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Quantum evolution of a scalar field’s modes propagating on quantum spacetime of a collapsing
homogeneous dust ball is written effectively as an evolution of the same quantum modes on a (semiclassical)
dressed geometry. When the backreaction of the field is discarded, the classical spacetime singularity is
resolved due to quantum gravity effects and is replaced by a quantum bounce on the dressed collapse
background. In the presence of backreaction, the emergent (interior) dressed geometry becomes mode
dependent, and the energy density associated with the backreaction of each mode scales as a radiation fluid.
Semiclassical dynamics of this so-called rainbow dressed background is analyzed. It turns out that the
backreaction effects speed up the occurrence of the bounce in comparison to the case where only a dust fluid
is present. By matching the interior and exterior regions at the boundary of dust, a mode-dependent black hole
geometry emerges as the exterior spacetime. Properties of such a rainbow black hole are discussed. That mode
dependence causes, in particular, a chromatic aberration in the gravitational lensing process of which maximal
magnitude is estimated via calculation of the so-called Einstein angle.
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I. INTRODUCTION

In contrast to classical general relativity (GR), quantum
gravity models based on discrete spacetime structure often
predict that the local Lorentz invariance may be modified or
broken at sufficiently high energy [1,2]. This leads, in
particular, to the deformation of dispersion relations for the
propagation of particles [1-5]. Consequently, it has some
phenomenological implications that can provide an empirical
ground to test quantum gravity theories [4,6] (for a review on
such an issue, see Ref. [7]). The effects of possible Lorentz
invariance violation are expected, in particular, to be present
within frameworks implementing the quantum theory of
fields propagating on a quantized background spacetime.

An example of such a framework, where significant
progress has been achieved recently, is a quantum field
theory (QFT) on a spherically symmetric quantum spacetime
described by loop quantum gravity (LQG) [8-10]. It was
shown that the evolution of quantum fields in a quantum
spacetime leads to emerging an effective (semiclassical)
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dressed background metric. The components of this dressed
metric depend on the fluctuations of the background
quantum geometry. In the presence of the backreaction of
the fields, the emergent dressed metric’s components depend
further on the energy of the field modes [10,11], which is
called “rainbow metric” in the literature [3,5]. Propagation of
electromagnetic signals (or massless scalar perturbations) on
this rainbow background is superluminal, which violates the
local Lorentz symmetry [10]. [See other scenarios for
violation of the Lorentz symmetry, e.g., due to an emerging
rainbow metric from a massive quantum field on a loop
quantum cosmology (LQC) spacetime [12], or due to
polymer quantization of the field [13].]

The highest observable energies in the Universe are
provided by cosmic gamma rays and cosmic rays.
Considering the fact that all long-duration gamma ray bursts
(GRBs) are physically connected with the core-collapse
supernovae (SNe) [6,14—16], it is not unreasonable to expect
that, when observing GRBs, we directly observe the
gravitational collapse of a massive and compact star core.
Therefore, it is of pertinence to search for Lorentz violation
signals in the gravitational collapse of a massive star.
Gravitational collapse of a fluid with a variety of matter
fields has been well studied within the framework of LQG

© 2022 American Physical Society
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[17-20]. It turns out that, when considering a background
quantum spacetime for gravitational collapse of a spherically
symmetric star, a rainbow interior region would emerge
which effects can be carried out to the exterior region
through appropriate junction conditions at the boundary of
the star. This provides a fruitful scenario for the formation of
a rainbow black hole as the final state of gravitational
collapse in quantum gravity. If such black holes exist in
nature, high-energy astrophysical observations from them
can raise the possibility of tests of the Lorentz symmetry and
quantum gravity theories.

The present work is concerned with the phenomenologi-
cal issues of quantum gravity in the context of gravitational
collapse. It is organized as follows. In Sec. II, we present the
dynamics of the gravitational collapse of a spherically
symmetric dust cloud. In Secs. III and IV, we study the
quantum theory of a massless scalar field on the background
spacetime of a collapsing dust ball. Then, we quantize the
background due to LQG and show that the theory of
quantum field on this quantum background corresponds
to a quantum theory of the same field on an effective, dressed
background. By considering the backreaction of the field, we
will show that the components of the dressed background
metric depend on the energy of the field. Next, we expand
the dynamics of the emerging dressed background spacetime
by means of the higher-order quantum corrections provided
by fluctuations due to moments of the quantum spacetime
state through a semiclassical regime. In Sec. V, we match the
interior spacetime to a convenient exterior geometry. We will
show that the quantum gravity effects in the interior region
are carried out to the collapse of radiation exterior spacetime
by matching and a rainbow black hole will emerge. We will
discuss some optical properties of the emerging rainbow
black hole in Sec. VI. Finally, in Sec. VII, we will present the
conclusion of our work.

II. GRAVITATIONAL COLLAPSE
OF A DUST FIELD

Our purpose in this section is to construct a classical
model of gravitational collapse with an interior region filled
with an irrotational dust field T, such that in the late time
stages of the collapse (cf. next sections), when the fluid
enters the Planck regime, the quantum gravity effects could
alter the nature of singularity or/and development of
trapped surfaces in spacetime. Thus, we consider a homo-
geneous, isotropic barotropic fluid for the matter content of
the interior collapse background which can have a
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
equipped with the coordinates (xg,x) and a scale factor
a(xg). We assume that x, € R is a generic time coordinate
and x € T? is the spatial coordinates [T* is the three-torus
with coordinates x/ € (0, 7).

For the background matter source, being the irrotational
dust field 7', the Lagrangian density is given by [21]

1
Lr==5v/=9pr(¢9,TO,T + 1), (2.1)

where pr is a multiplier enforcing the gradient of the dust
field to be timelike (e.g., see also Refs. [22,23]). We further
consider a (inhomogeneous) massless scalar field pertur-
bation ¢(t,x), with the Lagrangian

1
‘Cz[) = - E V _ggﬂyau¢ay¢’ (22)

which propagates on the background spacetime of
the collapsing cloud. The corresponding action for the

background geometry, coupled to dust and the scalar
perturbation, reads

/ x5 [ﬁ 4 cT] LS, (23)

Then, on the full phase space, total Hamiltonian density is
written as
H = Hgray + Hr + Hy, (2.4)

where Mgy, Hy, and H,, are, respectively, the Hamil-
tonian densities of the gravitational sector, dust, and the
scalar field.

Using a general background metric in Arnowitt-Deser-
Misner decomposition,
ds? = =N2dx3 + q,,(N%dxy + dx?)(NPdxy + dx?), (2.5)
the Hamiltonian densities of the scalar perturbation, 'H¢,

and the background dust field, Hy, are written, respec-
tively, as

Hy="2 {—Pé +vaq” (V) (V d))} (2.6)
?T2 Va ¢ ’ .
and
1 2
Hr =3 f\T@ + p;\f (P} + q"bCECE)} .2

In the above equations, N and N“ denote, respectively, the
lapse function and the shift vector, and ¢, is the (spatial)
three-metric with the conjugate momentum z¢”. Moreover,
CP = —p;0,T, where py is the momentum conjugate to T,
given by
pr = (/apr/N)(OT + N“0,T). (2.8)
The stress-energy tensor for the dust field can then be
obtained as
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W — T = v

where u, = 0,T is the four-velocity field in the dust
coordinate frame which satisfies the condition
¢"u,u, = —1. From the equation of motion for pr, we
obtain [21]

(2.9)

= pru,l,,

1 P
VAL [Py + g cheh

Pr (2.10)

Equation (2.9) represents the stress-energy tensor of a
perfect fluid with the energy density p; and a vanishing
pressure, so pr is regarded as the dust energy density.
Now, by substituting Eq. (2.10) in H; and fixing time
gauge x, =T, the total Hamiltonian density (2.4)
becomes

H = Hgray + Pr + Hy. (2.11)

The dynamics of the gravity-matter system is then
generated by the regulated integral

NH= [ N+ pr+Hy). (212)
v

where, for simplicity, we have considered V to be a cell of
unit volume.

We will consider the internal spacetime model in the

classical regime given by a marginally bound (k = 0) case,

ds* = —dx} + a*(xo)dx?, (2.13)

so that the dust fluid begins to collapse from a very large

physical radius. Then, the physical trajectories lie on the
surface of the Hamiltonian constraint

—Pr = ngav + H¢v (214)
where Hgp,, is given by
3zG
ngav = 2a, b2|1j‘. (2'15)

In LQC, the gravitational part of the phase space is
conveniently coordinatized by a canonically conjugate pair
{b,v} = 2, where v = a’/a, is the oriented volume and b
is the Hubble parameter b = y(a/a). As usual, a “dot”
refers to a derivative with respect to the proper time x,.
Moreover, , = 2zy\/Af%, in which A = 41/37y¢3, is the
LQC area gap [24].

By solving the constraint equation (2.14), we find the
evolution equation for the collapse as (b/y)?> = (a/a)* =
(827G /3)p, being the standard Friedmann equation, where p
is the total density of the system including the energy

densities of dust and scalar perturbation. Moreover, notice
that, for the collapsing process here, a < 0. For the
homogeneous spatial slices here, we get C2 =0, so
pr = @’pr(0yT). Therefore, the energy density p; in
Eq. (2.10) reduces to py = py/a®. From the Hamilton
equation of motion p; = {pr, H} =0, it turns out that
pr is a constant of motion, so, as expected, the energy
density of the dust becomes p; = pra.

In order to fix sufficient initial conditions for the collapse,
we assume that p, and a are, respectively, the total energy
density and the scale factor of the collapsing cloud at the
initial time x, = 0. On large scales in the classical region, the
energy density of the scalar perturbation is negligible so that,
at the initial configuration of the collapse, the energy density
of the dust field dominates; we thus assume that p = p;.
Nevertheless, as the collapse enters the quantum regime, the
backreaction of the scalar field, ¢, on the background
quantum geometry will become important. Our aim in the
next sections, therefore, will be to investigate the effects of
this backreaction on the evolution of trapped surfaces and the
emergence of mode-dependent exterior spacetime. In fact,
the scenario that we will consider is to discuss, by taking a
full quantum system, the effects of the backreaction of scalar
perturbation on the evolution of the background quantum
geometry and to explore a suitable (semiclassical) geometry
for the exterior region. In particular, we shall assume that the
homogenous classical sector of the scalar field, q?ﬁ, has no
effect on the background:; by definition ¢ = ()1 + 5¢, this
means that we assume (¢) = 0 for the vacuum expectation
value of (?), while 5g?) describes the inhomogeneous part of g?ﬁ
So, there is no backreaction on the background geometry
caused by the homogenous part, and we will consider only
the excitations and particle states of the massless field. At the
semiclassical level, these excitations give only an effective
description (sum over all modes) for spacetime.

In the classical region, we write the energy density of the
collapsing dust cloud in the form

p = pro(ag/a)’, (2.16)

where pr = pToag. As the collapse evolves, the energy
density of the dust grows and ultimately diverges at
a = 0. Therefore, a singularity will form at the end state
of the collapse. This singularity will be covered by a
Schwarzschild horizon during the dynamical evolution of
the collapse which is extracted through a suitable match-
ing at the boundary of the dust cloud. At a given time x,
and for a fixed shell with the radius r, the mass of the dust
cloud reads M = (4r/3)pR?, where R = ra is the physi-
cal radius of the collapsing shell. It turns out that, for the
dust energy density (2.16), the mass M is constant and
equals the initial mass, My = (4z/3)poria3, at xo = 0.
This is the mass of the exterior Schwarzschild black hole
with the horizon radius Ry = 2GM.
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III. QFT IN QUANTIZED INTERIOR
BACKGROUND

In this section, we will first show that the quantum theory
of the scalar field perturbation, ¢, propagating on the
interior quantum background of the dust cloud, corre-
sponds to an emerging quantum theory for the field on an
effective, dressed background spacetime.

A. Perturbed background

In canonical quantum gravity coupled with dust field [21],
in the case when the effect of a scalar perturbation (denoted
by ﬂ¢) in Eq. (24) is negligible, the total Hamiltonian
operator Hye, = H gy + Hy 0f the system is well defined on
Hyiy = Horay ® Hy, where Hyy,, is a suitable Hilbert space
for the gravity sector and Hy is the dust sector of the
kinematical Hilbert space, which is quantized according to
the Schrodinger picture with the Hilbert space L(R,dT).
The physical states ¥, (v, T) € H,, are those lying on the
kernel of H y,. Therefore, the states ¥, (v, T') are solutions to
the self-adjoint Hamiltonian constraint H,.,'¥, = 0, so that

ihorY,(v.T) = Hg ¥, (0. T). (3.1)
Here, H eray 18 @ well-defined, self-adjoint operator acting on
Heray- In quantum theory, the polymer representation of the
Poisson algebra of v and b is characterized by the Hilbert
space Hgy = L*(R, dupgp), where R is the Bohr compac-
tification of the real line and dugy,, is the Haar measure on it
[25]. Thereby, the gravitational Hamiltonian operator is
expressed as [26]

Hly = 38’;G VAR —RVE (32)
where #|v) = v|v) and the operator N = exp(ib/2) acts on
the basis {|v)}, i.e., the eigenstates of #, as N|v) = |v + 1),
so that [b, 9] = 2ih.

When the contribution of the scalar field ¢ in the
Hamiltonian constraint (2.4) is significant, the kinematical
Hilbert space for the full, quantized gravity-matter system
(dust plus scalar perturbation) becomes Hyjy = Hory ®
Hr ® H,, where the perturbation sector is quantized due
to the Schrodinger picture with H,, = L*(R, d¢). Now, the
total states W € H,;, of the system are different from the pure
geometrical states ¥, and are solutions to a new evolution
equation:

ihor¥(v,¢.T) = (Hyyy + Hy)P(0,$.T).  (3.3)

On the quantized background here, the gravitational sectors
of the quantized Hamiltonian (2.6) of the perturbation turn
out to be operators on Hy,; thus, the quantum Hamiltonian of
the massless scalar perturbation becomes

=L @ P+ PR e (VAP (4)
where V, defined as V = #3a® = a,v, is the physical volume
of the collapsing cloud. For convenience, we set £ = 1
throughout this section and will bring it back again into our
formalism in Sec. V.

By using the Fourier expansion, we can rewrite 4 4 In
Eq. (3.4) as an assembly of the Hamiltonians of decoupled
harmonic oscillators, each represented by a pair of canoni-
cally conjugate variables (Qy, Py ) [8]. It reads

N N 1 N o ~
A= ZHk — Ez:[v—l ® PL+ VA ® Q1] (3.5
kel kel

where the wave vectors k(€ 2zZ) span a three-dimensional
lattice £. We will focus on a linear response theory and will
study the quantum theory of a single mode k of the scalar
field on the background quantum spacetime. Thereby,
Egs. (3.3) and (3.5) for a given mode k yield
ihaT\Pk(”v Ok, T) = (Hgmv + Hk)\Pk(”v Ok, T)- (3-6)

In order to find the quantum theory of the test field Q) on
an emergent background spacetime, we should simplify the
Schrodinger equation (3.6) and represent it as an effective
equation for the state v (Qy) € Hy only (Hy represents
the Hilbert space of each mode k). To do so, we employ the
following algorithm.

(i) To decompose the heavy (gravity) and light (scalar
perturbation) degrees of freedom in the wave func-
tion, as Wy (v, Ok, T) = ¥(0,T) @ wi (O, T), we
will employ the Born-Oppenheimer (BO) approxi-
mation. This approximation enables us to take into
account the backreaction between the field and the
geometry.

(i) To make our resulting evolution comparable to that of
a quantum field on a classical dynamical background,
instead of working in the “interaction picture” used in
Ref. [8], we will trace out the heavy and light degrees
of freedom in Eq. (3.6) to drive the evolution equation
for the scalar perturbation and the background states,
respectively, as

ihdryy (k. T) = Hyyy (Qk. 7). (3.7)

ihdr¥(v.T) = (H gy + (i (0)))¥(0.T).  (3.8)

where (A (9)) = (i (T)| A (0)lyi(T)). In this
pattern, quantum geometry and field are described
using the Schrodinger picture, in which expect-
ation values evolve over the time parameter and
give results of Ref. [8] as the mean (test) field
approximation.
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(iii) We plan to solve Egs. (3.7) and (3.8) step by step
perturbatively. At the first step, we will consider the
mean field limit, where (H\()) = 0, and find the
unperturbed geometry state ¥, (v, T'). This state is
then used to evaluate the expectation values of the
geometry component operators present as compo-
nents of A, which allows us to evaluate the solutions
to Eq. (3.7) to find the scalar field’s eigenfunctions,
21 (0x; gV, g1?)), parametrized by said geometry
expectation values, g") and ¢, given by
gW=(1/2)(V7), and ¢@=(1/2)(V'7),. (3.9)

A procedure analogous to this step has already been
performed in Ref. [8]. In the next step, in order to
construct the backreacted state W, (v,T), we will
use the obtained eigenfunctions y} (Qy; gV, ¢?) to
evaluate (H\(?)). The result is then put into
Eq. (3.8); however, here the variables g(l) and g(z)
are again promoted to geometry operators (powers of
V) according to the form specified in Eq. (3.9). This,
in turn, allows us to find the modified eigenfunctions
& (v) of the geometry. This step is the second-order
modification to the so-called test field approximation,
presented in Ref. [8], wherein the backreaction effects
were discarded.

In BO approximation, the total wave function consists of

the products of two sets of eigenstates: The first one is the

(discrete) field mode’s eigenstate yy, being the solution to

the stationary state equation

Higi (0 90, g?) = € (g, d@ )it (Os gV, g?),
(3.10)

where Ay € H, is the Hamiltonian operator of the scalar
field propagating on the specified (fixed) quantum geom-
etry. The second one is a chosen (usually semiclassical)
state of the background wave function ¥(v, T), being a
solution to Eq. (3.8). More precisely, Eq. (3.10) is
constructed by a partial tracing over the geometry degrees
of freedom, Eq. (3.6) [defined on the full Hilbert space
with the product state W(v,T) ® wy (Qk,T)]. In this
approximation, €}, the energy eigenvalue of the test field
Q. is still an operator on the gravitational Hilbert
space, Hray-

Partial tracing of Eq. (3.6) over the geometry degrees of
freedom (d.o.f.) yields

(3.11a)

(3.11b)

where §") and §® are composite operators expressed via
?. Thus, the scalar perturbation behaves as that of a

(geometry-dependent) quantum harmonic oscillator. The
resulting eigenvalue problem, thus, takes the form

dQ n
g0 ) iz — ey,

— 3.12
do; 12

The solutions to differential equation (3.12) are well
known, given by

1

el =1/gMg? (n + 5) hk, (3.13a)

™) = a,k"/*B'/3 exp (—x*/2)H,,(x), (3.13b)

where we have defined
_ 1 i
= \m22 ()
_g” _ p1/2p1/4
B:W’ and x=k'/“B Qk' (314)

In further treatment, we would like to follow the
procedure introduced in Ref. [27]. There, an essential step
was treating the emergent description of the matter field (in
our case, the scalar field) as parametrized by a single
geometric variable, the volume V/ = (¥, (T)|V|¥,(T)). In
subsequent steps of the considered procedure, that param-
eter was promoted back to quantum operator. Here, how-
ever, the scalar field description involves two expectation
values: (V=) and (V'/3). In order to introduce the para-
metrization analogous to that in Ref. [27], we note that the
functions ¢\ can be expanded in terms of the central
Hamburger moments corresponding to the volume [28],
namely,

) = (7)Y < 0;) (NeiGi0, (3.15)
i=1

where G' = ((6V)). Since the background state ¥, is
chosen, both V' and G’ are determined as functions of 7.
Had V'(T) been invertible (which happens, for example, in
geometrodynamics if we restrict ourselves to the post-big-
bang epoch), we would be able to define

GOV = GO(T(V")). (3.16)
In LQC, however, there are two reasons preventing us from
doing so.

(1) The dynamics of the background state features a
bounce (see, for example, Ref. [26]); thus, the
function V'(T) is not globally invertible. One could,
in principle, choose a state symmetric with respect to
the bounce, that is, such that
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V/(Ty + 8T) = V(T — 8T), (3.17a)

G(Ty + 6T) = G(Ty - 6T), (3.17b)
where T’ is the time of the bounce; however, this
choice is a fine-tuning, and there is no physical
reason distinguishing it.

(2) The expectation value of V never drops below

Vi o —(Hgy): thus, T(V’') is not defined for
V' < V.

As a consequence, in order to introduce the desired
parametrization, we have to neglect at this step all the
second- and higher-order quantum corrections (encoded in
G™) of the background state, leaving only the quantum
imprint on the trajectory. Then, ¢')’s in Eq. (3.9) reduce to

gV =1/ g =20 (3.18)
and in consequence
1\ -
& = <b£"bﬁ +5) (V)" ik, (3.19a)
) K} k()8
) = an () 01 exp (<200 03 ),
ko176
x (/5 (V) Qi ) (3.19b)

Having defined |y}) as the eigenfunctions of H) with
eigenvalues €}, we can now turn back to the geometry
eigenfunction components & (¢!, g'») of the perturbed
quantum geometry state (3.8). After tracing out the scalar
field degrees of freedom, the evolution equation for
eigenfunctions of geometry is obtained as

[Aye + € (2)) (v) = Exéi(v), (3.20)
where
e (h) = (n + %) hkV=1/3
= N hakV~1/3 (3.21)

represents the energy of the mode of test field state, in
which N, in the adiabatic regime, reduces to the number
operator of a harmonic oscillator [29].

The eigenvalue problem (3.20) differs from the one of
the background state (studied in Ref. [26]) only by the
bounded potential quickly decaying to zero as v increases.
As a consequence, the operator on its left-hand side will
share the spectral property of the background one: Its
spectrum is nondegenerate and continuous and consists of
the entire real line. The eigenvectors & (v) can be found by
numerical means via methods used in Refs. [30,31]. The

properties of these eigenvectors are quite similar to those of
the background Hamiltonian & erav- Bach has a form of the
reflected wave further featuring the region of exponential
suppression around v of the size depending on y and k. In
the next subsection, we will find eigenfunctions & (v) of
Eq. (3.20) and show that, for large v, they feature the
following asymptotic behavior:

E(0) = (1+ £ K)) o8 (a2 + g K)

+ O(w™%), (3.22)
where ¢ (u, k) is a phase shift and C is a normalization factor.
This asymptotic actually provides for us a precise definition
of the label y in the choice of which we have a freedom due to
the continuity of the spectrum of the studied operator. The
form of the asymptotic implies that & are Dirac-delta
normalizable. We can thus form out of them an orthonormal
basis (for each value of k independently), setting

(E1&) = 8(u—u). (3.23)

B. Rate of convergence of bases

To solve Eq. (3.20) numerically, we need to explicitly
show that the convergence rate (3.22) exists. This specific
rate has applications in numerical calculations of LQC
[31], results of which will be presented in a separate paper
[32]. To study the rate of convergence, we compare & (v)
with eigenfunctions ¢ (v) of the Wheeler-DeWitt (WDW)
analog of Eq. (3.3) at the asymptotic region.

The quantum Hamiltonian constraint in WDW theory
can be expressed as a differential analog of LQC evolution
operator ®, where an action of the operator ® equals

[Ow](v) = f-(1)P(v—4) = fo(0)P(v) + £ (1)P(v+4),
(3.24)

with

fi(v) = (32G/8a,)(v £ 4)/>v'2,

f,(v) = (32G/4a,)v — Ny hkay Pv=1/3. (3.25)
To arrive to the WDW equation, we select the factor
ordering consistent with the one of Eq. (3.2), so we get

i07¥ (v, ) = OF(v, @)

=70 |o]120,0, 0] (0. 4). (326)

o

One can build a basis in H,,,, (Hilbert space of WDW
theory) out of the eigenfunctions e, (v) corresponding to

non-negative eigenvalues

086002-6



RAINBOW BLACK HOLE FROM QUANTUM GRAVITATIONAL ...

PHYS. REV. D 105, 086002 (2022)

©¢,](v) = —w*(u)e, (v),

where (i) = /372G /2a,u with u > 0. A general solution
to Eq. (3.27) is

(3.27)

gﬂ(U) = C1J1(2\/;(1)) +2C2Y1 (2\/50)), (328)
where J,(2y/vw) and Y,(2\/vw) are Bessel functions of
the first and second kind, respectively. These solutions
asymptotically tend to the orthonormal basis:

|1)|_1/4 o l1/2
()~ ﬂ_ﬂeiw\ﬂ\ . (3.29)

To verify asymptotes of & (v), we start with rewriting
Eq. (3.24), the second-order difference equation, in a first-
order form, introducing the vector notation

5 &c(v) )
V) = . 3.30
&0~ (G- 30
Using it, Eq. (3.24) turns to
G +4) = AWE(). (3.31)
where the matrix A can be expressed as
fzr(”>_w2(ﬂ) _f_(U)
A(v) = ( f+() f+(v))- (3.32)
1 0

To relate & (v) with e;;, we note that the value of & (v) at
each pair of consecutive points v and v 4 4 can be encoded
as a linear combination of the WDW components of gff,
that is,

B (v+4) = BE (0)7 (v +4), (3.33)

where the transformation matrix By is defined as follows:

ef(v+4)

e (v)

e, (v+4)
¢ (v)

Using the objects defined above, we can rewrite Eq. (3.31)
as the iterative equation for the vectors of coefficients jj :

B! () = ( ) (3.34)

Zi(v+4) =B (0)A(v)BY (v - 4)74(v)
= M. (0)74 (v).

The exact elements of the matrix M, (v) can be calculated
explicitly for the coefficients of the evolution operator
(3.24). By straightforward calculations, one can find that it
has the following asymptotic behavior:

(3.35)

M (v) = 1+ O(v~173). (3.36)
This result does not grant the rate of convergence needed
for Eq. (3.22). We can improve the level of convergence by
replacing the components ¢, (v) in Eq. (3.29) with func-
tions:

|1}|_1/4

5
L+ a,|o™/? ] ex
|1 el e
7
X [:I:i,u|v|1/2<1+2bn|v'”/3ﬂ, (3.37)
n=1

where coefficients a, and b,, are presented in Appendix B.
Direct inspection of the asymptotics of M} (v) shows that

€ik(”) =

M (v) =1+ O(v™3), (3.38)
which now admits the level of convergence needed for
Eq. (3.22). Modified eigenfunctions (3.37) will be used in a
subsequent paper for the normalization procedure in LQC
numerical calculations [32].

C. Emerging mode-dependent dressed cosmological
background

At this point, we have at our disposal the matter field basis
eigenfunctions |y} ), corresponding to the discrete eigenval-
ues ey, parametrized by n and a family of bases of the
gravitational Hilbert space formed of eigenfunctions |&))
which can be determined numerically and normalized using
Eq. (3.37). To construct the complete wave function |¥,),
we need to determine the spectral profiles cy (1), which may
differ from the profile of the original background state. In
order to determine ¥, (v, T') and describe the eigenfunctions
|&: ) in a convenient manner, which is more suitable for our
perturbation treatment, we expand |& ) as follows, distin-
guishing the hierarchy of corrections by

16k) = NI|&o) + 165)]. (3.39)
where N is the overall normalization factor determined
from orthonormality of the bases. A first-order solution to
Eq. (3.8) can be constructed using profile ¢y () and
eigenfunctions & (v) as [24,31]

¥ (v,T) = / . ducy ()& (v)e T (3.40)
Ue

Here, we are interested in considering only backreaction
effects of the field on geometry and ignoring any correlation
effects between these two. Within this approximation, the
perturbed wave function can be expressed [by substituting
Eq. (3.39) in the wave function (3.40)] as
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¥ (v, T) = /MER dpc(p) & (v)ei@®T

+ [ ducogi (o)
HeR

=W,(v,T) + 8%y (v, T), (3.41)

where we used the same profile for the perturbed and
unperturbed states. The first term on the right-hand side
above denotes the unperturbed wave function, while the
second term represents the corrections in the geometry
quantum state induced by backreaction of each mode of
the field on the geometry. To build first the order total wave
function, following BO approximation, we focus on the
situation where the geometry and field components of the
above backreaction term are uncorrelated (separable), that is,

i (v, 0. T) =¥, (0. T) @ Y (Qu. 7). (3.42)
where wy (Qx,T) is constructed using eigenfunctions
X1 (Qx;v). This indicates that the wave function ¥, (v, T)
of the background, perturbed by the field’s backreaction,
depends on the energy of the mode k. In other words, due to
backreaction, each mode of the field induces different
changes in the geometry state and probes a specific back-
ground geometry which depends on k = |k|.

In zeroth order, in mean field limit (H(?)) =0,
Eq. (3.8) leads us to an eigenvalue equation for the
geometry part, which is

ﬁgrav|§l¢;) = E’é‘fﬁ;) (343)
Tracing out the geometrical d.o.f. in Eq. (3.7), using the
state ¥, (v, T) which is constructed from eigenfunctions
(3.43), yields the unperturbed Schrodinger-like equation

: Loy g ST
i =5 [V, + (), 0. (3:44)

Having found the perturbed eigenfunctions |&) of the
geometry eigenvalue equation (3.20) and constructing the
perturbed state ¥, (v, T'), we get the following Schrodinger-
like equation for each mode of the scalar field:

, | A o
ihdryr =5 (V)L + (V) Okly. - (3.45)

in which we have defined the expectation values (-) with
respect to the total perturbed state ¥, (v, T), i.e.,

(V1) = (W1 (0, D)V (0, 7)) (3.460)
and

(V13 o= (¥, (0, T)| V39, (0, T)). (3.46b)

(Henceforth, we will drop the subscript index for the
expectation value of any operator with respect to the
perturbed background quantum state.) Now, by substituting
the decomposition (3.41) into Eq. (3.45), we obtain the
following equation for the effects of the perturbed geometry
state on the evolution equation of the field:

. | IR .
ihdryie = [((V1y + (V7)) P+ VR,

+(V'73)5) Oy (3.47)
in which we have defined
(Vs = (P, |V 8W) + (8P |V P,)
+ (6% [V |69, ), (3.48)
(V13)5 = (P, |V'3|8¥) + (8%, | V' |¥,)
+ (6% |V13|6%,). (3.49)

Here, (V7'); and (V'/3); are modifications to the back-
ground dressed metric, being probed in a BO approximation
due to backreaction effects. The state 0¥ is expanded in
terms of the eigenfunctions 6& (v) on the right-hand side of
Eq. (3.40). A numerical analysis' for computing this state
was performed in Appendix B. Therein, for a normalization
procedure, we have used the perturbative eigenfunctions
(3.37) of the WDW theory. It turns out that the leading-order
terms in these eigenfunctions depend on k. Therefore, the
correction terms (V~!'); and (V'/3); depend also on k;
hence, they are mode dependent.

The effective equation (3.45) corresponds to an evolution
equation for the scalar perturbation’s state, y, on a dressed
background metric:

Gupdx?dxt = =N(T)dT?* + @*(T)dx*.  (3.50)
By comparison, we find the following relations between the
components of the emerging dressed metric and the
expectation values of quantum operators of the original
spacetime metric:

Na= = (VhH,(1+6), (3.51)
Na=(V'3,(1+86,), (3.52)
where
() (V')
51(k,T) = <V‘1>i’ 8, (k,T) <‘7‘/3>j (3.53)

By solving Egs. (3.51) and (3.52), we obtain

'A thorough numerical investigation in the LQG context will
be presented in an upcoming paper [32].
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Nk, T) = N(T)f(k,T), (3.54)
a(k,T) = a(T)q(k,T), (3.55)
where
flk,T) = (1 +6)Y*(1 + 6,)%/4, (3.56)
q(k.T) = G 12?) . (3.57)

are mode-dependent functions representing the backreaction
effects in the emerged dressed metric . In the absence of
backreaction, f(k,T) and ¢(k,T) tend to unity. Moreover,
Ny and @ are components of the dressed metric given in a
test field approximation (where no backreaction is taken into
account):

(3.58)

(3.59)

Equations (3.54) and (3.55) present the mode-dependent
components of the dressed metric § emerged in the herein
quantum gravity regime. This implies that a “rainbow”
metric emerges in the interior region of the collapse back-
ground spacetime, due to backreaction effects.

IV. EFFECTIVE DYNAMICS OF THE DRESSED
METRIC

From the point of view of a semiclassical observer, we
intend to find a corresponding evolution equation for the
dressed metric component @ with respect to a new time
coordinate 7 with dz = N(T, k)dT. In particular, we com-
pute the Friedmann equation corresponding to the dressed
scale factor @ as H = 0,a/a:

CACE >>
(")

A1/3
I:I _ l (81'(” / >
4 <1A]1 /3>

where (91/3) = a,'*(a) and (') = a,(a~®) and expect-
ation values are computed with respect to the backreacted
background states. To the first-order quantum corrections,
one can show that the backreacted dressed Hubble rate (4.1)
reduces to”

(4.1)

(4.2)

The right-hand side of the equation above is given by [26]

*The details of the calculations are presented in Appendix A.

. N o zG A
(H) = 35 (072 [H gy, 2]57172) = o (43)
where the operator / is defined in Eq. (A5).

By using the central moments C*¢, defined in Eq. (A8),
we get

(H)* = ([) = (2G/a,)*G"", (4.4)
where G2 = ((6h)?). Taking the expectation value of
the total Hamiltonian constraint (2.14) with respect to the
background quantum state yields

(:V'Hgy ) + (:VT'Hp) + (VT H 1) = 0. (4.5)
Also, an energy density related to backreaction can be
defined as

— —_

pr= GVIIHG) = (Ve ) = Nehk(V).  (4.6)
Then, from Eqgs. (4.4)—(4.6), we get
R 5 3G, R
(pr) + N (V) =22 ()= (). (47)

where 7 is defined in Eq. (A5) and (p) is the expectation
value of the total energy density operator, which turns out
to be the sum of the energy densities of dust field and
backreaction.

From Eq. (4.3), we have that (H?) = (zG/a,)*(h?).
Now, by setting this into Eq. (4.4), we get

e =20 (1-20) -

where p., =37G/(2a2) [24] and G™<’s are defined in
terms of the expectation values of the central moments
given in Eq. (A8). Then, by substituting (p) from Eq. (4.7)
into Eq. (4.8), the dressed Hubble rate [Eq. (4.2)] to the
leading-order terms becomes

_ 8zG (pr) +p
%0 >+pk>{1—T"]. (49)

2rG

3 {GOOZ + 4G020] ,

(4.8)

The modified Friedmann equation (4.9) for the dressed
metric (N, @) will be sufficient for our purpose in the rest of
this paper. Interestingly, the energy density of the back-
reaction behaves as a radiation fluid. Clearly, a quantum
bounce still occurs at the collapse final state. However, this
bounce may occur much earlier, because, in the presence of a
radiationlike backreaction, the total energy density of the
collapse grows faster and the critical energy density will be
reached earlier than the case where the backreaction is
absent. It should be noticed that the modified Friedmann
equation above is the evolution equation for the perturbed
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background which is explored by the kth mode of the scalar
perturbation.

V. EXTERIOR GEOMETRY: EMERGENCE
OF A RAINBOW BLACK HOLE

To explore the whole spacetime structure of the herein
model of gravitational collapse, we need to find a suitable
exterior geometry to be matched with the interior dressed
spacetime at the boundary of dust. If the pressures at the
boundary of the cloud vanish (as for a pure dust model),
then it is always possible to match the interior collapsing
spacetime with an empty Schwarzschild exterior. However,
in the present model, an effective nonzero pressure emerges
due to the radiationlike behavior, induced by backreaction,
and the LQG effects (included in terms proportional to
1/pey)- In the following, we will therefore match the interior
region with a generic nonstatic exterior presented by a
generalized Vaidya geometry which establishes a radiating
generalization of the Schwarzschild geometry [33,34].

A. Matching conditions

Let us rewrite the interior metric as

ds? = —di* + @*(t)dr* + r*a*(r)dQ?>.  (5.1)
Now, we define the matching surface X as the (interior)
boundary shell, 9M~, of the collapsing cloud with the
radius r = r, = const. The unit normal vector to the
matching surface, X, is n¢ = a~'(9/9r)%, and the induced
metric on X is given by

hp,dxdx? = —d7* + r*a*dQ?.

The extrinsic curvature K ,;, = %[,n h,;, for Z at the interior
boundary is obtained by

K;b = (niach;h + hc_‘baanc— + h;cabni)'

Y-

Now, let the exterior geometry have a Vaidya form,”
which in Eddington-Finkelstein coordinates its line element
reads

ds? = —F(u, X)du® + 2dudX + X*dQ?, (5.2)

where F(u, X) is the boundary function given by

*Here the mass M, unlike the mass given by the Schwarzschild
metric, is not necessarily a constant. Then, our choice of the
metric may constitute the simplest nonstatic generalization of the
nonradiative Schwarzschild solution to an effective Einstein field
equation. Therefore, we consider a generalized Vaidya metric in
which the mass parameter is extended from a constant to a
function of the corresponding null coordinates u, X, as M(u, X)
[35-37].

2GM(u, X)

Fu,X)=1-
(.X) ;

(5.3)

and M (u, X) is the generalized Vaidya mass. We take only a
region with X > X(u) as an exterior region of the collaps-
ing cloud, to be matched to the interior dressed FLRW
geometry. Once the relations for u(z) and X(z) at ry, are
derived, the form of matching surface in the exterior region,
M, is determined. So, we consider a general matching
surface for M™ being parametrized by (u(z),X(z)) in
terms of z, which has to be identified with the interior
proper time later. The metric on this surface reads

htdxadx? = —[F(0,u)? — 2(0,u)(8,X))de* + X*dQ>.
(5.4)

The unit normal vector components on this surface are
given by

1
T /1=26M/X - 2(0.X)/(0.u)
1-2GM/X — (9.X)/(0,u)
V1 -2GM/X —2(8,X)/(0.u)

(5.5)

X _
ny =

Similarly to the interior surface, using these vectors, we can
find the explicit components of the extrinsic curvature for
the exterior surface.

Following the relations above, we are prepared now to
formulate the junction conditions at X:

(i) From the condition hy, = h,,, we obtain

R(7). (5.6)

X(7)ly = rya(z)
That is, for a given interior scale factor a(z), we can
determine X on the exterior matching surface for the
given shell ry,.
(ii) From the condition &7, = h}, a differential equation
is found for X(u) as

(dX/du)* = (0,X)*(1-2GM /X —2dX/du), (5.7)

which determines the relations between the exterior
coordinates (for the given shell ry).

(iii) The condition K;, = K, leads to a differential
equation for X(u), as
Ky, + 2K/ (dX/du) + Ky (dX/du)>* =0, (5.8)
which turns out to be automatically satisfied when
given the other junction conditions.

(iv) From matching K, = K, by setting X = r,a, an
equation is obtained as
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. 2GM ax\* _ 2GM 54X
X du) X du’

by expanding of which, and using Eq. (5.7), we
obtain

(5.9)

2GM

X

= (aTX)2|Z = ’%(ara)z‘

z

(5.10)

Thus, we obtain a relation between the generalized

Vaidya mass function M (u, X) and the z-time deriva-

tive of the interior dressed scale factor a at X.
The right-hand side of Eq. (5.10) is already determined by
the modified (dressed) Hubble parameter in Eq. (4.9).
However, it would be more convenient to rewrite the
exterior mass function M in terms of a quantum mass M
induced by the interior quantum-gravity-inspired operators.
We will evaluate such a quantum mass in what follows.

From Egs. (5.6) and (3.55), the physical radius of the

collapse reads

R = ryar (V)3 (5.11)

Note that the time dependence in & is encoded in the
expectation value (V)!/3 with respect to the perturbed state
W¥,. Using this, we can write the physical volume of the
spherical cloud as

(47/3)rp (V).

We note that, in classical theory, we have V = V = £3a?,
where g(k,T)=1 and a@=a, so that (4z/3)ri = £°.
Recall that we set £ = 1 throughout previous sections,
which yields r, = (4z/3)'/3.

Let M be the classical mass of the collapsing cloud given
by M = prV. A quantum mass M can then be introduced for
the collapsing cloud, generated now by the background
quantum (dust) matter source plus quantum corrections
induced by backreaction. Since both the matter and geom-
etry are quantized in quantum gravity, the quantized mass is
givenby M = pV = —H erav- NOW, from Eq. (A18), we write
the expectation value of the quantum mass as

= (4n/3)R® = (5.12)

(o]

() = B (0) [P (V) G + per (V) G,

n=0

(5.13)

It turns out that, up to zeroth order (i.e., n =0), the
expectation value of the total quantum mass, (M), is
obtained from expectation value of the quantum mass
associated to the quantized dust cloud and that of the
quantum backreaction of each scalar mode k. It reads
(1) = (p)(V) =

(M) + M,, (5.14)

where (M;) = (p7)(V) is the mass of the dust field and
the second term on the right-hand side is the mass
generated by backreaction of the kth mode:

~ N
V= 'y khk
R

M = py (5.15)

In leading-order terms, by ignoring the moments G*¢,
the time evolution of the backreacted, dressed scale factor a
reads (0,a)? = a*H? ~ (V)?/*H?, where H is given by
Eq. (4.9). Having that 3 (9,a)* = (9.X)?|y [cf. Eq. (5.10)],
we get

2G ,, » 3

(0:X)2|s ~ 2 (87) + M) |1 - (M) + M|

4ap.  R?

(5.16)

For convenience, in what follows we will set R~
ro (V)13 = q(k, T)R to distinguish the area radius R in
the presence of the backreaction from R = rb(V>1/ 3 in
which the backreaction is absent [i.e., ¢(k,T) = 1]. So,
“tilde” and “bar” refer to high-energy and low-energy
observers, respectively. Now, from Eq. (5.10), we obtain
an effective (dressed) mass My:

- ; 3 (i),
M, M),|1—
= >°[ 4rpe R }
rkaflk 1— 3 <MT> + l"kahk
drp, \ R R* )

(5.17)

From Eq. (5.17), it is clear that, unlike the relativistic
collapse of a dust matter, the effective mass My, here is not
a constant and depends on the (dressed backreacted)
physical radius R (at the boundary ¥) and the mode k
of the scalar perturbation. This is a consequence of the fact
that the energy density growth of the (semiclassical
interior) matter cloud is accompanied by a negative
pressure which does not vanish on the boundary surface.

It should be noticed that M, given in Eq. (5.17) is
not the total mass in the Vaidya region (i.e., X > R)
but the mass on the boundary surface X. That is why we
have denoted it by a subscript “b.” Therefore, to find the
total Vaidya mass M(u,X), one needs to determine
the exact form of the energy-momentum tensor, satisfying
the (effective) Einstein field equations and the energy
conditions in the exterior region. Indeed, the reason
for calling this exterior geometry a generalized Vaidya
is that, in a region sufficiently close to the boundary,
we expect that quantum gravitational effects could be
effectively described by an effective energy-momentum
tensor in GR.
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B. Rainbow horizons at the boundary surface

Let us investigate a qualitative behavior of horizons in
the vicinity of the matter shells due to the quantum gravity
effects. The exterior region can be a generalized Vaidya
spacetime, supported by finite density and pressures,
which vanishes rapidly at large distances. Such a space-
time can be consistently matched with a quantum-gravity-
corrected interior region using the discussed boundary
conditions. These conditions are effectively satisfied in
our model for the dust collapse in the quantum regime.
The question of effective dynamics of the exterior space-
time will be answered in the subsequent subsection. Here,
we address the formation of dynamical horizon, when we
know only the dynamics of matching surface X.

When the condition F(u,R) =0 holds in Eq. (5.3),
which is equivalent to 2GM, = X for the known mass
function (5.17), a dynamical horizon forms and intersects
the boundary surface X [38,39]. From the point of view of
the interior spacetime parameters, the right-hand side of
Eq. (5.10) is already determined by the modified (dressed)
Hubble parameter in Eq. (4.9). Thus, when J,a reaches the
value |0,a| = ry!, a dynamical horizon forms. In classical
GR, 0.a is unbounded and diverges at the singularity where
a — 0 (blue and orange curve in Fig. 1). However, in the
presence of quantum gravity effects, 0,d changes from a
finite initial condition and vanishes at some point where a
quantum bounce occurs (red and green curves in Fig. 1). In
this case, there is a turning point in |@|. Based on the initial
values for ry, (i.e., ryy, 1y, €tc.), a horizon may or may not
form. In the presence of backreaction (red curve), the
threshold ag, for the horizon formation, given from
|| max (@) = 5!, is changed and would happen earlier

|a|

50
-1
Tha
40

‘2‘ ' 0‘4 0‘8 0‘8 1‘0 d
FIG. 1. Qualitative behavior of Eq. (4.9) is plotted. Horizontal
lines correspond to different values of r,. The colored curves
represent different effective collapse scenarios: a situation where
neither backreaction nor loop correction are applied (orange
curve); the case where only loop correction is present (green
curve); the case where only backreaction effect is considered (blue
curve); and the case where both backreaction and loop corrections
(i.e., both quantum gravity effects) are applied (red curve).

than the case where the backreaction is ignored (green
curve). This is depicted in Fig. 1, a, > a;, where a, is the
threshold in the presence of both backreaction and loop
corrections (i.e., terms proportional to 1/p,,), whereas a, is
the threshold for the case of a pure loop correction.

C. Exterior rainbow geometry

So far, we have found the boundary mass My (R) in the
Vaidya region due to matching with the interior spacetime
[cf. Eq. (5.17)]. However, in order to specify the exterior
geometry, the total mass M(u,X) should be exactly
determined in the exterior Vaidya region (i.e., X > R).
This requires the knowledge about the modified Einstein
field equations in the exterior region.

Let us assume that the (effective) energy-momentum
tensor in the exterior Vaidya region can be written as [40]

Tﬂl/:GNﬂNU+(Q+p)(NﬂLD+NULﬂ)+pgﬂl/’ (518)
with the help of two null vectors,
0 1 0, sl
N, =206, and LDZEF(M,X)(SD—k&U, (5.19)

such that N;N* = L,L* = 0 and N,L* = —1. Here, ¢ and p
are, respectively, the energy density and pressure associated
to T,,, the effective energy-momentum tensor in the
exterior region that should satisfy the (effective) Einstein
field equations. Using these parameters, the nonvanishing

components of Einstein field equations are

2 dM

Xou) = 2
o(X,u) kX% du’ (5:20)
2 dM
Xou)=—22 21
oxu) =B (521)
(Xou) = - L LM (522)
P ==X BX '

If we project T, to the following orthonormal basis:

HG-%H -5 0 o0
1 (3 . M 1
P A R FENNCES
0 0 % 0
0 0 0 Xsinﬂ

where T',y) = T,€(0) € (1), We find
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S+te 5§ 0 O
§ $—-0 0 O

T(@)b) — (2) 2 0 5 0 (5.24)
0 0 0 p

Assuming an equation of state (EOS) p = wo with w =
const for the fluid and replacing it into Egs. (5.21) and
(5.22), we find the following solution for the mass function:

M(u,X) = aF ()X + F,(u), (5.25)

where f## 1/2 and F(u) and F,(u) are two arbitrary
functions. Constants # and a are related to each other by

plw) =1 —2w=:L.

e (5.26)

Using the mass function (5.25) along with Egs. (5.20)—(5.22),
the effective profiles for the energy-momentum tensor take
the form

2 (dF,(u) dF(u)
“WX>:;P< aw T

CED

o1, X) = %Fl(u)Xﬂ‘3, (5.28)

puX) =L p x

(5.29)
Arbitrary functions F; (u) and F,(u) can be obtained through
matching conditions and should be chosen such that the
energy conditions are satisfied. Once they are found, a
physical energy-momentum tensor is established for the
Vaidya region.

In the absence of quantum effects (i.e., p.; — 0) and
backreaction (i.e., k = 0), the exterior solution should reduce
to the standard Schwarzschild geometry. This corresponds to
a vacuum region with a vanishing energy-momentum tensor,
requiring that ¢ = ¢ = p = 0; thus,

aX? dFl(M) + dFZ(“)

T il (5.30a)
Fi(u)XP=3 =0, (5.30b)
Fi(u)(1=p)XP3 =0. (5.30¢)

The above equations have a solution if F;(x) and
dF5(u)/du vanish in the relativistic limit.

On the other hand, as mentioned above, the energy
conditions will establish additional constraints on F; and
F, [40,41]. In particular, the weak energy condition
(620,02>0,0+ p >0) requires that

Fi(u)>0 and p<2. (5.31)
The weak and strong energy conditions together (¢ > 0,
020, p>0)lead to
Fi(u)>0 and p<1. (5.32)
Finally, the dominant energy condition (¢ > 0,0 >0,
e 2 |pl) yields
Fi(u)>0 and 0<p<2. (5.33)
In summary, the energy conditions acquire the physical
ranges F{(u) > 0and 0 < f8 < 1 for the arbitrary parameters
F and f of the model. 3
On the boundary surface X, where X = R = ryad, we
have

M(u,X)|s = My(R). (5.34)
This yields
i A 3 (i),
aFl(u)Rﬁ + Fz(l/t) = <M>O <1 — 47[pcr RS >, (535)
where (M), is given by Eq. (5.14):
N . ryNhk
(1) = (it} + PNEE. (5.36)

Furthermore, in the absence of backreaction (when k = 0)
and quantum gravity effects (where p., — ©0), the standard
Schwarzschild solution should be retrieved. This, together
with Egs. (5.35) and (5.36), gives the unknown functions as

Fy(u) = &5 (i1, = {8
Pl (| 3 i _pliny)
= Rﬁ0<1_4npcr R3O>_ U (5.37)

Fa(u) = (ity). (5.38)
Once the free functions F'; and F, are found, we can extract
the fluid profiles o, ¢, and p and the mass function M (u, X)
in the Vaidya region.

For the kth mode of the interior scalar field, the mass
(M), [cf. Eq. (5.36)] clearly depends on k. Likewise, the
boundary radius R depends implicitly on k. Therefore, F,
which is a function of (i), and R, will also depend on the
mode k. In other words, for a fixed mode k on the interior
region of the collapsing ball, F'; is unique and depends on
the value of k, so different k’s acquire distinct functions F.
Thereby, the fluid profiles (5.27)—(5.29), defined as func-
tions of F| and F,, are uniquely obtained for a fixed value
of k, as
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2 d{My) | 2af d (My(k) = (M7)
T X2 du K'Xz_ﬁE< RP )’ (5.39)
25 My (k) — (M
Or = Kgﬂ b( ))(3_/3< T> ) (540)
1 — ) My (k) — (M
pk — ﬁ(KRﬂﬁ) b( }){3_/5 T> . (541)

These induced profiles establish a unique energy-momentum
tensor (5.18) in the exterior Vaidya region as

k k
T/(w) = O-kNﬂNl/ + (Qk + pk)(NﬂLu + NZIL/l) + pkgl(“/)'

(5.42)

This implies that, for matching between the inner FLRW
region and the outer Vaidya region to be unique at the
boundary, associated with each interior mode k there
should exist a unique energy-momentum tensor T(y) in the
exterior region. Interestingly, for the specified k, the
exterior metric g;/i, which appeared in the last term of
(5.42), is a unique solution to the Einstein field equation
outside the dust ball. We will find this unique exterior
metric in what follows.

Using the derived F,(u) and F,(u) in Eq. (5.25), the
mass function M(u, X) in the Vaidya region is achieved.
It is clear that the loop correction, encoded in terms
proportional to 1/p.,, appears in the first term of F'(u),
whereas the backreaction effect is included in (M), and R.
Having found M(u, X), the exterior function (5.3) takes
the form

2G . 2G .
Fr(u,X)=1 —7<MT> ~ X7 R

« {<M>0<1 _4”3/)“ <Ag3>0) - <MT>} (5.43)

As expected, the boundary function F(u, X), induced by
the fluid profiles in the Vaidya region, is uniquely defined
for a given value of k and the fluid EOS f. Note that, in
order to show this k dependency clearly, we have set the
subscript k in Fy(u, X).

By changing the time coordinate through du = dt +
dX/F(u,X) in Eq. (5.2), the exterior generalized Vaidya
metric becomes

ds? = —F(t, X)d® + F{' (1, X)dX? + X2dQ2. (5.44)

“There can be other choices for the fluid, such as one with EOS
p = wg’, which carry the interior quantum gravity corrections to
the exterior Vaidya region. In that case, mass function M (u, X) will
be a polynomial of X. In the present model, we are interested in
considering gravitational collapse of a radiating fluid for the
exterior spacetime, so the choice y = 1 suffices for our purpose.

Here, the physical radius X belongs to the interval
7o, v (k)3 < X < 400, where vy, (k) is the minimum
volume of the collapse at the quantum bounce. A physical
interpretation of the emergent exterior geometry (5.44) is as
follows. The interior quantum gravity effects (provided by
the loop correction and the backreaction of field modes)
induce a fluid with the energy-momentum 7, in the
exterior region of the collapsing ball. In fact, each mode k
of the field in the inner region induces an energy-momen-
tum wa) associated with the external fluid, so that there
exists a one-to-one correspondence between the discrete
interior energy-momentum tensor (of each mode k) and the
discretized induced exterior one T,(JL). The full T,w of the
exterior fluid would consist of the full set of the interior
modes k on the same lattice £. The kth mode of the
exterior fluid constructs the k-dependent spacetime geom-
etry (5.44) in the exterior region so that different modes of
the external fluid experience different geometries; a rain-
bow exterior spacetime background emerges.

By setting (¢, X) = 0 in Eq. (5.44), one finds a set of
solutions for horizons. It turns out that, if such solutions
exist for a given value of k associated with the exterior fluid
profile, with a specified EOS parameter f3, a particular set of
horizons emerges. Then, different modes of the fluid would
experience different horizons, so that a refraction of black
hole horizons can occur in the exterior region. Therefore, a
rainbow black hole can emerge in the framework of the
distant observer.

From Eq. (5.43), it is clear that, even at large distances
far from the Planck region (X > ¢p), where the loop
effects [i.e., terms proportional to 1/p., in Eq. (5.43)] are
negligible, a quantum gravity effect will still exist due to
backreaction of the kth mode:

2G _2Grkahk

- (M) - =55

(1 X) =1-=

(5.45)

We are interested in ranges far from the bounce, where the
backreaction effects are still significant while loop correc-
tions are negligible. Therefore, in the rest of the paper, we
will explore the physical consequences of the solution
(5.43) with no loop correction included.

VI. GRAVITATIONAL LENSING EFFECT

So far, we have seen that the quantum gravity effects of
the interior dust ball can be carried out to the exterior region
through suitable junction conditions. For each mode k of the
interior matter field, a generalized Vaidya geometry then
emerges in the exterior region through an induced fluid
with energy-momentum tensor (5.42). We assume that the
external matter is a photonic fluid with discrete energy-
momentum wa) and an EOS w=1/3 (i.e., radiation).
Consequently, the exterior spacetime will be modified
by the backreaction of the induced photons; thus, photons
with different energies experience different spacetime
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geometries.5 In this section, we will investigate the phe-
nomenological implications of the propagation of such
photons on the exterior induced spacetime, by studying
their gravitational lensing and calculate, perturbatively, the
effects of backreaction on the Einstein angle.

We are interested only in effects of backreaction on the
exterior spacetime. Therefore, we consider large distances
from the Planck scale where loop effects are negligible,
whereas backreaction effects through semiclassical gravity
are still present. In this case, the exterior boundary function
is given from Eq. (5.45) as

(6.1)

where we have defined a Schwarzschild radius as Xgq =
2G(M7) and RY (1) = 2r, N k£2,/ RY3(1). Location of the
apparent hOI‘lZOIl Xa g can be obtained by solving
Fi(t, Xan) = 0:

(X — Xs)® —RIX =0, (6.2)
which has the following solution:
(D'°Ri  W(Xs;Ri)
Xaulk) =X , (6.3
AH( ) st W(XS;Rk) 181/3 ( )

where W(Xs: Ry) = (9XsR2 + /81X2R? — 12R9)"".

Now, we intend to compute the deflection angle with
respect to the exterior metric (5.44) with the boundary
function (6.1). The generic geodesic equation can be
written as

dvt

79 +F’kv’v =0,

(6.4)
where v/ = dx'/d9 is the tangent vector to the geodesic
curve and 9 is an affine parameter. For null curves, with
g;;v'v/ =0, on the exterior background (5.44) with the
boundary function (6.4), the full set of geodesic equations
becomes

'+ L@Z/X/ -

1 dFiy,
F, dX

2F% dt

1 dF,

2 =0,
2F, dt

(6.5a)

The backreaction of each mode of photons on the exterior
background changes the spacetime metric, so different modes
will induce different geometries which, in turn, can be probed by
the same modes. This is similar to the refraction of light
wavelengths in a medium with refractive indices which depend
on those wavelengths. Indeed, this is a consequence of the
backreaction of light modes on the medium so that different
modes of light feel different refractive indices and, hence, pass
through different trajectories. This leads to a rainbow feature, as
emerging from a prism.

2
¢+ R+ 2cotf9't = 0, (6.5b)
/! 2 / ! : /\2
0 +E9R —sinfcotf(¢’)* =0, (6.5¢)
1 dF, dF,
" X/ 2 F t 2
2dex( ) +2 ax )
1 dF
x XF[(6)? + sin? 6(¢) HFTk ’X' =0, (6.5d)
k

where, a prime stands for a derivative with respect to 9.
To study lensing in the exterior spacetime, we need to

make a stationarity assumption. We assume that, at an early
stage of the collapse, the crossing time of photons, 7,
much smaller than the timescale of variation of the lens t,
(ie., t, < t;). Then we will derive the lensing observables
through perturbative methods. In the weak field limit, we
will expand quantities in terms of the expansion parameters

€n = Xs/X and €, = (R;/X)*? so that the time derivative
terms in Eq. (6.5) will become of next order; for example,
dF,/dt « e,dR/dt  e,da/dt ekem/ Being interested in
first-order effects, i.e., terms proportional to €,, or €, we
ignore terms with time derivatives in Eq. (6.5). In other
words, we will consider regimes in which stationary features
of spacetime are more important than nonstationary ones.
Without loss of generality, we will work on the equatorial
plane 0 = z/2. Then, Eq. (6.5) reduce to [42]

! ~C/Fy, (6.6a)
X2¢' = b, (6.6b)
Fl (X)) + b2 /X* = 1/F~ =2, (6.6¢)

where C, b, and 1 are constants of integration. For photons,
we set 41 =0, and for simplicity we set C = 1. Putting
everything together in Eq. (6.6), we get the following
geodesic for photons:

dax[1 1 X RYTV?
O e ot I ()
where X, and X, are the locations of source and observer,
respectively. We consider a collection of photons (as part of
the fluid) which start emitting from the source in X,
moving toward the turning point on X, (the closest distance
to the lens, i.e., the dust ball here), where dX/d¢p = 0, and
keep propagating until they reach the observer on X,. The
deflection angle of the trajectory with respect to a straight
line can then be obtained as

Ap(Xo) = (6.8)

|§0(Xso) - ¢(Xob)| -

In turning point, we have
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Fi(Xo) 1
=—, 6.9

whence Eq. (6.7), in terms of the expansion parameters €,,
and ¢, and a new variable x = X,/ X, becomes

P(Xso) = 9(Xob) = </1§0 dx + 11% dx> (1—-x2)7

Xob

e,(1-2%) e (1-x%3)]2
X [1— — .
1—x2 1—x2

(6.10)
Integration in the right-hand side of Eq. (6.10) can be done

perturbatively. Then, up to first order in X/ X o, X0/ Xob» €m>
and €, we get

A(p<X0) = ¢(Xso) - (p<X0b) -7

JA(11/6) X X
_2€m+€k F(4/3) _(]+€m) X7m+X70b
_& (X0 Xo 2
> (Xso +X0b> +O(2). (6.11)

Deflection angle (6.11) contains local and nonlocal terms.
Since the metric function (6.1) is not asymptotically flat [43],
we cannot isolate the whole gravitational system, so it would
be better to take into account the local terms. To rewrite
Eq. (6.11) in terms of the constant of motion b, we solve
Eq. (6.9) for X,,. Taking leading-order terms for Xg/b and
R./b, we get [44]

Xs R
Xoxb|1l—-—=-—5~%]. 6.12
0 ( 2b  2b*3 (6.12)
Then, the deflection angle becomes
X R\23\/=l'(11/6)
Ap(k) ~2—= — —
ow=25+ (3) o
1 1

-bl— O(x?). 6.13
<Xso +X0b> - (x ) ( )

Since the backreaction effects will be important in the
high-energy regimes, using the perturbative approach to solve
the lens equation is not suitable. However, we apply a
perturbative treatment to get a sense of quantum gravity
effects on light rays propagating on the herein mode-
dependent emergent spacetime.6 It is well known that, when
the observer, source, and lens (gravitational field) are aligned,

®For strong gravity and high-energy regimes and including
time variation of spacetime into consideration, an independent
study is required by using numerical techniques; this will be
studied in a separate work [45].

it gives rise to the formation of an Einstein ring. The third
term in deflection angle (6.13) can be canceled according to
initial values for ¢(X,,) and ¢(X,,) at the flat spacetime,
when there are no curvature terms. In this case, we make use
of lens equation 8;D ., = A¢D), in which 0, D, and D
are the Einstein angle of the image, observer-source, and
lens-source distances, respectively. In the configuration
depicted in Fig. 2, we look for the first-order effects, i.e.,
subleading corrections in weak field approximation. We
consider terms up to first order in €,, and €;, in the deflection
angle (6.13) and then apply a perturbative approach to find a
solution for the lens equation. The aim of this investigation is
to get a sense of the order of corrections arising from
backreactions on the Einstein angle.

In our case, the black hole spacetime can be described
by the metric function (6.1). Thus, angular diameter
distances are different from Schwarzschild at spatial
infinity and are different from radial coordinates. To
calculate the Einstein angle, we use asymptotically flat
spacetime relations b ~ D0 + O(e}), Dis =~ X, + O(€}),
and Dy ~ X, + O(e}), which bring errors of the order of
O(e™") in the Einstein angle. As stated before, we are not
looking for exact values, but, instead, we are interested in
finding the order of corrections using a solution like 0y =~
0o + Aperi1 for the lens equation [46]; Ay, is the pertur-
bation parameter that can be read from Eq. (6.13) as

Lens

Observer

FIG. 2. Lensing configuration: deflection of different modes by
a point mass, where lens, observer, and source are highly aligned.
Different modes probe different curvatures and create images at
different angular positions, this chromatic gravitational aberration
can be called a “quantum gravitational prism.”

086002-16



RAINBOW BLACK HOLE FROM QUANTUM GRAVITATIONAL ...

PHYS. REV. D 105, 086002 (2022)

Apert
A(p(k)fv% a3 (6.14)
(R \23 yar(11/6)
lpert—<—zxs) T3 (6.15)

where we introduced Z = b/(2Xs). Using the lens equa-
tion, up to the first order in perturbation parameter A, we

find
D 1/2
0 = (ZXS s > , (6.16)
DosDol
1 (D23 [2Xs\ /3
0, == , 6.17
: 2<Dos> Dol ( )

where D, is the observer-lens distance. Equation (6.17)
indicates that different modes create images at different
angular positions, which leads to chromatic aberration for
the gravitational lens. Considering more terms in expan-
sion of b and 0 adds next-order corrections to 6, and 0.
For better precision, it is more convenient to evaluate
Ag@(k) numerically and use the lens equation to find the
Einstein angle; these investigations will be presented in a
consequent paper [45].

A. An astronomical example

Here, we give an example for gravitational chromatic
aberration in GRBs propagating from near a rainbow black
hole spacetime. This example will show how the free
parameters in the backreaction term of metric function
(6.1) can be practically interpreted. Each degree of freedom
of the electromagnetic field can be treated as a massless
scalar field and has an identical backreaction term [10]. In
particular, here we consider astronomical data of Cyg X-1
for a stellar black hole candidate in our Milky Way galaxy, to
study the gravitational chromatic aberration effects within
our herein model.

GRBs can be created by gravitational collapse of a star
releasing energy (typically ~10**7 J) as electromagnetic
waves [47]. Table 1 depicts two sets of data, “optimistic” and
“realistic” sets of expected values for aberration effects of
GRBs when they are passing by Cyg X-1. In the optimistic
part, we have presented numerical values made from
observations at short distances to Cyg X-1, a few billions
of kilometers, whereas in the realistic part, we considered
observations from long distances to Cyg X-1, a few kilo-
parsecs. Although we made many simplifying assumptions
in our perturbative analysis, we can still trust the order of
corrections for the weak field regime.

The modification term Ri/ P& N 3 suffers from a huge
suppression of the order of ~¢73,, whereas the free parameter
N, can compensate the squared Planck length and play the
role of amplification parameter that enhances the back-
reaction effects. In the numerical calculations, we have taken

TABLE I. Optimistic and realistic values for the image posi-
tions of the Einstein ring with the source position = 0, due to
lensing by a stellar black hole with quantum backreaction effects
(arainbow black hole with chromatic aberration effects). The lens
is the Milky Way black hole candidate Cyg X-1 with mass M ~
20 x Mg, [48]. We take ry, /Ry, = 1 with stationarity assumption
R(f) ~ R ~ ry at an early stage of collapse. Here, E, represents
the energy of the massless particle in electron volts with particle
number N, ~ 10°%; E = 0 shows results for the classical case
where R, = 0.

Optimistic set, D, ~ 1073 pc, D := Dy;/D,, = 0.5

E; Apert 0 (arcsec)
0 0 9.02453456
1 keV 3.29064131 x 10710 9.02453460
1 MeV 3.29064131 x 1077 9.02456801

Realistic set, D, ~2 kpc, D := Dy;/D,s = 0.0005

E; Apert 0r (uarcsec)
0 0 201.79472758
1 keV 3.29064131 x 10710 201.79473023

1 MeV 3.29064131 x 1077 201.79738211

the radius of the boundary shell, r,, to equal the
Schwarzschild radius (note that this is the least value for
the shell radius). Moreover, N, can be interpreted as the
number of photons in an adiabatic regime. Based on
the energy released by GRBs, we take the optimistic value
N, ~10% as an approximate value for the number of
photons in one energy bound. In Table I, we have considered
two energy bands in keV and MeV for bursts probing a
rainbow black hole. In the optimistic case, where rainbow
effects can be observed from a nearby source, modification
to Einstein ring can be of the order of 66 ~ 100 parcsec,
while for the realistic case, in which observation is made
from Earth at large distances from the source, i.e., distances
of the order of ~2 kps, rainbow effects in 8 are minuscule
and at best can be of the order of 60, ~ 10~ parcsec.

VII. CONCLUSION AND DISCUSSION

In this paper, we considered the gravitational collapse of a
(homogeneous) spherically symmetric dust cloud plus a
(inhomogeneous) massless scalar perturbation. Classically,
when discarding the effects of the homogeneous sector of the
scalar field on the background, this model leads to the
formation of a Schwarzschild black hole in the exterior
region. In quantum theory in the interior region, the dust field
T plays the role of internal time which represents the
evolution of the physical Hamiltonian of the gravitational
system coupled to the scalar field ¢. For each mode of the
scalar perturbation propagating on this quantized back-
ground, the evolution equation corresponds to evolution
for the same field’s mode on an effective dressed back-
ground. The components of this dressed metric depend on
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fluctuations of the background quantum geometry. When the
backreaction of the quantum modes is taken into account, the
emergent dressed background turns out to be mode depen-
dent; a rainbow metric (with components depending on the
energy of the field modes) emerges.

The semiclassical behavior of the interior dressed geom-
etry was presented by employing the quantum backreactions
and higher-order corrections due to quantum fluctuations of
the spacetime geometry. The nonclassical features of the
interior spacetime were carried out to the exterior region due
to convenient matching conditions at the boundary of the
dust cloud: An exterior (nonstatic) black hole geometry
[cf. Eq. (5.44)] could emerge whose components depend on
the mode of the induced fluid in the outer region. Properties
of the interior and the induced exterior geometries are
summarized as follows.

(i) At the late stage of collapse inside the dust ball, LQG

effects in the interior region are large; i.e., the terms
« 1/p in Eq. (4.9) are dominant. This indicates that
the classical singularity is removed and is replaced by
a quantum bounce at the final stage of the collapse.
There is an additional correction, o k(V)™*/3, from
the backreaction of each mode k of the scalar
perturbation on the interior quantum spacetime. This
term represents the energy density of a radiation fluid
that appears to be dominant in very short distances, so
that, as the collapse proceeds, the total energy density
of the interior region grows faster, compared with the
case where a pure dust field is considered. A thorough
numerical analysis would confirm our herein results’
which imply that a bounce still occurs in our model,
but the backreaction effects speed up its occurrence.

(i) This radiationlike effect leads to a unique evolution

associated with each mode inside the dust ball. Thus,
for each scalar field mode in the interior region of the
collapse, a unique dressed, classical-like metric
emerges. In other words, different modes explore
different backgrounds, and, thus, a rainbow geometry
emerges in the interior region.

(iii) Outside the dust ball, a generalized Vaidya spacetime,
with a suitable choice of (external) fluids, can be
matched consistently to each interior mode-dependent
spacetime. Therefore, corresponding to each mode k
in the interior region, there exists a unique Vaidya
geometry g, (k) (labeled by the number k), provided
by an external fluid with an energy-momentum tensor
T,(,If,) satisfying the Einstein field equations outside the
dust ball. This leads to a one-to-one correspondence
between the interior field mode k and an exterior fluid
with profiles labeled by k. As a consequence, different
modes and labels, &, of the external fluid explore
different Vaidya backgrounds. This is equivalent to
saying that the components of the exterior Vaidya

"These analyzes will be presented in an upcoming paper [32].

metric depend on the mode or label of the external
fluid, being a rainbow geometry. Such a geometry
may feature “rainbow horizons” with optical proper-
ties different from the classical black holes.

At distances much larger than the scale of the bounce,
where the loop effect (i.e., terms proportional to 1/p,) is
negligible, the quantum gravity effects are still significant
due to the backreaction effects, through a term « 1/X?/3 in
the exterior metric (5.45). Assuming that the external
matter is a radiation fluid, the spacetime corresponding
to each mode of this fluid can be probed as a source of
gravitational lensing; each mode can provide its own
particular Einstein ring, leading to a chromatic aberration
in the gravitational lensing process. Therefore, different
modes see different rings, so that a rainbowlike collection
of rings can be detected from astrophysical observation of
such spacetimes (cf. Fig. 2).

Finally, we should emphasize that the results we
achieved within this paper are not limited to the LQG
approach only. It can be shown that similar conclusions
might arise from other approaches to quantum gravity such
as the geometrodynamics approach.
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APPENDIX A: DERIVATION OF DRESSED
HUBBLE RATE

In order to compute d,d/a in Eq. (4.1), we should look
for 9,(?*), a = —1,1/3. This is given by

(A1)

in which the scalar field Hamiltonian cancels out in the
right-hand side of the equation, because it depends only
on the volume operator. The main tool available at the
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dynamical level is that of effective equations which
describe the evolution of expectation values for a dynami-
cal state. Thus, quantum fluctuations and higher moments
act on the evolution of expectation values, described in
effective equations by coupling classical and quantum
degrees of freedom.

In LQC coupled with dust, the Hamiltonian ﬁlgrav is
given by

N 3zG

grav — |1,>|(N2 - N_2)2 |®| (AZ)

8a,

Volume operator 7 is defined as #|v) = v[v) and Njv) =
e?lv) = |v+1) with [b,d] =2i. The operators

N = exp(ib/2), p, and b satisfy the relations

N", 9] = —nN", [sin?(b), d] = 2isin(2b).  (A3)
By substituting N — N7 = 2isin(h) in Eq. (A2), we

have

R ONC )
It is convenient to define operators
7:=sin2(h) and h :=sin(2b), (A5)
with the following commutation relations:
[7,9] = 2ihh and [k, 3] = 4i(1 —2F). (A6)

To determine the evolution equation for observables <UA“>
under Hamiltonian (A erav)» We make use of a background-
dependent expansion method. A combination of operators
D(@, 7, fz) can be expanded as (by considering a convenient
choice of symmetric ordering)

aa+b+chlm

- 1
2= T BT O

a,b,c=0

abc

D=D((®). (7). (h)) +

(A7)

Note D(d,7, h) is different than the multiplication of
expectation values of operators », 7, and h; to describe
the system completely, infinite central fluctuation operators
C?c are needed, where C%¢ are the (symmetric ordered)
central moments defined by

Cobe = (50)(67)" (6h)° (A8)
and 60 = b — (D), 67 = 7 — ()1, and 6h = h — (A)T are
fluctuations of the operators 9, 7, and h around the back-
ground state with expectation values (%), (#), and (h),
respectively.

Now, following the definitions above, we can find the
expansion of (7%) and (H,,,) in terms of operators (AS8).
To do so, we can expand any operator »* as

2 /a
= (D)1 + 60)* = Z( ><@>“"’C"°0; (A9)
n

n=0

then, by taking its expectation value, we find

X /a
N\ — ~ oz—kaO()7 Al0
=35 (A10)
where we have defined the moments G*% as
GkOO — <Ck00>, CkOO — (5@)k (All)

Moreover, in terms of moments (A11), by using Eq. (A10),
we can now expand the dressed scale factor as

(A12)

To the zeroth order in quantum fluctuations, k, m = 0, the
dressed scale factor @ reduces to a, '/ (9)!/3 [it is worth
noting that expectation values are taken with respect to
the backreacted states, solutions to the full quantum
Hamiltonian constraint (2.14)].

In order to compute the multimoment expansion for the
gravitational Hamiltonian:

N 372G . o
grav — T 2&0 (,UI/Z},.,UI/Z)’

(A13)

one needs to expand the term 7'/27!/2, It should be noted
that the status of the symmetry here is similar to that given by
the symmetric operator (9 #-+7 #)/2 with integer powers of ¥
and 7. Therefore, we expect that the expansion of the herein
Hamiltonian operator (of LQC coupled with dust) will be
symmetric automatically and no reordering procedure is
required. Despite this analogy, in the latter case, the binomial
expansion of the symmetric operator (9 7+79)/2 will lead
to the finite terms around the background state with expect-
ation values () and (7) and will be truncated to a certain
order of quantum corrections provided by (5967 + 6760)/2
once their expectation values are taken. However, in our case,
because of one-half power of the volume operator, expansion
of »'/2#9!/% involves infinitely many terms of binomial
series. So, the Hamiltonian operator can be expanded as
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The rhs of Eq. (A14) indicates that the Hamiltonian operator A gray ON the full Hilbert space is totally symmetric; that is, it
constitutes all possible reorderings of the operator 57 on both sides of the operator 57. The expectation value of H gray Can be

written now as

<ﬁlgrav> =

By defining the central moments G"'° as

ﬂl,%%@ (n_%m><c”‘°>’ (A16)

€10 =(60)"57(50)" ",

G0 .=

(A17)

together with G"* [defined in Eq. (A11)], we can describe
the expectation value of the Hamiltonian of the quantum
system completely by

316G &

<I:Igrav> = - Y Zﬂn<@>1—n[<}>Gn00 4 GnlO]7
(—

(A18)

n

. 3 G o0 o0
([Hyar: ) = =5 S

n=0 j=1 m=0

3G Y ;>< )
2%;,,;(1% n—m

)<@>1-"[<%><<6@> )+

< ) a+1 n—/ﬂnm<<;\,> [CnOO,CjOO] + [CnlO’ Cj00]>.

((6D)™57(5D)"™)]. (A15)

[
where £, is a normalization constant defined by

>. (A19)

m n—m

n 1 1
= p 5 ~nm = 2 2
m;)ﬂm p ( ) (

Now, following Eq. (Al), in order to obtain the time
evolution of (?*), we should compute commutators
between central fluctuation operators C/*° and C"'°. In
particular, we have

(A20)

The first bracket on the rhs of the equation above is zero, so our task will be computing only the second bracket. We get

Zﬂnm

Z Bnm < [Cnlo’ CJOO
m=0

n m n

=)

m=0 a=0 b=

b)"o7(89)" ", (60)])

() (") ()

1
X( 1>n+j a—b— c< >n+j—a—b—c<[@a?@b’@c]

1 n n—m
+§ZZ

m=0 a=0

> 3m(")()()

1
X( l>n+j a—b— c< >n+j—a—b—c<[@a%@b’@c]>.

In deriving the equation above, we have replaced the expectation value of an (nonsymmetric) operator

=2 ()

a=0

by its symmetric counterpart as

)( l)n a— b< >n a— b'\aﬂ*b

(A21)

(A22)
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Using linearity and the Leibniz rule, we get

iﬁ CnlO CJOO Zig ! B n—m J
nm b B
m=0 m 0 a=0 b=0 c=1
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non—m m . n—m m j
+5 nm
zzzﬁ ()CE)
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2SS (e (g () (7 e
S ST Jererser). o
Now we can rewrite Eq. (A1) as
Pl 376 4 + (). (w24)

—in a,
where A(a) and B(a) are given, respectively, by

W SEEES (TN o s

c

- EEEEEE )OO

~d((8D)mtkSh(5p) ). (A26)
|

By dividing Eq. (A24) to (?*) [given in Eq. (A10)], we Inserting the definition (4.3) into Eq. (A27), we obtain
obtain

G(a). (A30)

- = — (F(a)(h , A27

S g @)+ 0@). (A2
By computing (A30) for values « = —1 and a = 1/3 and
replacing them in Eq. (4.1), we obtain the dressed
Friedmann equation H. Let us define

>“"‘G"°°) Ala), (A28)

3

2

1l
N
(e
A/~
> R
~_
S

Fi=Fla=-1). G =Gla=-1).

1 Fr=F(a=1/3), G, = G(a=1/3), (A31)
>“"‘Gk°°> B(a). (A29)

—~
>

and
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SF=F,-F. 66§=G,-G. (A32)
Using these definitions, we derive the dressed Friedmann

equation (4.1) as

. 3 N G
H:Z (5}"- (H) +a—05g).

(A33)

To the leading order, we have

Fim-1+0(G'*/(1).  Gi~0+0(G"/(b))

1
Fanz+0GY/0).  Gr0+0G"/(0)).
In Eq. (A33), the quantum fluctuations included in the
function G are given by moments of the order of G ++4)01
which are very small for large volumes. Therefore, the
second term is negligible, and the squared dressed Hubble
|

rate can be approximated as H? = (9/16)(5F)*(H)>.
Considering only the leading-order correction terms, where
8F ~4/3, the dressed Hubble rate reduces to H> ~ (H)?.
In this approximation, the dressed Hubble rate has a similar
form as the one provided by the effective dynamics of LQC
[21]; however, in the present case, the backreaction should
be included. This leading-order term of the modified
Friedmann equation for the dressed metric (N, &) will be
sufficient for our purpose in this paper.

APPENDIX B: SUBLEADING TERMS
IN EIGENFUNCTIONS e/ ()

The rate of convergence for eigenfunctions is a few orders
weaker than what is needed for numerical calculations. We
found the following corrections improving the convergence
rate of functions (3.37). b, and a, are corrections to the
phase and amplitude of the eigenfunctions, respectively:

a,l a2l 367G + 81°Gut — 4ol P
by=—"=, by=—>57. b= 33,6 ;
zGu 671G 2167°G
by — —10873G* da,l = 217Gt 1 + 5031 be — —10873G* a2 P = 23783 Gt a2 > — 140 1P
o 10807 G*.8 ’ T 907272°Gu'° ’
b —116647°G%u'® 4+ 291607°G®u'? — 7654575GOu® + 4807° G B} 1P + 1460073 Gl P + 280a516
6 4665607°Gy'? ’
—_—— 16647°GOu'%a, 1 + 1245675Gu'2a, 1 + 539677°G uBa,l — 123G B 14 — 931023 G2 ot 1* — 88al B1)
T 34214477 Gy ’
and for a, we find
a,l 50212 363G U8 + 273Gt — 503 1P
a; = — , )y ==~ 7> az = ,
T enGu? DY Ten ’ 14473G3®
432 G*ba,l — 3807° Gt 1 + 650214
a4 = A4 8 ’
34567 G*u
216G a2 > + 6707° G uta2 > — 221 ) P
as = ) (B2)

2073677 G u!?

where [ = '’ N, k.
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