribution estimated using pQCD, detailed in Sec. IV E, we
obtain the following result for the sum of the strange-quark-

connected and disconnected contributions to a;° VP

543.21(2.09)

aseomtdise — 15510(96) — +35.12(31)

+1.89(18) + 1.05(98) + 6.28| x 10710

= 39.08(1.44) x 1010, (4.12)

Subtracting from this the g — 2 Theory Initiative white
paper average, ay°™ =53.2(3)x 107'% [29], for the
strange-quark-connected contribution, obtained by averag-
ing the results of Refs. [3,6,9,11,12,16,18,20], we find as
our initial estimate for the disconnected contribution

adise — _14.1(1.5) x 10719,

(4.13)

Expanding the white paper average to include the new
BMW result, a;°™ = 53.393(89)(68) x 107 [20], shifts
this estimate only slightly, to

aﬁisc = —14.3(1.4) x 10719, (4.14)

The disconnected result, Eq. (4.14), is, of course,
obtained without having to carry out the numerically
intensive determination of disconnected contributions on

the lattice. It is, however, not yet directly comparable to
current lattice determinations, since the latter are defined in
the isospin limit. The exclusive-mode contributions used in
obtaining the estimate of Eq. (4.13), in contrast, are
physical ones and will include small IB contributions. In
the next section, we explore the size of possible IB
corrections to the initial estimates for aj°™ 4 and g

given in Eqgs. (4.12) and (4.14).

V. ESTIMATES FOR ISOSPIN-BREAKING
CORRECTIONS

To make contact with the lattice determinations of
aseomdise and gdisc | jt is necessary to estimate and subtract
IB contributions to the results of Egs. (4.12) and (4.14). We
consider strong and EM 1B corrections separately. The
recent BMW lattice paper [20] is the first to provide
determinations of all EM contributions, and, to take
advantage of those results in the discussion below, we
work with the SIB contribution defined in the same scheme
for separating strong and EM IB as used by BMW (defined
such that all EM effects in the purely connected neutral
pseudoscalar masses are absorbed into the definitions of the
quark masses and are numerically Ver()y similar to the
Gasser-Rusetsky-Scimemi scheme [49]).

To determine the IB corrections to the initial estimates
for a;omt9isc and a$*¢ obtained above and make contact
with isospin-limit lattice results, one needs to identify and
subtract the IB contributions present in the experimental

versions of the nominal / = 0 and / = 1 contributions, allfo

and a), !, determined above. These are of two types: those
M

belonging to the mixed-isospin (a, Ty “contaminations” of
the various physical exclusive-mode contributions, and
those present in the physical a/ = and a/~' contributions
themselves. An inclusive determination of the IB contri-
butions present in the physical versions of a;, " and a};~" is
sufficient to perform the latter correction. Correcting for the
mixed-isospin contaminations, however, requires one to
identify the mixed-isospin components of the various
exclusive-mode a;®™" contributions.

A rough (likely conservative) estimate for the scale of the
IB-induced uncertainty can be obtained by assuming an
O(1%) scale for IB corrections to each of the non pQCD
terms in Eq. (4.12) and adding these uncertainties linearly
[corresponding to the presumably conservative assumption
that all enter the combination in Eq. (4.12) with the same
sign]. The result is a first-pass estimate of ~1.5 x 10710 for
the IB-induced uncertainty on the result for /= —§al=".
We thus do not expect IB corrections to dramatically shift
the results for a4 or qd¢ obtained above. An

®A clear discussion of the SIB/EM separation issue can be
found in Secs. 3.1.1 and 3.1.2 of the 2019 FLAG report [50].
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@-@-é)-go-

T(d)
< © O~ Oo~O
OO HO o OO0 0 OO0
D3 D1 D1(d) D2 D2(d)

FIG. 1. Valence-valence (vv), valence-sea (vs), and sea-sea (ss)
connected (¢) and disconnected (d) graphs contributing to the full
I =1,1 =0, and MI EM contributions to akO‘HVP , following the
RBC/UKQCD labeling scheme [14]. For a more detailed de-
scription, see the main text.

improved estimate of the IB corrections can be obtained as
discussed below.

To first order in IB, SIB appears only in the mixed-
isospin part of the EM polarization/EM spectral function.
Thus, again to first order in IB, the IB contributions present
in the physical versions of a{fo and a,’fl are purely EM in
nature. We need these only in an inclusive (sum over
exclusive modes) form and will take advantage of details of
the recent BMW lattice assessment of EM contributions to
a,];O’HVP [20] to both show that these must be small and
obtain actual estimates of their size, thereby confirming this
expectation, as described in more detail below. We will then
turn to the issue of the mixed-isospin contaminations
present in the physical exclusive-mode contributions.

A. EM IB contributions

The diagrams producing O(agy) contributions to gy,

TThy, T, and TIMY;, and hence O(a%y,;) contributions to

a P, al=!, al=0, and a)!', are shown schematically in

Fig. 1. The labehng follows the conventions of RBC/
UKQCD [14]. The black squares denote external-current
vertices. Gluon lines are not shown explicitly but are to be
understood as connecting all quark lines in each diagram.
The external-current couplings to a flavor k = u, d, s quark
loop are ¢ (k=u, d, s) if the external current is one of

J,];:M'” (a=73 or 8) or c =0 = ck + ck, with Q; the
quark charge in units 0f e, if the external current is JEM

Since 34y as €8 = Dkcudis Sk = 2okeudis Sk = 0, dra—
grams containing a quark loop with only one vertex,
whether of the external-current or internal-photon type,
vanish in the flavor-SU(3) [SU(3) ] limit. Diagrams V, S,
F, and D1 have no such suppression and survive in the
SU(3)p limit. Diagrams 7 and D3 have a single such
suppression, diagrams 7(d), D1(d) and D2 a double
suppression, and diagram D2(d) a fourfold suppression.
The contributions fall into valence-valence (vv), valence-
sea (vs), and sea-sea (ss) subsets, with the double label
specifying whether the internal-photon line connects two
valence-quark lines, one valence- and one sea-quark line, or
two sea-quark lines. These subsets can be further broken

down into connected (c) and disconnected (d) parts that are
characterized by whether the two external vertices lie on the
same or on different quark loops. The (vv,c¢), (vv,d),
(vs,c), (vs,d), (ss,c), and (ss,d) contributions are the
sums of contributions from diagrams V + S, F + D3, T,
T(d), D1+ D2, and D1(d) + D2(d), respectively. Both
(vv, c) diagrams are nonzero in the SU(3), limit. The
(vv,d) contribution is expected to be dominated by the
unsuppressed diagram-F contribution and the (ss, ¢) con-
tribution by the unsuppressed diagram-D1 contribution.’
All other contributions, including the full (vs, ¢), (vs, d),
and (ss,d) combinations, vanish in the SU(3), limit.

BMW [20] has provided the following lattice results for
the vv, vs, and ss connected and disconnected contribu-
tions to the full EM-current result, aLO HVP,

ooy =—1.23(40)(31)x 1071° (V+5),
o) ——0.55(15)(10)x10—10 (F+D3),
VP ) =—0.0093(86)(95) x 10710 (T),
"] vs.) =0.011(24)(14) x 10710 (T(d)),
P} w0 =0.37(21)(24)x 1070 (D1+D2),
VP o) =—0.040(33)(21) x 10710 (D1(d) +D2(d)).
(5.1)

it
P]b

VP
(vs.c)

The SU(3)-suppressed (vs,¢), (vs,d), and (ss,d) con-
tributions are a factor of ~10 or more smaller than their
SU(3)p-unsuppressed counterparts, (vv,c), (vv,d), and
(ss,c), suggesting a strong suppression in differences of
light- and strange-quark-loop contributions, thus further
supporting the expectation that diagram F will dominate
the (v, d) contribution and diagram D1 will dominate the
(ss,c) contribution.

Based on this observation, we will, in what
follows, neglect contributions which vanish in the
SU(3)p limit and discuss the extent to which the BMW

full-EM-current results can be broken down into their
I =1, 1 =0, and MI components. Such a breakdown will
allow us to estimate the desired EM contributions to ay"

sconn+disc __ /=0 __ 1 I=1
and aj =a, oy -

It is useful to first introduce some notation for the loop
contributions to the various subtracted polarizations from
the unsuppressed diagrams of Fig. 1. It is convenient to
explicitly factor out (i) both the external-current couplings
and the internal-photon couplings (the latter in units of e)
for diagrams V, S, and F and (ii) the external-current
couplings for diagram D1. In a given lattice configuration,

7Diagrams F and D1 are 1/N, suppressed, and the BMW
results, indeed, show a suppression of the contributions from
these diagrams relative to the 1/N_.-unsuppressed V + S con-
tribution sum.
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the loop contributions are determined by the quark propa-
gators, which are in turn fixed by the gluon field configu-
ration. The corresponding contributions to the subtracted
polarizations are obtained by averaging over the ensemble.
We define the “loop factor” for a given contribution as the
full contribution divided (i) by the product of the relevant
explicit external-current and internal-photon couplings for
diagrams V, S, and F and (ii) by the product of the relevant
explicit external-current couplings for diagram D1.® The
following notation is employed for the loop factors of the
SU(3)-unsuppressed contributions from the connected
diagrams x = V, § and D1 and disconnected diagram F:

(a) L;K), Jj = u,d, s, denotes the flavor-j quark-loop factor
for connected diagram « = V, S. With this notation,
the diagram-V contribution to ITgy, for example, is

S o,

k=u.,d,s

(5.2)

where two factors of Q, come from the external-
current vertices and the remaining two come from the
internal-photon vertices. Similarly, the diagram-V
contribution to IT'=" is

3 (™oL (5.3)
k=u.d,s
that to 1170 is
D (M oLy (5.4)
k=u.d,s
and that to TIM! is
Z EM,3 EM SQ%L (5.5)

k=u.d.s

where the factor of 2 results from the presence of both
ab = 38 and ab = 83 contributions.

(b) LL,ian)l denotes the loop factor for the two-
disconnected-loop diagram-F contribution with a
flavor-k quark loop attached to the left external vertex
and a flavor-m quark loop attached to the right external
vertex. This represents the ensemble average over the
product of the two loops and does not factorize into a
product of the ensemble averages of the individual
loops. With this definition, the diagram-F contribution

to HEM is

S goLLy),

k,m=u,d,s

(5.6)

*The factors of e? coming from the two internal-photon
vertices and the relevant internal-photon propagators are thus,
in all cases, absorbed into the definitions of the corresponding
loop factors.

that to HEM is

Z C]EM3 EM3Q QmLLkm’ (57)
k.m=u.,d,s
that to TTky is
S MEIME0,LLY). (58
km=u.d.s
and that to HEM is
2 Y U0, (59)

k.m=u.d.s

(©) LL,ﬁDl) denotes the loop factor for the two-discon-
nected-loop diagram-D1 contribution with a flavor-k
quark loop attached to both external vertices, summed
over all three flavors in the disconnected EM vacuum
bubble. This again represents the ensemble average
over the product of the two loops, and does not
factorize into a product of the ensemble averages of
the individual loops. With this definition, the diagram-
D1 contribution to gy is

1
S oL, (5.10)
k=u.d,s
that to TILy; is
> (e LL, (5.11)
k=u.d,s
that to T1LyY is
PONCADEIIES (5.12)
k=u.d,s
and that to TTMY; is
23 MAMILLPY. (5.13)

k=ud,s

The I1gy; contributions are, of course, in all cases the sums

of the corresponding IT5y, 15, and ITMY contributions.

The associated contributions to a;""", al=!, a!=°, and

MI are obtained by integrating the relevant subtracted
polarization with respect to Q2 using the Euclidean-Q?
weighting given in Eq. (2.11). Expressions for these
contributions can be obtained from the corresponding

expressions for the contributions to the subtracted polar-
(K =V, 9,
LL,(HBL, and LL,(C D with the correspondingly weighted
integrals of these loop factors, which we denote by l_,,({'d

(c=V,S), LL"), and ZL"" in what follows.

a

izations by replacing the loop factors L
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With this notation, the breakdowns for the SU(3) z-unsup-
pressed contributions of diagrams V, S, F, and D1 proceed as
follows, where we take into account the fact that the resulting
decomposition is to be applied to the BMW results for the full
al®"MV® (pu.¢), (vv,d), and (ss, ¢) contributions and that
those results were obtained as corrections evaluated using
isospin-symmetric configurations. Since all relevant flavor-
dependent coupling factors were explicitly factored out in
defining the loop factors for the subtracted polarizations

above, one has LY = Lﬁf) = L(;) for the diagramx = V, S

loop factors, LLE,DI) = LLEiDl) for the diagram-D1 loop
P =1Ly)

factors, and LLY,) = LL% = LLE{,; %3

and LLY) = LLY) = LLYY) = LLY) = LLY) for the dia-

gram-F' loop factors, with similar relations for the integrated

loop factors L, TZ{"", and ZL\").

Since diagrams V and S share the same products of
external-current and internal-photon coupling factors, it is
also convenient to define the combined V 4 S = (vv, ¢)

loop factors,

Lm0 = 1) 4 1) (5.14)

We also introduce the SU(3) ,-breaking ratios

X(vme) = Lgm,C)/L(fvv,C)’
Xp1 = HEDI)/H;DU .
xp=LLY)JILY),

vr=LLY /ILY) (5.15)

for use in the expressions below. These ratios are all, of
course, equal to 1 in the SU(3) limit.’

With this notation established, one finds the following
bounds:

°Note that SU (3) breaking for these quantities can be larger
than naively expected since the weight in the dispersive repre-
sentation strongly emphasizes the low-s part of the spectrum.
SU(3) breaking in the subtracted polarizations (related to the
spectral functions by the usual subtracted dispersion relation) can
then be further enhanced by “kinematic” effects associated with
the shift to higher s in the spectrum (and hence to reduced
dispersive weight) of states which couple to the strange current
compared to those which couple to the nonstrange current. An
example is provided by the relation between the strange- and
light- (ud) connected components of the isospin-limit contribu-
tions to akO'HVP. Using C to denote the corresponding connected
diagram (diagram D1 without the EM vacuum bubble), one has
[@OMVP) = [5L9 + £{9)/9. In the SU(3), limit, where
xe=L'9) l_,(fc) = 1, the light-connected contribution is thus a
factor of 5 larger than the strange-quark-connected contribution,
while for physical m, and m, this ratio is ~12.2 [29], which
corresponds to xc ~0.41.

(a) For the (vv,¢) (diagrams V + S) sum,

[abO,HVP](w’c) _ [171—15:)1),0) + l:(fw.c)]/gL
[a;llzl](w.c) = SE;UU.C)/36’
)y = [SE™) 4L 324,

[a}YH](WYC) _ [E;”“)]/lg (516)
The combinations of interest, [azconwdisc}(w,c) and
[a})/”} (v0)? thus represent the fractions

. 1 x
sconn+disc LOHVP = —$
[au ](vv,c)/[a” ](vv,C) 171 + (x(m/,,c)/17) ’
9 1
MI LO,HVP -
(a3 ey /™ o) = 347 + (X /17)
(5.17)

of the BMW (v, ¢) total —1.23(40)(31) x 10710, The

cancellation of the terms proportional to I:Ef”'c> is a

generic feature of the (ww,c¢) contribution
[aff"“”disc](w’c), and it produces a sizable numerical
suppression of this contribution relative to the full
(vv,c) sum. If we consider the (presumably
conservative) range 0 <x(,, <1, we see that
[ajeom+dise] ) should lie somewhere between 0O
and 1/18 times the full BMW (v, ¢) result, i.e., in
the range

—0068(22)(17) x 10710 < [alslconn+disc} <0,

(vv,e) =
(5.18)

and hence should produce an essentially negligible
correction to the strange-quark-connected plus dis-
connected and disconnected results of Egs. (4.12) and
(4.14). For the same range of x(,, ., the mixed-isospin
(vv, ¢) contribution lies in the range between 9/34 and
1/4 times the full (vo,c) result, i.e., in the rather
precisely determined range

—0.326(106)(82) x 10710 < [a¥1]
< —0.308(100)(78) x 10710

(vv.c)

(5.19)

(b) For the (vv,d) contribution, neglecting the SU(3) .-
suppressed diagram-D3 contribution, we have
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(©)

[afOVP] o = 2SILY) + 10CLY) + LL)/81,
_ 5 (F
[alll_l](vv,d) = LL(f,)f)’/4’
(04 ) gy = [LLG + ALLY +4TL]/324,

(@] 0.0 = [LLY) + 2LLY]]/18. (5.20)

The combinations of interest, [aff"““*di“}( and

MI]
# (vvd)’

vo.d)

[a then represent fractions

sconn-+disc 2 —XFT)F
[aﬂ +d ](1)1;,d)/[allllo’HVP](w,d) = |: ’

25+ 10xp+yp

9 1+2x
I LOHVP B DO i?
[aﬂ ](1:17,d)/[a” ](W’d) 2 [25 + 10xF +yF:|

(5.21)

of the BMW (vw,d) total, —0.55(15)(10) x 1010,
There is a strong cancellation [exact in the SU(3)p
limit] for the strange-quark-connected plus discon-
nected combination. If we once more assume the joint
range 0<xp <1, 0<Lyr<1 to represent a

conservative choice, [aiom+disc] - is expected to
H (vv.d)

lie somewhere between —2/25 and O times the full
BMW (vv,d) result, i.e., in the range

0 < [ageomdie] < 0.044(12)(8) x 10719, (5.22)

)

and hence to again produce an essentially negligible
correction to the strange-quark-connected plus dis-
connected and disconnected results, Eqs. (4.12) and
(4.14). For the same joint xr, yp range, the mixed-
isospin (vv,d) contribution lies between 9/52 and
27/70 times the full (vv, d) result, i.e., in the range

—~0.212(58)(39) x 10710 < [a1] .,

< —0.095(26)(17) x 1071°. (5.23)
For the (ss,c) contribution, neglecting the doubly
SU(3)p-suppressed diagram-D2 contribution, we
have

(D1)

[a/eOQHVP](ss,c) = {Sﬁf + Hng)]/9’

_ +(D1

[a{;l](ssp) = LLE’ )/2’

(@], = [LLPY +2LL"Y) /18,

[aﬁ/ll](mc) = (5.24)
The combinations of interest, [aff"“n*di“](ss,c) and

[ayl](m.c), thus represent the fractions

) 1 X
sconn-+disc LO,HVP i e 2 S
[aﬂ ](ss.c /[aﬂ ](ss,c) 51+ (XDI/S) ’
[a/lyﬂ](ss.c)/[allio.HVP] (ss,¢) — 0 (525)

of the BMW (s, ¢) total 0.37(21)(24) x 1079, Con-
sidering the (presumably conservative) range
0 <xpy <1, [ajeonnrdisc] (ss.c) 18 thus expected to lie

somewhere between 0 and 1/6 times the full BMW

(ss,c) result, i.e., in the range

0< [asconn+disc]
=1

<0.062(35)(40) x 10719, (5.26)

(ss.c)

once more producing an essentially negligible correc-
tion to the strange-quark-connected plus disconnected
and disconnected results, Eqgs. (4.12) and (4.14).

If we combine the BMW-induced statistical and system-
atic errors in quadrature, the (vv,c), (vv,d), and (ss,¢)
contributions to the strange-quark-connected plus discon-
nected sum lie in the ranges (—0.068(28) x 1071,0),
(0,0.044(14) x 10719), and  (0,0.062(53) x 10719),
respectively. When we add the errors in these quantities
linearly, the sum of the three contributions lies between
—0.068(28) x 1071% and 0.106(67) x 1071%, or, at the 1o
level, in the interval (—0.096 x 10719,0.173 x 1071,
leading to a conservative final assessment of

sconn-+disc

— —10
H }(1;1/,c)+(vv,d)+(ss.c) - 004(13) x 10770

[a (5.27)
The central value and error on the associated correction to
the strange-quark-connected plus disconnected result,
Eq. (4.12), and hence also the disconnected result,
Eq. (4.14), are thus both entirely negligible on the scale
of the errors in those results.

A similar treatment of the BMW errors and (vv, ¢) and
(vv, d) uncertainty ranges produces an estimate for the EM
contribution to )" which, at the 16 level, lies in the interval
(=0.742 x 10719, -0.245 x 10~1°), leading to a conservative
final assessment of

MI]
H Y(vv.c)+(vv.d)+(ss.c

[a ) = —0.49(25) x 10719, (5.28)
This result, like that of Eq. (5.27), is inclusive from the
dispersive point of view. Unlike that earlier result, however,
it cannot be used to remove the associated, mixed-isospin
component of the EM contribution to the IB-uncorrected
strange-quark-connected plus disconnected result Eq. (4.12)
or disconnected result Eq. (4.14). The reason is that the
nominally / = 0 (G-parity-negative) and I = 1 (G-parity-
positive) exclusive-mode contributions to the inclusive sum
in Eq. (5.28) enter the difference underlying the results of
Eqgs. (4.12) and (4.14) with different signs. To correct for the
mixed-isospin contamination of the nominal / =0 and / = 1

sums, one thus needs to understand the breakdown of the
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mixed-isospin contribution into its exclusive-mode compo-
nents. This issue is discussed in Sec. V B.

B. The mixed-isospin correction

As is the case for the dominant isospin-conserving (IC)
contribution, we expect the IB contributions to a5 """ to
be dominated by contributions from the region of the
lowest-lying (p, @) resonances, doubly so since IB
contributions in this region are subject to enhancements
generated by the impact on the effects of p-w interference of
the smallness of the p-w mass difference. In this region,
the mixed-isospin spectral contribution, pMy(s), will
appear essentially entirely in the 2z and 3z exclu-
sive modes.

Unlike the ab = 33, 88 components, which to first order
in IB receive only EM IB contributions, the mixed-isospin
component contains both SIB and EM IB contributions.
Equation (5.28) provides an estimate for the latter in the
EM/SIB separation convention used by BMW. Two deter-
minations, one continuum chiral perturbation theory based,
the other lattice based, exist for the corresponding SIB
component. The results, a3'® = 3.32(89) x 107'% [51] and
1.93(1.20) x 10719 [20], respectively, are compatible
within errors, with a naive average of 2.83(71) x 10710,
The lattice result is subject to the strong cancellation
between connected and disconnected contributions antici-
pated in Ref. [21]. Both SIB results are inclusive from the
dispersive point of view. Combining, for example, the EM
and continuum SIB estimates produces an estimate of
2.8(9) x 10719 for the full EM + SIB inclusive mixed-
isospin contribution a}fﬂ. Employing instead the naive
average of the continuum and lattice SIB results yields
the somewhat smaller value 2.3(8) x 10717,

The p-o region 2z and 3z 1B contributions to a/I;O’HVP
can be estimated from the interference terms in fits to the
ete™ — 2n and e'Te” — 37x electroproduction cross sec-
tions associated with the IB eTe™ - w — 2z and eTe™ —
p — 3z contributions to the amplitudes appearing in those
fits. These contributions, to first order in IB, lie entirely in
the mixed-isospin contribution, ay".

The mixed-isospin EM + SIB 2z contribution is taken
from a fit to the 27 cross section based on the dispersively
constrained form for the timelike 7z form factor detailed in
Ref. [52]. The parameter €, entering that form, which
parametrizes the p-w region IB, is expected to have a small
nonzero phase [53]. Colangelo et al. [52] recently per-
formed a fit to existing e™e™ — 27 cross section data while
including this phase as a free parameter. This fit produces a
result of ~4° for the phase, and a corresponding 1B a)"
contribution of ~3.65 x 1071 [54]. Although the fitted
phase is small, the result for this contribution is sensitive to
the inclusion of the phase in the fit, for the reason explained
in Ref. [55]. The same fit, with the phase fixed to zero by
hand, instead gives an IB 2z contribution of ~4.32 x 10710

[54]. Given this sensitivity, we take the ~0.67 x 107'°
difference between the results of the free-phase and no-
phase fits as an estimate of the uncertainty on the mixed-
isospin IB, 27 contribution to a)'.

The mixed-isospin EM + SIB p-@ region 3z contribu-
tion is estimated using the results of vector meson domi-
nance (VMD)-based fits to recent BABAR ete™ — 3z
cross-section data, which were reported in Ref. [56] and
which show strong evidence for an IB p — 3z interference
contribution. The a)' contribution produced by the inter-
ference term in the preferred version of this fit is
—0.56(12) x 107'° [57]. The error here does not account
for possible additional model dependence associated with
the use of VMD for the IC and IB contributions to the
amplitude.

It is worth noting that, in spite of resonant enhancement,
the magnitudes of the mixed-isospin, p-w region exclusive-
mode 1B 2z and 37 contributions do not exceed the naive
<1% estimate for the size of IB relative to IC contributions.
The sum of these contributions, 3.1(7) x 107, is, more-
over, compatible within errors with the sum of the results
quoted above for the sum of inclusive EM and SIB

contributions to a)' [2.8(9) x 107'* if one uses the

continuum version of the SIB contribution, 2.3(8) x
10719 if one uses the naive average of the continuum
and lattice results], confirming the expectation that a)!" will
be dominated by 2z and 3z exclusive-mode contributions.
The errors, however, are large enough to accommodate
small additional contributions from the remaining, higher-s
exclusive modes. With KK and 4z contributions strongly
dominating the sum of the remaining nominal / = 0 and
I =1 contributions to a},‘O’HVP, we expect the magnitudes
of the additional mixed-isospin corrections to the nominal
I=0and I =1 sums to be <1% of the corresponding
exclusive-mode contributions, ie., <0.01[a°"V"]
(<0.36 x 10719 and <0.01[a;""V], . (<0.34 x 10719),
respectively. Even if these were to enter the correction to
the nominal /=" — § a!=! combination with the same sign,
the resulting correction to this combination would
be <0.4x 10719 We will thus assign an additional
0.4 x 107'% uncertainty to the mixed-isospin correction
to account for the missing mixed-isospin IB corrections
associated with exclusive modes other than 2z and 3z.

C. The final IB correction

The estimates for the isospin-limit strange-quark-con-
nected plus disconnected contributions to ag>HYP,
Egs. (4.12) and (4.14), were obtained by assigning the full
exclusive-mode 27 contribution to a/~' and the full exclu-
sive-mode 3z contribution to a{fo. As discussed above,
these exclusive-mode contributions contain small IB con-
taminations which in fact belong to a)" rather than to a;~' or

/=0 These contaminations produce an associated small

ay
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mixed-isospin IB contamination of the nominal affo -
sal~' combination obtained above. When we take the
estimates just obtained for the mixed-isospin 2z and 3z
contaminations and the bound on possible mixed-isospin
contaminations from other exclusive modes, the mixed-
isospin contamination to be subtracted from the result of
Eq. (4.14) to obtain the true isospin-limit strange-quark-

connected plus disconnected contribution to a;>"F is

1
= 0.56(12) x 10710~ 7(3.65(67) x 10710) = 0.4 x 1071°

= —0.97(14)(40) x 10717, (5.29)
where the first error on the final result is the quadrature sum
of those on the first two terms on the lhs and the second
reflects the estimate above for possible contributions from
non 2z and non 37 exclusive modes.

Subtracting the result (5.29) from the IB-uncorrected
nominal results ai°" 45 = 39.1(1.4) x 107'% and a™ =
—14.3(1.4) x 1071° of Egs. (4.12) and (4.14), we obtain
our final IB-corrected isospin-limit results,

gseonndise _ 401(14)(04) x 10710,

"
adic = —13.3(1.4)(0.4) x 10710, (5.30)

VI. AN ALTERNATE ANALYSIS USING RESULTS
FROM REFERENCE [28]

A determination of exclusive-mode contributions to

aﬁO’HVP similar to that of Refs. [26,27] was carried out

in Ref. [28], which we will refer to as DHMZ. The analysis
above can thus be repeated using DHMZ input and the
results compared to those obtained using KNT2019
input.
DHMZ’s exclusive-mode results are somewhat less well
suited to our purpose than are KNT2019’s, for the follow-

ing reasons. First, where the dispersive exclusive-mode
LO,HVP

a contributions tabulated in KN'T2019 correspond to
contributions from threshold to s = (1.937 GeV)? =
3.752 GeV?, those in DHMZ correspond to contributions
only up to s = (1.8 GeV)? = 3.24 GeV>. The pQCD
approximation must thus be used to lower s in a
DHMZ-based analysis than in a KNT2019-based one.
Since R(s) shows a clear DV dip below perturbative
expectations in the region between 3.24 and
3.752 GeV?, this makes a DHMZ-based analysis poten-
tially more sensitive to DV corrections, which can be only
roughly estimated at present. Second, the exclusive-mode
R(s) contributions and covariances underlying the DHMZ
exclusive-mode aL®"V? contribution results are not pub-
licly available, unlike the corresponding KNT2019 results,
which are available from Keshavarzi et al. [27] upon

request. The access to KNT2019’s exclusive-mode data
allows us to perform the internally self-consistent hybrid
7-KNT2019-electroproduction determination of the KK
contribution to ai™ ¢ described above. The lack of
access to the corresponding DHMZ exclusive-mode cross
sections and covariances means an analogous, fully self-
consistent DHMZ-based determination of that contribution
is not possible. We have thus been forced to use a
KNT2019-based determination of the I = 1 KK contribu-
tion from the region between 2.7556 and 3.24 GeV? to
determine the full hybrid z-electroproduction [ =1
DHMZ-exclusive-mode-region KK contribution, combin-
ing that with the DHMZ result for the full / =04 1 KK
contribution up to 3.24 GeV2, to determine the “DHMZ-
based” KK contribution to aicomtdisc,

While the use of DHMZ input has some minor dis-
advantages, it is of interest to pursue the alternate, DHMZ-
based determination of a5 4¢ and ¢3¢ since KNT2019
and DHMZ, despite analyzing essentially identical electro-

production cross-section data, obtain somewhat discrepant

- LOHVP
results for a number of exclusive-mode a5

contributions (the situation is discussed in more detail in
Sec. 2.3.5 of Ref. [29], with Table 5 providing a summary
of the main discrepancies). Such discrepancies exist for
both nominally / = 0 and nominally / = 1 exclusive-mode
contributions and have the potential to affect the weighted
difference of / =0 and / = 1 contributions which deter-
mines alslconn-&-disc‘

The implementation of the DHMZ-based analysis fol-
lows exactly that of the KNT2019-based analysis detailed
above. DHMZ results for the various exclusive-mode
a;®"™?  contributions are taken from Table 2 of
DHMZ."  Conversions of G-parity-ambiguous-mode
a;;>"™* contributions to the corresponding @} +4is¢ con-
tributions proceed exactly as in the case of the KNT2019-
based analysis, with the exception of the KK mode, where,
as noted above, we do not have access to the DHMZ KK
exclusive-mode cross sections and covariances, and
hence have used KNT2019 results for these quantities to
determine the KK contribution to a;®"" from the
region 2.7556 GeV? < s < 3.24 GeV?2.

The results of the DHMZ-based analysis are as follows.
The sums of the nominally / = 1 (G-parity-positive) and

"“The reader is reminded that results tabulated in KNT2019
and DHMZ, though having the same exclusive-mode labelings,
are different, corresponding to contributions from different ranges
of s (for DHMZ up to s = 3.24 GeV?, for KNT2019 up to
s = 3.752 GeV?), and thus should not be compared mode by
mode. A comparison of contributions for a subset of exclusive
modes over the common DHMZ range s < 3.24 GeV? is pro-
vided in Table 5 of Ref. [29]. The lower DHMZ upper end point,
which lies below the pp threshold, also means that there are no
DHMZ analogs of the KNT2019 entries for the G-parity-
ambiguous pp and nin mode contributions.
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I =0 (G-parity-negative) exclusive-mode contributions
from Table 2 of DHMZ are 542.74(84)(3.28)(1.12) x
1071% and 53.65(42)(1.11)(1.02) x 107'°, respectively,
where the errors are, in order, the statistical, mode-specific
mode-to-mode-uncorrelated systematic and the 100% cor-
related common systematic error components of Ref. [28].
When the first two errors are combined in quadrature,
these results become 542.74(3.39)(1.12) x 1071 and
53.65(1.18)(1.02) x 1071, respectively.

For the KK mode, the I = 1 contribution to a,];O‘HVP from
the region s < 2.7556 GeV? is obtained, as before, using
the BABAR 7 data [25]. The result, 0.764(33) x 10719, is
thus unchanged. The KNT2019 input produces a max-
imally conservative estimate of 0.070(70) x 107! for the
I =1 contribution from the region 2.7556 GeVZ<s<
3.24 GeV?. The resulting s < 3.24 GeV?, I = 1 contribu-
tion, 0.834(34) x 107!, combined with the DHMZ two-
mode KK I=0+1 contribution total, then yields
[asconntdise] . = 34.98(43)(36), where the second error
is the (linear) sum of the 100% correlated common
systematic DHMZ errors in the K™K~ and KK
contributions.

For the KKz mode, using the results for the 7 =1
component of the observed cross sections obtained by
BABAR [40], one finds an I = 1 contribution to af;O’HVP
from the region s <3.24 GeV? of 0.664(34)(105)x
10719, where the first error is statistical and the second

|

sconn-+disc _

542.73(3.39)(1.12)

systematic. Combining these errors in quadrature, the
DHMZ result for the full /=041 contribution then
implies that [gjcomtdisc] o = 1.71(17)(6), where the sec-
ond error is again the 100% correlated common systematic
error on the DHMZ KK total.

For the KK2z mode, the s < 3.24 GeV2, I =0 ¢(—
KK)zz contribution implied by BABAR ete™ — ¢nrn
cross-section  results  [58] is  0.117(8) x 10710
Subtracting this from the DHMZ I = 0 + 1 KK2x total and
performing the usual maximally conservative treatment of
the resulting G-parity-ambiguous residual, one finds that

[asconndise] = 0.44(41)(0), where the second error is,

once more, the 100% correlated common systematic
DHMZ one.

For the remaining [wKK and nKK(nog)] DHMZ
G-parity-ambiguous modes, the maximally conservative
treatment of the sum of contributions from these modes
yields a contribution of 0.00(1)(0) x 10710 to gjeonn+dise,
with the second error again the 100% correlated common
systematic DHMZ one.

Finally, the five-loop-truncated pQCD estimate for the
contribution to ai™ 4% from the DHMZ inclusive region,
s > 3.24 GeV? is found to be 7.28 x 10719, with, as above,
negligible input-a; and five-loop-truncation uncertainties.

Combining these results, we find for our DHMZ-based
determination of the (pre-IB-corrected) strange-quark-
connected plus disconnected sum

as 53.65(1.18)(1.02)

lin —

in | 34.98(43)(36),,

9

+ 1.71(17)(6) 3, + 0.44(41) (1)}, + 0.00(1)(0)y;, + 7.28 | x 10710

= 37.76(1.39)(1.33)

lin

where the 100% correlated common systematic errors are
identified by the subscript “lin”. The first error in the final
expression in Eq. (6.1) is the quadrature sum of the
statistical and uncorrelated mode-specific systematic
errors, while the second error is the linear sum of the
100% correlated common systematic errors. This treat-
ment of the common systematic errors is that specified in
Ref. [28].

Comparing Eqgs. (4.12) and (6.1), we see (a) that the
DHMZ-based value is 1.32x 107! Jower than the
KNT2019-based value, and (b) that the DHMZ-based total
error is more conservative. Using the naive average of the
white paper strange-quark-connected result [29] and the
BMW strange-quark-connected result [20], we find for our
initial (pre-IB-corrected) DHMZ-based disconnected con-
tribution the value —15.61(1.39)(1.33),;, x 107'°, which is
to be compared to Eq. (4.14).

lin

x 10710,

(6.1)

Finally, applying the IB corrections worked out in
Sec. V, we arrive at

azconn+disc — 387(14)(13)hn(04) X 10—10’

agse = —14.6(1.4)(1.3);,(0.4) x 10719, (6.2)
where the third error has the same origin as the second error
in Eq. (5.30).

Table II compares our isospin-symmetric results for
aseomtdise and ad¢ to those of recent lattice studies that
report results for both. Our disconnected results are seen to
be in excellent agreement with all lattice results except that

of the Mainz collaboration [18],'" with which they are

"The result in Ref. [18] was obtained via an extrapolation to
the physical point from results at heavier-than-physical pion
masses, unlike the results obtained by the other collaborations.
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TABLE II.

Comparison of our results with recent lattice results for the isospin-limit three-flavor disconnected and strange-quark-

connected plus full three-flavor disconnected contributions to ay® """, The first and second errors in the lattice entries, shown in the
upper half of the table, are statistical and systematic, respectively. Errors in the KNT2019- and DHMZ-based results of Egs. (5.30) and
(6.2), shown in the second-to-last and last lines of the lower half of the table, respectively, are as described in the text.

Source ny glsc X 1010 a;conn+disc X 10]0
RBC/UKQCD [4,11] 241 ~11.2(3.3)(2.3) 42.0(3.3)2.3)

BMW [9] 241+1 —12.8(1.1)(1.6) 40.9(1.2)(1.7)

Mainz [18] 241 —23.2(2.2)(4. 5) 31.3(3.3)(4.5)

BMW [20] 24+1+1 —13.36(1.18)(1.36) 40.03(1.18)(1.36)
This work, Eq. (5.30) 241 ~13.3(1.4)(0.4) 40.1(1.4)(0.4)

This work, Eq. (6.2) 241 —14.6(1.4)(1.3),,,(0.4) 38.7(1.4)(1.3),,(0.4)

clearly incompatible. The errors in the results for aﬂi“ in
Egs. (5.30) and (6.2) are competitive with those of the most
precise of the current lattice results [20]—and obtained at a
dramatically reduced numerical cost.

VII. DISCUSSION

The main observations in this paper are (i) that a rather
precise determination of ai™ %5 the strange-quark-
connected plus full three-flavor quark-disconnected contri-
bution to aLO HVP " can be obtained from electroproduction
data and (ii) that, using lattice results for the strange-quark-
connected contribution, this can be converted into a deter-
mination of the disconnected part, avoiding the direct
calculation of the disconnected part on the lattice. While a
completely lattice-based evaluation of aLO HVP is of great
interest, this disconnected part is computatlonally expensive,
and a “hybrid” approach, in which the disconnected part is
obtained from experimental data and the connected part from
the lattice, is of interest as well. Moreover, as mentioned in
Sec. L, itis useful to compare results for different contributions

to a,ljo HVP obtained using dispersive and lattice approaches.

It is worth reminding the reader that, to make contact
with the disconnected contributions calculated on the
lattice, our results for aﬁisc are isospin-symmetric ones.
This means that the EM disconnected contributions shown

in Fig. 1 still have to be added to obtain a complete result

for aﬂo HVP “Since these corrections are much smaller than
the isospin-symmetric disconnected contribution, however,
it suffices, at a given level of overall precision, to evaluate
them on the lattice with much larger relative errors.
While one of our two main observations is that the full
three-flavor, isospin-symmetric disconnected contribution
to ay®™P can be obtained without the need of any
disconnected lattice calculations, we did use some dis-
connected results (notably, the BMW results for diagrams
F and D1 in Fig. 1) in our discussions of IB corrections in
Sec. V. We stress, however, that although BMW input was
used, the specifics of that input were not, in fact, numeri-
cally relevant, for the following reasons. First, the BMW
EM results were not needed for the mixed-isospin EM

corrections, where (i) the dominant combined SIB + EM
27 and 3z exclusive-mode contributions from the p-w
region were taken from experiment and (ii) since (in spite of
the enhancement of these IB contributions from the rather
small p-w mass difference) these contributions are each
~1% of the total IC contributions from these modes, it
should be quite safe to estimate mixed-isospin corrections
from other exclusive modes using the ~1% estimate for
each mode and adding these linearly. The mixed-isospin
EM + SIB correction is thus under control, without need of
lattice disconnected input (EM or otherwise), up to the
~0.4 x 10710 uncertainty for non 27,37z exclusive-mode
contributions. Second, the general analysis of the EM
corrections to the ab = 33 and 88 parts of aLO HVP shows
that these involve very strong cancellatlons From the
general forms, written in terms of the SU(3),-breaking
loop factor ratios, it is clear these strong cancellations are
entirely generic. Thus, unless the EM corrections to these
quantities are much larger than the scale of the BMW
results, we can be sure that these corrections are small
without needing to know the precise values of the valence-
valence disconnected EM contribution or the unsuppressed
sea-sea connected contribution from the graph DI.
Although some disconnected EM lattice results were used
in the discussion above, the only substantive role these play
is to confirm that the EM disconnected contributions do not
have a massive enhancement relative to the expected
“natural” ~1% EM IB scale.

To conclude, we return to the reliability of treating the
inclusive region [above s = (1.937 GeV)? for KNT2019,
above s = (1.8 GeV)? for DHMZ] using pQCD. To be
specific, we focus our discussion on the KNT2019 case.
Uncertainties due to truncation in order and the uncertainty
in the input «, used are tiny, as are perturbative D = 2
corrections (the latter for the reasons outlined in Sec. IV E).
The main uncertainty associated with the use of pQCD for
the contribution from this region will thus most likely be
that due to residual DV corrections. Let us consider the
ansatz for the EM DVs used in the determination of a, from
electroproduction cross-section data detailed in Ref. [59].
This has the form
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5 1
PEm(s) = 5Puav (8) +5P0v(5); (7.1)
where p}), (s) is taken to have the large-s form
Py (s) = exp (=6; —yis)sin (a1 + fis)  (7.2)

characterized by the DV parameters 0,, y;, a;, and S,
which follows for massless quarks from the large-N,. and
Regge arguments discussed in Ref. [48]. These DV
parameters can be obtained from FESR fits to weighted
integrals of the / = 1 vector-current spectral distributions
measured in nonstrange hadronic 7 decays. The z-based
results and their covariances were used as priors in the EM
fits in Ref. [59]. The strange-quark contribution pgY)(s) was
taken to have the same functional form, though with
generally different DV parameters, reflecting the shift of
resonances with hidden strangeness to higher locations in
the spectrum. Reference [48] took yy = y; and 3y = f; and
fitted ay and J; as free parameters, simultaneously refitting
o1, Y1, o, and f;, subject to the input z-based prior
constraints. Let us rewrite the ansatz (7.1) in an alternate
form with the / =0 and 1 contributions explicitly sepa-
rated:

1 1 (.

pgl\\//l(s) = _pELXV(S) + QPELXV(S) +_/’0,V(s) .

: 5 (7.3)

The term in the square brackets is the / = O contribution. In
this form, it is obvious that the DV ansatz of Ref. [59]
produces a DV contribution to the piig™ ¥ (s) combina-

tion in which the light-quark part exactly cancels, leaving

. 1
isscl\(;lnn+dlsc,DV (S) — § EY/(S)

(7.4)
In view of the significant recent improvement in the FESR
analysis of the / = 1 vector channel reported in Ref. [60],
we have updated the EM fits of Ref. [59] using as new
light-quark DV priors the improved versions obtained in
the fits of Ref. [60]. Using a range of different choices for

the 7 and EM FESR fit windows, we find integrated

DV contributions to a ™" from the region above

s = (1.937 GeV)? lying in a narrow range around
—0.25 x 1071°, In view of the fact that the functional form
for the DV ansatz in Eq. (7.2) was derived only in the
massless limit but has also been employed for the strange-
quark contribution, we treat this result as providing only a
rough estimate of the uncertainty associated with neglect-
ing possible residual integrated DV contributions in the
region above s = (1.937 GeV)?. Even if one were to
double this estimate, however, the resulting ~0.5 x 10710
DV-induced uncertainty would still be small on the scale of
the ~1.5x107!9 uncertainty of the strange-quark-

connected plus disconnected and disconnected results
obtained above.
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APPENDIX: REMAINING CHANNELS

The maximally conservative assessments for the remain-
ing G-parity-ambiguous exclusive-mode contributions
from the KNT2019 list are as follows:

(a) KK2z: KNT2019 gives an I =041 total of
[agOHVP) ks = 1.93(8) x 10710, Part of this contri-
bution comes from the G-parity-negative I = 0 mode
¢nrm. The BABAR eTe™ — ¢pnr cross-section results
[58] (which were obtained by dividing the observed ¢-
region K™K~z ™ cross sections by the then-current
2010 PDG ¢ — KK~ branching fraction) produce a
corresponding / = 0 all-¢-decay-mode ¢z contribu-
tion to agMVP of 0.192(12) x 10719, The ¢(— 37)zx
part of this contribution is already included in the
listed 5z contributions. We have updated the BABAR-
based all-¢)-decay-mode result quoted above using the
current PDG result for the ¢ - KTK~ branching
fraction [34]. Multiplying this result by the current
PDG two-mode ¢ — KK branching fraction sum, one
finds the result 0.159(10) x 107'° for the 1 = 0, ¢$(—
KK)zz contribution to [as®™?]z,,. Subtracting

this from the total K K27 contribution leaves a residual

G-parity-ambiguous KK2m  contribution  of
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1.77(8) x 10719, Combining the small [ =0,
¢(— KK)zr contribution with the generic maximally
conservative treatment of the latter then gives a
strange-quark-connected plus disconnected contribu-
tion of

sconn-disc

« ey = 0.95(98) x 10710,

[a (A1)

(b) KK3m: KNT2019 gives an I =041 total of

[aEO™VP) k2, = 0.04(2) x 1070, The generic maxi-

mally conservative bound treatment thus gives a
strange-quark-connected plus disconnected contribu-
tion of

[asconnerisc}KI_G” = 0.02(2) x 10710,

H (A2)

(©) X, = (- npp)KK and X, = n(~ npp)KK (no ¢):
KNT2019 gives I =0+ 1 totals of [a,Lto’HVP]Xl =
0.00(0) x 107 and [a;°""F]y, = 0.01(1) x 10710
for these two modes. The éeneric maximally

conservative bound treatment thus gives a strange-
quark-connected plus disconnected contribution of

[a;c(>nn+disc]xl+x2 = ()()()(]) x 10710

(A3)

for the sum of the contributions from these two modes.

(d) pp and nn: KNT2019 gives I =0-+1 totals
of [a;®™"],; =0.03(0) x 1071° and [a,*™"],; =
0.03(1) x 107!° for these two modes. The generic
maximally conservative bound treatment thus gives a
strange-quark-connected plus disconnected contribu-
tion of

jasom+dise] L —0.03(3) x 10710 (A4)

pp+nn
for the sum of the contributions from these two modes.

(e) Low-s 7’ and ny: The z° and #y contributions from
the higher-s region are strongly dominated by contri-
butions from the large @ and ¢ peaks in the exper-
imental cross sections, and hence are identifiable as
I =0. Such an I =0 assignment is, however, less
certain at low s, and we thus use the maximally
conservative treatment in this region. With KNT2019
giving low-s I =0 + 1 totals of 0.12(1) x 107'° and
0.00(0) x 1071 for these modes, this leads to a
strange-quark-connected plus disconnected contribu-
tion of

[alslconn—&-disc] = 0,05(7) x 10710 (AS)

low-sz%+ny

for the sum of the contributions from these two modes.
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