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Conformal correlators in the critical O(N) vector model
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We calculate a set of conformal correlators in the critical O(N) vector model in 2 < d < 6 dimensions.

We focus on the correlators involving the Hubbard-Stratonovich field s, and its composite form s2. In the

process, we report a number of new calculations of diagrams involving the composite s> operator. Through
the calculation of the (s?s?s) three-point function, we shed new light on a conjectured s — —s symmetry in
the s sector of the critical O(N) vector model in d = 3.
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I. INTRODUCTION

The critical O(N) vector model with quartic interaction
and the critical U(n) Gross-Neveu (GN) model are some of
the most well-studied interacting conformal field theories.
These CFTs are free in even space-time dimensions, which
allows one to study them perturbatively via the e-expansion
in the Wilson-Fisher regime [1-6]. In three dimensions,
these models are strongly coupled and are not accessible to
the perturbative treatment, but prove to be of great interest
from the standpoint of understanding the behavior of
quantum systems at criticality. Other methods, such as
the 1/N expansion [7-17] and the conformal bootstrap
[18-22] are frequently used to study such CFTs, and have
recently been undergoing an active development.

The interest in these critical models in d = 3 dimensions
is greatly amplified by their relevance in the context of the
3d/4d holographic duality, where they are described by the
dual higher-spin theories in the AdS bulk [23]." When
coupled to the Chern-Simons field, the fundamental scalar
and fermionic matter exhibit interesting Bose/Fermi dual-
ities, and its holographic dual, in turn, has been conjectured
to be an interpolation between type A and type B Vasiliev
higher-spin theories [27-29]. One salient feature following
from the holographic correspondence is that for the scalar
current A, in the bulk, dual to the Hubbard-Stratonovich
field s of the critical vector model on the boundary, the
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cubic interaction Ag is absent in Vasiliev’s theory [24,25].
This motivates one to explore if the boundary CFT
possesses an emergent discrete Z, symmetry s — —s,
beyond large N in the singlet sector.

In the deep UV regime, the Gross-Neveu model in 2 <
d < 4 dimensions reaches a fixed point. This fixed point
can be studied perturbatively in the vicinity of d =2
dimensions (where the model is asymptotically free [2]),
as well as in the vicinity of d = 4 dimensions (where the
model is critically equivalent to the Gross-Neveu-Yukawa
model [4]). In general d, this interacting CFT describes
dynamics of the fermions y' and the Hubbard-Stratonovich
scalar field o, and its action is given by

. T
San = | dx( w0t + —— o' ) 1.1
GN / (l/f}' 't o (1.1)

The Gross-Neveu model action (1.1) is invariant with
respect to the discrete Z, symmetry [2,4,30]

(xt, o x e xa L xd)

I -1 1
= (o xemh —x xa X)),

0 — —0, Y =YY, l/_/ - _li/yg’ (12)
for any given a =1,...,d. In particular, (1.2) implies
Yy — —y, and as a result the interaction term o'y’
in the action (1.1) is left invariant.

Furthermore, the symmetry (1.2) uniquely fixes the
structure of some of the correlation functions in the critical
GN model. For instance, while conformal symmetry allows
two possible structures of the three-point correlation
functions involving one scalar and two fermionic fields
[31,32], the Z, symmetry (1.2) can further select which one
of these two structures is allowed, as can be seen on the

following example [33]:
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_ 7#"#37%13/2
(@ (e )y (x2)o(x3) 4! ~ o . (1.3)
: ? ’ |x12|d 2 2k(|x13||x23|)2k+2
"
_ YuX12
(i (21 (22) 0 (33) 2 KH D)) ~ = :
|X12\d 2(k+1)(|x13||xz3\)2(k+1)
(1.4)

where k =0, 1,2, .... While (1.3), (1.4) are leading order in
1/N, two such distinct structures will persist to all orders in
the 1/N expansion.

One can also study manifestations of the symmetry (1.2)
in the singlet sector of the critical GN model. This is
particularly relevant from the standpoint of the holographic
duality, which provides a prescription for evaluation of the
correlation function of the U(n) singlets via the dual
description of the gauge degrees of freedom in the AdS
bulk. An immediate consequence of the symmetry (1.2) is
that the correlation functions involving an odd number of
the Hubbard-Stratonovich fields ¢ vanish. The simplest
example of this statement is given by the triviality of the
three-point function

(o(x1)o(x3)a(xs)) = 0. (1.5)
The relation (1.5) can be explicitly verified by evaluating
the corresponding Feynman diagrams [16,33].

In this paper, we study the critical O(N) vector model

with the action

1. I
S= / ddx<§8”¢’8”¢i+\/—ﬁs¢’¢’), (1.6)

describing dynamics of the fundamental fields ¢’ and the
Hubbard-Stratonovich field s. At first glance, the model
(1.6) does not seem to possess any such remarkable discrete
Z, symmetry due to the purely bosonic nature of the fields
¢;. However, a conjecture was put forth in [34] regarding
the existence of such a symmetry in the O(N) vector
models in d = 3, based on conformal bootstrap calculation
of the three-point function (sss) at the leading order in 1/N
expansion. It is our aim to shed further light on the fate of
this conjecture at both the leading and next-to leading order
in 1/N in the model (1.6). Inspired by the GN model, we
will search for manifestations of this symmetry in certain
conformal correlators. We will be mostly interested in the
d = 3 case, but majority of our calculations will be carried
out in general d.

The CFT action (1.6) describes the critical behavior of
the O(N) vector model with quartic interaction at its IR
fixed point, and the non-linear sigma model at its UV fixed
point, for 2 < d < 4 [4]. When 4 < d < 6 the model (2.1)
describes a UV fixed point of the O(N) vector model with
quartic interaction, and is conjectured to describe the IR
fixed point of certain vector model with cubic coupling.

The latter statement is supported by a perturbative calcu-
lation in d = 6 — ¢ dimensions up to quartic order [5,6,35].
The counterpart of the transformation (1.2) in the O(N)
vector model (1.6) would only act on the Hubbard-
Stratonovich field s [34],
§ = —s. (1.7)
While the transformation (1.7) is clearly not a symmetry of
the action (1.6), it has been suggested in [34] that such a
symmetry might emerge in the d = 3 dimensional quantum
theory among the correlation functions involving only
the s fields. Interestingly, [34] pointed out that the three-
point function vanishes at the leading order in the 1/N
expansion,

(este)ste s =0+ O ). (19

and suggested to explain it by conjecturing the symmetry
(1.7). Notice that (1.8) is not valid when d # 3, in stark
contrast with the GN case, where the Z, symmetry holds
for any d. In [36] the (sss) correlation function was
calculated at the next-to-leading order in the 1/N expan-
sion. Remarkably, [36] demonstrated that the sub-leading
correction to the three-point function (sss) also vanishes
ind=3,

(esta)seas =0+ O(g)- - (19

This further raises the question of whether the symmetry
(1.7) is valid also upto the first sub-leading order in 1/N.

The proposed symmetry, however, is fundamentally
different than its counterpart (1.2) in the GN model for a
number of reasons. Primary among them is that the
symmetry is suggested to be present only in d = 3.
However, more importantly, the conjectured symmetry
transformation (1.7) is not respected by any correlation
functions involving the fundamental scalar ¢;. As a simple
example, one can notice that the correlation function {(¢¢s)
is non-vanishing in d = 3 [34], although it is odd w.r.t. the
transformation (1.7). In fact, it was originally suggested in
[34] that the symmetry (1.7), if established, would have to
be confined to the sub-sector of the theory, involving only
the s fields. This is very unlike the GN model where
correlations involving the fundamental y; field also respect
the discrete symmetry (1.2), as we reviewed above on the
example of the correlation functions (1.3), (1.4).

We then intend to study the transformation of the three-
point correlation functions involving the Hubbard-
Stratonovich field s only. To test the proposed symmetry
transformation (1.7) one needs to study correlation func-
tions involving an odd number of the fields s. Above we
have discussed that the three-point function of the s field
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vanishes up to the next-to-leading order in 1/N expansion.
A natural next step is to study three-point functions
involving five of the fields s, which requires one to deal
with the composite operators s> or s>.

Specifically, the objective of this paper is to calculate the
three-point correlation function (s?s2s). While we establish
that this correlator vanishes at the leading order in the 1/N
expansion, our main result is that its next-to-leading order
correction is in fact nonzero, and therefore does not respect
the conjectured symmetry (1.7).

In the process we obtain a number of new results, which
can be used for other calculations in the O(N) vector
model. Some of the new expressions obtained in this paper
involve the s?ss conformal triangle at the next-to-leading
orderin 1/N in general d, the (s%ss) three-point function in
d = 3, and several self-energy diagrams, which we believe
have not been reported in the literature before.

A peculiar feature of the composite operators such as s”,
n=2,3,... is that they fall beyond the scope of the
primary/descendant dichotomy of the CFT operators. At
the same time, the concept of a scaling dimension for the
operators s” remains well defined, and the scale invariance
is expected to hold for the correlation functions involving
these operators [37]. The corresponding two-point func-
tions (s"s") exhibit power-law behavior, and in the 1/N
expansion the anomalous dimensions of these scaling
operators can be calculated [38,39].2

An important manifestation of the nonprimary nature of
the composite operator s is given by its mixture with the
descendant operator 9%s [40,41]. The true primary operator
is given by

O = 5 + a(d)Ps, a(d):mc(d), (1.10)
e(d) = 1 89711(5 — d)I'(451)? sin (2)? sin(zd)

\/1v mdl"(i— 2)

+0<N§/2> (1.11)

where we used the leading-order correlator [40,41]

@uﬂwwzﬁa (1.12)
and demanded that
(O(x)s(0)) = 0. (1.13)

An immediate consequence of the mixing (1.12) is the
apparent breaking of the s — —s symmetry. However, the

’In particular case of a two-dimensional CFT the scale
symmetry generally leads to the full conformal symmetry.

mixing coefficient ¢ (1. 11) vanishes at the leading order in
1/N,cly3 =0+ O(NW) In particular, for the purpose of
exploring the s — —s symmetry in d = 3 we can ignore the
mixing (1.12), at the considered order of the 1/N expan-
sion. It would be interesting to explore the next-to-leading
order corrections to the coefficient ¢, and in particular
uncover the fate of the mixing correlator (1.12) in the three-
dimensional O(N) vector model.

While s? is a well-defined scaling operator, and the two-
point function (s?s?) has the conformally covariant form,
the higher point correlation functions involving s are no
longer constrained by the requirement of symmetry under
the full conformal group. In particular, nonconformal terms
contributing to the three-point functions can be traced back
to the mixing (1.10),

(s*(x)s(v)s(2)) = (O(x)s(y)s(2))

— adi(s(x)s(y)s(z)). (1.14)
(s2(x)s*()s(2)) = (O(x)O(y)s(2)) — adi(s(x)O(y)s(z))
— ady(0(x)s(y)s(2))

+ @R (s()s(0)s(@). (119
Only the first terms in the right-hand side of (1.14), (1.15)
have the form of conformal three-point functions. For the
purpose of this paper it is sufficient to focus on those
conformally covariant terms only: we will establish in
particular that (O(x)O(y)s(z))|,—3 #0 at the next-to-
leading order in 1/N expansion. This is sufficient to argue
that the s — —s symmetry is broken.* This is consistent
with expectations from conformal bootstrap calculations at
finite N [42].

The rest of this paper is organized as follows. In Sec. II
we set up our notations and review known results in the
critical O(N) vector model that will be relevant for the
purposes of this paper. We also reformulate the result of
[36] for the (sss) correlation function in terms of the sss
conformal triangle, representing the cubic effective vertex
at the next-to-leading order in 1/N. In Sec. Il we derive the
Oss conformal triangle in general d, and calculate the
(s%ss) three-point function in d = 3 at the next-to-leading
order in 1/N. In Sec. IV we derive the (s?s?s) correlation
function in d = 3. We demonstrate that while the leading-
order 3d correlation function vanishes, its 1 /N correction is
nontrivial. Motivated by this result, in Sec. V we then
explore whether the conjectured symmetry (1.7) is an
artifact of the large-N limit. We discuss our results
in Sec. VL

’In fact, ¢|y_534 =0+ O(5n)-

The nonconformal contnbutlons in the right-hand side of
(1.15) can be studied separately, because they have a different
functional dependence on the coordinates of the operators in
general d, and more importantly vanish in d = 3.
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II. SETUP

In this section we set the notations to this paper and
review known results from the literature. We study the
critical O(N)-invariant vector model with the action

Aszi/}ﬂx<%(a¢ﬁ—+;%vs¢2>-+Smj (2.1)

describing dynamics of the multiplet ¢, i = 1, ..., N of the
real-valued scalar fields, and the Hubbard-Stratonovich
field 5. In the action (2.1) we have also incorporated the
counterterm induced by the wave-function renormalization
of the fields ¢, s; see [36] for a recent review. Specifically,
to regularize the divergent conformal graphs, we add a
small shift § to the internal s lines [43]. At the end of the
calculation, the limit 6 — O is taken, and the finite part is
extracted. At the same time, the divergent terms are
removed by the wave-function renormalization

2y4 2y,
b —\/1+ ?¢ seqh+»g& (2.2)

In particular, the transformation (2.2) induces a vertex
counterterm

gl L rptn L

VN VN 5 VN

which we implicitly account for to remove divergencies.
The ¢ field propagator is given by

¢25 +8cis Ser

$*s, (2.3)

_ C(/)(l + A¢)ﬂ—27¢

@) (2.4)

(#(x)$(0))

where u is an arbitrary RG scale, A, is the free scaling
dimension, and y, is the anomalous dimension, given by
[7.8,34]

1 24sin(Z)r(Sh) 1
vy sagn Ow) @9

leading in 1/N amplitude is given by

rE-1)
Cp=—2"7".
¢ 45

(2.7)

and subleading correction to the amplitude is [44]

Here and in what follows we skip keeping track of the O(N)
indices where it does not cause confusion.

n (G- Do) e

The Feynman rule corresponding to the propagator (2.4) is

2A
0 e v P <

2A¢

|z

In a general conformal graph we will also use the
following Feynman rule for internal lines with unit ampli-
tudes:

2a

Since the action (2.1) is quadratic in ¢, the correspond-
ing path integral is Gaussian, and can be performed
explicitly, resulting in the effective action for s formally
written as

Sefp = g/dder log (82 - %s) (2.9)

Expanding the logarithm, we obtain

S -C3 [ i 2L020)

|xpp[=2)
4C3
¢ d s(xp)s(xy)s(x3)
+—= X120, 4+, (2.10)
3vN ]23(|x12||x13\|x23|)d z

where ellipsis stand for vertices of higher order in s.
From the quadratic term in the action (2.10) we obtain
the propagator for the Hubbard-Stratonovich field s,

(59s0) = i 1)
where
A, =2, (2.12)
20(5h) sin(%)
s__;$@tﬁl_ (2.13)

The corresponding Feynman rule is

24
0e o T Cs

The loop corrections to the Hubbard-Stratonovich propa-
gator result in

Cy(1 + A ™
|x[PAstrs)

(s(x)s(0)) = (2.14)

086026-4
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where [7,8,34,44]°

6 1

d(d—3)+4 xd
As = 2]/¢ (4—d (Hd_3 +ﬂC0t<2)>

+ﬁ d22 y 2d—1>+(9<%>. (2.16)

We will also use the Feynman rules corresponding to the
dressed propagator

_ Cs (1A, ) p—27s
‘I‘Q(As"’ﬁs)

0 e . r = Cop”?e |
- b T |x|2(As+s)

Higher order terms in the action (2.10) can be repre-
sented by conformal graphs with internal ¢ lines and the
interaction vertex

In particular, the second term in the right-hand side of
(2.10) gives the leading O(1/N'/?) order sss vertex.
Subleading corrections to this vertex can be written down
in terms of the corresponding Polyakov’s [19] conformal
triangle

s(x1)s(x)s(x3) W,

sss ddx
ff 2O 123 -
Se (|x12||x13|‘x23|)d >

= (2.17)

Here the amplitude of the conformal triangle Z,,, and the
anomalous dimension y, are assumed to be expanded to the
desired power in 1/N,

(2.18)

The Feynman rule corresponding to the vertex/conformal
triangle (2.17) is given by

®In this paper we use H, to denote the nth harmonic number.

S
S
— 6Zsss
- \/N X @ @
S S S [e%

where we denoted

a=d-2-y;. (2.19)
We will also use the following notation for the sss
conformal triangle with the leading order amplitude only:

S
S S

Comparing the leading order coefficients of the cubic
vertex in (2.10) and (2.17), we obtain the leading order

amplitude ZS?Z of the conformal triangle (2.18)

(0)
ZSSS X a

0 _ 43
Zsss — A qu

3 (2.20)

To calculate the subleading contribution 6Z to the sss
conformal triangle, we use the expression for the three-
point function

CEL)V(I + 5Csss)

([x12]|x13] 223 |)A‘ o

S, (2.21)

(s(x1)s(x2)s(x3)) =

where [34]

2 \3 d d 2
Ch=N(-—=] Gcu(5-1.5-1.2) U1.2.d-3)
vN) ° 2 2
(2.22)
1 8 lsin®* (2 (3 — I)r(4L)3
1 STSeEre-gresy

VN

and 6C,,, was found in [36] at the next-to-leading order
in 1/N*

7°’T'(d - 3)

See Appendix A for our conventions.

*In notations of [36] we have 5C,,, = W 4 3A,/2. This is
because W was defined in [36] as a relatlve correction to the
amplitude of the three-point function of the normalized fields s,
related to the non-normalized fields by the transformation

s = /Cy(1 4+ Ay)s. Appearance of the additional term 3A,/2
is clear from such a transformation.

086026-5
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3A;
0Cs =3Wyys +f + W3+ Wy + - (2.24)
_ R (1+8Css)
— (lzazllzis|lzas])Bs s
dld-3)+4 zd
W(/)(/)s =7¢ ﬁ H, 5+ mcot 7 -
+ 16 + 0 + 2 2d+3 Th
(d—ap ta=aa=2 , en we can express
— 6(d — 1)(d — 2) 2 nd 5Zsss = 5C3ss - 3As - Rssw (225)
I=n=g—y \Memggtrenn) )
2d(d —2)(d -3 d where R is obtained by expansion of the factor
W, :7¢¥<2) oy =—1)—yw(d-3)
(d—4) 2
d— Vs d— Vs 2
2 zd U(2+vy,, -1, -1
—6—Hd_4<Hd_4+2ﬂ'COt<2>>>, 2 2
Vs 3y,
W, 3dd=2)= - 6y(5-1)) XU<2+“’1+2’d . 2>
e 4d=4) | ; 1

where (! is the first derivative of the digamma function,
and H, is the nth harmonic number, y, is given by (2.6),
and A, is given by (2.16). On the other hand, the (sss)
three-point function can be obtained by attaching three s 84T (3-14)

2

legs to the sss conformal triangle, and integrating over its uE?)s = - ¥ (2.27)
vertices: | (d-4)'T(d—-4)

originating from taking the integrals over the vertices of the
sss conformal triangle,

_ 16 sin(5)0(d)((d — 4)H y—y — 2d + n(d — 4) cot(%) + 10)

Ry = . (2.28)
N m(d-4rE-1nrE+1)
Finally notice that
(0)
CSSS
zZ% = - : (2.29)
6CIuis
which agrees with (2.20).
IIL (s%ss)
At the leading order the (s?s) propagator is given by
24
90, o
[ ] | = = T 285
0 x 0 x |7
2A
Here the leading order scaling dimension of the composite operator s is given by
Ap =4, (3.1)

and the leading order propagator amplitude is

086026-6
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1
Cpo ==22C? =2C?,

. (3.2)

where 1/2 is the symmetry factor, and each factor of 2
comes from the degeneracy of each of the two s insertions.
Notice that s? is not a conformal primary operator, as it
mixes with the nonprimary 9”s at the subleading order in
1/N [40,41].°

The loop corrections to the s* propagator result in

_ C32 (1 + Asz )ﬂ—2y32

(s(x)25(0)?) NEC (3.3)
where [38,39]
1
ye =—4(d—-1)%,+ (’)<N2> (3.4)

The composite operator s is renormalized according to

(3.5)

analogously to (2.2)."
Conformal contributions to the (s*ss) three-point func-
tion take the form''

We will denote the total of three diagrams in (3.9) as

(0) ,
<S(X1>s<x2)52<x3)> Cszss(l +5Cs ss)

») =217,
12| 27772 (|23 [z ] ) 172

(3.6)

Here the amplitude of the leading order diagram

T3
20, 2A, c'
— S<S8SS
(|z13|z23])?
I I

is given by

9 =2c, (3.7)

where again the factor of 2 comes from the degeneracy of
the s? insertion.

At the next-to-leading order the (s’ss) three-point
function is composed of the s propagator corrections to
the leading-order (s*ss) diagram,

T3

0 _
_ 0
(|z13]|w23])4+27s

Ty X9

(3.8)

and three diagrams due to the next-to-leading order vertex
corrections

(3.9)

T3
(0) 2vs—7_2 (0)
pr— 08258(1+6fs285_22A5) ’u 23 s _ Cs2ss
(lz1s||zas)) 72 =278 2o [P 752 (lzas|las])?
I X9

*We will comment more on this in Sec. V in the context of the leading order contribution to the (s3ss) three-point function.

"See also [45] for a recent discussion of the analogous renormalization of the composite operators in the Gross-Neveu model.

""As mentioned in Introduction, we keep track only of the conformal contributions to the (s2ss) three-point function. The right-hand
side of (3.6) is in fact the three-point function (Oss), where the primary operator O is given by (1.10).
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where the amplitude and the exponents have been determined from the requirement that the total adds up to (3.6), and we
also subtracted the leading order (s2ss) three-point function to ensure that the result is purely of the next-to-leading order in

1/N. We can also rewrite this relation as

_ C(O)

s2ss

We will use the Feynman rule corresponding to the dressed
s* propagator

—2
0e e oy = Ce(tAn)u s
/ |$|2(A52+752)

A. Oss conformal triangle

In this paper we are mostly interested in conformal
contributions to the three-point functions involving the
composite operator s>. As reviewed in Sec. I, this operator
is not primary, and the true primary operator O is obtained
by mixing with the operator &°s, see (1.10)." As a
consequence, the conformal contributions to the three-
point function (s?ss) can be obtained from the correspond-
ing conformal triangle Oss, which we intend to derive in
this subsection. It is defined by the following diagram:

O
o
= —ZZSQSSXQG“ 2a
s s s 20 s

Here we introduced

d-f—]/z
ATV o, p2Te L (Bl
a 5 5~ (311

We can exyand the amplitude of the conformal triangle
in 1/N as' |

. B l dr(d)
sss — N6ﬂ'(d — 8)(d — 6)(d - 4><d - 2)F(% + 1)2

(1 + 0C, 245 — QAS)

+ V52 4+ Vs2

(3.10)

- 275 — 52 i
|

Zoy =29 (146Zp,,). (3.12)

The conformal triangle is defined so that when we attach
full propagators of the O and s and integrate over the three
internal vertices, we obtain the three-point function:

&3
0 —y.0—2
0 _ O (wsca )T
- 4 2vg —
(|lz13||z23]) T 7s2 21227 7 7s2
S S
T T

Expanding the integral over the three vertices of the
conformal triangle as

— Vs d—}/SZ
— =2 -2
2 72 )

d
U(4 +7,,

ySz }/Sz
U2+ 24y, d—d—y, -2
X ( + ) + Vs 14 2>

d+vye d—vye
U = — 7 2,24,
A )

1
—ull) (1 +Ray + O (W) ) ,

where

(3.13)

L0 _ a2 esc? (BT + 1)
s%ss 3(d—8)(d-3)(d—4)T(d+ 1)’

(3.14)

x <(—3(d —8)(d —6)(d—4)(d—2)((d —T)d + 8)H_s + d(d(d(d(d(5d — 143) + 1550) — 8252) + 23096)

— 32768) + 19200) sin (%d) —3n(d—8)(d - 6)(d—4)(d—2)((d — 7)d + 8) cos (%))

(3.15)

"This mixing disappears in d = 3 dimensions at the leading order in 1/N.

BHere Z.»

S8

denotes the amplitude of the Oss conformal triangle.

086026-8



CONFORMAL CORRELATORS IN THE CRITICAL O(N) ...

PHYS. REV. D 105, 086026 (2022)

we then obtain'

)
c
z0 = (3.16)
202
6Zp,, = 8Ca,, —Ap—2A, — Royy. (3.17)

where A is defined in (3.3), and A, is a relative correction
to the amplitude of the propagator

Co(l +Ag)u?ro
|x ‘ 84+2y0

(OX)0(0)) =

(3.18)

2(A5 +7s)

Using (1.10), (1.11), we obtain

Ao = Ax—24(d—6)(d—8) %a(d)z. (3.19)

52

Notice that Ap |, 3 = Ap| _s-
Up to the next-to-leading order in 1/N, the (OO)
propagator is given by

_ Ca(l+Ao)u” M2

x(:::ii:::)» Km[:::::::>’ ERan

2(As + )

Here the second term stands for dressing one of the Oss subdiagrams of the leading-order (OO) diagram, i.e.,
incorporating three diagrams introduced in (3.9). In fact, using the Oss conformal triangle we can rewrite the total of the
diagrams contributing to (OO) up to the next-to-leading order as'

4427+

N =

4427+

Notice that here the first diagram in fact contains two Oss
conformal triangles. To compensate for such a double
counting, however, we multiplied it by the factor of 1/2.
This diagram already contains the leading order (OO)
diagram, as well as its 1/N corrections obtained by
dressing of the internal s lines. However, since it is
multiplied by the factor of 1/2, we need to add another
one-half of the leading diagram with the corrected propa-
gators. Finally, notice that the first diagram is divergent. To

“For the leading order propagator amplitudes we have
Cp = Cp. At the next-to-leading order the anomalous dimen-
sions also agree, yp = 7.

“Such a method of calculation of conformal triangles was first
proposed in [45], where it was applied to determine the s’ss

conformal triangle in the Gross-Neveu model.

regularize it, we introduced a small shift § to the dressed
internal s lines [43].
Contribution of the second diagram is given by

<(9(x)(9(0)>DC2|1|8( +A, - 2}/Slog(/¢|x|)> (3.20)

while contribution of the first diagram is

(O(O0)) 3 53(Call + A0)C,(1 +A4,)(-2)

x Z9 (14 6Z,,))2V(5), (3.21)
where V(§) is obtained by integrating over the internal
vertices of the diagram. To find the latter we first integrate
over the leftmost and the rightmost vertices, resulting in
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442y, +9

4472 +1) A4 =

447 =1 20 =8 =72 = 2 4472+

442y, +0

Here we have introduced an auxiliary parameter 7 [7,8,46]
shifting exponents of some of the lines. One can easily see
that the diagram is an even function of r],l(’ and as a result
choosing 1 = O(8) will not affect the value of the diagram
in the limit 6 — 0. We will take advantage of this fact by
setting n = 9, which will render two of the vertices unique.
Integrating over those vertices we obtain the diagram:

d+4 v — 29, — 1 8—d+7e+2y—1

2d — 8 — 272 + 26

8—d+vye+2v,+1 d+7e =27+

Here we introduced yet another auxiliary shift 7/, such that
the resulting diagram is an even function of 7"
Consequently choosing ' =5 we will not change the
value of the diagram in the 6 — 0 limit, while this will
make the topmost vertex unique. Completing the last two

integrals we obtain for the total:

1 d—}/,z d—}/z 2
V) =-Uld4y. 202 22772 5
0 =50 (440055 122
o Y2 Y2 5\ 2
2 O dmt—y T2 9 Vs
><U< +n+2,d vy 5 )
d+ya—5
xU(d—4—ysz+5, +72‘ —y.

yo—d—6 d
4 “158 2
> + +ys)U<2+5,2+6, 6>
25
u
x B2 425 (3.22)

|x

'%One can see this by noticing that # — —# can be undone by
swapping vertices of integration related by mirror reflection in the
horizontal axes.

This can be seen by renaming the vertices of integration x; ,
as X; = X — Xy, X, & x —x;. We refer the reader to [46] for
the detailed explanation of this method of calculating similar
diagrams.

where 1/2 is the symmetry factor of the diagram.
Expanding the product of the U functions around 6 = 0
and N = co we obtain

e =275 p
V(8) = o <1 Tt T 5”) K2

1
= vo(1 4 v + (dy, —4yp) log(ﬂIXI))W,

where we subtracted the divergent part using the s2ss
counterterm, and'®

(3.23)

Co.
vy = L) , (3.24)
(CoCy(-2)ZY) )?
8yo 227, +7,
5U:2y‘v(y_1)+h__L+M

3 d—38

4(d — 7)(27s - ]/SZ) 2d
- (d-8)(d-06) + 7(2y5 + 74) cot <7>

+ 2y +r72)w0(d - 4).

(3.25)

The corresponding contribution to the two-point function is
then

1
(O(x)0(0)) D C, (5 +Ap+A;+6Zo + %U

1

+ =) loglu) ) e (320

Combining (3.20), (3.26) we obtain

ov 1
<O(X)O(0)> = Csz 1 +AO —‘r-ZAs +6zszss —f—? WT}’@
(3.27)
Consequently
o

§Zp,, = —2A, — ?” (3.28)

For the purpose of calculating correction 6Cp, to the
amplitude of the three-point function (3.6), we can now use
Eq. (3.17). Expanding around d = 3, we notice that the
singular parts of two terms 6Z ., and R 2, contributing to

0Cg,, cancel each other out:

1 64
0Zp

o5 = “N32d=3) +O((d -3)"),

(3.29)

18 . )
Here y is Euler’s constant.
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1 64

Ry, = Nm +O((d - 3)%).

(3.30)

Below in Sec. Il B we will calculate the value of 6C

in d = 3. Using (3.17), (3.28) we then can solve for the
value of the Ay in 3d (recall that that Az |, 3 = Ap|.3),

ov

Ao =8Cpy =Ry + 5. (3.31)

B. (sss) in 3d

In this subsection we will calculate the (s*ss) three-point
function in d = 3 dimensions. The key simplification of
considering specifically the three-dimensional case is that
in 3d the third vertex correction diagram in (3.9) does not
contribute to the three-point function. In fact, in three
dimensions it exhibits a vanishing contribution both to the
anomalous dimensions exponents of the three-point func-
tion (3.6), as well as to its overall amplitude.

We have established this as follows. First, one can easily
extract only divergent contributions of the diagrams (3.9) in
any dimension d.” Setting then d = 3 one can see that the
third diagram in (3.9) does not contribute any divergence in
three dimensions. Independently, one can verify that the
contributions of the diagram (3.8) and the first two
diagrams in (3.9) to the total anomalous dimensions,
entirely account for the anomalous dimensions structure
of the three-point function (3.6). With this result in mind,

we conclude that the third diagram in (3.9) is finite in 3d,|

T3

(b)

205 +96

and proceed to its evaluation without the need to introduce
regulators:

By taking the unique integrals over x,s one can see
that the resulting diagram becomes proportional to
53)(x13)63) (xp3),” and is therefore identically zero for
the three-point function, that is defined for noncoincident
points only.

We proceed to the calculation of the contributions of the
diagram (3.8) and the first two diagrams in (3.9) to the
(s%ss). We performed this calculation in any d, so we keep
the dimension general, and set d = 3 in the very end. We
have the following equation:

(3.6) = (3.8) + (3.9). (3.33)
Following [45] we replace the s%ss subdiagram in the first
two diagrams in (3.9) with the s?ss conformal triangle.
Such a procedure creates two internal s propagators, which
we regularize by adding a small shift 6 to their exponent:

T3

2, + 0 (3.34)

C (s(x3)?s(w1)s(z2)).

)

PSince these are divergent diagrams, ordinarily one proceeds by regularizing them via a small correction § added to the exponent of
the internal s field propagators [43]. However, for the purpose of extracting the singular contributions/anomalous dimensions only, a
simpler calculation can be performed, see, e.g., [33,47]. In such an approach one carries out all of the integrals explicitly, and replaces
the logarithmically divergent integral with S, log u, where S, = 279/ /T'(d/2) is the surface area of d — 1-dimensional sphere. The total
of the anomalous dimensions exponents of the considered diagram is then read off from the coefficient in front of the logy term.

*One can see that using the inverse propagator relation

1
dixy——————— =
/ ’ |34 205 2=

applied for d =3, A = 1.

74A(A)A(d = A5 (x1),

(3.32)

086026-11



NOAM CHAI, MIKHAIL GOYKHMAN, and RITAM SINHA

PHYS. REV. D 105, 086026 (2022)

We proceed by integrating both sides of (3.33) over x3. Due to (3.6) on the left-hand side of (3.33) we obtain

Y2
LHSfC (1+5C52m) 2+7,2+

2
IR B
27 <) Bt

”—nz—Zh
:2C%U(2,2,d—4)(1 +6C5255+h1)|x]2|8—d—+2y\+ys2’ (335)
12973 (d = 1) sin(G)N () (- 26 + weot() + w0 (d—4) +y - 1) (3.36)

hl - -

N m3/2(d —2)dl (4 -2)

Next, using (3.8) we obtain the following contribution due to the tree-level diagram with dressed s propagators:

(0) —4
C 1 424, Ts
/ddX3 52 ss( )

(|x13||x23|

—dy,
u
= 2C3(1 +2A)UQ2 + 74,2+ 7d =4 = 27,) P
'u_475
—2C2(1 + 24, +h2)U(2,2,d—4)W, (3.37)
1 8sin(Z)I(d)((d — 6)H 5 — d + n(d — 6) cot(*) + 4) (3.38)

2=y

Integrating diagrams (a), (b) in Fig. (3.34) over x; we

obtain
/ d dx 3

o) (ha,h -

(s(x3)*s (x1)s(x2))
2C2U(2,2,d - 4)

1
wqplog(plxi])) —s=- (3.39)
|x12|

Analogously, integrating the third diagram in (3.9) we
obtain

2 1
dd <S(X3) S('xl) ( )>:) h 1 .
/ X3 2C2U(2.2.d—4) (he = 0g(ﬂ|x12|))_|x12|8_d
(3.40)
For our purposes, we only need to know
h.(d=3)=0, w.(d=13)=0, (3.41)

as we established above. Integrating over vertices of the Oss
conformal triangle in the diagrams (a), (b) in Fig. (3.34), and
collecting the 5-dependent factors, we obtain

8\ [(d-5 s . &
A<2+§>A<T—2>U<2+§,2+§,d—4—5>
d
_A(2)A<§—2> U(2.2.d—4)(1 + rd),

2 nd
=———" O (d -4 —1. (3.42
r 7= 6+7TCOt<2>+l// (d—4)+y (3.42)

#(d -6\~ DEE+ 1)

In the process we dropped the 1/N corrections due to the
anomalous dimensions, which are subleading in 1/N.*' At
the same time, using (3.16), (3.7), the leading order factors
can be assembled into the leading order amplitude
C E(z)z‘ = 2C2. The factor of 1 + ré will be important below
for the calculation of the finite correction 6Cgp,, to the
amplitude of the three-point function (s’ss). Integrating
over the remaining four vertices of the (a) in Fig. (3.34) we

obtain
[ ot SlasPstrst)
2C§U(2, 2,d-4)

2 \4 d d
3NC§C§(1+r5)<——> U<3+5,§—1,——2—6>

VN 2
d d d d
——1,246,-—-1-¢ ~+6,2,-—2-6
><U(2 2+ 5 >U<2+ 25 >
§2
xU2,2+6,d—4—-6)———= s (3.43)
Expanding it in 6 we obtain
d—4
= 2y, — v 44

*'The U functions generated due to integrals over the vertices
d+y 2
== 7?)

of the Oss conformal triangle, contain the factor A(— !
We have expanded it in 1/N and kept the leading O(N) term.
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14(d =3)I'(4 =9I (d - 2) sin* (%)

‘TN 2(d-6)(d-2)r ()
+28—4(d—6)(d—2)H,_s).

(d(5d = 32) — 4x(d — 6)(d — 2) cot (?)

(3.45)

Integrating over the remaining four vertices of the (b) in Fig. (3.34) we obtain

(s(x3)%s(x1)s(x2)) _ 1
2C2U(2,2,d - 4)

/ ddX3

D 5N(?%Cg(l + 1)

SN

2gk S -28
1 §—1,2> skl + ) (3.46)

|)C] |8 —-d+26

where 1/2 is the symmetry factor, and we used the special kite diagram

For general a, the value of the special kite diagram can be
found in [48].22 However, since we are only interested in
expansion around 6 = 0 and retaining only singular and
finite terms, it is sufficient to use expression (AS) for
1234 =1, as =d/2+ 6, and expand around o = 0.
While the second and third diagrams in the right-hand
side of (AS) are straightforward to calculate using the
propagator merging relation, the first diagram can be
calculated by inserting a point into the diagonal propagator,
splitting it into two propagators with the exponents 2d — 4

— _ sk(a)
T Jzp[Ft2e—2d’

]

|
and 2 + 26. Taking the unique integral we will obtain the

diagram equal to F(¢—1,4— 1), where we dropped cor-
rections linear in o, since the diagram is finite. Assembling
everything together, we obtain

<‘21+5> f1+f2+(9() (3.47)

2(d — 6)n* ™ cse(%)
d—2)(d-3)

fi= (3.48)

47 csc()

fr= ”; (m (—Z(d —5)d + n(d — 6)(d — 2) cot (%) —4+4(d—6)(d- 2)Hd_4)

+ (d — 4) cos (?)m —d) (;:2 — 6yl (g— 1)))

Using it in (3.46) and expanding it in § we obtain

(3.49)

(273 - }/SZ), (350)

T 2d-1)

o 1 44973 sin (5 (451>
PT N (d=-2)T(d=3)T(d-1)

(_4(3 _d)(d—Z)ZF(d—3)<7(d_6) —d+n(d—6)cot<%d>

+(d-6)yO(d—4)+ 4) +T(d-1) (—8(d —5)d =16+ 4(d — 6)(d — 2)Hy_y + 4r(d — 6)(d — 2) cot (”2‘1)

| (d=4)(d =2 sin(xd)[ (3 ~ d)I(d = 3)(x ~ 6"

= ‘(- 1))))

See Eq. (22) therein; notice that each integral over internal vertex in [48] is multiplied by 1/(27)¢
expression by (27)?? to adjust it to our conventions.

(3.51)

, so we need to multiply that
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Using (3.37), (3.44), (3.50) in d = 3 we obtain the total
anomalous dimensions term —(y2 + 2y,) log(u|x5|), in
agreement with (3.33), (3.35). At the same time, using
(3.33), (3.36), (3.38), (3.45), (3.51) we obtain

6Cogg = —hy + hy +2A,+ h, + hy, + he. (3.52)

Evaluating in d = 3 and using (3.31) gives23

176

Ap(d=3) =6Cp, (d=3) = N(gﬂz 1). (3.53)

IV. (s%s%s)

In this section we are going to calculate the (s*s?s) three-
point function at the next-to-leading order in the 1/N
expansion. Conformal contributions to this correlation
function have the form™*

(0) 2
C 1 + 5CS S,s Vs 72
(52 ()52 () (xa)) > 2l tally

‘x12|6+2h2 /“(|x13||x23|)2+y".

(4.1)

Our goal is to find the amplitude correction 5CS 2
At the leading O(1/+/N) order in 1/N the (s?s2s) three-
point function is determined by the diagram

0
0(2) 2

\9912|6(\9913||I23|)

where the leading order amplitude is given by25

c?®, =22cfic,. (4.2)

This amplitude vanishes in 3d, owing to the fact
that C\%(d = 3) = 0.

A. Next-to-leading order

We now proceed to calculation of the (s%s%s) three-point
function at the next-to-leading order in the 1/N expansion.
The contributing diagrams are

A ALY

In what follows, we will provide a detailed calculation of each of these diagrams. Let us begin by considering the
contributing diagrams which are obtained by incorporating the 1/N corrections to the s propagators and the and the sss

subdiagram of the leading order (s%s%s) diagram:

T3

O-

I ] Ty

23Recau that h.(d = 3) = 0, due to (3.41).

= (1444, +0Z45)x S

T3

(4.3)

0(3)2 (14v1)p=57s
T Je1al6F3 'S(|T15||Tzs‘ )As

T2

We skip keeping track of the nonconformal contributions due to mixing of s> and 9*s, which in particular vanish in d = 3.
“In such diagrams the factor of 27 is a degeneracy factor due to the composite operators s2.
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Here we have used the sss conformal triangle to integrate the diagram

D, (1 Ross)u=" (4.4)

s

T Jw12[6F37s ([z1a[was])2 TS

T2
obtaining

vy = 4A; + 6Zggs + Ryyy = 6C55 + Ay, (45)

where in the last equality we used (2.25).
Next we consider 1/N corrections to the s*ss subdiagrams of the leading order (s*s*s). We will demonstrate below that
these diagrams have the form

€3
20,
2A¢ 2A¢ C£2128(1+v2+1)3)y,4’ys_2732 Cc(gch
T 2P (|aas||zas)2 [P wsllzzs)? (4.6)
27,
I T2

We proceed to calculating diagrams involving corrections to the left- and the right-hand s*ss subdiagrams separately. The
total of these contributions is additive, due to linearization of the next-to-leading 1/N corrections. Using (3.10) we can
express

T3

T3

20

2,

4 =+ ’YSQ 2As

275 — Vs?

x T2 T 4+ 7 T2 Ty

By linearizing over the 1/N corrections to the exponents of propagators of diagrams with identical leading-order skeleton
structure, we can further rewrite this expression as
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T3 T3
S
d—2—7 d—2—7,
CS A\
— =20 (14 6C,, — 24,)x .

4+ Vs2 2fys — Y2

T 4+ Ys2 To X1 )

Notice that the first diagram is completely integrable, giving

(0) 7237,
Cyh (14 68Co, —2A, + vy 7270
2 2 57578 DR
(sl ey > o (4.7)
where
1 T0(d)((3(d—4)(d—2)H 4 + d((d — 15)d + 60) — 60) sin(%) +3n(d—-4)(d-2) cos(%’)) (48)
’[]2 = — . .

N m(d -4 E+1)re

is obtained by the expansion of the U functions generated during the integration over the unique internal vertices

d—vy, d—vy, Ys 3y, d—vy, Yo d+ys—ve
U -1, 1247, JU[(1+Z24y,,d-3-"2)U —1 248 25 IS 1), (4.9
( 2 2 ”) < I RRRE 2 2 ) 2 (49)

while the second diagram is given by (4.4), for the total of

(0) —7 2427, (0)
(s(x1)?s(x2)s(x3)) D Cop Lt 8Cos =24, & 00 = RusJ 277 Coen (4.10)
o1 OF72 73 3|2 AT 2 |y [T 42 |12 [0 (|13 [x23])*

Analogously, correcting the right-hand s?ss subdiagram in (4.6) we obtain

(0) =7 2+2y (0)
(s(x1)*s(x2)%s(x3)) D Cop (Lt 8o =24+ 05 = RusJ 27 Coe (4.11)
o[ OF72 7205 |y P22 g |2 AT |x12]® (|13 [x23])*
where
U3 = V. (412)

Combining (4.3), (4.10), (4.11), we obtain

€O (1 4 w2

s(x1)%s(x5)%s(x3)) D T8 , 4.13
plasbn)i) i |72 77 (a3 ] )17 1)

where we denoted
Wo = Uy 4 2’[)2 4 25Cszss - 4As - 2RSSS. (414)

Using (4.5) we obtain
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Wy = 5Csss - 3As + 2(5(;5‘2” + Uy — Rsss)‘ (415)

Notice that (4.13) already has the structure required by the
conformal symmetry of the (s2s2s) three-point function (4.1).
This means that the rest of the diagrams which contribute to
the (s2s2s) are finite, as we will confirm explicitly below in
this section. Expanding around d = 3, we obtain

16 1 .
Uy = ?m‘f' O((d-3)7).
16 1
Ros =737 O((d -3)°) (4.16)

We also know that (sss) vanishes in d =3, and
therefore 6Cyy, = O((d —3)°). In addition, we know
that A, = O((d — 3)). Finally, while we have not calculated
5C gy, we know that C'2) 5C.z,, should be finite in 3d, and

therefore, since CE??S is finite, we conclude that 6C 2., must be

finite in 3d.*® Then from (4.15) we conclude that

T

Integrating over all of the internal vertices except for x4 5, and denoting

wy = 22N2 (—i>6C(O)C6C4U<
1 — \/N 588 ¢ s

we obtain

Integrating both sides of the last diagrammatic equation with respect to x, we obtain

. ChT(1,1)

wip =

where ChT is given by [49,501*

S U(1,2,d-3)

wy = O((d - 3)"). (4.17)
Consider the following diagram
- wr
T Jz12]0(Jzis||z2s])?
T2
d 2
——1,5—1,2> U(1,2,d—3)2fv1, (4.18)
_ W1 _
T Jz12]?975(Jz1s]|z2s))?
(4.19)

26Actually we calculated §C,, in 3d and showed explicitly that it is finite.

“See Appendix B for details.
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ChT(a,p) =

< F§-al(§+a-2)
rE-1rd-2)\(1-p)(a+p-2r2-ar(a)

N FE-prE+p-2) F-a-p+1rE+a+p-3) )
(I-a)(a+p-2T2-prp) (a-1)(F- DI (-a=p+3)(a+p-1))

Combining (4.18), (4.19), we obtain
4 d
) <7r2 — 6y <§_ 1)) (4.21)

(4.20)

_ _wy
|z12(6(|z13]|223])2

T 2A, 2A¢ 2A, T

It is straightforward to find w, by integrating both sides of this diagrammatic equation over x;:

wy =28 (-2 ) Ot v (1,420 3U(2 2.d-4) (4.22)
2 \/N SSS ¢ Ky 2 92 El 9~ . N

Simplifying this expression, we obtain

| 4326in8 (312 — HT(4 — HI(45L)°0

TN 2°0(d - 3)?

w) (4.23)

The other contributing diagram is given by

20, "

_ w3 :
lz12(6(|z13]|223])2
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To calculate this diagram, we proceed by integrating over the sss subdiagram, followed by the integral over the x, 5 vertices.
Integrating both sides of the resulting diagrammatic equation over x;, we obtain

2 \4 d d 2
_ 2 0) ~4 ~3 N
w3 = 2 N<_\/N> CSSSC([JCSU(z - 1,5 - 1, 2> w3, (424)

where W is determined by

T3

To calculate this self-energy diagram, we split the diagonal propagator into two merging propagators, with the exponents
2d — 4 and 2, while dividing the diagram by U (g -1, % —1,2). Integrating over the unique topmost vertex produces the
factor of U($—1,4—1,2), resulting in

[723 ‘4+26

Here we introduced an auxiliary regulator 6, which we will eventually set to zero.™ Applying the integration by parts
identity to the topmost vertex (with the exponents oy = 1, ay = a3z = % — 1), we can solve for W5(8) by calculating four
diagrams, three of which can be easily calculated using the propagator merging relations, while the fourth one is the Fourier

dual of the ChT diagram. Assembling everything together, and taking the limit § — 0, we obtain

A _ﬂd+1(—ﬂ2(d—4)2 +W+6(af—4)zl[/(l)(g)) (4 25)
W3 = 4(d —4)I'(d - 2) sin(%) ' |

Plugging this into (4.24) we obtain

1 257sin’ (B (3 —9r(%4)°

SN2 aBr(d-3)r(9)?

w3

(n2(d2 —6d+8)2—6(d?—6d+8)2yl) (g) —8(d((d—4)d—8) + 36)) . (4.26)

“The regulator is auxiliary because the diagram is in fact finite in the § — 0 limit.
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Next, consider the first nonplanar pentagon-based diagram

T3

2A,
ot

2,

- ws
T Jz12]0(Jzas|lzas])?

2A, 2A,

T )

To calculate this diagram, we integrate over the internal vertex x4, and then integrate both sides of this diagrammatic
equation over x3, followed by integration over the vertices xs¢. This will give

2 2\ s sp,(4 d A
W4:2N —ﬁ C{/)C\U 7—],7—1,2 W4, (427)

2 2

where W, is determined by

T _wg
[212]10-4

To find w,, we split the diagonal propagator with the exponent d — 4 into two propagators with the exponents 2d — 6 and 2,
while dividing the diagram by U(1,2,d — 3). This will make the topmost vertex unique, integrating over which will
produce the factor of U(1,2,d — 3), resulting in

_ _wa(9)

T _w49)
- |zl2|4+5

Here we introduced an auxiliary regulator 6, which allows us to apply the integration by parts relation to the topmost vertex

(with the exponents a; = 1, ay =4 -2, ay = 42 — 1), resulting in

4-2
Wy =2 (U(2,2,d—4)U<L—Z—1,ﬂ—1,2—é> —c1>

1-3 272 2
o1 d ,d+s6 ¢
2" (y@e2d-4u(f-2252,_2) 42

where we denoted
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Zo C1 s
|$12|4+6

d—4 d+6

T T2 c2 .
|$12|4+6

The diagram c; is in fact finite, so we can set § = 0. In fact, it is equal to the diagram w5, calculated above,

¢ = limibs. (4.29)

To calculate c,, we apply the integration by parts relation to the topmost vertex (with the exponents a; = 1, a, = % -2,
o = #), which will express that diagram in terms of a sum of four diagrams. Three of these diagrams can be easily

calculated using the propagator merging relation, while the fourth diagram is given by the Fourier transform of the ChT
diagram. Assembling everything together, we obtain

4(d - 6)ntt cse(2) 74 [ 4(x2(d —4)(d - 2) — 6(d — 4)d + 24) cos(Z)T(4 — d)
2T T @—2)erd-3) 12 (‘ (d—-2)
mese(ZI(d - 2)
(d—4)(d—1)7

(-18(d2 —6d + 8)%y (1) (g) + 72(d —2)d(d — 4)?
— 12(d(d((d — 13)d + 64) — 140) + 120))). (4.30)

Combining (4.27), (4.28), (4.29), (4.30), we obtain

e — 1 324717(451)3 sind (%) (_ 8cos(ET(7—d) n(d—4)csc(d)(—8d — 6V (4 —2) + 72 + 48)

- - . (431
N3/2 g15121(4 - 2)’T°(432) d*> —9d + 20 I'(d-2) ) (431)

The other nonplanar diagram based on a pentagon effective vertex for s is given by

— w5 .
[z12]4(Jz13]|223])2

To calculate this diagram, we integrate over x4, followed by integration of both sides of this diagrammatic equation over x3,
followed by integration over xs, x¢. This will give

2 \3 d d 2 (d d
=2N(-—=) CCU(5-1.5-1.2) U[5-1.5-23 4 432
ws N( N) C¢C_‘U<2 5L ) U<2 5 ,3>w5, (4.32)
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where W5 is determined by

T2

To determine w5, we split the diagonal propagator with the exponent d — 6 into two, with the exponents 2d — 8 and 2, while
dividing the diagram by U(1, 3, d — 4). This will make the topmost vertex unique, integrating over which will produce the
factor of U(2,2,d —4), resulting in

T2

Here we denoted

U(2,2,d—4)
Wy = ———=
T U1,3.d-4)

is. (4.33)

To find ws we will apply the integration by parts relation to the topmost vertex (with the exponents a; =1,
o =03 = %’— 2), resulting in

d—4 d d

s ==~ <2U(2,2, d- 4)U<— -1,=-2, 3) - 2(:3), (4.34)

2 2

where ¢ is determined by

T _ _c3(0)
- |IE12|2+6

Here we introduced an auxiliary regulator &, assuming that in the end we will take the limit c3 = limy_, c3(5). To find ¢5(5)

we apply the integration by parts relation to the topmost vertex (with the exponents oy = 1, a, = # -1, 3= ‘% -2),

which will express that diagram in terms of a sum of four diagrams. Three of these diagrams can be straightforwardly
integrated using the propagator merging relation, while the fourth one is given by the Fourier transform of the ChT diagram.
Assembling everything together, we obtain

it csc(%) (2% (d — 4)* — 8d — 6(d — 4)*y V(4 - 1) + 24)
a=T 4((d—4T(d-2)) ' (4:35)

Putting together (4.32), (4.33), (4.34), (4.35), we obtain
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1 2% Tsin* (BN ()4 (-

72(d—4)2 +4(d—3)(d—2) +6(d —4)

yE-1) (4.36)

Ws = Nz

m%(d —4)’r'(4-2)*

The last diagram based on the pentagon effective vertex for s is planar:

T3

_ we .
[z12]%(|z13]|z23])?

I QAS‘ 2A¢

This diagram is straightforward to calculate by applying the
uniqueness and the propagator merging relations, as well as
integrating both sides over x3, yielding
3
1, 2)

2 5
w6:22N<——> c;cgy(i’-l d_

VN 2 72
d d
xU(2—1,2—2,3>U(2,3,d—5). (4.37)
Simplifying it, we obtain
N i3 LS LN e
Wg = . .
¢ N2 A2(d—6)’T (4~ 1)’[(d - 6)
Combining everything together, we obtain
Y, 6Cpp, = CY, wy + Zw (4.39)

The only nonvanishing contributions in 3d are given by

1 512
wy(d =3) T N2 460
1 256
ws(d =3) = N2 6 (4.40)
This implies
1 768
CY, 6Cppy(d=3) = (4.41)

K N3 /2 F
V. FATE OF THE EMERGENT Z, SYMMETRY
AT LARGE N

In the previous section, we demonstrated that while
the leading O(1/N'/?) order amplitude of the (s’s’s)
three-point function vanishes in d =3 dimensions, its

2A

T2

next-to-leading O(1/N3/?) order correction is nonvanish-
ing. This implies that the conjectured s — —s symmetry of
correlation functions in the s sector of the theory is violated
at the first subleading order in 1/N.

Instead, in this section we intend to discuss whether
the statement of the s — —s symmetry has a more general
validity at the leading order in 1/N. Specifically, we are
going to focus on the three-point correlation functions
(sks™s™), with k +m +n = 21+ 3, where k, m, n are
positive integers and [ =0,1, 2...%° This question is
particularly relevant from the standpoint of the holographic
correspondence, which is usually limited for technical
reasons to the leading 1/N order calculations in the
bulk [23-26].

Consider a subset of the (s¥s™s") three-point functions
that at the leading order in 1/N expansion are determined
by the diagram

Here we symbolically denoted the possible contractions of
the s lines with dots. Since k+m +n —3 =2/ is even

*In order to confirm the existence of Z, symmetry at the
leading order, it is necessary to consider general n-point func-
tions. This section does not intend to prove this symmetry, rather
to provide further evidence for its existence by computing three-
point functions.
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valued, we will always be able to connect the s lines which
did not go into the vertices of the ¢ triangle. To avoid
tadpole loops of the s propagators we need to impose the
following triangle inequalities

k<m+n-1, k>m>n

(5.1)

The resulting diagram will be given by30

<Sm(x1)sn(x2)sk(x3)>

. ciac
- |x12 ’2(m+n—k) |)C13 |2(m+k—n) ‘X23 |2(k+n—m) :

(5.2)

Since C\2)(d = 3) = 0, this leading O(1/N/2) diagram
(5.2) vanishes in 3d.

In case when the triangle inequalities (5.1) are not
satisfied, the leading order behavior of the (s*s™s")
three-point correlation functions demands a separate treat-
ment. For instance, the O(1/N'/?) diagram contributing to
(s3ss) is given by

Here we recognize the subdiagram representing the leading
order contribution to the (s%s) correlator, given by (1.12)
[40,41]. In particular, the above diagram, contributing at the
leading order to the (s3ss) three-point function, is nonzero
in general d, but vanishes in d = 3, due to the property
¢|,—3 = 0 of the leading order mixing coefficient (1.11).
This means that the three-point function (sss) also
respects the s — —s symmetry at the leading order in
1/N expansion.

As a result, the leading order contributions to the (s3ss)
in d=3 dimensions can only begin at the order
O(1/N*?). Among the contributing diagrams there are
planar and nonplanar graphs consisting of the pentagon of
the ¢ lines, such as

Owe skipped keeping track of numerical symmetry
and degeneracy factors, that are unimportant for our purposes.

o lighten up the notation, we skip labeling exponents of the
propagators; all of the internal lines are the s lines, except for the
¢ lines in the polygons.

Notice, that this diagram needs to be regularized. It is an
interesting open problem to finish the calculation of the
three-point function (s3ss), which is nontrivial even at the

O(1/N3?) order.

VI. DISCUSSION

In this paper, we set out to calculate the three-point
correlation function (s?ss) in the critical O(N) vector
model at the next-to-leading order in the 1/N expansion. In
the process, we computed the Oss conformal triangle,
following the technique developed in [45] for the analogous
calculation in the Gross-Neveu model. Additionally, we
determined the finite correction A to the amplitude of the
(s%s?) two-point function. This involved calculating an
extra diagram, absent in the GN model, that is hard to find
in general 2 < d < 6 using conventional techniques, and is
still an open problem. However, it conveniently vanishes in
d = 3, allowing us to compute the amplitude correction
Ap in 3d. The computation of the (s’s%s) three-point
function required evaluating a new set of self-energy
diagrams that were unknown in the literature. We have
outlined the steps of all these calculations in detail.
Assembling all these components together, we were able
to compute the (s%s%s) correlator in d = 3 dimensions, that
turned out to have a nonzero value.

As was discussed in detail in Sec. V, we explored the Z,
symmetry s — —s, that was originally conjectured to
emerge in the large N limit of the O(N) vector model in
d = 3.1In [36], the symmetry seemed to surprisingly persist
in the three-point function (sss) up to the next-to-leading
order in the 1/N expansion. The nonzero value at the next-
to-leading order of the (s%s%s) correlator, obtained in this
paper, suggests that the emergent Z, symmetry is lifted at
the subleading orders in 1/N. Besides this result, the
calculation of the conformal triangle Oss as well as the
subdiagrams contributing to the (s*s%s) are important in
themselves for other conformal correlators in vector mod-
els. For convenience, we summarized the new results in a
table and their expression in three dimensions:

*This can be traced back to the triviality of the (sss)
subdiagram, which appears in that calculation, at the leading
order in 1/N.
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Correlator d=73
c“” 1+6C 5 0 _ 32
(51 )s(x2)2 (1)) D o)y o, =3
[x12] 2(\XHHX21| 5C‘2H — (]76 1)
Coll+Ap ) 7 _ o)
(s*(x)s%(0)) = W iz gscss
2 = s2ss
(O(x)O(0)) = 00“‘7970;‘0 (O is defined in (1.10) 05
146C 5 5 ) 772 0)  _
<82(XI)S2(XZ)S(X3)> 2 2(2> iy:r V\TZY L 2475 Cs s2s 0
|x12] (Ix13]]x23]) C(g)2 §Ca2, — L 168

(0) ~1
588
‘xlz‘Z(”l +n—k) |X13|2(m +k—n) |X23|2(k tn—m)

(s (1) (x2) 5% (x3)) =

s°8°s N3/2 76

for k <m+n—1,k>m>n the O(N~'/?) term vanishes

Regarding the emergent symmetry, our results are
supportive of the statement that it is exact at large N, as
we have illustrated in Sec. V, where we demonstrated its
presence for an entire set of correlators involving composite
operators in s. This may have important implications for the
AdS/CFT correspondence, which states that the critical
O(N) vector model in 3d is dual to a higher-spin Vasiliev
theory on AdS,. The AdS/CFT mapping suggests that the
operator s is dual to the spin zero field A, in AdS.
Correlations of composite currents in the AdS bulk are
hitherto largely undiscussed in the literature to the best of
our knowledge. Our CFT results for the composite oper-
ators should have direct implication for the dual theory in
AdS. However, symmetries of the bulk action alone,
known to exist at least at the classical level, can demand
some boundary correlators to vanish. For instance, the
cubic interaction A} is absent in the Vasiliev’s theory in the
bulk [24,25], which translates to the statement that the
boundary CFT possesses the s — —s symmetry. Next,
the calculation of subleading corrections to such
correlators in the large N CFT has a direct implication
on one-loop corrections in the AdS bulk, which are
otherwise very hard to compute [51]. At the same time,
the symmetry considerations might again indicate whether
certain correlators can become nonzero at subleading
orders, due to an anomalous symmetry breaking mecha-
nism in the bulk. An example of the latter is furnished by
the possible anomalous torsion term generated by loops in
the bulk.”

ACKNOWLEDGMENTS

We thank J. Gracey, A. Petkou, and especially M.
Smolkin for helpful discussions, comments on the draft,
and correspondence. Our work is partially supported by the

3See, e.g., [52] for a holographic description of parity-
breaking system via torsion deformation of the AdS bulk. We
thank A. Petkou for the discussion and drawing our attention to
relevant references.

Binational Science Foundation (Grant No. 2016186), the
Israeli Science Foundation Center of Excellence (Grant
No. 2289/18), and by the Quantum Universe I-CORE
program of the Israel Planning and Budgeting
Committee (Grant No. 1937/12). The work of N.C. is
partially supported by Yuri Milner scholarship.

APPENDIX A: SOME USEFUL IDENTITIES

In this Appendix we review some useful expressions and
identities.
Loop diagrams in the position space are additive:

2a

2b

The propagator merging relation has the form

! 1
dx =Ula,b,d—a—b)——,
/ ’ (¥3)*((x3 = x12)%)” ( )(x%z)a+b—g

(A1)
where we defined
U(a,b,c) = 71A(a)A(b)A(c), (A2)
d_q
Aa) = F(FT)) (A3)

This can be graphically represented as
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2 b) —d
g ® 0 2eHY e xU(a,b,d—a—1b).

Uniqueness relation for a; + a, + a3 = d is written as [53,54]

1 Ulay, ay, as)
dx = ’ . A4
/ ey = 2Py — x P2y — x [P xR0 5|72 x| 4720 (A4)

This can be diagrammatically represented as

2a3 - X (—%) U(al,ag,ag).

Here we denoted a = d — 2as, f =d —2a,, y = d —2a,.
Integration by parts relation [49,50] read as

(d—2a; —as — az)x = X

209 203 2(0{2 + 1) 2003
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We will also find useful the following relation [55]34:

Here
_ (d=s)(d-s) (d=s)(D+as—3dj2-1)
TR -d2-1) T T d-n)n-d2-1)
gy [d=s)(D+as=3d/2-1)
’ (d—t)(t—d/2-1)
and
s =0 + o+ as, S) = a3 + ag + as,

t1:(11+(l4+(15, t2:(12+(l3+a5, DZZa,-.

APPENDIX B: SOME USEFUL DIAGRAMS
Using the integration by parts relation, we can derive [36,49,50]

T T2 F(a,0)

= 126 2dF20428

200 20

where

¥See Fig. 15 therein.
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7U(d—2,1,1) L _El 3_d_ A
F(a,ﬂ)—m<a<U(a+l,ﬂ,d a ﬁ 1) U<a+1,ﬂ+2 2,2 a ﬂ 3))
d 3d
+ﬂ<U(ﬂ+ La,d—a-p—-1)- U(ﬁ—l— 1,a+2—§,7—a—ﬁ—3>)). (B1)
Performing the Fourier transform we can derive the ChT diagram [49,50]
To o ChT(a,ﬁ)
T Jwpg|@0F20+28
where ChT is given by (4.20), that we reproduce here for completeness:
a9 FE-ar@+a-2)
Ted) = v ra-2) (e o
N FE-prE+p-2) F-—a—-p+1rE+a+p-3) ) (82)
(I—a)la+p-2L2=-pTP) (a-F-DI(-a-p+3)(a+p-1))
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