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Schur indices of class S and quasimodular forms
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We investigate the unflavored Schur indices of class-S theories of modest rank, and in the case of N' = 4
super-Yang-Mills theory with a special unitary gauge group of somewhat more general rank, with an eye
towards their modular properties. We find closed-form expressions for many of these theories in terms of
quasimodular forms of level 1 or 2, with the curious feature that in general they are sums of quasimodular
forms of different weights. For type-a; theories, the index can be fixed by taking a simple Ansatz for the
family of quasimodular forms appearing in the expansion of this type and demanding that the result be
sufficiently regular as ¢ — 0. For higher-rank cases, an equally simple construction is lacking, but we
nevertheless find that these indices can be expressed in terms of mixed-weight quasimodular forms.
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I. INTRODUCTION

The Schur limit of the superconformal index of a four-
dimensional A = 2 superconformal field theory [1,2] is, in
general, the vacuum character of a quasi-Lisse vertex
operator algebra (VOA) [3], and as such, is the solution
of a weight-zero modular linear differential equation
(MLDE) [4,5]. As a result, it is in general a component
of a (potentially logarithmic) vector-valued modular func-
tion. Though there are now a good number of examples
where these characters are understood concretely at the
level of modular functions (such as when the associated
VOA is rational, or an admissible level affine Kac-Moody
VOA), the appropriate characterization of the modular
objects arising in the general case remains unclear.

A potentially illustrative set of examples where exact
expressions for unflavored Schur indices are known are the
rank-1F-theory SCFTs. For these theories, the MLDE for
the Schur index is of order 2 and can be solved exactly
[4,5]; for original works, see Refs. [6-8]. For the a; and a,
theories, which are Argyres-Douglas theories, the corre-
sponding indices can be written as a power of the Dedekind
n function' times holomorphic modular forms for the
congruence subgroups I'§(3) and I'(2), respectively:

'"We define various relevant special functions and key construc-
tions involving modular forms more generally in the Appendix.
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On the other hand, for b4 and e ; ¢ theories, all of which are
realized in class S with regular punctures [9], the indices
are (again, up to overall powers of the # function)
quasimodular forms for the full modular group I'}—i.e.,
polynomials in the Eisenstein series E, 4 (7). For example,
one has [5,6]

_ 3E,(7) _ 42E¢(7) — 12E,(7)E4(7)

Iginkl (q) (x)0 (20 .
Jrm ) - () + 00TE(DE(r) .

11n(z)*

and the expressions for the e; and eg theories are more
complicated (but still quasimodular).

Including the # factors, both of these examples would
rightly be described as quasimodular of weight 1 and depth
1. However, from the perspective of the associated VOA,
the most natural modular transformation to consider for
these indices is the weight-zero transformation. Indeed, as
we review later, the weight-k modular action on a quasi-
modular form of weight k and depth p generates a
polynomial of degree p in ¢/(ct + d) with quasimodular
coefficients, so with respect to the weight k — p action, one
has a logarithmic vector-valued modular form [with
(log ¢)’s in numerators rather than in denominators].
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There is a notable difference between the way that the
indices in Eq. (1) and those in Eq. (2) realize vector-valued
modular objects. In the former, it is through holomorphic
modular forms for congruence subgroups that are there-
fore vector valued when viewed with respect to the full
modular group. Alternatively, for the latter (which are
logarithmic), it is through quasimodular forms for the full
modular group, namely Eisenstein series including E,(7),
which give rise to vector-valued functions due (morally)
to the anomalous transformation of the second Eisenstein
series.

In going on to consider more general SCFTs whose
Schur indices satisfy much higher-order MLDEs, it
would be natural to expect a combination of these
mechanisms—quasimodularity and modularity for con-
gruence subgroups of large index—to be at play. In this
paper, we find compelling evidence that for fairly general
class-S Schur indices this is not the case, and rather it is
only a mechanism more akin to the quasimodularity of
the above examples giving rise to the vector-valued
modular functions in question. More precisely, we have
found that the Schur indices of large families of class-S
theories can be written as # function prefactors multi-
plying holomorphic quasimodular forms for the full
modular group.2 Strikingly, in the general case, the
holomorphic modular form in question is of mixed
weight. From these expressions, it is simple to deduce
the full modular transformations of these indices as well
as the dimension of their corresponding modular vector—
i.e., the order of the LMDE that should be solved by
the index.

In the next section, we present many exact expressions
for class-S and N = 4 Schur indices in terms of holomor-
phic quasimodular forms. In the case of a; theories, we
propose a simple (conjectural) procedure to fix the exact
index in any example in terms of quasimodular forms by
positing an Ansatz whose coefficients are fixed by a
straightforward computation. In the following section,
we comment on the general structural features of these
indices that can be inferred from these examples. We
propose an Ansatz generalizing that of the a; case for a,
theories with arbitrary numbers of maximal and minimal
punctures, albeit one whose free coefficients are less easily
fixed. We offer some thoughts about future directions in a
summary section. Some relevant technical details regarding
modular and quasimodular forms are included in the sole
Appendix.

*Here, “full modular group” means the modular group under
which the associated MLDE would be invariant. So, for Schur
indices which are ¢ series, this is the full modular group (I'y),
while for those with half-integer powers of ¢, it is the congruence
subgroup I°(2) [4].

II. EXACT SCHUR INDICES

In this section, we collect and discuss a number of cases
where the unflavored Schur index can be expressed exactly
in terms of # functions and quasimodular forms/Eisenstein
series. In all cases, unless stated otherwise, the evidence for
the claimed equality is a match of ¢ series to very high
orders using other established expressions for the index.

A. Class-S indices of type a;

The Schur index of the class-S theory of type a;
associated with a genus-g surface with s punctures can
be written in “TQFT form” [1,2] as

()" (A1)

(1 _ q)Zg—ZJrs g dimq (ﬂ)Zg—ZJrs ’

Tos(q) = g (3)

where the four-dimensional central charge is given in terms
of the genus and number of punctures by

13(g—1) + 5s
. (9 6) ‘ @

This is also related to the partition function of g-deformed
two-dimensional Yang-Mills theory in the zero-area limit.
Based on the analysis of Ref. [4] (see also the earlier
Ref. [10]), this index is expected to exhibit modular
properties in this normalization with the g“/? prefactor,
which matches the standard normalization for the
vacuum character of the associated VOA. The index in
Eq. (3) can be rewritten by converting the g-Pochhammer
symbols into Dedekind # functions, leading to the
following:

T3(q) = n(2)2e =P (g), (5)

where Pélg(q) is now a series in either ¢ or ¢'/%:

IS (A1)
o= (25)" L g ©

A=0

It is this “#-stripped index” that will be the main object of
our interest in this paper; for small ¢, it can be seen to
behave as g9~'*3, so for physical class-S theories, this is
always regular at ¢ = 0, and in general a number of terms
in the g expansion will vanish, with the first nonzero
coefficient (that of g9~!*%) being one.

In the case of the rank-1 b, described in the Introduction,
we have

Pi)(q) = —12E,(7)Ey(z) + 42E4 (7). (7)

Looking beyond this example to other theories, we find that
this result (with Pélg admitting an expression in terms of
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Eisenstein series) is massively generalized, and the 7-
stripped Schur index of type a; is apparently always
expressible as a finite-order polynomial in Eisenstein series
E,i (7). For unpunctured (s = 0 cases), the results look
especially simple. To list a few examples, we find

1 Ey(r)
Poo(a) = 55+ 5
(1 11 Ey(r) E4(z)
P -
200 =~T50" 1 2
(1 191 Ey(r) Eur)  Ee(r)
P . - .
+0(0) = 150960 T 60 8 2 (8)

These (and many more cases that can be easily checked at a
higher genus) are all quasimodular forms of mixed weight
(with maximum weight 2¢g —2) and depth 1, with the
additional (surprising) simplicity that they are just sums of
Eisenstein series, with no more general products of
Eisensteins. In other words, we have

(9.0)

for appropriate values of the coefficients a;”".

Additionally, as the g series for Pglg(q) must start with

g%~ with a unit coefficient, imposing the correct leading
behavior on Eq. (9) leads to g constraints on the coef-
ficients, exactly fixing them.

Amusingly, one may observe upon studying the solu-
tions of these constraints that in general al-g’o can be
expressed as a polynomial in g of order (g — 1 — i). In fact,

é’f?) is always equal to 1/2, while the rest of

the polynomials always have g = 1 as a root. Interestingly,
the polynomial for the coefficient of the constant term
carries a minus sign relative to the rest of the coefficients
for a fixed value of g. Therefore, we can write

the coefficient a

for0<i<g-—1, (10)
|

fﬁ%q):{ifaymE%{fjf}@ﬂu>+S%

We impose b\ = ¢{**) =0, and the rest of the coeffi-
cients agg ), b;g ) and cﬁ:" ) are fixed by demanding that the

first g — 1 4§ terms vanish, while the coefficient of g4~'*2

s ,S (_l)s (s=2/-1)
{b;g' )[E2j+2(7) + Cﬁg )[E2j+2 [ } (7)} .

where f,(g) are the following polynomials of order (k — 1)
in g; for example,

1 59—4
fi(g) = —ﬁ’fz(g) =830
f()___3592—4.9g+18
3\9) = 725760
175¢° — 315¢% + 2069 — 48

f4(9) = ,

174182400

385¢* — 770¢° + 671¢*> — 2869 + 48
fs(g) = - (11)
22992076800

We have not identified a closed form for the general f;(g)
polynomials.

The inclusion of punctures leads to more complicated
polynomials of Eisenstein series, as well as twisted
Eisenstein series, which arise for odd numbers of punctu-
res. It turns out (nontrivially) that the polynomials appear-
ing can in all examples be rewritten as derivatives of
Eisenstein series (using Ramanujan identities). For exam-
ple, we have

Plo=2E | |0 +21E )

Alo—E| 008 |0 gEe. a2

The question of which (derivatives of) Eisenstein series
appear seems to have a general answer, and all results we
have checked are consistent with the following conjectural
Ansatz for the Eisenstein expression of a general class-S
index of type a;:

(13)

is 1. This turns out to be a consistent set of requirements
which can be uniquely solved. In the case s =0, this
construction reduces to our previous discussion in terms of
straight Eisenstein series (with no twists or derivatives).
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B. Class-S indices of type a,

For class-S theories of type a,, the Schur index for a
genus-g surface with s maximal and # minimal punctures is
given in TQFT form as [1,2]

4(g—1)—6s 1
I (=g @02 (1= -g)
gs.\4) =4 (@)% [(1=gP(1— )Pl
oo : s 3 11
dlméu(3) (’117/12) )(i]ll512>(qz,q 2, 1)1
dimq (/11 712)29—2+s+t ’

X

(14)
A1 =0

where now the four-dimensional central charge in given in
terms of the topological data g, s, t by

100(g — 1) + 425 + 25¢

We will again be interested in the index stripped of #
functions. Since the index now contains g-Pochhammers
with a q% argument, the 7 prefactor contains powers of #(7)
as well as n(z/2). We introduce the #-stripped index as
follows:

,1<T)4(g—l)+2t 2

T Y TRV TSV
g.s,t(CI) ’7(7)657/](1/2)21 g,8,t

(9)- (16)

The stripped indices Pézy),(q) again admit expressions as

polynomials in E,(z) along with holomorphic modular
forms over I'; or I'°(2) as appropriate, the latter corre-
sponding to cases with half-integer powers of g. Here we

P— 1
Cad 12 (15) display a few representative examples:
|
P(g) (q) _ 47 _11[E2(1)_[E2(¢)2 [E4(r) |E6(T)
200 45360 720 24 24 6
P2 (q) = 1422991 269E,(7)  [E,(7)? _5017E4(z)  Ey(r)E4(r) | 23E4(7) E4(7)?
300 70053984000 950400 = 1440 3628800 280 12960 120
_E4(0)Es(r) 2TE4(z)* | 35E4(e)
66 1001 429
2 0,,(7)
Pé,%.] (Q) = 512 4
1
p2 (q) = 864|E(10)(T) _ A(r)
03014 11 1050°
2 1
P§5(q) =38 (0),
2 Ex(z)’ | Ex(1)E4(z) | TEe(2)
Piiolq) =~ 26 +-2 24 g ,
2 1 Ey(z)
P<1.3,1(Q) :ﬁJF >
PP () = 1 B 6.(r)  Ex(r) Ey1)0:(7)  ©1.1(z) ©pa(7) (17)
10249 =790 T o4 T T 144 2 24 288 576

where A(7) is the modular discriminant. For cases with T'9(2)
quasimodular expansions, we have used the ©, ; basis (as
defined in the Appendix) rather than one involving twisted
Eisenstein series as a matter of computational convenience.

Some comments are in order about these results.
Generically, the Eisenstein expressions comprise modular
forms over I'; only for ¢ = 0 (in this case, the associated VOA
is expected to include only integer-weight states). The only
two exceptions to this rule that we have found are displayed in
Eq. (17). The first of these is the sphere with one maximal and
three minimal punctures, and the other is the genus-1 torus
with one minimal puncture. These both admit expansions in
modular forms over I'; even though they have ¢ # 0. The full
Schur indices in these cases still have half-integer powers

|
of g, but these are accounted for entirely by the # prefactor.
Note that the theory with (g, s, #) = (0, 1, 3) is equivalent to
the a, theory with (g, s) = (0, 4) along with fields, while the
a, theory with (g,s,¢) = (1,0,1) is a; N =4 SYM with
free fields, so the q% dependence in these cases in fact comes
entirely from free fields, which indeed contribute powers of
7(z/2) in the prefactor.

For these same two cases, the Eisenstein expressions are
identical to type-a; Eisenstein expressions associated with
the four-punctured sphere and the unpunctured genus-two
surface, respectively:

P s(q)=PMa). PV, (g) = PSo(q). (18)
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The first of these is a consequence of the physical relation-
ship we just mentioned, while the second is a more
mysterious coincidence of g series.

We do not have a simple conjecture for the #-stripped
indices in this class of theories that is on par with Eq. (13)
for type a;. However, in the next section, we will still
manage to propose a (less rigid) Ansatz that substantially
simplifies the process of searching for Eisenstein expres-
sions for these indices.

C. Class-S indices of type a3

Here we wish to briefly touch on the class-S indices of
type a3, restricting to the case of all maximal punctures.
The g-Pochhammer symbols in this case can all be
converted into factors of #(7), and we define the 7-stripped
indices by
|

I5(q) = n(x)°=12P3) (). (19)

We again find that the #-stripped indices admit mixed-
weight quasimodular expressions, though in general they
are quite lengthy. To keep things succinct, we presently
only address the cases of the unpunctured genus-2 theory
and the trinion theory (three-punctured sphere):

(20)

We find the following mixed-weight quasimodular
expressions:

pOl(g) — 1326517 T0093Es(x) 9TE(e) | 13TOEL0) _Es() | IBE(E(E)
20 72648576000 239500800 86400 14515200 864 5040
127E4(7) | Es(1)Eg(r) 3E4(r)* Ey(r)Es(r) | 29E4(7)° 9E4(r)?
120960 180 1120 264 4004 572
() Ey(7)* Ey(7)?
Pys(q) = 142368 20,7(7) — 15056(7) — 3070, 5(7)] + 284736 [©,3(7) = 8037(7) + 520,4(7) + 11505 5(7)]
E,(z
+ m [12096@28 (T) + 10010@2,9 (T) - 103680@37 (T) - 85085@38 (T) + 1023930@46 (T)

+ 3503500, 5 () + 101496605 5(7) — 187687505 4(7)].

1
b [362880,(7) + 100100, 1(z) — 3291840 4(7) — 9009005 (7) -+ 7880760, ;(7)

3825881579520

+ 3853850, 5(7) — 63371160 4(7) — 10010000 5 () + 22972950 4(7)).

We remark that whereas for the three-punctured sphere in
types a; and a,, the index was of definite modular weight,
here we have the a; trinion index already being a mixed-
weight quasimodular form.

D. SU(N) N =4 super-Yang-Mills

The Schur indices of ANV =4 super-Yang-Mills theory
with gauge algebra 811(n) were obtained in closed form in
Ref. [11]. The results in that work were given in terms of
the complete elliptic integrals of the first and second kind.
These complete elliptic integrals can themselves be under-
stood as hypergeometric functions with an argument given
by the elliptic modulus x(z),

s 1 1
K(x) :EZFI <§,+§, l,K(T)Z),
1

1

B0 = 25 (-5 1k ). 22)

(21)

|

where k() = 6,(7)?/605(z)*. From a modular perspective,

these can be expressed in a simpler form in terms of the

second Eisenstein series and theta functions. In particular,

the elliptic integral of the first kind is just a power of a
Jacobi theta function,

T 2

K(x) = 593(7) ; (23)

and using the relation 72K(K — E) = 0, /12 + E,, we

also have the equality for the complete elliptic integral of
the second kind,

7 (205(2)* — 05(7)* — 12E5(7)
O e

With these relations in hand, the results of Ref. [11] can be
cast in the format we are promoting in the present work. It
works out that the Dedekind # factor just depends on
whether the rank of the gauge algebra is even or odd. In
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particular, we have the following expression for the index
of N'=4 SYM with gauge algebra a,,:

T, (q) = [ﬂff(gf]wmodm

PY=4(g). (25)

_ 1 Ey(7) _ 3
N=4 _ 2 N=4 _
P02 (q)_24+ 2 7Pd4 ( ) 640
_ 5 3TE() 5 [Ey(r)
pN=4 _ 2
w9 =758 3840 96 [ 2

As in the class-S examples above, for even n (where the
index is a ¢ series) we find an expansion in I
quasimodular forms. Below, we display the first few such
indices explicitly—it is a simple matter to extend to
higher rank:

E(0) 1 [E
16 Z[ 2 _[E“(T)}’
Bu(r)| + g5 [E2e) ~ GEA(OEL(s) + 8Ec(r), (26)

For odd n, the series includes half-integer powers of g (even after removing # factors). The expansion is then in
quasimodular forms over the T?(2), and again we display the first few indices explicitly:

P =B )
Pﬁg4@_[Ezg)2+[Ez(f)§0,l(f)+ 5;_6 [@02(1)_61'1 (T)] . % {[Ezz(fueoéf)}
+[E§Ef) [522(7) +®0£4<1)} +E2(7)§0,1(T> 34156 {60,;&)_@1‘1(1)] N % [[Ezz(f) +®o;4(f>} (27)

Of course, these are actually equivalent to class-S Schur
indices of type a,, for the torus with one minimal puncture
(up to an extra free hypermultiplet). A free hypermultiplet
only contributes # prefactors to the Schur index, so they
will have the same quasimodular expansions.

ITII. GENERAL STRUCTURE OF THE RESULTS
AND GENERAL LESSONS

The results of the previous section exhibit a great deal of
commonality, with the Schur indices all admitting expres-
sions in terms of Eisenstein series [including the [E,(7)
series] and, in the case with half-integer powers of g, I'°(2)
modular forms O, ((z). These are all examples of quasi-
modular forms. In this section, we review some basic
structure theory of these functions and comment on the
picture that emerges for Schur indices in terms of quasi-
modular forms.

A. Quasimodular forms and MLDEs

A quasimodular form of weight k and depth < p on T is
defined to be a function ¢(r) on which the weight-k
modular action (cz + d)~*¢(yr) generates a polynomial
of degree < p in £ with coefficients that are holomorphic
functions on the upper half-plane. For a pedagogical review

of the subject, see Ref. [12]. It can then be proven that every

quasimodular form of weight k and depth < p on I" (being
either the full modular group or a congruence subgroup)
can be written as [13]

)4

P(2) = Ex(q) ().

r=0

¢, € Mo, (), (28)

where the property of transforming into a polynomial of
degree at most p in S imposes the restriction to at most p
powers of the anomalous Eisenstein series E,(7).

More simply stated, the ring of all quasimodular forms
over I'} is a graded, filtered ring, finitely and freely
generated over C by generators E,(7), E4(7), and Eg(7).
We denote by M, the vector space of I'j-quasimodular

forms of weight k, and by M,(fp ) the subspace with at most

p powers of E,(z). With respect to these, we have

C[E,. E,.Eq] = M, = @Mk - ? 5M§‘SP)' (29)

For I'°(2), quasimodular forms are again polynomials in
E, (), with coefficients being the functions @, ;(¢) defined
in the Appendix. An important feature of the ring of
quasimodular forms is that it is closed under differentiation,
and this respects the filtration by depth,
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D(M,(fp)) C M(SPH),

P D = q0,. (30)

In the case of I'j-quasimodular forms, this follows very
simply from the famed Ramanujan identities for the
derivatives of Eisenstein series, but the same can be shown
to hold true for more general T

We are interested in quasimodular forms that arise in the
context of studying solutions to finite-order modular linear
differential equations (acting at weight zero). Generally
speaking, the Frobenius solutions of a MLDE are ¢ series,
potentially with finitely many powers of log g appearing,
and these transform into linear combinations of each other
under modular transformations. From the definition of
quasimodular forms, for a ¢(z) quasimodular of weight
k and depth p, the modular transformed (cz + d)~*¢(y7)
will have terms that are ¢ series with coefficients of the
form (ct+d)™ for m < p. Therefore, if we instead
consider the weight kK — p action on ¢, we obtain a
polynomial of degree at most p in c¢(clog(q) + d) with
quasimodular coefficients. This motivates treating quasi-
modular forms, as in the discussion in the Introduction of
this paper, as weight k — p objects. In particular, this means
that if we take the combination 7(z)>P=%)¢(z), then this
will naturally transform as a weight-zero logarithmic
vector-valued modular function. An explicit analysis of
this transformation shows that this will in fact be a
component of a p + I-dimensional modular vector of
functions. Further multiplying 1(¢)>?~% ¢(q) by additional
powers of 5(g)? then further increases the size of the
modular vector by one apiece.

In the case of conventional modularity, it is well known
that a d-dimensional vector-valued modular form is the
solution of an order-d modular linear differential equation.
In the logarithmic/quasimodular case, we are not aware
of an analogously strong result, but we find that
d-dimensional logarithmic vector-valued modular func-
tions arising in the context of Schur indices are indeed
solutions of MLDEs of order d, so we will assume in
what follows that this should be the case more generally.
It would be interesting to establish such a result
systematically.

B. Schur indices and quasimodular forms

In the examples of the previous section, we encountered
mixed-weight quasimodular objects with a common
Dedekind 5 factor. Each (fixed-weight) quasimodular form
in such an expression can, as above, be thought of as giving
an element of a logarithmic, vector-valued modular func-
tion, so the mixed-weight objects will be vectors in the
modular representation obtained as the direct sum of the
fixed-weight representations. This then proves useful for
understanding the sorts of MLLDEs that should be expected
for these indices.

Let us consider the simplest example of this, the genus-2
a; theory with no punctures,” with Schur index Z 2ola) =

n(z)?Py(q). where

1 E, (7
Pll(a) = 5 + 20, G1)

We have the sum of two quasimodular forms of weights 0
and 2, with depths 0 and 1, respectively. Per the discussion
in the previous subsection, we can think of the constant
function as lying in a one-dimensional modular vector and
1(7)7>E, () as an element of a two-dimensional (logarith-
mic) modular vector, both of weight zero. Indeed,

T c Io 7)+ 1 T
Es (r )N_<( gq})7[(ETz)(2)+ >+d[§zr()2’

n(yr)*  2ni

where we have ignored an overall phase contributed by the
modular transformation of the Dedekind # function. The
index involves extra factors of 7(7)?, whose effect will be to
introduce additional powers of (cz + d) to the modular
transformation of the index. As explained above, multi-
plying by #(z)? will increase the size of the modular vector
in which a given piece of the index transforms, and so will
increase the order of the MLDE that it satisfies. We then
have that 5(z)?(1) lies in a two-dimensional modular vector
(and satisfies an order-2 MLDE), while #(7)?E,(z) by n(z)*
lies in a four-dimensional modular vector and satisfies an
order-4 MLDE. The index lies in the direct sum of these
two modular representations, so the Schur as a whole lives
in a six-dimensional logarithmic vector-valued modular
function. This is, indeed, in perfect agreement with the fact
that 77!, (g) satisfies a sixth-order MLDE [4].

To represent this situation at the level of modular vectors,
we write

(32)

730(q) € n(x)2[M5(r) @ M5= (1)) (33)

The exact numerical coefficients, equivalently the specific
element of the above space of quasimodular forms, can be
determined by demanding the correct behavior as ¢ — 0. In
this case, the ¢ series for the elements of each fixed-weight
space of quasimodular forms starts with 1, and the correct
combination to yield the true Schur index is to cancel the
leading constant term and fix the coefficient of the O(q)
term to 1. This means that once the summands of the
(decomposable) vector-valued modular function are fixed,
the Schur index is identified with the vector that is the most
regular at ¢ = 0. This is a pattern that persists in all other
examples we have considered.

’See Refs. [14,15] for recent investigations of this theory from
a VOA perspective.
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In general, there are some constraints on the sorts of
quasimodular forms that can appear in the FEisenstein
expansion of a given Schur index, and this is practically
useful when attempting to identify Eisenstein expressions
by matching ¢ series. For simplicity, let us restrict our focus
to cases with pure #5(z) prefactors (so without twisted
punctures in type a,). We then have indices of the form

Z(q) = n(z)* P({E}). (34)

where p is a general power depending on the Schur index,*
and P({E}) is generally a sum of quasimodular forms.
When p > 0, the Eisenstein series appearing in P({E}) are
in principle unconstrained, but for p <0 this will not
necessarily transform as a logarithmic vector-valued modu-
lar function.

Indeed, we previously observed that a quasimodular
form of weight k and depth p can be thought of as a
logarithmic vector-valued modular form of weight k — p
(or, more generally, of weight w < k — p, as reducing the
weight of the modular action only introduces extra loga-
rithmic structure). Thus, for a fixed value of p, the
quasimodular forms appearing must obey the constraint
k — p + p > 0, which becomes a meaningful constraint for
large negative p [see, e.g., P%(q) in Eq. (21)]. Indeed, this
provides important simplifications to the Ansdtze that one
should use when looking for Eisenstein expressions via
matching g-series.

In the following, we consider the classes of theories from
the previous section from the perspective of the spaces of
quasimodular forms they inhabit. We will find that even
though a simple Ansatz for the Eisenstein expression for
these indices is not always forthcoming, we do find
(conjectural) Ansdtze for the relevant quasimodular form
spaces. Once we have determined that, we can follow the
same procedure used above for the genus-2 a; theory to
predict the dimension of the modular vector in which the
Schur index lives, and therefore also the order of the MLDE
that the Schur index satisfies.’

C. Class S of type q;

The Eisenstein expressions for the a; theories contain
derivatives of Eisenstein and twisted Eisenstein series.
These are straightforward to identify as quasimodular
forms over the full modular group and I'°(2), respectively.
To be precise, we have

“In the present setting, we have an opinion regarding the
appropriate power of # functions to strip off based on the TQFT
expression for the class-S Schur index. More generally, it is an
interesting question whether the appropriate 5 prefactor can be
predicted a priori.

*Note that this computation typically gives the order of the
MLDE of minimal order, which can generally have a nonzero
Wronskian index rather than being monic.

E,(q)™ € My 5"2 (1y), (35)
as well as an analogous expression for the twisted
Eisenstein series and I'°(2). For n = 0, the mth derivative
always ends up in M0, whereas for n = 2, as the depth is
already 1, after m derivatives it is equal to m + 1.

The conjectured form [Eq. (13)] for these indices then
implies that the #-stripped Schur indices for a; class-S
theories lie in the following direct sum of spaces of
quasimodular forms:

< = g (<stsi,
P €51 D) @ QI 1)

155 ,
=(Ss—1-2j+6;,)
® @ My, D), (36)

j=0

where I is equal to I'; or I'(2) for the number of punctures
s being even or odd, respectively, and we have introduced
the notation 3&0 =1 —J,. From this, we can determine
the order of the MLDE that the Schur indices of type a,
should satisfy. We first note that the power of the Dedekind
n factor is p = g — s — 1. Focusing on terms in the first
direct sum of Eq. (36), we see that for any fixed i, these will
transform in 2s + 2i + 1-dimensional modular vectors
under weight-0 modular transformations. Including the
prefactor, we get s + g + 2i-dimensional vectors.
Analogously, the terms in the second direct sum corre-
spond to modular vectors of dimension ¢+ s—2j.
Summing over i and j gives us the following predicted
order for the MLDE that these Schur indices must satisfy:

Ordyls = (1-5,0)9(2g+s—1)

a2 2] o

Comparing with Ref. [4], this reproduces the results found
there up to the added feature that where the MLDEs of
Ref. [4] had irrational roots, our formula gives the number
of rational roots (with multiplicity) only. This is because for
these theories, the minimal MLDE has a positive
Wronskian index.

For example, for the case of the eight-punctured
sphere, Eq. (37) predicts an MLDE of order 12.
This can be explicitly verified, and it turns out that the
MLDE in question has a Wronskian index of Z = 18. All
the indicial roots of this MLDE are rational and coincide
with the rational roots observed in Ref. [4], but the MLDE
in that work was monic of order 16 with four irra-
tional roots.

D. Higher-rank class S and A =4

From the explicit expressions for the Schur indices for
class-S theories of type a,, we can read off the following
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spaces of quasimodular forms in which the relevant
Eisenstein expressions reside:

P, e M @ M5V @ 1 @ M
P{ho € Més‘” o " o ™ @ i
® M 8 ®M10 @Mﬁ),
L e
Piyo € M35,
Pols € Mg,
P )
Plos € Mff(’) ® Més”,
PY, e My @ m) @ 1 @ M. (38)

For t =0, these should be understood as quasimodular
forms for I'y, and otherwise they are quasimodular forms
over I'°(2), apart from the exceptions that were noted
earlier.

Though we do not have a construction analogous to
Eq. (13) for the Schur indices of higher rank, we can
nevertheless extract from examples a conjecture for the
space of quasimodular forms in which the Eisenstein
expressions of type a, should sit in general. We have
arrived at this conjecture by explicit calculations, with
some guidance coming from the constraints associated with
Dedekind # prefactors when p < 0 in Eq. (34). Before
writing down the full expression, we consider some
simplified subcases.

Let us first consider the a, theories with genus g and no
punctures. Recall that the Schur index for this case can be
expressed as follows:

T%0(q) = n(q)* VP2 1(q). (39)

The quasimodular forms appearing in the indices for these
theories can be seen (empirically) to fit into three catego-
ries: (1) maximum depth for a given weight, (2) depth 1,
and (3) depth 0, with the different cases occurring for
different values of the weight. All in all, the structure neatly
generalizes to the following expression for general values
of g:

O cdirS @ d o
Pyoo € DMy ®DM Vo D M . (40)
i=0 j=3 k=g+1

We will see that a version of this observation is true even
after adding maximal and minimal punctures to the mix.

Next, we look at the a, theories associated with spheres
with all maximal punctures. A few representative examples
are as follows:

(2) or(<1)
Poso My,

@ ~(<2) o (<d
PO,A)LOEME() ®M18)’

(2) Tr(<5) or(<7)
P0,5,0€M18 ®M20 @Mzz S M,

2 (<6) . =~ (<10)
Pg),%,oeMzz EBMz4 ®Mg6)®M28 @M%o . (41)

where all quasimodular forms are over the full modular
group I';. In this case, the depths of the weight-k quasi-
modular forms are simply given by k — 3s — 2, and this can
be generalized to the following conjectural decomposition:

3x+x(mud2)

(2) (<2i+2-s5(mod2))
PO,S,O € @ M3s+4+21 —s(mod2)* (42)

We now introduce minimal punctures to the above
expression. We have the following examples:

PG € MY,

Pe, e mis) @ migY,

PR e i) @iy @ mig),

PGl e i @ Mg,

Posy € M5 @ 1S @ w5 @ i’

PG, e i @ g @ MY @ MY @ M5 (43)

We see that for an odd number of maximal punctures,
increasing the number of minimal punctures by 1 amounts
to including an additional quasimodular form of weight 2
greater than the previous largest one. However, the case
with # = 0 behaves slightly differently, in that a quasi-
modular form of weight 35 4 2 is absent from the sum.

Upon increasing the number of minimal punctures for a
fixed number of maximal punctures, the depths correspond-
ing to a set of large weights turn out to be first 65 + 1 and
then 6s. This is the same pattern noted previously for
s =t = 0, where for a large enough weight for a given g,
the quasimodular forms had depths of 1 and then 0. We
therefore propose that the general Eisenstein expression
associated with punctured spheres lies in the following
direct sum of spaces of quasimodular forms:

min (1—4+25% o 5] 41) (in)
~ (<DieA,
Posi € @ M3 nyrai
i=0
35+1) =3l 35)
< r+ < s
®M6s+2/ @ 6s+2L |+2k> (44)

where we have defined
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2 —s(mod2), r=0

fo = _{ s(mod2), 1#0 (#2)

Finally, we move on to the case with arbitrary genus and
no maximal punctures (but any number of minimal punc-
tures). As before, adding minimal punctures for a fixed
genus and number of maximal punctures adds a quasi-
modular form with the next allowed weight. For instance,
we have the following examples:

Pg?).l EMO 69]\712 ,

P o @

Pﬁ)xs eMEfO) @M&Sl) EBMSEZ) @M<650)’

P ents? ey o i o m @M%O),

Pyo. i @iy @i g @i e ig”

(46)

Continuing to add more minimal punctures, we again see
the pattern of the first few quasimodular forms having the
maximum depth for a given weight, followed by depths 1
and 0. Therefore, for the general case with s =0, we
propose the following general expression:

Py, € M5 @ M @ (1-6,,6,) M5
(1+sz <<1) 3g-3+t— LzJ ( )
® GB My @ EB M2k+2H (47)

One can immediately check that this specializes to
Egs. (40) and (44) as appropriate.

Finally, a similar result can be obtained for the cases with
more maximal punctures. For a given number of maximal
punctures, the Eisenstein expression generally contains the
following three quasimodular form spaces with maximum
allowed depth for the given weight:

2
(<3s+i=6,,)
@ 6s5+2i ] ’ (48)

with some special cases accounted for by the Kronecker
delta. The difference in this case compared to those with
s = 0 is that there are generally some additional quasi-
modular forms with smaller weights. The forms with
weights less than 6s can themselves be organized into
two groups by observing their depth after ignoring a few
exceptions: (1) where the depths are given in terms of the
weight k as k — 3s — 2 4+ A, + s(mod2), and (2) where the
depths are given as k — 3s + A, + s(mod2), where A, is
the nonzero-genus version of the A, defined above:

2 —s(mod2), t=0

A, =28,08,0— . (49
I 0700 {s(mod2), t#0 (49)

This prefactor can be collected into a separate direct sum
that we can generally express as

— 5 3 r(<0) 5 5 pp(st)
Bosi = 859%2,005.0000M3515 n, © 85920051 M 35,55,

I.zJ_
(L214+5%2)
® @ M3s+2 Ng=28,0092+21

1+s%2+2m)
—Ng=20,00s92,0+2m’

(=2
® @il (50)

where we have adopted the notation Sx,O i=1-5, and
5%?2 for s(mod2).

With these preparations, at last we can present our
conjecture for the direct sum of spaces of quasimodular
forms in which the Eisenstein expressions of type a, with
g # 0 lie:

3&
gsteﬂgst®M6§
<3s5+1 =~ (<3s+2-0,
e(l—ﬁglét.wwé;; '@ (1-8,08,) M)
M<3s+1 3g=341- HM<<zs) 51
@ @ 6s12j D @ 65-+2]4]+2k" (51)

The multitude of Kronecker delta functions allow for
various exceptional cases.

With this expression, for given values of g, s, and ¢, one
can immediately find an Ansatz for the sum of quasimod-
ular forms whose numerical coefficients can be fixed by
looking at a finite number of terms in the g series of the
index. We have verified this conjecture for all examples for
which there are at most nine spaces of quasimodular forms
appearing in Eq. (51).

Using the same procedure as in the a; theories, we can
extract from our proposed decompositions into quasimod-
ular forms a prediction for the order of the MLDE satisfied
by Schur indices of type a,. This general prediction is as
follows:

Ord;zs,t = 5s+t,0(29 - 1) + ( )

» (69—6+3s+2t+/\>
5 )

lOg—6+3s+2t—A>

(52)

We have been less systematic in our analysis of as class-
S theories, but for the examples discussed earlier, we can
again read off the spaces of quasimodular forms present:
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PS&GM&SW@ME” @Mgsz)®Més3)®Méﬂ)
oM @ M5,
P§e M5 0(2) @ M5 (10(2)),
PRI 0 U 0.5 0 T4 o 55!
oMz M oM e o M5 @M.
(53)

In the first and third lines, these are quasimodular forms
overI'}, and in the second, they are forms over I'’(2). Thus,
we predict that 7 % A (()33> and 7 ggg satisfy MLDEs of orders
70, 6, and 247, respectively.

Finally, for the case of N' = 4 super-Yang-Mills indices,
we have the following conjecture for the general form of the
Eisenstein decompositions:

n=0(mod2)
Vg el ™ . (54)

N
e

In this case, all the quasimodular forms that appear in the
Eisenstein expression have a maximum depth equal to half
their weight. Once again, the order of the MLDE that these
indices satisfy can be predicted a la the previous discus-
sion, and we find

%, n = 0(mod2)
Orda = ’ (55)
' ("le, n = 1(mod2)

which matches and extends the results of Ref. [4].

IV. FURTHER COMMENTS

We have seen that there is a rich interplay between Schur
indices of class-S SCFTs and the world of quasimodular
and logarithmic vector-valued modular forms. This is
surely only the proverbial “tip of the iceberg” when it
comes to the modular properties of Schur indices.

Indeed, there is another vantage point on Schur index
modularity that appears to be somewhat different and
warrants mention. The quasimodular FEisenstein series
E,(7) is in fact one of the simplest examples of a mock
modular form [16]. One then naturally wonders whether
the world of mock modular forms and their generalizations
is the more natural environment in which to situate these
Schur indices. We can illustrate this for the case of
Lagrangian N = 2 theories with a SU(2) gauge group
and N, fundamental hypermultiplet flavors. These are
Lagrangian theories, so the unflavored index for these

models in the presence of line defects can be written as
simple contour integrals [10,17,18],

3 P 2 Py, 0). (56)

2riy
where

v S 00% )00y q)

¢(y.q)y, = g n(z) gy )™ (57)

and y, is the character of the A-dimensional irreducible
representation of 811(2) X For Ny < 4, these theories are not
conformal, but it was argued in Refs. [20,21] that never-
theless the Schur index can be meaningfully defined, and in
fact related [20] to the work of Kontsevich and Soibelman
on wall-crossing for BPS states [22]. Note that ¢(y, )y | is

a Jacobi form of weight 1 and index 4 — N, so the Schur
index is given by combinations of Fourier modes of a
Jacobi form. As such, it is expected to be a vector-valued
mock modular form [23], where the size of the vector is
determined by the index 4 — N (which is proportional to
the f function of the theory). The result is mock modular
when the integrand ¢(y, q) N, has poles, which happens
for Ny > 1, and otherwise it is modular.” For Lagrangian
N =2 theories of higher rank, we will thus expect to
obtain generalizations of this mock modular structure. For
example, one could perform the integrals one by one,
starting with just the free hypermultiplet, the contribution
of which is a Jacobi form. Upon performing a single
integral, we would return a form with mock modular
properties, and by continuing the integrations, we should
get higher-level mock modular objects. We observe that
precisely for the conformal case, the indices are quasi-
modular, and the question is whether, for the more general
asymptotically free cases, the mock modular perspective
will be useful ®

We also observe that there now exist Lagrangian con-
structions for many strongly coupled N' = 2 SCFTs, albeit
ones that do not manifest all the (super)symmetries of the
fixed points. This implies that many of the Schur indices
studied here can be written explicitly, not just as infinite
sums of the form of Egs. (5) and (14), but also as contour
integrals. The examples include, among others, many

®We have written the expression for the index on the second
sheet [19], and therefore after taking g — qez’” , which is
reflected in the minus sign in the theta function in the denom-
inator of ¢(y.q)y,-

"In the latter case, the index in the presence of line defects
forms a modular vector, which in fact was claimed to be the same
modular vector as the index in the presence of surface defects
[24].
8]S. S.R. is grateful to A. Dabholkar, S. H. Shao, and M. Oren
Perelstein for discussions on the mock modularity of Schur
indices.
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Argyres-Douglas theories [25] [with indices given in
Eq. (1)], the ¢4 SCFT [10,26-29] [index given in
Eq. (2)], and, say, the three-punctured sphere of type aj
[30] [index given in Eq. (21)]. It would be very interesting
to understand how quasimodularity emerges from such
contour integral expressions.’

Let us note that the Schur index has another interpre-
tation in the framework of 2d/4d correspondences [35].
Namely, it can be identified [2,36] with a correlation
function on the corresponding UV curve of two-
dimensional g-deformed Yang-Mills theory (in the zero-
area limit), which further admits a realization in A-model
topological string theory [37]. As such, our results imply a
potentially interesting modular structure to be investigated
from the perspective of gYM and/or topological strings.

Finally, a crucial question is precisely which subset of
N =2 SCFTs enjoy the simple quasimodular structure of
the Schur indices investigated here. Our results could be
read to suggest that this includes all untwisted class-S
theories (with regular punctures) in general. However, the
example of Eq. (1) illustrates that this cannot be expected to
extend to irregular theories of class S. More generally, as
these Argyres-Douglas theories can be engineered in
twisted class S [38], it is too much to expect the structure
to carry over to twisted class S in general (though a
generalization of the story here could still be relevant).
Similarly, we have attempted to find a relatively simple
quasimodular expression for the Schur index of rank-1
N = 3 theories [39—44] (which are not expected to arise in
untwisted class-S constructions) without success. Thus, we
(at least naively) are led to believe that such models also fall
outside the set of theories in question. Giving a more
precise physical account of the origin of the simple
quasimodular structure observed here would be of utmost
interest.
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APPENDIX: MODULAR FORMS AND MLDE’S

In this Appendix, we present important definitions and
conventions for the modular objects that appear in the main
text. Let 7 take values in the upper half-plane §. The
modular group I’y := PSL(2,Z) acts on § via Mobius
transformations,

The modular group is generated by just two elements:

1
St ——,
T

T: 7->7+1, (A2)
which satisfy $? = (ST)* =1L

There are special subgroups of the modular group that
have finite index and are described via congruence con-
ditions on the matrix entries. The principal congruence
subgroup of level N is defined to be

F(N):{yeF]h/E((l) ?) modN}. (A3)

Any subgroup of I'; that includes I'(N) for some N is called
a congruence subgroup. An important congruence sub-
group for our purposes is the following:

rO(z)—{yemyEC 2) mod2}. (Ad)

This is generated by 72 and ST'S, and it is the subgroup of
the modular group that leaves fixed the spin structure with
antiperiodic boundary conditions on the spatial circle and
periodic boundary conditions on the time circle.
A modular form, ¢, of weight k on I" is a function on [
that is invariant under the “weight-k modular action,”
(et +d)™p(yr) = ¢(7).

yerl. (AS)
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For I'=T"|, the modular T transformation implies the
existence of a Fourier expansion for modular forms,

00
— § anqn’ q:= 627[”,
n=0

(A6)

whereas for I' = I'°(2), T? invariance gives an expansion in
half-integer powers of ¢,

(A7)

0
= E ay q%
n=0

The space of all modular forms of weight k on I" is denoted
by M(T'), and the ring of all modular forms over I'; is
freely generated over C by the weight-4 and weight-6
Eisenstein series, E4(7) and E4(7).

More generally, the Eisenstein series E,; for k > 2 are
particular weight-2k modular forms that can be defined
through their ¢ series as

BZk 2 nZk—lqn
T T T

" n>1

Eyi(z) = (A8)

where B,; is the 2kth Bernoulli number.

The ring of modular forms over I'°(2) is also finitely
generated by symmetric combinations of the fourth powers
of Jacobi theta constants 8, (g)* and 65(q)* over C. These
are defined as

- S e,

n=—o0

-y 4

n=—oo

03(q) (A9)

We can go even further to note that modular forms over
I°(2) of weight 2k are spanned by

0,,(q) = 0:(q)"0:(q)* + 6:(q)"05(¢)*".  (A10)
such that r 4+ s = k. Alternatively, these modular forms can
be described in terms of untwisted and twisted Eisenstein

series, with the latter being special weight-k modular forms
over I'°(2) defined as follows:

-1 B, 1 ®_ (4 LYkl
E, ((]) _ k(z) n Z (J 2) ' ql 2
+1 k! (k—1)! = 1-g't

= (-9 lq"‘
,Z

= 1= 51]

(Al1)

where By (x) is the kth Bernoulli polynomial.
A particularly interesting and important modular form is
the modular discriminant function defined as

9(a:9)% (A12)

ﬁ —y

This is a modular form of weight 12 on I'j, and thus
expressible as

A(7) = 10800(20E,(q)* — 49E4(q)?).
The Dedekind # function can be defined as the 24th root of
the discriminant

(A13)

n(z) = A@)¥ = (43 4) o, (A14)
which transforms as a modular form of weight 1/2 under
I'; along with a phase that depends on the particular
modular transformation.

The derivative of a weight-k modular form is no longer a
modular form. However, the anomalous piece of the
derivative of a weight-k modular form is linear in 7 and
has the same form (up to a factor of k) as the anomalous
piece of the weight-2 Eisenstein series,

E, (‘” i b) — (ct+ d)Ey(7) —

c(ct+4d)
ct+d i

2mi

(A15)

Consequently, it is possible to define a modified derivative
operator—the Ramanujan-Serre derivative—that acts on
weight-k modular forms to return weight-k 4+ 2 modular
forms:

Oy s Mi(T') = My 4»(T),

[ a(0,f) +kEy(2)f. (Al6)
An nth-order differential operator acting on a modular
object of weight k is thus defined by iterating the
Ramanujan-Serre derivative with increasing values of k:

Dy = On+i=2)0n+i-a) -+ Ores2)Oh) - (A17)
When we consider the action of the Ramanujan-Serre
derivative on a weight-zero modular function, we will omit
explicit subscripts.

We end by reviewing the modular linear differential
equation for vector-valued modular forms. A vector-valued
modular form (f(g), ..., f,(q)) is an n-dimensional vector
representation of the modular group by functions on the
upper half-space. Therefore, under a modular transforma-
tion, every element of the vector transforms into a linear
combination of the others. It can be shown that every such
weight-k vector-valued modular form arises as the solution
to an order-n modular linear differential equation of the
form
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> Doin-m (@D filg) =0, (AI)
m=0

where ¢,, is a weight-2d modular form. An MLDE is said
to be holomorphic or monic if the Wronksian index ¢
vanishes. For I'|, this implies that the coefficient of the
highest-order derivative term is the identity, and there is no

order-(n — 1) term due to the absence of holomorphic
modular forms of weight 2 for I';.

In the context of rational conformal field theory, this was
first realized in Refs. [46,47]. For a new mathematical
review, see Ref. [48]. The proof follows from the
construction of the modular Wronskian from the vector-
valued modular form using the iterated Ramanujan-Serre
derivatives.
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