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We study a Born-Infeld inspired model of gravity and electromagnetism in which both types of fields are
treated on an equal footing via a determinantal approach in a metric-affine formulation. Though this
formulation is a priori in conflict with the postulates of metric theories of gravity, we find that the resulting
equations can also be obtained from an action combining the Einstein-Hilbert action with a minimally
coupled nonlinear electrodynamics. As an example, the dynamics is solved for the charged static black hole.
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I. INTRODUCTION

The study of alternative theories of gravity and matter
that may allow to provide a more satisfactory description of
Nature has experienced a boost in the last two decades or
so0, though several examples have been known from much
earlier. An important such example is the Born-Infeld
theory of electrodynamics [1], in which the Maxwell
Lagrangian is classically modified to bound the electric
field intensity, so curing the electron self-energy problem of
classical electrodynamics. Boosted by the seminal work by
Fradkin and Tseytlin [2], determinantal actions also found
relevant applications in M-theory scenarios to describe
charged D-branes. Following the philosophy of the Born-
Infeld electromagnetic theory, attempts to improve the
gravitational dynamics at high curvatures have also made
Born-Infeld inspired proposals very attractive in more
recent years. In particular, Deser and Gibbons [3] consid-
ered a theory based on the determinant of the sum of the
spacetime metric plus the Ricci tensor, but it turned out to
be plagued by ghost-like instabilities. A reformulation of
this theory in the metric-affine framework was then
proposed by Vollick [4], showing that the ghosts are
removed. This new model was popularized by Bafiados
and Ferreira [5], who found that it could also help
avoid cosmological singularities. Teleparallel versions of
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Born-Infeld gravity have also attracted a good deal of
attention [6,7]. Numerous applications in cosmology,
astrophysics, and many other scenarios followed those
works, and the reader is referred to the review article [8] for
a detailed account of the related literature.

The majority of the Born-Infeld inspired modifications of
gravitational theories tend to include the matter following the
standard minimal coupling prescription of metric theories of
gravity (MTGs) [9], which is a practical rule to make the
theory compatible with the Einstein equivalence principle
[10]. This rule simply splits the total action into a gravita-
tional part plus a matter part, Stou = Scraviey T SMaters the
latter being constructed from the Minkowskian theory by
promoting the flat metric 7, to a curved spacetime metric
9uy» using the language of differential geometry and some
minimal coupling prescription (which is not always free of
ambiguities [11]), i.e., Syager = S[Gpp» T V), with P,
generically representing the matter fields.

Perhaps for this reason, attempts to improve simulta-
neously the matter and gravitational sectors by combining
both in a single determinantal-type action have only
received timid attention, with the notable exception, to
our knowledge, of the models considered by Vollick in
[12], who proposed an action of the form

T [ el J=det(g+ R (U) +0M) =275 (1)

where M, represents a quantity constructed with the
matter fields, ¢ and f are suitable coupling constants,

© 2022 American Physical Society


https://orcid.org/0000-0002-7815-2042
https://orcid.org/0000-0002-4294-1138
https://orcid.org/0000-0001-9857-0412
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.084067&domain=pdf&date_stamp=2022-04-29
https://doi.org/10.1103/PhysRevD.105.084067
https://doi.org/10.1103/PhysRevD.105.084067
https://doi.org/10.1103/PhysRevD.105.084067
https://doi.org/10.1103/PhysRevD.105.084067

AFONSO, BEJARANO, FERRARO, and OLMO

PHYS. REV. D 105, 084067 (2022)

and A determines the asymptotic behavior of the vacuum
solutions, with 4 = 1 yielding Minkowski spacetime. For
(massless) scalar fields one can take M,, = 0,¢0,¢, for
electromagnetic fields M,, = F,,, and so on. As pointed
out above, such a construction does not fit within the
gravitational plus matter splitting of metric theories of
gravity and this suggests that theories of that type should be
at some point in conflict with the experimental evidence
supporting the equivalence principle. Nonetheless, Vollick
showed that for M, = 9,¢0,¢ the theory field equations
boil down to those of General Relativity (GR) minimally
coupled to a free scalar field. For electromagnetic and
fermionic fields, at leading order in perturbations, one can
see that the usual Einstein-Maxwell and Einstein-Dirac
systems are recovered, which shows that such theories
admit an MTG representation at that order. This motivates
us to go beyond the perturbative analysis of [12] and try to
find a complete representation of the field equations of
those theories. Due to the technicalities involved, in this
paper we will concentrate on the electromagnetic case, for
which an exact representation will be provided. We would
like to point out that the gravitational-electromagnetic
determinantal action has the appealing property that it
combines linearly the first derivatives of the affine con-
nection with the first derivatives of the U(1) electromag-
netic connection. Thus, in some sense, it is treating in a
similar footing spin-1 and spin-2 massless bosons.
Understanding the resulting nonperturbative dynamics of
such a theory is thus a nontrivial question that deserves
genuine attention.

In this work we will show that for the gravitational-
electromagnetic case it is possible to find an explicit
representation of the full field equations, and that they
turn out to admit a reformulation that fits within the family
of metric theories of gravity, breaking in this way the
apparent conflict posed by the initial representation of the
theory. In fact, the gravitational-electromagnetic case turns
out to be equivalent, at all orders, to Einstein’s gravity
coupled to a nonlinear electrodynamics (NED) theory
which, up to a sign, coincides with the Born-Infeld theory.
Our results suggest that there might be alternative ways of
consistently coupling matter and gravity which break the
standard paradigm set by MTGs.

The paper is organized as follows. In Sec. II we set the
determinantal Born-Infeld-like Lagrangian describing
the gravitational-electromagnetic system, and display
the dynamics resulting in the metric-affine (a la
Palatini) formalism. We show that the affine connection
turns out to be the Levi-Civita connection. Once the
connection has been solved, one can proceed in two ways.
On the one hand one can take advantage of the experience
gained with Born-infeld-like Lagrangians to get the
dynamics in a few steps, as done in Sec. III. However,
this procedure leads to dynamical equations where
gravity and electromagnetism are very intermingled.

On the other hand, one can rework the dynamics to
prove that, in spite of the appearances, the system evolves
exactly as expected in an MTG theory, as shown in
Sec. IV. In Sec. V we solve the dynamics for a charged
static black hole to illustrate aspects of the general
behavior. In Sec. VI we display the conclusions.

II. MODEL AND EQUATIONS

The theory we will be dealing with can be written in
compact form as

I x / d*x[\/=q — /=4 (2)

where g is the determinant of the spacetime metric g, , and
q the determinant of a tensor g,,, defined as

9 = Guw =+ eR(/w) (F) -l—,[)]F”,/(A), (3)

an object containing the geometric as well as the matter
(electromagnetic) fields. Therefore, besides the metric
tensor and the symmetric part of the Ricci tensor,
R, (D)= 0,I%, —0,T%, + %I, T¢I, constructed
upon an arbitrary affine connection F,’i,,, we have the field
strength F,, = 0,A, — 0,A, of an Abelian [U(1)] matter
vector field A,. The constant coefficients ¢ and f are
universal scales with square length and inverse of F units,
respectively. A value of A different from 1 implies the
cosmological constant A = (1 —1)/e.

As the connection I' is a priori assumed to be indepen-
dent of the spacetime metric (metric-affine formalism) [13],
we will work under the only assumption of the existence of
an inverse for g,,, i.e., an object ¢** defined through the
relation ¢"%*q,, = ¢*,. Performing the full variation of the
action (2) one gets

ol /d4x[\/ _qqyﬂéun - )“V _ggﬂbég;w] =0, (4)

where 6q,, = 6g,, + €dR,,)(I") + pSF ,,, and we call your
attention to the index ordering of the object ¢g** (transpose
of ¢"), on which we are not allowed to make any
assumptions about its structure or symmetries.1
Nonetheless, nothing prevents us from exploiting the

known symmetries of g,,, R, and F,, to rewrite (4) as

v uvs

/ A x{(y/=Gq") — In/=G9" )G + €3/=Gq " 6R ) (T)
— By/=Gq"I5F,,] = 0, (5)

'Recall that for any matrix m with inverse 7, one has
8ln [detm,, | = m*ém,,.
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where 6F,, = 20|,0A,). The three variations are indepen-

dent, so let us firstly focus on the I'-related term. The most
general form of the variation of the Ricci tensor is given by

oR,, = vg(arg,,)

Hv - vtl:(b‘rg 85/151—‘6‘/4 ’ (6)

where $7,5 = 21“[ ] is the torsion tensor. After integrating

by parts the 6R,, term in (5) and discarding surface terms”
we obtain the form of the independent 51"’” term, which
leads to the equation

)=v/=aq"

~VE(v=q9"& )+ VI (\/=q4") &,

(7)

Tracing this expression we get V,I:(\/—_qq(’“’)) =
Hq("”) %Sfja. Now, as shown in [15] -and further dis-
cussed in [16]- theories based on the symmetric part of the
Ricci tensor are projectively invariant, and the torsion
appears only as a projective mode which can be gauged
away.3 This implies that, without loosing generality, we can
choose VE(\/—_qu)) =0, which simplifies the above
Eq. (7).
Gathering all the field equations we have

8GN/ =qq") — 2/=gg" =0 (8)
85, Vi (v=q4") = 0, ©)
8A,:0,(v/=qq") = 0. (10)

Equation (8) implies that on shell, Eq. (9) becomes
Vi (y/=99") = 0, thus fixing the connection to be Levi-
Civita with respect to g, (Vgg,w = 0), exactly as in GR.

Equations (8) and (10) govern the dynamics of the
geometry and the electromagnetic field. In principle, they
require inverting the tensor ¢g,,, and splitting the result in its
symmetric and antisymmetric parts. Noticeably, the relation
between the inverse tensor ¢** and the other fields can be
very involved, as we will show later. For the moment, and
in order to gain some insight on the role and properties of
these equations, we find it useful to consider a small
excursion and have a glance at the Born-Infeld (BI)
electromagnetic theory first.

2Regarding the treatment of surface terms in the metric-affine
formalism see the discussion in [14].

3As also pointed out in [15], “Theories containing the full
Ricci tensor will still have a pure gradient projective symmetry,
i.e., they are invariant under a projective transformation. This
already suggests that giving up on the projective symmetry and
allowing for the general Ricci tensor will make the projective
mode to become a ‘Maxwellian field” ”— see however Ref. [17].

Sfa =0.

III. LESSONS FROM BORN-INFELD
NONLINEAR ELECTRODYNAMICS

Born-Infeld electrodynamics is dictated by the

_% [\/_ det(g;w + b_lF/w) -
/—¢|, the BI constant b having units of electromagnetic
field. The dynamical equations read

Lagrangian density Lg; =

0,(\/=gF™) =0, (11)
where the tensor F is given by

Fvr — b—Z P*Fvr
FP = . 12
V1+ 57728 — b~ P2 12

Here S, P are the scalar and pseudoscalar field invariants

—lF Frt = 1*F * P —1*F F/’—lF *Fr

:Z pA __Z pA s 4 pA _Z pA P
(13)

which take part in the relations

F,,F* —*F *F" =288, F,,*F" =*F,,F* = P§,.
(14)

We note that in terms of these invariants the Lagrangian
density can also be written as

b2
Lo == v=g[V1+b225 b2 =1].  (15)

whose weak-field limit yields Lg;= — %F wF* and
recovers Maxwell’s electrodynamics.
The stress-energy tensor is defined, as usual, by varying

the Lagrangian with respect to the metric,

w _ —2 6Ly
Bt V') 59/41/
-p2\ | -2 5\/—det(9 ,+b7'F,)
= <> - L] (16)
4 /=g 09
(signature  + — ——), which results in-see, for

instance, [18]—

4rb 2Tl = =2 FpF = g (1= /1457225 = b4P?).

(17)
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By rearranging the expression (16), the variation of the
squared root determinant of the combined (metric +
electromagnetic field strength) tensors can be expressed as

5y/—det(g,, +b7'F,) -
y/ e, Y b 4 gv). (18)
09 2

A. Dynamical equations for the electromagnetic field

The above formulae can be exploited as a direct way to
derive Egs. (8) and (10). Their usefulness becomes appar-
ent when introducing the notation

g/w = 0w + GR(/w)’ (19)

in terms of which we can write g, = G,, + pF,,. As a
consequence, Eq. (10) is nothing but the BI equation for the
electromagnetic field in a background metric G,,, namely
(see Appendix for details)

,(v/=GF™) =0, (20)

where the tilde indicates that the indices are raised by
means of G*, which is the inverse of the “metric” QW,
namely,

F¥ =GvG'F,,
. 1
Fh = EZ:“/WFM =-3 (=G)~12eriF . (21)

(€°123 = 1), from which one obtains the related invariants
S’, P, and the corresponding F** tensor

Fy/) _ ﬁZP*FD/)

Ve

ﬁ'up =

(22)

B. Dynamical equations for the geometry

Equation (8), the variation of action (2) with respect to
the metric g,,, can also be investigated by exploiting the

5gn(/i _ SHgev
S0 6a5/,, we can

results of the Born-Infeld theory. As

write

5/=q 6\/=q _ 8\/—det(G,, + pF,,) )

59 uv B 6g;w égﬂb ’

and using (18), the dynamical Eq. (8) reads
V=G(G" + 4ap*Thy) = 2/=99", (24)

where T4 is the tilded version of the stress-energy tensor
(17). This means that ¢** must be replaced with G*, and the

tilded magnitudes mentioned in (21) must enter into play.
Besides, b~! is replaced by f.
Contracting this expression with G,,, and substituting

the determinant +/—G = \/=g+/det(8; + €R.), where
R = g”/’pr is written with the Levi-Civita connection,
the dynamical equations for the geometry become

o, + eR*,
det(8#, + €R*))

= 5ﬂy + 4”/32Tﬂv BI» (25)

where

4nfPTr, = —PF0E,, = 34, (1= 1+ p25 - 2.

(26)

Notice that de Sitter geometry, or any other geometry
such that its Ricci tensor is RV, = —Ad*, (A is the
cosmological constant), is a vacuum solution to Eq. (25)
provided that 4 is chosen to be

A=1-cA. (27)

Note that Einstein’s equations are recovered from Eq. (25)
in the weak field regime. This is a foreseeable behavior
since the action (2) becomes the usual Einstein-Maxwell
action in such a limit. As \/det(¢", + eR¥,) ~ 1 +4R,

Eq. (25) goes to
R 2
j.(s”,/ + e Rt — Eéﬂy ~ 6, + 47[[} T", Maxwells (28)
ie.,
R 2 —1
Rt — 55‘“,, - A5‘“y =~ 4777,6 € T, Maxwells (29)

where AR*, = (1 — eA)R*, has been approximated by R*,
because both, the curvature and the cosmological constant
must be weak in Eq. (29). Besides, this equation shows that
the Newton constant emerges from the relations between
the universal scales in the action as

K* =8rnG = 4npe”! (30)

IV. MTG BEHAVIOR OF THE
DYNAMICAL EQUATIONS

Equations (20) and (25), which have been obtained by a
straightforward variation of the action, seem to imply that
the equivalence principle is violated by the action (2). This
conclusion comes from the presence of the Ricci tensor
R, in the Eq. (20) governing the dynamics of the

electromagnetic field; in fact, the Ricci tensor enters in
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the volume /=G and in the tensor F* = GMG"F i
Moreover, the source of curvature in the rh.s. of
Eq. (25) is also contaminated with the Ricci tensor.
However, we will show that the dynamical equations can
be rearranged in such a way that both contaminant effects
of the Ricci tensor will disappear, eliminating the need to
resort to the “tilde operation” or to the volume \/—_g This
means that the dynamics will reveal its MTG character,
despite the fact that the action does not explicitly exhibit
such feature.

A. Electrodynamics
Let us come back to the Eq. (10), where g/ is the
antisymmetric part of the tensor inverse of ¢, =
G T €R () + PF }w.4 In order to obtain ¢/, let us firstly
use Eq. (8) to write

g = g + g =y (5, + a,’), (31)

where we have introduced the notation y = 1./g/¢q and
a;" =77 gapq™, such that @ = g*a,” =y'q*) and
ay = y_lg,mg,,ﬁq[“ﬂ] = —ay,. Now let us introduce the

matrix Q defined as
G =1 9% (32)
For g, to be the inverse of ¢*” it must be
8 = q"qu, = ', + a0, (33)
which can be rewritten as a matrix equation for Q,
iI=Q+a-Q (34)

From here the matrix Q can be solved in terms of the
antisymmetric matrix a, thus linking g, in Eq. (32) to q[/“’]
in Eq. (31). According to Eq. (34), € might result in a
matrix written in terms of a and its dual *a
(Cags = L eapna”™ =1 (=9)"*€yp,7a""). Paying attention
to the relations
—a-a+*a-ra=2s1, —a-*a=-*a-a=pl, (35)
where s, p are the scalar and pseudoscalar associated
with a,

_x

1 a(l/jaaﬁ’

P= aa/} *aaﬂ =

— _ *
§= _a(l/)’aaﬁ - _Z aa/}*aaﬂ9 4

4
(36)

*g* is not meant to represent g, with its indices raised with

g;w’ i'e" q;w # gﬂagpﬂQaﬁ

one concludes that Q should have the form’
Q=cia+ca+cy*a-*a+cyl. (37)

Substituting this expression in Eq. (34), one finds that

1
_ — N = — = s = 38
(%] pci, €3 C1=0C4, €y 1+2s—p2 (38)
(we used ** = —1). In sum, it is
R j_A A PO
O — a—+pra+Ta-*a (39)

1+2s—p?

Since the antisymmetric part of g, = y~'g,,Qf is fF,,,
we get the following relation between the unknown a
and £

_1 T +p* Ay

= pF . 40
1+2s—p? PFw (40)

) =7

So, in order to express ¢ = yal! in Eq. (10), we must
solve the former equation for .

Let us have a short break here to say a few words

about y =14/g/q. The determinant of Eq. (32) yields
g~ ' =y*g " det(T + a); thus it is

(yA)72 = det(I + a) (41)

[use Eq. (34)]. The experience with Born-Infeld
Lagrangians tells us that det(7 + &) = 1 + 25 — p? [since
a,, is antisymmetric; cf. Eq. (15)]. Therefore

(yA)72=1+2s-p* (42)

Thus, Eq. (40) reduces to
Y=y + pa,) =F,, (43)
where F,, = pA~'F,,. By applying the dual operator to
this equation, one gets a second equation to solve a and *a.

The result is

Fyu+p*Fyu

44
1+ p? (44)

a/w = _(yi)_l
From Eq. (43) one also obtains

_ 1. _
S=7 a7 = (yA) (s —2p* —sp?).  (45)

A possible term a@ - a would be absorbed in the other ones due
to the first of the relations (35).

084067-5
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Frh = (y2)p(1 425 = p*) = p.  (46)
Besides,

1-25-P2 =1-2(yA)*(s —2p* = sp*) - p*
=21+ )P (47)

Finally, with the help of Eq. (8), we have obtained the
results that allow us to express Eq. (10)—the field equation
arising from the variation with respect to the gauge field
A,—explicitly in terms of the electromagnetic field
strengths F** and *F*, without the contaminant presence
of the Ricci tensor. In fact \/—_qq[””] is

V=qq" = y1A/=gya"

Fﬂv+p*F/4b
) B i S
4 g 1+ p?

Fww 4 Priw
\/—g—__2
vV1-28-P

(48)

Thus Eq. (10) is

Frv 4 prpw

81, V=) —F——————
-5-p

This dynamical equation resembles the Eq. (11) of the
standard Born-Infeld electromagnetic theory. However, S
enters the square root with the opposite sign; there is also a
change of sign in the numerator. This negative sign in the
square root of Eq. (49) has a strong impact on the features
of the solutions because, as noted by Vollick in [12]; ‘the
square root does not, by itself, constrain the magnitude of
the electric field’. This effect will be evidenced in the static
spherically symmetric solution presented in Sec. V.

=0. (49)

B. Einstein equations

The result (39) is also useful to show that the dynamics
of the geometry is dictated by a source free of the presence
of the Ricci tensor. In fact, g, = g,, + €R,,) can be

compared with the expression resulting from Egs. (32)
and (39). Thus one obtains

g/w + €R(/w) = }//12 (g;u/ + *aﬂa*aau)' (50)
For a vanishing matter field (i.e., a,, =0 and yA=1)
one gets €R(,,) = —(1 — 1)g,, = —€Ag,,; in particular, the
de Sitter geometry is a vacuum solution. Tracing Eq. (50) it

yields

4+ eR =y2*(4 + 4s). (51)

Therefore, the Einstein tensor G,* =R,* - (1/2)R5,”
fulfills the equation

€G! =8, + yA? fa,,ta® — (1+25)5,],  (52)
Equations (44), (13) and (14) imply that

2(S+ P8, — (1 + P2)F, F

* * QU . _ , 53
a1 1-25- P (53)
therefore
1, .. 1+43P2—23P
1+2S:1+§ aﬂaaﬂzw (54)

Thus, using Egs. (46) and (47), Einstein’s Eq. (52) reads

FuaF o+ (1-23)5,

V1-2§-P?

As expected, the curvature is sourced just by the matter
fields.

G} =6, —

(55)

C. Equivalent MTG Lagrangian

At this stage one wonders if there exists an MTG
Lagrangian leading to Eqgs. (49) and (55). So, we will
look for a nonlinear electrodynamics (NED) whose
Lagrangian leads to the dynamics (49), and whose metric
energy-momentum tensor coincides with the source in
Eq. (55). A generic NED theory has an action of the form

INngp = —ﬁ/d“x\/—_g(p(_,lb) (56)

where ¢(S, P) is an arbitrary function of the scalar and
pseudoscalar field invariants. The associated stress-energy
tensor is

2 oL 1 - _
NED NED
= — FPEF, — — Pws .
aff /—g S af 4 [¢S a ' pp ((ﬁ (pP)ga/i]

(57)

The differences of sign pointed out in Eq. (49), if compared
with Egs. (11) and (12), suggests a Born-Infeld-like

function ¢(S, P) = ¢;V'1 =28 — P> + ¢, with ¢; and ¢
constants. Thus, the stress-energy tensor will result

+ <01\/1—25'—I_’2+co

1 cha/)F/)’/)
Ty=1—|"F—7——
4r [\/1 -25 - P?

)]
+07__ aff | - 58
1 =25 P2 Gop (58)

084067-6
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Since 47> = ex? [see Eq. (30)], then Eq. (55) can be read
as the Einstein’s equation ¢G " = eszﬂ” provided that the
constants are fixed as

5 == g (59)

ex?
It is thus evident that the field equations of the theory (2)
can also be derived from an action that adds a Bl-like
Lagrangian to the Einstein-Hilbert one,’

ItGl9us Ayl =

2 A2 d4xrR[9ﬂ»]
+3 ﬁz/d“x\/_(ﬂ\/l—ZS P-1).
(60)

If one compares the electromagnetic Lagrangian of this
action with the original BI Lagrangian (15), one sees that
the factor in front of the invariant S = $?172S within the
square root has the wrong sign, which prevents the theory
from having an electromagnetic field amplitude bounded
from above. Nonetheless, since there is also another global
sign in front of this Lagrangian, the weak field expansion
( — 0) leads to

1
It (G- Al = = 22 d*x\/=g(R + 2A)
1 4
gF ,,FP*, 1
" T6ma ) VI (61)

with A = (1 — A)e™!, which nicely recovers the Einstein-
Maxwell theory with a cosmological constant. We are thus
dealing with a theory that is compatible with observations
in the weak electromagnetic field limit but which cannot
prevent divergences in the electromagnetic invariants at
high energies. We will see this in detail in the next section.

V. SPHERICALLY SYMMETRIC SOLUTION

Despite the undesired features just found about the
electromagnetic sector of the theory under consideration,
|

we will now consider some exact solutions that can be
obtained in spherically symmetric, static scenarios without
the need for finding explicitly the complicated metric
representation of above.

Born-Infeld electrostatics is well known for avoiding
the divergence of the field of a point charge in a flat
background. One could reasonably expect that the action
(2) will soften both the geometric and the electric singu-
larities. However, as already said, any geometry such that
R = —AJ) is a solution to the Egs. (25) in the absence of
sources. In particular, Schwarzschild-de Sitter geometry is
the spherically symmetric vacuum solution. So, contrary to
what could be expected, the action (2) does not remove the
geometric singularity. Let us then turn to the Egs. (20) and
(25) [or, equivalently, (49) and (55)] to know the conse-
quences of the interaction between gravity and electro-
magnetism in the present theory.

We start by proposing a spherically symmetric configu-
ration where the electrostatic field is characterized by
an unknown function e(r) which depends on the radial
coordinate,

1
F:EFm,dx" Adx¥=e(r)dt Adr=—+/pQu?e(u)dt Adu,
(62)

(u = +/BOr~" is dimensionless and the electric charge Q is
assumed to be positive), and the interval has the form

d 2
ds? = f(r)df® — <— — 2(d6? + sin® 0dgp?)

f(r)
2
= f(u)dt* - ﬂ—gdi - ﬁ—Q (d0* + sin® 9d¢p?).  (63)
u* f(u)
The function f(u) can be conveniently written as
o = ) = 1+ L un(u) (64)

Thus, the tensor 8%, + eR*, in the chart (¢, u, 0, ¢) turns out
to be

1+ ut [l (u) + 4 h" (u)] 0 0 0
0 1+ u?[h (u) +4n" 0 0
&, +eRt, = ) 3w : (65)
0 0 1 —u*h (u) 0
0 0 0 1 —u*h (u)

®No matter whether the variational process is metric-affine or just metric.
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and the square root of the determinant of G, = g, + €R,,
reads

V=G = (BQ)¥? sinOu~* (1 +ut [h’(u) + gh”(u)} >
x (1= uh (u)). (66)

Equation (20) is fulfilled for any function /(u) whenever
the field e(u) is

1+ ut [0 (u) + 20" (u)]
VI+u = W) 2 = uh (w)

e(u) = pu? (67)

In fact, in such a case the expression v/—GF*¢ in Eq. (20)
does not depend on u besides a global sign change at the
value of u where u*h'(u) = 1; if u*h'(u) < 1, then

~ .0 0
V—-GF = Qsm@at A o (68)
Remarkably, Eq. (67) shows that the well known regular
Born-Infeld pointlike solution e(u) = g~'u?(1 + u*)~'/%is
a valid solution not only for a Minkowskian background,
but for a fixed background spacetime where h(u) is a
constant (Schwarzschild geometry). Moreover,

A
N/

is the solution in the Schwarzschild-de Sitter background,
which corresponds to

e(u) (69)

a-1

h(u) 3u3

A
+ constant = — % + constant.  (70)
u

Let us now focus on Eq. (25). The stress-energy tensor
for the proposed configuration takes the form

T, g = —%ﬂzdiag(l - C(u),
1-C(u), 1-C)™", 1-C)™), (71)

where

_ \/1 +ut — ' (u)(2 — u*h' (u))
1 —u*h (u) '

C(u) (72)

The function h(u) appears only through its first and
second derivatives in Egs. (65) and (72). The solution to the
metric field equations (25) is

h(u) = /duu“‘(l V22 —ub). (73)

At this point we must remember that the field /—GF** in
Eq. (20) is well defined if u*h'(u) < 1. In the light of the
result (73), this implies that both the metric and the
electromagnetic field are well defined whenever u belongs
to the interval 0 < u < /|4| ~ 1.

By replacing the result (73) into Eq. (67), e(u) turns out
to be

Au?A

() =T—s (74)

Therefore, if the geometry is not a mere background but is
sourced by the electrostatic field, then e(u) must lose its
smoothness in order to be able to solve the full set of

equations; e(u) is divergent at u = /]4|, which defines a
critical sphere of area A = 4xr2 with r2= pQ/A. The
different signs in the square roots of Eqgs. (69) and (74)
is a direct consequence of the negative sign accompanying
Sin Eq. (49), contrasting with the positive sign in BI theory.
The divergence at u = \/W is shared by both the geometry
and the electrostatic field, as evidenced by the field scalar
invariant and the scalar curvature which yield’

The geometric character of the singularity is not only
evidenced by the divergent values of S and R, but in the
finite proper time required for a particle to reach u = |4|'/2.
In fact, the metric is well behaved at the singularity, since
the function A (u) in Eq. (73) is regular at u = |A|'/2. In this
sense, it is interesting to notice that the energy density as
computed by the stress-energy tensor (57) is also finite
there, taking its maximum value p = 1/(4zf?), though the
transverse pressures diverge (see [19] for a related dis-
cussion on whether one can identify singularities beyond
GR by looking at the divergence of different scalars).

Let us now analyze the function 4 (u), which is the basic
block of ggy as shown in Eq. (64). By expanding the
integrand in Eq. (73), one gets the behavior of the function
h(u) at the lowest orders; using Eq. (27), the result is

eA u

h(u) = —/pQ3>M — 33Tt o), (76)

where M is the integration constant representing the mass,
and O(u’) denotes the order of the truncation error in the
series expansion. According to Eq. (64), gy is

~ —2 4 .
"However S(u) = _/32; does not diverge.
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Goo=f|u= ,
L PMA L (PO (O
=1 3 e Tages 00T (T

Thus, Reissner-Nordstrom-de Sitter geometry is recovered
(remember that f?¢~! = 2G) far from the center. However,
the term of the electric charge is altered by the unexpected
presence of the parameter A, which is a consequence of the
form of the action (60) (also recall that it is very close to
unity). Performing the integral (73), one finds that the
function h(u) can be written as

where , F; is the hypergeometric function. Taking 4 = 1 for
clarity [vanishing cosmological constant A = (1 —1)/e],
the metric function f(u) can be written as

2 4
ey s 3 1l
f(”_r>_1 r 36{1 2F1< 4 2’4’#‘)]’

(79)

which depends on the Schwarzschild radius r¢ = 2GM, the
size of the critical sphere, r, =+/fQ, and the length-
squared parameter € that modulates the gravitational sector
of the theory. Expanding for large r, simply leads to

f(r)zl—%—#%, and given that r!/2e = GQ?, we
recover the result of (77). Evaluating (79) as u — 1

(equivalently, when r — r.), one finds that

2
fr)=1- ? n 0.5407%, (80)

which is finite, as already mentioned. One can check

. o 4
numerically that the approximation f(r) ~ 1 =" + 57

excellent everywhere even for small values of rg (see
Fig. 1). The structure of horizons is thus the same as in the
Reissner-Nordstrom solution as long as rg is not too small
and the standard inner horizon lies above r.. Whenever
the inner horizon is expected to arise at r < r,, then the
solution only has one nonextremal horizon, because

is

the geometry is not defined below r=r. If rg<

~

r.(1 4 0.5407 r;z) and € 2 r., then there are no horizons
(see Fig. 1 for examples and note that for rg= 0.8r.
(orange curve) we can still have two horizons, but they
disappear soon if rg is reduced keeping e constant or if € is
increased).

Before concluding this section, let us compare our results
with the solution to the usual Einstein-Born-Infeld (EBI)

flr]

r/re

rs=2rs,, €=(re/3)?

rs=2rs,, €=(rg/2)? rs=0.8rs,, €=(rc/3)?

rs=rs,/2, €=(rg/3)% - Approximation

FIG. 1.
form (continuous curves) and via the approximation f(r)~ 1 —

Representation of the metric function f(r) in its exact

4
o +2Zﬁ (dotted gray curves) for different values of rg and e

taking r, as unit of measure. The approximated function is always
an excellent representation of the exact solution except very near
r=r, in some cases (blue curve). Note that nonextremal
solutions with a single horizon are possible (blue and green
curves). When rg > rg_ore < r, the usual structure of horizons
of the Reissner-Nordstrom solution is recovered (not shown in

this plot). The scale rg_is defined as rg = r.(1 4+ 0.5407 é)

dynamics [20], which we summarize below. The functions
e(u) and h(u) are

__plu _ -4 /1L 2.4
€EB] = T2 hggr=— [ duu (/1— 14+A%u )
(81)

The geometry is singular at # = co (r = 0), and there can
be two, one, or no horizons depending on the relations
between the parameters (see details in Ref. [21]). However
the field invariant S remains bounded,

ﬂ_2u4/12
SEBI = ———5 - 82
EBI 201+ 2% (82)
In the weak-field region the metric takes the form
MA L, (BOA)? (BOA)

EBIZI_'B _a o _ o(r19),

900 er 30 * 2er? 40er® +007)
(83)

which exhibits subtle differences with respect to Eq. (77)
coming from different signs and the different role of 1 in
hegi(u) as compared to h(u) [see Egs. (73) and (81)].
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VI. SUMMARY AND CONCLUSION

We have studied the field equations coming from a Born-
Infeld-type determinantal Lagrangian that linearly com-
bines gravity and matter, when varied within a metric-affine
(a la Palatini) framework. This formulation explicitly
violates the postulates of metric theories of gravity
(MTG) by construction, which raised concerns about its
compatibility with the Einstein equivalence principle.
However, by carefully analyzing the field equations when
the matter sector is described by an electromagnetic field,
we have shown that the dynamics of the theory can be
equivalently obtained from an MTG action which adds the
(Einstein-Hilbert) GR action to a Born-Infeld electrody-
namics theory with a “wrong” sign. This result is exact and
independent of the symmetries of the particular solution
presented in Sec. V. The appearance of a nonstandard sign
in the electromagnetic sector prevents the bound of the
corresponding invariants, which breaks some of the appeal-
ing aspects of the standard Born-Infeld electrodynamics
theory and leads to undesired physical properties. In fact, in
Sec. V, we explicitly show that both the electric field
amplitude and curvature scalars diverge at a location which
can be reached in finite affine time, thus confirming the
singular nature of that solution. It should be noted,
however, that despite the divergent electric field amplitude
at r = r, the energy density there is finite. Another curious
aspect of the solutions studied is that for configurations

with sufficiently low mass, rg < r.(1+ 0.5407 g), all
solutions become naked singularities. For higher masses,
the solutions are almost coincident with the Reissner-
Nordstrom spacetime.

It is important to note that the methods introduced here to
deal with the inverse of the tensor g, are generic and can
be applied whenever an antisymmetric part appears in the
linear combination that defines ¢g,,. Thus, more general
electromagnetic scenarios and combinations of different
matter fields can be tackled following a similar procedure.
Despite the fact that the model considered here does not
prevent curvature divergences, as explicitly shown in the
example of Sec. V, the possibility of more general actions
that result in regularized geometric and matter sectors
cannot be ruled out. Thanks to our results, such theories
are now accessible to exploration and new results will be
reported elsewhere soon.
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APPENDIX: BORN-INFELD
EQUATION DERIVATION

To obtain the antisymmetric part of §~! we first write the
relation (in matrix form)

gt = (G+pF)
= (I+pG F)1G

— (Spr@ )

n=0

(A1)

Noting that G™'F = GF oy = F*,, and using the proper-
ties (13) and (14) of antisymmetric tensors, it is straightfor-
ward to show that the series expansion above can only have
four kinds of terms, namely,

> (-G By

= H(8" 5 — pF'y + P F 2 F5 + PP, (A2)

where the overall scalar factor H can be directly identified
by solving the identity

I=1+pG F)" 1 (1+pG'F)
=H (8~ pFF y+ P FF PPy P Fry) (80 + PP ) =6,
A3)

—~

from which we get # = (1 + %25 — p*P?)~!. Thus, the
inverse of g,, in terms of the inverse of G,, reads
gﬂl/ _ ﬂF;w +ﬂ2*Fﬂa*Frxu +ﬂ313*177;w
1+ 2285 — p*P? '
Extracting the antisymmetric part of (A4) and using that
*Fle *FYle = 0, and that Gy, is symmetric and nonsingular

g = (A4)

by definition and therefore Q["”] =0, we get
F/,w _ ﬁZP*FﬂI/

g~ ['Lw] =) ————=—=5 - A5
O =)
On the other hand, writing ¢, as ¢,, =G, (8", +pE?,),

its squared root determinant takes the form
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V=G = /=G\/det(&?, + pF?,) = \/=G\/ 1 + 243 — p*P?,

So, using (22), we can finally write down

F/w _ b—ZP*F/w

(A6)

(A7)

V=l = —pyV/=G

which proves the Eq. (20).

= —pv/-GF".
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