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We construct models of coupled semidynamical (spin) and dynamical mirror multiplets of N' = 4
supersymmetric mechanics in d = 1 harmonic superspace. Specifically, we consider a semidynamical
mirror multiplet (3,4, 1) coupled to dynamical mirror multiplets (1,4,3) and (2,4,2). Coupling of the
multiplets (3,4,1) and (1,4, 3) yields a mirror counterpart of the earlier constructed model implying the
Nahm equations for the spin variables with the bosonic component of the multiplet (1,4, 3) as an evolution
parameter. We also couple the mirror multiplet (2,4,2) to the mirror semidynamical multiplet (3,4, 1)
using chiral A = 4 superspace. The models constructed admit a generalization to the SU(2|1) deformation

of N'=4, d = 1 Poincaré supersymmetry.
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I. INTRODUCTION

Diverse models of the supersymmetric quantum mechan-
ics (SQM) as an extreme (one-dimensional) supersymmet-
ric theory provide a good laboratory for studying more
ambitious higher-dimensional supersymmetric theories,
such as super Yang-Mills and supergravity theories, the
higher-spin theories, etc (see, e.g., Ref. [1] for a review).
The simplest extended SQM models are associated with
N =4, d=1 supersymmetry. One of the surprising
features of this supersymmetry is the existence of two dif-
ferent types of NV = 4 supermultiplets which are “mirror”
(or “twisted”) with respect to each other.

The origin of such a doubling is as follows. The N' = 4,
d = 1 Poincaré superalgebra reads

(0}, 07} =280H,  [H.Q)]=0. (LI)
where H is the Hamiltonian which in the superfield (or
component) Lagrangian setting is realized as a time
derivative. Four supercharges Q}, carry the indices of the

fundamental representation of the corresponding automor-
phism SU(2); x SU(2)g group (i =1, 2 and a =1, 2).
Their permutation as i, j <> @, has no impact on the
algebra (1.1). As a result, N' =4, d = 1 supersymmetry
possesses two wide classes of the supermultiplets, which
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differ just by interchanging of these two independent SU(2)
factors of the total automorphism group. The mutual
interchange of these two SU(2) groups switches ordinary
multiplets into mirror ones and vice versa. When limiting
only to one type of such multiplets and considering their
various invariant actions and interactions, no actual differ-
ence from another type can be observed: indeed, all
quantities associated with the alternative choice can be
reproduced from the initial choice just by substituting the
SU(2),, group indices altogether by the appropriate SU(2)y
ones. The difference between the two varieties of the
multiplets manifests itself only when considering both
types of them simultaneously.1

For a fixed choice of SU(2) [SU(2), in what follows], a
plethora of relevant multiplets was studied in many papers,
using the appropriate N” = 4, d = 1 superspace agproaches
in which just this SU(2) invariance is manifest.” We will
refer to these multiplets as the “ordinary” ones. The best
arena for dealing with such multiplets and constructing
their interactions is provided by ' =4, d = 1 harmonic
superspace [3] involving the harmonic variables which
parametrize the coset SU(2); /U(1),.. The second SU(2)g
symmetry is realized as a kind of hidden symmetry. On the
other hand, in order to put the description of both types of
N =4 multiplets on equal footing, the formalism of
“biharmonic superspace” was worked out in Ref. [4], with
both automorphism SU(2) factors being “harmonized.”
However, dealing with the two sets of harmonic variables
sometimes bears technical complications. So, it would be

'A similar phenomenon takes place for the standard and
twisted chiral superfields in 2D supersymmetry [2].

*The basic d = 1 superspace technicalities are collected in
Appendix A.
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advantageous to have a description of the mirror multiplets
within the same superspace setting as the more accustomed
ordinary A/ = 4 multiplets. The present note is devoted to
such an alternative description of mirror multiplets and
demonstrating that various interactions between them
basically lead to the same component results as those for
the ordinary multiplets, modulo the interchange of the
SU(2), and SU(2)g automorphism groups mentioned
above. We focus on couplings of the dynamical mirror
multiplets (1,4,3) and (2,4,2) to the mirror multiplet
(3,4,1) considered as semidynamical (or as a “spin
multiplet”) because the chiral multiplet (2,4,2) was not
considered before in such a context. Another reason is that
just this kind of coupling admits a rather direct generali-
zation to the case of deformed N' =4, d = 1 supersym-
metry associated with the supergroup SU(2|1) [5-7]. We
explicitly present the basic relations of the SU(2|1)
deformed mirror system (1,4,3) — (3,4,1).

II. MIRROR MULTIPLETS

We proceed from the standard N' = 4, d = 1 superspace
and its simplest harmonic extension described in
Appendix A.

An important observation exploited in what follows is
that all the standard mirror multiplets with four fermionic
physical fields and linear A/ =4 supersymmetry trans-
formation laws are described by the superfields M which
carry no external SU(2); indices [but admit those of
SU(2)g] and satisfy the universal common constraint

DY'DI"M = 0. (2.1)
In the harmonic N = 4, d = 1 superspace approach, these
superfields are neutral [with respect to the harmonic U(1),
charge] and can be defined by the following equivalent
constraints:
DT*M =0, DM =0, D;D*"M = 0. (2.2)
The specificity of one or another mirror multiplet manifests
itself in the extra constraints one needs to impose on M.
Below, we list all N = 4 superfield constraints of this kind
yielding the complete set of the linear mirror multiplets.
Mirror multiplet (1,4, 3).—The mirror multiplet (1,4, 3)
is described by a real superfield X satisfying [8]
DYD)eX =0 DiD*X =0, D *X=0. (2.3)
So, in this simplest case, no any extra constraints are
needed.
Mirror multiplet (2,4,2) or chiral multiplet—The
mirror multiplet (2,4,2) is described by the standard
complex chiral A" =4, d = 1 superfield:

Di = Dia=2 — Di

DiZ = 0’ a=1’
D™tZ =0.

& D27 =0, (2.4)
Thus, in the universal description by a superfield M, it
is natural to interpret the standard chiral N’ = 4,d = 1
multiplet as belonging to the mirror type, while the
twisted chiral multiplet studied in Refs. [8,9] should
be reckoned to the set of ordinary multiplets.

Mirror multiplet (3,4,1).—The mirror multiplet
(3,4,1) is described by a triplet superfield V%

(V¥ = Vhe (V) = —V4p) satisfying

D@V =0 & DV =0, DTTV¥=0. (2.5)

Mirror multiplet (4,4,0).—The mirror (4,4,0) multi-
plet is described by a quartet superfield Y*4 (A = 1, 2)
that satisfies the constraints

DilayPA — 0, (YoA) = Y g4 (2.6)
Their equivalent harmonic superspace form is
DHeyPA =, Dty =0.  (2.7)

Mirror multiplet (0,4,4).—In contrast to the multiplet
(4,4,0), the mirror multiplet (0,4, 4) is described by a
fermionic superfield ¥** (A = 1, 2) [10]:

(\PaA> = lPotA
DtTyeA = (.

Dilagpa — 0

= DTphr =, (2.8)
All its bosonic components are auxiliary fields.

The component solutions of the constraints for the
multiplets (1,4,3), (2,4,2), and (3,4,1) are given by
Egs. (4.1), (5.1), and (3.1), respectively. Solutions for the
remaining two multiplets (4,4,0) and (0,4,4) are pre-
sented in Appendix B.

One can check that all superfields listed above indeed
satisfy the common constraint (2.1). For (1,4,3), it is
obvious. For the rest of supermultiplets, Eq. (2.1) is
recovered as a result of action of the appropriate covariant
derivative on the basic constraints. For an instructive

example, we perform this exercise for the multiplet
(3,4,1):

DY[D)eyP)] =0 = DYDavlr =0.  (2.9)
It is also worth pointing out that the chirality constraint

(2.4) is also valid for some of the superfields describing the

mirror multiplets (3,4,1), (4,4,0), and (0,4,4), as a part

of the full sets of their constraints,

Di2v22 =0 Di2lP2A =0.

D2y =, (2.10)
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The remaining constraints relate these chiral superfields to
other (nonchiral) superfields forming a given N’ = 4,d = 1
supermultiplet. This property allows one to construct the
interacting Lagrangians as the proper superpotentials. In
Sec. V, such an interaction is given for the coupled mirror
(2,4,2) and (3,4,1) supermultiplets.

A. Wess-Zumino action

The Wess-Zumino (WZ-)type actions (analytic super-
potentials) were defined in Ref. [3] for the ordinary
multiplets as integrals over the analytic superspace,

Swz = /dC(‘A‘)EJr*, DLt =0. (2.11)
Here, £ is an analytic function of harmonic analytic
superfields and harmonic variables. Such a construction is
admissible for the ordinary multiplets (0,4,4), (3,4.1),
and (4,4,0), which are described by analytic superfields
additionally constrained by the proper harmonic conditions
involving the analyticity-preserving harmonic deriva-
tive DT,

WZ actions for the mirror superfields have the same
formulation in the relevant mirror (analytic) harmonic
superspace forming a subspace in the biharmonic super-
space. However, in this paper, we prefer to construct
WZ actions for mirror multiplets in the standard
(ordinary) harmonic superspace. One of the merits of this
construction is that it allows a deformation to SU(2|1)
supersymmetry [11].

So, we are going to consider an alternative construction
of WZ action for mirror multiplets in the (ordinary) analytic
harmonic superspace {{(4)} . Since mirror superfields carry
no external harmonic charges, the only way to compensate
the negative harmonic charge —2 of the invariant measure
d¢ A is to include the charged objects, viz., the covariant

derivatives and/or superspace coordinates. We will try the
simplest option

SWZ = /dZ_,’(_A_)@;,FD;L“ﬂ, (212)

where L% is a triplet function (L% = LP®) of mirror
superfields that satisfies

D'L¥ =0, D' L%=0, D/DYL¥=0. (2.13)

The last quadratic constraint secures the analyticity
of the Lagrangian density, D“(D;L“ﬁ) =0, and hence
the invariance of WZ action (2.12),

6SWZ:/dC@e;DZ;Laﬂ:/dg(—g)DH(e;D;Laﬂ) =0,

(2.14)

where we represented €, = D™ te, and integrated by parts
with respect to DT,

Note that we could start from the superfield function L%
having a singlet part L (L = saﬁL“ﬂ ) and still satisfying the
same constraints (2.13). This part can be discarded because
the relevant action is vanishing:

/ 505 DL = / (5D (0D L — L) =0,

D+ (6;D+L — L) = 0. (2.15)

III1. SPIN MIRROR MULTIPLET (3, 4, 1)

In this section, we treat the mirror multiplet (3,4,1) as
semidynamical and construct its general WZ action.
The constraints (2.5) are solved by
Vb — pof 9—(09(1'/3)%?r — 9+(“)(iﬁ)u,-_ — 2,'9-(0:9; Py
+ 0-«orhC — iot1oF o~y Pur,

(3.1)

where

k) ©=c

(V) = =ve5. (A = Xkar (3.2)

The component fields transform under N =4, d =1
supersymmetry as

Sv¥P = €i((l)(iﬁ) ,

_ H - ia i\
oC = L7 A (6 ) = —€ig-

5)(1‘(1 — 2i€}'ji]aﬁ _ €iaC’

(3.3)

Let us first construct a Fayet-Iliopoulos term as the
simplest example of WZ action with L% ~ V.

b
Su=3 [ deiDj v = [ditn. La=bC. (34

A less trivial WZ action for V* is constructed according
to the prescription (2.12) as

Sy = / dt Ly = / dESOLDELP(Y). (35)

The zero-order component of the 8 expansion of the last
constraint in (2.13) imposes three-dimensional Laplace
equation on the Lagrangian density L% (v):

A(3)Laﬁ(v) = 0, A(3) = 8}/68},5,

0% =0/0,5.  (3.6)

In components, using the solution (3.1) for V(%) we obtain

. 1 :
EWZ = CZ/{ + l.UaﬁAaﬁ —|— ERaﬁ)(fx)(i/}’ (37)

with
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u(/l}) = 8"’ﬂLaﬂ(1)),
.Aaﬂ(/lj) = Ea},ayéLﬂg(U) + Eﬂy875La5(1)),

R¥(v) = 070PL,5(v). (3.8)
Taking into account the constraint (3.6), one finds that
the quantities defined in (3.8) satisfy the conditions

80(/1./475 - ay(SAaﬁ = sayRﬂﬁ + gﬁéRay' (39)
Swapping, in the Lagrangian (3.7) and the constraints (3.9),
the indices «, f and i, j, we obtain just WZ Lagrangian for
the ordinary multiplet (3,4,1) constructed in Ref. [3].
Thus, the above formulas yield the correct form of the WZ
action for the mirror multiplet (3,4, 1).
Eliminating the fermionic fields in (3.7) by their equa-
tions of motion, we pass to the Hamiltonian system with
H= /Iaﬁﬂaﬁ - CU, (3.10)
where A% and C are treated as Lagrange multipliers. The
second-class Hamiltonian constraints of the system are then
given by
Tap = Dap — 1A =0, U=D0. (3.11)
Note that the last constraint is a secondary one for the
primary constraint p. = 0.
The matrix formed by Poisson brackets of the constraints
(3.11) is not degenerate,

det( {7ap- mstep  {7ap Ulpp
{U s ﬂ'yé}PB 0
and hence we can pass to Dirac brackets. Calculating the

inverse matrix of these constraints, we find the Dirac
brackets in the form

) #£0,  (3.12)

i (anRﬁg; + gﬂﬁRay)

{vaps vys} = IR, . (3.13)
One can check that
i(Ryy Rl + Ry RY)
Ut = =0. 3.14
(U == (3.14)

The constraint I/ = 0 kills 1 degree of freedom in the triplet
v, so this triplet effectively describes a two-dimensional
surface embedded in R>.

A. Noncommutative plane

Let us consider the simplest solution of the Laplace
equation AU =0,

c-y
U="-2
2

¢ = const, (3.15)

where

v = —\/EM, Uyy = \/Eb_i

It corresponds to the following choice of the triplet func-
tion L%:

Vip =Y, (316)

1

L''=0, L*?*=0, L" :Z(y2 —uit—2cy). (3.17)
The relevant Lagrangian is then written as
. C 1 .
sz=%(uﬁ—ﬂﬁ)+5(c—y>—1x’mz- (3.18)

It is straightforward to check that it is invariant off shell
under the following N = 4 supersymmetry transformations
(3.3). The Lagrangian (3.18) is none other than N = 4,
d =1 supersymmetrization of the d = 1 WZ Lagrangian
describing the lowest level of the planar Landau model (see,
e.g., Ref. [12] for a review). In particular, besides the
standard phase U(1) transformations, it is invariant under
the so-called magnetic translations
Su =2, it = A, (3.19)
with 4 being a complex parameter. It is worth noting
that the analogous system for the ordinary multiplet
(3,4,1) is described by the action (2.11) with
Lt ~ VI 4 == (VT)2, where the analytic superfield
V*T satisfies the constraint DTTV+tT =0 and ¢~ =
c*uruy. Fixing SU(2), frame as c!!' = ¢ =0, ¢'? #0,
and making the appropriate redefinitions, one arrives at the
WZ Lagrangian (3.18) with the swapped SU(2); p indices.’
The matrix of the second-class constraints in this case
takes the very simple nondegenerate form

0o ¢ O 0
-1 0 O 0

(3.20)
0 0 0 1/2
0 0 -1/2 0
The Dirac brackets are
{u,a} =1, {y,u} =0, {y,u} =0. (3.21)

The complex field u describes a noncommutative plane in
R?3, while the third coordinate (component) y, perpendicular
to this plane, takes the constant value y = c.

*It is curious that the magnetic translations (3.19) are realized
in the ordinary description as 8V = A*ufu;f, ¢’*A;; = 0. There
is the corresponding superfield realization of these transforma-
tions in the mirror description, too.
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In Ref. [13], the fuzzy sphere solution was considered
[for the ordinary (3,4,1) multiplet] as a solution of the
three-dimensional Laplace equation:

Un— (@24 20,0,U = 0.

VY2 + 2uin

The noncommutative plane was not considered, so here we
fill this gap. The noncommutative plane is the planar limit
of the fuzzy sphere. We choose the suitable solution by
shifting the center of the sphere as

(3.22)

1 R?
U==|c+R- ,
2 (y = R)? + 2uii

(3.23)

with R being the radius. In the limit R — oo, we recover the
plane solution (3.15).

Note that an actual effect of considering the N = 4,
d = 1 WZ Lagrangians in the present context is manifested
while coupling them to the matter (1, 4, 3) multiplet, where
these Lagrangians give rise to additional on-shell potential
terms and Yukawa-type couplings (see the next section).

IV. MIRROR SYSTEM @3, 4, 1)-(1, 4, 3)
AND NAHM EQUATIONS

For an instructive example, we consider the simplest
coupling of the semidynamical mirror multiplet (3,4, 1)
and the mirror multiplet (1,4, 3). In fact, we consider the
same model as the one constructed in Ref. [13], but in terms
of mirror superfields. Swapping «, f and i, j indices, we
reproduce its Lagrangian and Nahm equations associated
with its Hamiltonian formulation. In the end, we will
consider a deformation to SU(2|1) supersymmetry.

A. Dynamical mirror multiplet (1, 4, 3)

The duality between two (1,4, 3) multiplets was studied
in Ref. [14] and, later on, in Ref. [8]. It was shown there
that, inserting the constraints (2.3) into the invariant action
with a superfield Lagrangian multiplier and integrating the
superfield X out, we obtain the action and constraint for the
ordinary multiplet (1,4, 3) described by the former super-
field Lagrangian multiplier. In our terminology, the mirror
(1,4, 3) multiplet is described just by the superfield X with
the constraints (2.3).

Solving this constraint, we obtain

X =x =09 uf + 0y u; + H(aQIJ;)A“ﬂ

+i0,0"% + 100 05y P uy, (4.1)

(A) = —Agp. (4.2

Supersymmetry transformations are

SA — 2i€i((ll/./?) .
(4.3)

Sx = Ei(zl//m’ 5wia — e;'}Aa[)’ + iei”)'c,

The kinetic Lagrangian for the mirror multiplet (1,4, 3) is
given by the superfield action [8§]

1
Skin _E/dCHf(X) = /dt‘ckin‘ (4.4)
The component Lagrangian reads
X0 AYPA s 1, ,
= T Dyydayy a__Aaﬂt'
Liin 9{2 oV Wi —— } 19A W
1 , 4
=559 Vv v, (4.5)
where g = g(x) = f"(x).
The relevant Fayet-Iliopoulos term is defined as
SFI - baﬂ/dé’(_A_)gg_D;X:/dtﬁFI,
’CFI - baﬂAaﬁ. (46)

B. Couplings and total Lagrangian

The total Lagrangian is a sum of three Lagrangians:

Liot = Lyin + Lz + Line- (4.7)
The kinetic and WZ Lagrangians are given by (4.5) and
(3.7). We could add the Fayet-Iliopoulos Lagrangians (3.4)
and (4.6), but they bring only potential terms and therefore
have no impact on the structure of brackets, which is our
main subject here. The Lagrangian L;,. describes an
interaction of the mirror (1,4, 3) and (3,4, 1) multiplets,

S = [ it =5 [ dein,

where A™t is analytic. From Ref. [13] we know that
the interaction term in the ordinary case involves
both dynamical and semidynamical superfields linearly.
Obviously, the same should be true for their mirror counter-
parts X and V. Supposing this, we find that the correct
ansatz for h™ is

(4.8)

=0TV, 5(DX) + %e*ax(mﬁ Vap)
1
3
Dttt = 0,

+20,07(D*V ) (DYPX),

D+ it #0. (4.9)
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Now, one can directly check that the action is invariant:
M M —— D tS) —
5Sim—§/dCA oh _E/dCA DVoh =0,
D*75h =0,

1
oh = [6‘“Vaﬂ(D+/’X) + §€_aX(D+ﬂVaﬂ)

1
+3 €077 (DTV ) (DH’X)} . (4.10)
The component Lagrangian is found to be
Line = 5 (xC + AP vy — yivy,) (4.11)
int — 2 af V- Xia)- .

Eliminating the auxiliary fields y* and A% by their
equations of motion, we obtain the total Lagrangian:

+2

2,.ap !
X pu v HG'V .
Lig= { 5w wmh e

2 2 4q 4q
2 ap,, i

Lo H R VaVip

it Ay ———
PTARPR,

1], 3(9) i
_ _ a 4.12

54 [d 2 Wi l//,+C Pru). 412

C. Nahm equations

The Hamiltonian corresponding to (4.12) reads

2 2 i
g P K VP 0gp N 1Y Vap i R“ﬂéwawiﬁ
2g 4q 4q AR"R,s
1 3(9)*] .y
t5119 { Y oWy w;
aff Hux Tia~
+/1 ﬂ'aﬁ—c 7—‘-]/{ +/1 Tig- (413)
The relevant Hamiltonian constraints are
. Hux N i
”aﬂ:paﬂ_lAaﬂz()’ hz?""uz(}? ﬂia:pia+§gl//ia’
(4.14)

We observe that the ' = 4 supersymmetric coupling to the
mirror dynamical multiplet modifies the previous constraint
U0 as

h:U—F@zO.

: (4.15)

It relates 1 degree of freedom of the spin variables v* to the
dynamical bosonic field x.

The Dirac brackets are calculated as

i(é‘a Rﬂg + gﬁéRa )
{x.p} =1, {vap, vys} = : Z’RWRA B
UR, A
{p. vy} = R‘”?g {y' v} = 515}?

. (I
WY = — e, 4.16
{p.w™} 257V (4.16)

In complete analogy with the results of Ref. [13] for the
ordinary multiplets, the triplet of spin variables v*
describes two-dimensional surface in R® defined by the
equations:

{Uaf}'v yﬁ} - (gay{p’ vﬂﬁ} + 8/35{17’ va/}) (417)

These are just famous Nahm equations [15],* and they can
be put in the standard form as

Va

abc{va’vb} vay_);, a:172,3-

{p.v.}= (4.18)

Here, x plays the role of evolution parameter, and p appears
as a derivation with respect to the latter. Thus, we obtained
a model equivalent to the model constructed earlier in
Ref. [13]. To establish the exact equivalence, we need to
interchange the SU(2) indices as i, j <> a, f.

Let us consider as an example Nahm equations for
the noncommutative plane (3.15). The constraint (4.15)
implies that

y =ux+c. (4.19)
We obtain the same Dirac brackets (3.21) for the spin
variables. The relevant Nahm equations are written as

{u,ﬁ}=£{y,p}—£ 5 {y,ﬁ}——i{ﬁ,p}—O,

{you} = f;{u,p} ~0 (4.20)

where the perpendicular coordinate y is directly related to
the dynamical component x.

The resume of this subsection is that the N =4, d =1
supersymmetric coupling of the mirror dynamical (1,4, 3)
and semidynamical (3,4,1) multiplets reveals no new
features compared to its analog for the ordinary multiplets
of this kind. All the results, suggestions and conjectures
of Ref. [13] apply for the mirror multiplets as well. In
particular, just the Nahm equations of the type discussed

*To be more exact, it is some generalization of them (see, e.g.,
Ref. [16] and references therein).
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above ensure the correct closure of AV = 4 supercharges
and the Hamiltonian in both the classical and the
quantum cases.

D. SU(2|1) supersymmetry

We limit our consideration of the deformed SU(2|1),
d =1 supersymmetry by the component level, following
Refs. [11,17,18]. As was shown in Ref. [11], deformed
multiplets and their mirror counterparts cease to be equiv-
alent after such a deformation. In particular, WZ
Lagrangians for the multiplet (4,4, 0) can be constructed
only if it belongs to the mirror type. A similar situation is
expected for the multiplets (3,4, 1). Until now, we were
able to construct self-consistent SU(2|1) invariant WZ
Lagrangians only for the mirror multiplets.

For a start, the centrally extended superalgebra
su(2[1) @ u(1) is defined by the following nonvanishing
(anti)commutator’:

(0} 05} = 203j(H — mP) = 2m(a )31,
(15,11 = 831, = 81,

) N R ) 1 .
1,04 = 50" ~ 350", [F.0"] =3 (e3)j0".
[H, Q}),] =0, [H,F] =0,
[H, I;] =0, [I; F] =0. (4.21)
Here, o5 is the standard Pauli matrix,
(03){ = —(03)% =1, (4.22)

and the Hamiltonian H is treated as a central charge
operator commuting with all other generators. The super-
algebra (4.21) contains additional bosonic generators / ; and
F which form the subalgebra su(2); @ u(1)g. Hence, the
equivalence between ordinary and mirror multiplets cannot
be valid for SU(2|1) supersymmetry since swapping of the
SU(2), and SU(2)y indices yields a different superalgebra.
We skip details of solving superfield constraints and
proceed to the component transformations and Lagrangians.
For the dynamical mirror multiplet (1,4, 3), the defor-
mation of the transformation laws (4.3) amounts to

ox = iy,
5A% = 2¢'ii) + m(03)) ] + m(o3)P ey,

Sy = el A + iciy. (4.23)

The deformed kinetic Lagrangian invariant under these
transformations is as follows:

The deformed supercharges originally defined in Ref. [17]
correspond to Q' == 0!, Q; = -0;;.

20 APA, m ‘
_ N a,, if
Lyin =9 5TV Ve —5 (3)59 " Wia
1 . m
- ZglAaﬂl//lal//iﬂ + Efl(63>aﬂAaﬁ
1 . )
— gy (4.24)

24

The transformations (3.3) of the spin multiplet (3,4,1) are
deformed as

Sv*P = ei(“;(f), 6C = —ie;'®,
&' = 2eplin? + m(c3) V] — eioC. (4.25)
The deformed WZ Lagrangian is then given by
.. 1 ;
'CWZ =CU + lvaﬁAaﬂ + ERaﬁ)(la)(,'ﬁ
+ m(03);§1j/’VA{,y, (4.26)

where the quantities U, Az, and R* are still defined
according to Eqgs. (3.8) and (3.9), with the “prepotential”
L% satisfying the three-dimensional Laplace equation (3.6).
The SU(2|1) invariance requires the deformed Lagrangian
(4.26) to be invariant under U(1)p symmetry,’ which
imposes additional conditions on (4.26):

m(o3) v R, =0,

m[(03)§v‘378y,1Aaﬂ + (03)aAg,] = 0. (4.27)

The necessity of these conditions for invariance of the
Lagrangian (4.26) under the deformed transformations
(4.25) can be directly checked.

®If we pass to the Hamiltonian # := H — mF [18], the U(1)g
generator F becomes an external automorphism generator, and
we can withdraw the condition (4.27). Passing to the new basis
requires a redefinition of the component fields as

B _)%[,Uuyeim(q;)f 4 Uyﬂeim(og)fL )(iu _))(iyeém(o@)‘;’ C-C,

AP _)1[Aayeim(u3)/; +Ay/jeim(ﬂ3)‘;] l//ia N l//iye%m(@);’ X x.
) s s

In the new basis, the Lagrangian (4.26) gets undeformed, and the
Lagrangian (4.11) stays undeformed, whereas the conditions
(4.27) can be preserved (in this case, the Lagrangian is invariant
under the external F' automorphisms) or dismissed [in this case,
no extra U(1l) invariance is present]. In the second case, the
inverse transformation to the original variables would yield a
generalization of the Lagrangian (4.26) by some #-dependent
terms breaking the invariance under time translations (with H as
the corresponding generator). The requirement of the absence of
such terms leads, once again, to Eqs. (4.27).
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Surprisingly, the interaction term (4.11) is invariant under the deformed transformations (4.23) and (4.25) as it stands;

i.e., it stays undeformed.
Finally, the total Lagrangian reads

2

o m . 1
Loy =9 [— + SV Wia — 5 (@);Wﬁ%a} + ig v + mf'(03)P) [uvag + mf'(63) ]

2 2 2

g/ ia N7
- Zg [/’”)a/i + mf/(a?a)aﬁ]w Wfi + v ﬁAaﬁ -

3(g)?

1 , . o B Hx
- - Ly C( 22
24 [9’ D ]U/al//zﬂl/' v C<2 +U>-

After passing to the Hamiltonian formalism, the
brackets (4.16) and Nahm equations (4.17) keep their
form. This is due to the fact that new terms ~m and
~m? appear without time derivatives; i.e., they all are
potential terms.

The SU(2|1) supercharges for the simplest free
Lagrangian corresponding to f = x?/2 and g=1 are
written as

21ap,, i
H R I//allliﬁ 5
—— 2% 4+ m(o3)%0" A,
4RPR 5 b r
(4.28)
|
Qi =ipy™+[u vy + mx(o3)y] Wi, (4.29)

The bracket for the fermionic fields is simplified to

(v wip} = —i5,55. (4.30)

Taking into account this bracket, we obtain that’

| B | i . ,.
{0}, 0%}, = —i5;55 <P2 ) (4" 4-mx(03)7°] [uv,5 4+ mx(o3) 5] +u{p, ”Yﬁ}lllly‘l//k,s) - 55}"1(63)?1//1‘71/% +im(o3) 5y "y,

'

+ip{p, v Yy s+ in{ p, vy b — P {vg,, v YTy s,

(4.31)

The underlined expression vanishes due to the Nahm
equations (4.17). Thus, the supercharges close on the
following bosonic generators:

2
1
H—mF = % 4 o™ + m x(63) ) [uvyy + m x(63) 4
M a m a
+5{p.v P Ywhwig + 7 (03) 59 W iar
. 1 .

Then, the generator H := H — mF can be divided into

2
H = 4 mx(o3) [y + mx(o3),]

u m
+5 AP v wawiy + 5 (03)y wia — m(o3) o Agy,

1
F= (63);}1’ _l//kﬁl//krl - v/}yAay .

Z (4.33)

"Here, we deal with the classical (anti)commutators generated
by Dirac brackets, when the right-hand sides in the superalgebra
(4.21) are multiplied by —i.

|
The term ~(o3)3 v A,, enters as a part of both H and F,

but it is absent in their combination A = H — mF. Because
of the presence of this term, the correct commutators of H
and F with supercharges are not guaranteed by the Nahm
equations and the bracket (4.30) only. One also needs to
make use of the whole set of the Dirac brackets (4.16) and
to keep in mind the conditions (4.27). Thus, the Nahm
equations (4.17) and the fermionic bracket (4.30) alone
suffice to provide relations for the su(2|1) superalgebra
without central charge [18], in which the bosonic generator
H = H — mF plays the role of the Hamiltonian, while the
generator F' corresponds to the external automorphisms
under which the Lagrangian is not obliged to be invariant
(see the discussion in footnote 6).

V. COUPLING WITH A CHIRAL MULTIPLET

Here, we construct the superfield and component cou-
plings of the mirror multiplets (2,4,2) and (3,4,1). The
first multiplet is dynamical, while the second one is
semidynamical. It turns out that the corresponding
Lagrangians are formulated most directly in the standard
N = 4 superspace and its chiral and antichiral subspaces,
without applying to the harmonic formalism. This system is
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considered here for the first time, and it can be regarded as
the main new result of our paper.

A. Dynamical mirror multiplet (2, 4, 2)

The chiral N =4 superfield as a solution of the
constraints (2.4) is written as

Z(1.,0;,) = 7+ V260, + 6,0"B. (5.1)

The relevant off-shell supersymmetry transformations are

5B =—\2ig, .
(5.2)

Sz=—V2e 85, 88 =\2igiz—\/2¢B,

The total action for the multiplet (2,4,2) can involve the
kinetic and superpotential parts:

S(2y4.2> —%/dldéz dGZK(Z, Z) +%/dl‘L JZQK(Z)
1 -
+§/dzR POIR(Z). (5.3)

The corresponding off-shell component Lagrangian reads

Lioaz =9 [Z z+ % (fkjfk — &)+ BB}

.. B B. ..
+ 2 (30.g - 20.9)8E, + 5 0,984 + 5 0:9&, &k

N |

1 . -
+ Zazaigglé:ifjé:j =+ Baz’C + BGZK:

1 1-,-
- Efkikazazlc - Efkfkazazlcv (5.4)

where g := g(z,2) = 0,0:K(z.2).

B. Spin mirror multiplet (3, 4, 1) in the
chiral superspace

The triplet superfield V% defined in (2.5) can be split
into complex and real superfields as

Vi, =7, Vi =—V2U, Vy =V20. (5.5)

The constraints (2.5) are rewritten as

V2D,;Y=D,U, +2D,;Y=-D,U,
(5.6)

DiTI=0, D,U=0,

where D' = D!, D' = D2, Passing to the new basis at the
component level

V2 =), vy = —\/Eu, Vyy = \/Eﬁ
)(li:_z)(i, X2 =2, c=¢,
€ =€, g = ¢, (5.7)
we rewrite the off-shell transformations (2.5) as
Su=—2ey*, su=v2e3,, Sy=ey*+ei,,
i ie ei .o _ Lo €; e
5)(’:\/§ié’u+5(C+2ly), 5)(j:—\ﬁleju—51(C—21y),
8C=2i(e, " —e*yy). (5.8)
Obviously, the complex superfield U is chiral:
1
Ut 0,) = u+ V200" ———0,0¢(C +2iy).  (5.9)

2v/2

Since the superfield U is chiral, we can construct a
superpotential as a real sum of the integrals over chiral
and antichiral subspaces of the N' = 4, d = 1 superspace:

Spot —/dtLdZHM(U)+/dth29M(U). (5.10)

It results in a WZ-type Lagrangian

<
V2
+Zk)(kauauM _'_)_(k)_(kaﬂaﬁM B

o [ﬁiy (M = 037) + S (0, M + 0, 70)

(5.11)

which in fact coincides with a particular choice of (3.7),
with

1

Ulu, ) = 7

[0,M(u) + 0 M(@)]. (5.12)

Thus, the superpotential term can be ignored, since it is
already present in (3.7).

C. Interaction

The interaction term for chiral superfields is also written
as a superpotential:

Sim:g / dt, d*0F (Z, U)+’§‘ / Ay 20 F (Z.U). (5.13)

The component Lagrangian reads
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iy

‘Cint = /l Bazﬁ_‘_BaZ]:_ji(au]:_ auﬁ)
C - 1
———(0,F 4+ 0;F) — 4&40,0,F — = £,£40,0,F
1 -
_Exkxkauau]:_)?kgkaﬁazf
1

i 1
——fkfkazazf—zﬂ?kﬂ?kauauf .

5 (5.14)

Note that the interaction Lagrangian £;,. contains a term
~y; i.e., it can be formally called the interacting WZ
Lagrangian.

The total Lagrangian is a sum of (3.7),
and (5.14):

(5.4),

Lioa = L242) + Lwz + Lin- (5.15)

The function F(z,u) can start with the holomorphic
parts F(z) and F,(u). However, their contribu-
tions are identical to those from the corresponding
parts of (5.4) and (5.11). So, they have been already
accounted for by L3 4,) and (3.7). Keeping this in mind,
we assume that such parts are absent in the interaction
Lagrangian.

For simplicity, when passing to the Hamiltonian
formulation, we will limit our consideration to the bosonic
constraints:

m,=p,+V2iA,~0, 1,=p;—V2iA,~0,

7y =py—iA, —|—%[8M}'(Z, u)—0;F(z,i)]~0,
h=U(y.u.i) —z%[auﬂz, u)+ 8, F(z.8)]~0. (5.16)

Here, the last constraint imposes a more complicated
relation between the dynamical complex boson z and the
semidynamical triplet (y, u, it).

The matrix of the constraints (5.16) is defined as

0 {”m”u}PB {ﬂuv”y}PB {ﬂu’h}PB
{”ﬁ’”u}PB 0 {”ﬁvﬂy}PB {”ﬁ’h}PB
{zy.7u}pp {7y 7a}pp 0 {my.hlpp
{hv”u}PB {hJTIZ}PB {hvﬂy}PB 0

(5.17)

Calculating its inverse (see Appendix C), we obtain the
following Dirac brackets:

10,0, FoU
) - 15 ) — T T = 5
{z.p.} {p.y} 23 (0U)?
{p..u} :_M( ] _”85@‘4?)
“ V2(u) \ " 22 )
_ /«lauazj:ayu
s Pz — 15 Zs = T T =
{z. p:} {pz.y} I
(po i} = — u0z0-F ( _ﬂauauf>
- V2(0u)* \ " V2 )’
( i iy*0,0,F 0;0.FoU
pZ’ pf - 2((9]/{)2 ’
iU
{wty ==y
i 0,0, F
5 = T T aﬁu - 5
00} = = (415
_ I 10,0, F
5 Bl easwy 8“ - )
1= uy ( 2V2 )
00 F
o) = {a uau+2<a;,U—” i )
(o> = oy, o
,uﬁuaufﬂ
aU — . 5.18
< (0u-"20 (5.18)
One can make use of the identity
{P2.9}0:.0:F = {p:.y}0,0.F (5.19)
in order to simplify (5.18) to the form
{zp.}=1.  {zZpf=1
i -
{p..p:} = Eﬂ({pz,y}%@zf +{pz.y}0.0.F),
{p..y}t= —\%#{m i}0,0.F,
{pz.y} = —ﬁ#{m i}0;0:F,
{peou} = =V2ip{y, 5}0,0.F,
{pz.u} = V2ip {y,} 9;0-F. (5.20)

These are a generalization of the Nahm equations (4.17)
with a complex evolution parameter z.

The simplest noncommutative plane solution (3.21)
requires that
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. H
Uy, u, i) — 8,8, F(u,z) =0,
(3. .) = 52 0,0, 7 (1.2)

_ H Z =
a,;u . u, - 78,}6,}? N == O :>
(vo0.0) =5 0,0, (0.9
= J,U =0, ;U =0,
0,0,F =0, 0;0;F = 0. (5.21)
It yields (3.15) and fixes the function F as
F(z,u) = uS(z2), F(zu) = uaS(z). (5.22)
So, we obtain
{e.p =1 {Zp}=1
{p.. ps} = 2iu*0,50-S, {u,u} =1i. (5.23)

The third spin variable y is now represented as a function of
the dynamical boson z:

v=c-22[8(2) + 3(2)).

7 (5.24)

VI. CONCLUSIONS

In this paper, we elucidated the distinction between
ordinary and mirror multiplets of A" =4, d =1 super-
symmetry. Mirror multiplets are described by superfields
carrying no external SU(2); indices and satisfying the
common constraint (2.1) as a consequence of their basic
constraints linear in the covariant spinor derivatives.
According to this general definition, the standard chiral
multiplet (2, 4,2) belongs to the mirror type.

We considered the mirror multiplet (3,4,1) as semi-
dynamical and constructed its action (3.5) in the analytic
harmonic superspace as a particular case of the general WZ
action for mirror multiplets (2.12). We coupled it to the
dynamical mirror multiplet (1,4, 3) and constructed their
interaction (4.8) in the analytic harmonic superspace.
We obtained a mirror analog of the model studied in
Ref. [13] and considered its deformation to SU(2|1)
supersymmetry.

We constructed, for the first time, the coupling of the
semidynamical mirror multiplet (3,4, 1) to the dynamical
mirror multiplet (2,4,2) in the chiral N =4, d=1
superspace. We calculated Dirac brackets for the spin
variables, dynamical fields, and their momenta. These
brackets accomplish a kind of generalization of Nahm
equations associated with the previously considered
(3,4,1) — (1,4,3) system, such that the complex d = 1
field z plays now the role of complex evolution parameter.
It would be interesting to study this model in more
detail, in particular to calculate its supercharges and to
pass to its quantum version. Also, the possible deformed

SU(2|1) version of this new system seems to deserve an
attention.

The most intriguing question for further study is whether
it is possible to construct N' =4 SQM models involving
interactions between the multiplets, which are mirror to
each other. Perhaps, the biharmonic formalism of Ref. [4]
augmented with the consideration in the present paper
could help to advance toward this goal.9
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APPENDIX A: BASICS OF N =4,
d=1 SUPERSPACE

The coordinates of N =4, d =1 superspace ( :=
{t,6"*} transform under A’ = 4 supersymmetry as

S5O = Gia,
(Qia) = —0i4,

5t = —ic'0,,,

(eia) = —€ia>

(A1)

where €/* is a quartet of the corresponding Grassmann
parameters. The covariant derivatives are defined as

I T
DIt = oo+ 10D, (A2)

The coordinates of the left-handed chiral subspace
¢ = {1, 0;} are related to the previously defined ones as

tL =1 — i9“¢9,~1, 9,’ = eil . (A3)
They transform as
00; = ¢, o1y, = 2ieke;, @ =¢&. (Ad)

1. Harmonic superspace
We perform harmonization over the indices correspond-
ing to SU(2), :
i
Ha)=1- Eegﬁfa(u;’u; + u}’ui_),
0r = 0Lui, wiuy —ujup = . (A5)

Then, the harmonic superspace is defined by

The SU(2|1)-invariant system (4,4,0) — (2,4,2), with both
multiplets being mirror, was constructed in Ref. [19].

To date, only one example of such a system with nontrivial
self-interaction is known [4].
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Ch = {tia (A)» LOF, ut}. (A6) According to these definitions, the invariant integration
measure of the analytic subspace d{ ) is related to d{y as

Its coordinates transform as

1
' dfy) = ydudiy) dotdote,
80E=et, Sur=0, S1p=2ic""0F, e=ciut. (A7) f
dfy = 5di5 Dy D™ (A12)
The measure of integration over the full harmonic 2
superspace is defined as

APPENDIX B: COMPONENT SOLUTIONS
At = dudiy, dordore do- 4o, (AS) FOR THE MIRROR MULTIPLETS (4, 4, 0)
(&) Fa p AND (0, 4, 4)

The harmonic superspace involves the analytic harmonic Mirror multiplet (4,4,0).—The constraints (2.7) are
subspace parametrized by the reduced coordinate set solved by
_ {t 6+ i (A9) YeA — yaA + e—awiA ul{r — 9+al//iAui— + Zig;))re—a)')ﬂA
+ i9;6+ﬂ¢9“”1j/”‘ui‘. (B1)
which is closed under the transformations (A7).
We use the standard notation for covariant derivatives The components transform as
D 0 Sy = gy, Gyt =2icit. (B2)
00’
’ 9 9 The corresponding SU(2|1) deformed solution, and the
DTt =90tt —igfote — i + 0t a0 transformation properties are given in Ref. [11].
(A) Mirror multiplet (0,4, 4)—The solution of Eq. (2.8) for
0 9 the fermionic superfield W is written as
=40 =0, —— (A10) p
o005 o0y’

oA — waA + e—aDiAul-_&- _ 9+aDiAui— + 2i9;9—al/'jﬂA
where the partial harmonic derivatives are

+ 0507707 D" uy . (B3)
O == uf i O = uf 9 uy i The transformation properties of the component fields are
" ouf "Ou ! Ouy
07,077 = 8", [0, 0% = £20%. (A11) Sy = —ed DM, SD'A = 2ieyr. (B4)

APPENDIX C: MATRICES OF SECOND-CLASS CONSTRAINTS

The matrix (5.17) in the explicit form reads

0 —2i0,U 2i0,U - %L 5, U 445"
2i0,U 0 200U + IGO0 + %0 (C1)
~2i0, U + 14T 2ig 1 - #IT 0 —ou
oMU — % ol — % U 0

The corresponding inverse matrix is then calculated to be
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0 —iou L0U MU0 gy — 10T
i i l”a 8u-7: _ "‘auau}-
! Lou 0 — 50U + 0T, U — 0 )
au 2 l ! (9"6”.7: L — i (914811-7:
()" | —LoaU + 1%5T 1,1 — oy 0 ou
N ~0,U 0

[1] S. Fedoruk, E. Ivanov, and O. Lechtenfeld, Superconformal
mechanics, J. Phys. A 45, 173001 (2012).

[2] S.J. Gates, Jr., C. M. Hull, and M. Rocek, Twisted multip-
lets and new supersymmetric nonlinear sigma models, Nucl.
Phys. B248, 157 (1984).

[3] E. Ivanov and O. Lechtenfeld, N =4 supersymmetric
mechanics in harmonic superspace, J. High Energy Phys.
09 (2003) 073.

[4] E. Ivanov and J. Niederle, Bi-harmonic superspace for
N = 4 mechanics, Phys. Rev. D 80, 065027 (2009).

[5] S. Bellucci and A. Nersessian, (Super)oscillator on CPY and
constant magnetic field, Phys. Rev. D 67, 065013 (2003);
Erratum, Phys. Rev. D 71, 089901 (2005).

[6] A.V. Smilga, Weak supersymmetry, Phys. Lett. B 585, 173
(2004).

[7]1 C. Romelsberger, Counting chiral primaries in N =1,
d = 4 superconformal field theories, Nucl. Phys. B747,
329 (2006).

[8] F. Delduc and E. Ivanov, The common origin of linear and
nonlinear chiral multiplets in N = 4 mechanics, Nucl.
Phys. B787, 176 (2007).

[9] S. Fedoruk and A. Smilga, Bi-HKT and bi-Kéhler super-
symmetric sigma models, J. Math. Phys. (N.Y.) 57, 042103
(2016).

[10] E. Ivanov, Harmonic superfields in N = 4 supersymmetric
quantum mechanics, SIGMA 7, 015 (2011).

[11] E. Ivanov and S. Sidorov, SU(2|1) mechanics and harmonic
superspace, Classical Quantum Gravity 33, 055001
(2016).

[12] E. Ivanov, Supersymmetrizing Landau models, Theor.
Math. Phys. 154, 349 (2008).

[13] S. Fedoruk, E. Ivanov, and O. Lechtenfeld, Nahm equations
in supersymmetric mechanics, J. High Energy Phys. 06
(2012) 147.

[14] E. A. Ivanov, S.O. Krivonos, and A.I. Pashnev, Partial
supersymmetry breaking in N = 4 supersymmetric quan-
tum mechanics, Classical Quantum Gravity 8, 19 (1991).

[15] W. Nahm, The algebraic geometry of multimonopoles, Lect.
Notes Phys. 180, 456 (1983).

[16] M. Dunajski, Harmonic functions, central quadrics, and
twistor theory, Classical Quantum Gravity 20, 3427 (2003).

[17] E. Ivanov and S. Sidorov, Deformed supersymmetric
mechanics, Classical Quantum Gravity 31, 075013
(2014).

[18] E. Ivanov and S. Sidorov, Super Kihler oscillator from
SU(2|1) superspace, J. Phys. A 47, 292002 (2014).

[19] S. Sidorov, SU(2|1) supersymmetric spinning models of
chiral superfields, J. Phys. A 54, 035205 (2021).

086027-13


https://doi.org/10.1088/1751-8113/45/17/173001
https://doi.org/10.1016/0550-3213(84)90592-3
https://doi.org/10.1016/0550-3213(84)90592-3
https://doi.org/10.1088/1126-6708/2003/09/073
https://doi.org/10.1088/1126-6708/2003/09/073
https://doi.org/10.1103/PhysRevD.80.065027
https://doi.org/10.1103/PhysRevD.67.065013
https://doi.org/10.1103/PhysRevD.71.089901
https://doi.org/10.1016/j.physletb.2004.01.070
https://doi.org/10.1016/j.physletb.2004.01.070
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.1016/j.nuclphysb.2007.07.015
https://doi.org/10.1016/j.nuclphysb.2007.07.015
https://doi.org/10.1063/1.4945315
https://doi.org/10.1063/1.4945315
https://doi.org/10.3842/SIGMA.2011.015
https://doi.org/10.1088/0264-9381/33/5/055001
https://doi.org/10.1088/0264-9381/33/5/055001
https://doi.org/10.1007/s11232-008-0032-9
https://doi.org/10.1007/s11232-008-0032-9
https://doi.org/10.1007/JHEP06(2012)147
https://doi.org/10.1007/JHEP06(2012)147
https://doi.org/10.1088/0264-9381/8/1/008
https://doi.org/10.1007/3-540-12291-5
https://doi.org/10.1007/3-540-12291-5
https://doi.org/10.1088/0264-9381/20/15/311
https://doi.org/10.1088/0264-9381/31/7/075013
https://doi.org/10.1088/0264-9381/31/7/075013
https://doi.org/10.1088/1751-8113/47/29/292002
https://doi.org/10.1088/1751-8121/abd2fa

