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Is gravitational collapse possible in f(R) gravity?
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Gravitational collapse is still poorly understood in the context of f(R) theories of gravity, since the
Oppenheimer-Snyder model is incompatible with their junction conditions. In this work, we will present a
systematic approach to the problem. Starting with a thorough analysis of how the Oppenheimer-Snyder
construction should be generalized to fit within metric f(R) gravity, we shall subsequently proceed to
explore the existence of novel exterior solutions compatible with physically viable interiors. Our formalism
has allowed us to show that some paradigmatic vacuum metrics cannot represent spacetime outside a
collapsing dust star in metric f(R) gravity. Moreover, using the junction conditions, we have found a novel
vacuole solution of a large class of f(R) models, whose exterior spacetime is documented here for the first
time in the literature as well. Finally, we also report the previously unnoticed fact that the Oppenheimer-
Snyder model of gravitational collapse is incompatible with the junction conditions of the Palatini

formulation of f(R) gravity.
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I. INTRODUCTION

f(R) theories of gravity [1,2] are among the simplest
possible extensions of general relativity (GR). Fueled by
the discovery of the accelerated expansion of the Universe
in 1998 [3], f(R) theories became ubiquitous in cosmology
[4,5] for two main reasons. First, within the f(R) formal-
ism, it is not necessary to include an ad hoc dark-energy
component in the stress-energy tensor of the Universe.
Instead, the accelerated cosmic expansion arises naturally
in f(R) theories as a consequence of the modified gravi-
tational dynamics. Second, it is straightforward to construct
f(R) models of gravity which are compatible not only with
cosmological observations, but also with Solar System
experiments and other local gravity constraints.

Despite their success in explaining cosmological obser-
vations, f(R) theories of gravity have not proved to be
equally fruitful when one attempts to describe compact-
object dynamics. So far, only static stellar configurations
have been studied within the f(R) formalism, both in the
relativistic [6,7] and nonrelativistic cases—for a review, see
[8]. What is more, gravitational collapse is still poorly
understood in the context of f(R) gravity. Conversely,
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exact collapsing solutions in GR have been known from
very early on. For example, the Oppenheimer-Snyder
model [9], describing the gravitational collapse of a uni-
form-density dust star, was conceived as early as 1939. The
Oppenheimer-Snyder construction is particularly insightful
in the sense that it is the simplest possible model of
gravitational collapse. More realistic descriptions are all
qualitatively similar to the Oppenheimer-Snyder picture,
hence its importance.

When one attempts to describe the gravitational collapse
of a uniform-density dust star in f(R) gravity, most
difficulties arise because the junction conditions of these
theories differ from the renowned Darmois-Israel junction
conditions of GR [10,11]. In particular, junction conditions
in f(R) gravity put tighter bounds than those of GR, both in
the Palatini [12] and metric [13,14] formalisms. On the one
hand, any construction involving a dust star interior and a
vacuum exterior is impossible on Palatini f(R) gravity, as
per its junction conditions.' On the other hand, dust stars
are not incompatible with the junction conditions of metric
f(R) gravity a priori. However, progress toward a simple

'To the best of our knowledge, the fact that dust stars are
incompatible with the junction conditions of Palatini f(R) gravity
presented in [12] has not been pointed out on any previous works,
even though it is a straightforward consequence of such junction
conditions. For the sake of completeness, we provide a discussion
of this fact in Appendix D.
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account of gravitational collapse within the metric
formalism has been further hindered by the necessary
nontriviality of the exterior spacetime, which is not known
in principle [15]. Because of this, previous works in the
literature did not take into account the junction conditions
nor the exterior, and instead focused on determining the
evolution of the interior spacetime for various equations of
state [16,17].

For all these reasons, in this work we shall endeavor to
take a first step toward shedding some light on the issue of
gravitational collapse in metric f(R) gravity. We will
consider the collapse of a spherically symmetric, uni-
form-density dust star under its own gravitational pull,
with the purpose of extracting as much information as
possible from the relevant junction conditions. In particular,
we are able to obtain some no-go results which severely
constrain the form of the exterior metric. As a by-product,
we find a previously undiscovered static vacuole solution of
a large class of f(R) theories of gravity. Remarkably, this
novel solution is not a solution of GR. Moreover, as far as
we are aware, the vacuole is one of the very few known
glued spacetimes which satisfies all the relevant junction
conditions of metric f(R). It is therefore a highly nontrivial
solution, despite its simple appearance. Our solution also
has a vanishing Ricci scalar. The existence of such non-
trivial solutions with constant scalar curvature in metric
f(R) gravity has been known for a long time [18-20].
However, very few explicit examples can be found in the
literature.

Our work is further motivated because of the existing
connection between gravitational collapse in metric f(R)
gravity and the black-hole no-hair theorems (NHTs) [15].
Metric f(R) gravity is dynamically equivalent to a scalar-
tensor theory [1,2]. It is well known that the NHTs hold in
f(R) theories whose additional scalar degree of freedom
satisfies some technical (but still general and easily achiev-
able) conditions [21]. The NHTs guarantee that the only
stationary, linearly stable black holes resulting from gravi-
tational collapse are those of GR, i.e. they belong to the
Kerr family. In particular, this implies that a nonrotating star
should collapse into a Schwarzschild black hole in theories
satisfying the NHTs. However, the resulting Schwarzschild
spacetime would have trivial (i.e. constant) scalar hair,
while the spacetime outside the collapsing star is hairy—as
originally pointed out in [15], and discussed in Sec. II B.
Consequently, the scalar field should disappear dynami-
cally as the star collapses. Hence, a detailed account of the
process of gravitational collapse in metric f(R) gravity
should shed light on the mechanism by which a star could
dispose of its originally nontrivial scalar hair.

A. How this work is organized

The article shall be organized as follows. In Sec. II we
present the rudiments for the collapse of spherical dust
configurations in the context of metric f(R) models of

gravity. Therein, in Sec. Il A, we shall revisit the incom-
patibility of the Oppenheimer-Snyder model with these
theories. In Sec. II B, we provide the interior spacetime—
i.e. a Friedmann-Lemaitre-Robertson-Walker (FLRW)-like
metric—as well as the hypotheses for the exterior metric. In
Sec. II C, we sketch the systematic approach to follow in
the upcoming sections. Then, in Sec. III, we shall briefly
make the specific form of junctions conditions explicit
when the matching of the interior and exterior spacetimes
under consideration is imposed.

Subsequently, Secs. IV and V constitute the core of this
investigation, so the busy reader is encouraged to focus on
them. Section IV presents a series of five seminal results—
plus one corollary—constraining the viable exterior space-
times which can be smoothly connected with dust FLRW
interiors. Proofs of such results appear in Sec. IVA and
Sec. IV B. Section V is then devoted to the study of a novel
vacuole solution constructed with a previously unknown
static exterior and a Minkowski interior (which is obtained
from the usual FLRW-like interior by neglecting gravitational
collapse). The main features of this solution are studied here.
Finally, we conclude our research with Sec. VI, where
conclusions and future work prospects are summarized.

Most detailed calculations of some key issues covered
in this article have been relegated to the appendices.
Appendix A summarizes the usual Oppenheimer-Snyder
collapse model, such that differences can be spotted more
easily when the underlying theory of gravity moves from
GR to nonlinear metric f(R) scenarios. Appendix B resorts
to the so-called “areal-radius” coordinates to present in
detail the f(R) junction conditions in this system of
coordinates, whereas Appendix C presents such conditions
without resorting to areal-radius coordinates. Finally,
Appendix D briefly shows how the Oppenheimer-Snyder
collapse model is unfeasible in the Palatini formulation of
f(R) gravity since dust stars are incompatible with the
junction conditions presented in [12].

B. Some minor technicalities

As is widely known, the action of metric f(R) gravity
reads’

1
S = Z_K/d4xv _gf<R) + Smatter- (1)
Its associated equations of motion are

2Our sign convention shall be the one denoted as (—, —, +) by
Misner, Thorne and Wheeler [22]: the metric signature will be
(+,—,—,—), the Riemann tensor will be defined as
Ry = 0,17, + 17, 1%, — (u <> v), the Ricci tensor will be
given by R,, = R*,;,, and the Einstein field equations will read
G,, = —«T,,, with k = 87G (c = 1). Also, in the following, sub-
indices ¢ and r denote differentiation with respect to coordinates ¢
and r, respectively.
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fR(R)R/w - f@gﬂu + DﬂDfR(R) = _KTMD’ (2)

where fg(R) =df/dR and D,, =V, V, —g,[.

Hereafter, we will consistently refer to f(R) theories
satisfying frr(R) = d>f/dR? # 0 as “nonlinear f(R) grav-
ity,” in order to clearly differentiate them from “linear f(R)
gravity,” i.e. f(R) = R — 2A or, in other words, GR plus a
cosmological constant.

Lastly, in this work we shall be interested in the smooth
matching of two spacetimes, M~ and M™ (henceforth
referred to as the “interior spacetime” and the “exterior
spacetime,” respectively) across a fixed timelike hypersur-
face. Because this hypersurface will correspond to a stellar
surface, it shall be denoted as X,. We assume that X, is
endowed with intrinsic coordinates y* (¢ = 1, 2, 3) and
that, on either side of the boundary, there exist coordinates
XL (u=0, 1,2, 3) that cover X,.°

IL. COLLAPSING DUST STARS IN NONLINEAR
METRIC f(R) GRAVITY

A. Revisiting the incompatibility of Oppenheimer-
Snyder collapse in nonlinear metric f(R) gravity

Given its importance for our understanding of gravita-
tional collapse, it is natural to wonder whether the
Oppenheimer-Snyder construction, as described in the
Appendix A, is a proper matched solution of nonlinear
f(R) theories of gravity in the metric formalism. The answer
is that it is not, as carefully shown in [14], because the
junction conditions of f(R) gravity are different from those
of GR [13,14]. The modified junction conditions also imply
that a larger class of collapse models are incompatible with
metric f(R) gravity as well [14,23].

Besides the renowned Darmois-Israel junction condi-
tions of GR—[h,;,] = 0 and [K,;,] = O—nonlinear metric
f(R) gravity requires two additional constraints to be
satisfied so as to make a given matching possible. In
particular,

(1) Third junction condition: the continuity of the Ricci

scalar at %, i.e. [R] =0, and

(ii) Fourth junction condition: the continuity of the

normal derivative of the Ricci scalar at X, i.e.
[n*0,R] = 0.
The existence of these two supplementary junction con-
ditions in metric f(R) gravity is due to the fact that these
theories propagate an additional scalar degree of freedom in
comparison with GR, and that this scalar mode is intimately

’In general, given a certain quantity Q, QF shall refer to the
values Q takes in M*, respectively. Moreover, QF will denote
the values Q takes at ¥, as X, is approached from M*,
respectively. Finally, we define the jump of quantity Q across
the stellar surface =, as [Q] = Qf — Q5. For example, if [Q] = 0,
then quantity Q is obviously continuous across X,.

related to the Ricci scalar—for further information, see, for
instance, Ref. [1].

Let us now comment on how the incompatibility of
Oppenheimer-Snyder collapse arises in f(R) gravity.” It is
well known that both the interior FLRW metric (A2) and
the exterior Schwarzschild spacetime are solutions of f(R)
gravity. In the case of FLRW, only the dependence of a(z)
in 7 gets modified [16], as we shall see later, while
Schwarzschild is a solution of every f(R) model satisfying
f(0) =0 [18]. If one attempted to glue these two space-
times at the stellar surface, the third junction condition
[R] = 0 would then require

-2 k ..
R;:6<a ha +a> — R} =0. (3)
a a

This is an ordinary differential equation for the scale factor
a(t) which may be integrated using the standard initial
conditions ¢(0) = 1 and a(0) = 0, yielding

a(t) = V1 -k (4)

Therefore, the third junction condition—which is exclusive
to nonlinear metric f(R) gravity—fixes the scale factor of
the interior spacetime to be given by equation (4), instead of
the cycloid equation (A3) one has in GR. Moreover, as
explained in Appendices A and B, fixing a(r) amounts to
fixing the evolution of r,(r) and 7,(r)—i.e. of the stellar
surface (A6)—by virtue of the first junction condition.
Atfirst sight, (4) seems to be an appropriate replacement of
the cycloidlike scale factor obtained from expression (A3); at
least, it shares a number of its most distinguishing features.
Indeed, an interior FLRW spacetime with a scale factor given
by expression (4) would still be dynamic, despite having a
vanishing Ricci scalar. Moreover, if k > 0, the star would
collapse to zero proper volume in finite proper time, just as in
the Oppenheimer-Snyder model. And, remarkably, all four
junction conditions would be satisfied by construction.’
However, we must bear in mind that equation (3) is simply
an additional constraint, in the sense that it is a relationship
between metrics. This relationship may or may not be
compatible with the equations of motion of f(R) gravity.
In other words, the third junction condition requires the scale
factor to be given by (4); this, in turn, implies that the

“In the original proof of the incompatibility [14], the author
considers several known glued solutions of GR—including
Oppenheimer-Snyder—and then determines whether they are
solutions of f(R) gravity as well. His derivation consists of a
proof by reductio ad absurdum: the Oppenheimer-Snyder con-
struction is assumed to be a solution of f(R) gravity, and then the
author shows that this implies that the dust star has vanishing
energy density everywhere. Herein, we shall follow a different,
although equivalent, approach.

5If RY = R~ = 0, then [7#0,R] = 0, and the fourth junction
condition is satisfied automatically.
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matching between the interior FLRW spacetime and the
exterior Schwarzschild metric can only occur in those f(R)
theories whose equations of motion give rise to a scale factor
which evolves in 7 according to expression (4). As we shall
prove in Sec. IV, an interior FLRW spacetime whose scale
factor is given by (4) does not solve the equations of motion
of f(R) gravity for any choice of function f. In consequence,
Oppenheimer-Snyder collapse is not possible in metric f(R)
gravity, as anticipated. Furthermore, we clearly see that the
incompatibility arises because we have insisted that the
exterior spacetime is Schwarzschild. Thus, we are led to
conclude that, in nonlinear f(R) gravity, the exterior must be
a different, more general spacetime.

B. Interior and exterior metrics

Since the Oppenheimer-Snyder model of collapse is no
longer a valid matched solution of nonlinear f(R) gravity in
the metric formalism, one needs to reconsider whether
metrics (A2) and (AS) correctly describe the interior and
the exterior of the collapsing uniform-density star (respec-
tively) in these theories. We shall assume that the interior
stress-energy tensor corresponds to dust in the Jordan frame
representation of the theory (1) and not in the conformally
related Einstein frame.

As shown in [16], the spacetime corresponding to a
spherically symmetric, uniform-density distribution of dust
in any f(R) theory of gravity is still a portion of FLRW
spacetime (A2). Thus, the f(R) field equations do not
change the form of the interior metric; however, they do
alter the scale factor dynamics. More precisely, the equa-
tion for a(r) now becomes

. 1 [(xpy a*. aa._ a*
=kt — =+ =frt+—= —f 5
a +f,;<6a+2fR+2fR+6f . (5)
which reduces to the cycloid equation (A3) of GR when
f(R)=R, as expected.6 Assuming the usual initial con-
ditions a(0) =1 and a(0) =0, the expression for k is
modified accordingly,

:KP0+3f1_ao+f5
6/%ko ’

where f§ = f(Rg). fro = fr(Rg) and Ry = R™(0).

As mentioned in Sec. I A, the spacetime outside the star
cannot be Schwarzschild. This assertion is also supported
by a theorem in [15], which states that only in theories that
exclusively propagate a traceless and massless graviton
in vacuo the gravitational field outside a spherically
symmetric mass distribution can be represented by metrics
of the form

k (6)

6Throughout the text, we employ the usual notation
f~=f(R"), fx = fr(R™). Analogously, we will also use f* =
f(RY) and f} = fxr(RT) later on.

dsi = A(r)d? — A7 (r)dr? - rzdﬂ?z), (7)

of which Schwarzschild is a particular example. As
mentioned before, it is well known that, apart from the
usual massless and traceless graviton, nonlinear metric
f(R) theories propagate an additional scalar degree of
freedom, known as the scalaron [1,2]. In the Einstein-frame
representation of the theory, the scalaron is given by

¢ = \/Z?K]nfR(R)- (8)

Thus, the assertion in [15] guarantees that, in nonlinear
metric f(R) gravity, Schwarzschild can only exist as a
black hole, but not as an exterior spacetime matching
interior matter distributions whatsoever, even though
Schwarzschild remains as a vacuum solution of the field
equations. One can intuitively understand this result by
noticing that the scalaron (8) will be excited provided that
there is matter somewhere in the spacetime, since (as
widely known) the former couples to the trace of the stress-
energy tensor. However, Eq. (8) reveals that Schwarzschild
spacetime only supports a trivial (i.e. constant) scalar field.”

Since Birkhoff’s theorem does not hold in f(R) theories
of gravity,8 virtually any spherically symmetric vacuum
line element could match FLRW interior uniform-density
dust solutions. As a result, we are obliged to resort to the
full set of junction conditions in order to determine which
exterior metric is the correct one. Without further guidance,
it may seem that the problem basically consists in “looking
for a needle in a haystack”; in spite of this, the junction
conditions of f(R) gravity impose strong constraints on the
exterior of the uniform-density dust star, as we shall show
in Sec. IV.

C. A systematic approach for junction conditions

Given that we do not know a priori what the spacetime
outside a collapsing uniform-density dust star is in f(R)
gravity—in fact, we can only assume that it is spherically
symmetric, by analogy with the interior spacetime (A2)—
there are essentially two ways of approaching the problem:

(i) either one attempts to infer properties of the exterior

metric using the junction conditions, choosing for
the exterior spacetime the most general spherically
symmetric line element—or a less general, but still
spherically symmetric ansatz—or

"Herein f¢(0) # 0 is assumed; otherwise, the corresponding
scalar field would not be properly defined.

The strongest result in this respect is that the Schwarzschild
spacetime is the only static, spherically symmetric solution with
vanishing Ricci scalar in f(R) theories satisfying f(0) = 0 and
fr(0) # 0, cf. Ref. [19], but this does not exclude the possibility
that there exist other exterior vacuum solutions with a non-
constant Ricci scalar even in these theories.
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(i) one tries to show whether a known spherically
symmetric vacuum solution of f(R) gravity matches
the interior FLRW spacetime, by explicitly checking
that all four junction conditions are satisfied simul-
taneously.

As mentioned in Sec. I, f(R) theories admit a variety of
exterior vacuum solutions. Thus, it is reasonable to use
junction conditions in the aim of checking whether any
known metric satisfies them. Nonetheless, junction con-
ditions must be handled with special care when one tries to
extract information about the exterior spacetime from them.
Indeed, despite the simple form they might turn out to take,
the most intuitive line of reasoning may present some
loopholes, and apparent exceptions become possible, as we
will see in the following.

Let us consider, for example, the assertion made in [23]
claiming that, for any f(R) gravity with a nonlinear
function f, a dynamic homogeneous spacetime with non-
constant Ricci scalar cannot be matched with a static
spacetime across a fixed boundary. Therein, authors argued
that this result follows from the third junction condition—
i.e. [R] = 0—because R; would be a function of 7 only,
while R would be z-independent. Thus, equating both
quantities for all ¢ would be impossible.

However, one can exploit a hole in this reasoning so as to
find a static exterior solution that can be matched with the
interior FLRW spacetime. The key is to realize that what
[R] = 0 implies is that, if the interior solution has a Ricci
scalar R~ = R™(7) # const,, then the exterior solution
cannot be static with respect to time coordinate T—i.e. it
cannot have a time-like Killing vector field J,—but this
does not prevent the exterior from being static with respect
to a different time coordinate t—i.e. it could have a
different time-like Killing vector field 0,. In order to
illustrate this, let us consider an interior FLRW spacetime
and an exterior spacetime which is static with respect to
some time coordinate ¢. Then it is always possible to choose
areal-radius coordinates (z,r,0, ) in which the latter line
element takes the form

ds? = A(r)dr® — B(r)dr* — rzdﬂfz). 9)

Let us also assume that the exterior metric has a non-
constant Ricci scalar R* = R*(r).” As shown in the case
of Schwarzschild in Appendix A—see for instance
Eq. (A6)—the radial coordinate of this spacetime will
become a function of 7 upon changing to interior coor-
dinates (z,y, 0, ¢). Therefore, R} will generically depend
upon 7 even though the exterior metric is static, and thus the

This is perfectly reasonable even for a vacuum solution of
nonlinear f(R) gravity because, in vacuo, the trace of the f(R)
equations of motion is a differential equation for the scalar
curvature—rather than algebraic relation, as in GR, where
T™ = 0 necessarily implies R™ = 0.

matching with a z-dependent interior scalar curvature (such
as that of FLRW spacetime) could still be possible.

Nonetheless, we shall see in Sec. IV that a thorough
treatment of the junction conditions (including their com-
patibility with the field equations) rules out all static
exteriors, and thus the conclusions in [23] remain valid,
although resorting to reasons different from those given in
that reference.

Finally, even though a variety of simple ansitze for
the exterior metric are not ruled out by the junction
conditions—as will be shown in Sec. I[V—another impor-
tant point to be considered is that one must always make
sure that the constraints imposed by the junction conditions
are compatible with the f(R) equations of motion. Recall,
for instance, the discussion of Sec. Il A. As explained there,
the third junction condition led to a result—Eq. (4)—which
was incompatible with the equations of motion of f(R)
gravity. We thus concluded that the matching was impos-
sible. Analogous scenarios will appear when considering
exterior spacetimes in Sec. IV below.

III. JUNCTION CONDITIONS IN NONLINEAR
METRIC f(R) GRAVITY

As per the discussion in the previous sections, the only
assumption one can make on the exterior spacetime is that it
must be spherically symmetric. Consequently, our starting
point will be the most general spherically symmetric line
element. We aim at determining which conditions such a
spacetime should satisfy so as to match an interior FLRW-
like metric.

In order to establish the junction conditions, first a
coordinate system in which the exterior metric is expressed
needs to be chosen. The most natural one is the coordinate
system (¢, r, 6, ) in which the line element is of the form

ds? = A(t,r)df* = B(t, r)dr? — r?dQ?

o (10)

i.e. r is the areal radius in the sense that spherical timelike
hypersurfaces centered at the origin have proper area 4772
The stellar surface is still given by (A6) using these
coordinates. Areal-radius coordinates (¢, r,60,¢) are spe-
cially convenient since junction conditions remain very
similar to those of Oppenheimer-Snyder collapse. More-
over, each of the four junction conditions to follow essen-
tially retains its interpretation given in Appendix A. For the
thorough derivation of the junctions conditions appearing
immediately below, we refer the reader to Appendix B.

Using areal-radius coordinates, there are six independent
equations coming from the four junction conditions. Two of
these equations,

ry, = ay., (11)

A2 —B,i? =1, (12)
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are obtained by requiring [h,,] = 0, i.e. by imposing the
first junction condition. Just as in Oppenheimer-Snyder
collapse, (11) and (12) unequivocally determine the evo-
lution of the matching surface X, . On the one hand, one can
clearly see that Eq. (11) reveals that the stellar areal radius
r.(z) is simply proportional to a(z). On the other hand,
Eq. (12) is a first-order ordinary differential equation for
t.(z),"" and thus its solution is unique given an initial
condition. Thus, these two equations allow us to know
whether the star either collapses, expands or bounces,
depending on the specific dynamics for the scale factor
a(z) associated to a given choice for the f(R) model.
Therefore, the interpretation of the first junction condition
remains unchanged with respect to GR in f(R) gravity.
The second pair of equations,

o Anlt—B,i?
[J): t**z * *’ (13)

ﬂ:ﬁO V A*B*v (14)

is obtained by requiring [K,,] = 0, i.e. by imposing the
second junction condition. Here,

p=A,t, = /A, +A,B,i2 (15)

and

fo=1/1- k2. (16)

In Oppenheimer-Snyder collapse (in which B, = 1/A, and
A,. = B,, =0), expressions (13) and (14) are satisfied
simultaneously, and thus they actually provide only one
condition. In the general case, however, (13) and (14) are
distinct equations. What remains unchanged is the inter-
pretation of the second junction condition, namely that
Egs. (13) and (14) should provide a relationship between
the parameters of the interior and exterior spacetimes, if the
constraints imposed by the other junction conditions are
also taken into account.

Finally, the remaining two junction conditions, which are
exclusive to f(R) gravity, are

-2 k 2 .
R;f:6<—r*Jr X*+5>, (17)

I"g Iy

"Since r, () « a(z) as per the first junction condition (11), the
nth derivative of r, with respect to 7 is proportional to the nth
derivative of a. One can determine a(z) by solving (5); once a(z)
is known, all of its derivatives can be obtained in turn. Therefore,
of all the functions of 7 appearing on Eq. (12), the only one which
is unknown—unless we solve (12)—is 7, (7). As a result, junction
condition (12) is always a differential equation for ¢, (7).

These two additional constraints arise from imposing
[R] =0 and [n#0,R] = 0, respectively.

To sum up, the relevant junction conditions between
the interior FLRW spacetime (A2) and the spherically
symmetric exterior (10) in nonlinear f(R) gravity are
Egs. (11)—(14), (17), and (18), together with the definitions
of f and p, given by Egs. (15) and (16), respectively.

At this stage, we must note that the behavior of the
stellar surface is already fixed by the first junction con-
dition alone—i.e. by Egs. (11) and (12). Thus, in principle,
expressions (13), (14), (17), and (18) should only contrib-
ute to parameter determination. A similar situation occurs
in Oppenheimer-Snyder collapse: the second junction
condition ultimately provides the relationship (A13)
between M, k « p, and y,.

Finally, we shall stress that the procedure by which the
junction conditions are obtained is fully coordinate-depen-
dent. Accordingly, any coordinate change in expression
(10) would require the junction conditions to be derived
again. In the context of nonstatic spacetimes, this intro-
duces some additional difficulties. For example, if the
exterior spacetime is naturally given in a coordinate system
different than (7, 7,0, ¢), the change to areal-radius coor-
dinates might be very difficult—if not impossible—to
perform analytically. Moreover, the junction conditions
may become harder to implement if they are derived in a
coordinate system different from (¢, r, 8, ¢). For example, it
is always possible to choose coordinates (1,&,0,¢) in
which the spherically symmetric exterior line element can
be expressed as

dsi = C(n.&)dy* = D(n.£)d&” = *(n.£)dQy,).  (19)

Some of the most renowned nontrivial vacuum solutions of
metric f(R) gravity, such as the so-called Clifton II
spacetime [24] are naturally given in this form, hence its
importance. The derivation of the junction conditions using
these coordinates, as well as a discussion on their con-
voluted interpretation, is presented in Appendix C.

IV. EXTERIOR METRICS FORBIDDEN BY THE
JUNCTION CONDITIONS

In this section, we intend to obtain constraints on the
exterior spacetime by means of the junction conditions of
f(R) gravity, that is to say, Egs. (11)-(14), (17), and (18)
presented in the previous section. The specific form of
these conditions is valid provided that the exterior line
element is given by expression (10), i.e. when one uses the
ideally suited areal-radius coordinates (¢, 7,0, ).

Thus, we aim at building a system of differential
equations for functions A(z, r) and B(z,r) in (10) out of
the junction conditions. One can immediately notice that
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Egs. (11)—(14), (17), and (18) are not given exclusively
in terms A, and B,; they also depend on 7., r, and their
r-derivatives. Accordingly, the first step will then be to
express 7, and i, in terms of A, and B,. This can be easily
achieved by combining expressions (12), (14), and (15).
One then obtains

i* = ﬁO el (20)

o=\ B 1)

Expressions (20) and (21) may now be substituted back in
Egs. (13), (14), (17), and (18). For example, condition (13)

becomes
. 1[.  piB. , 1
ﬁzi At*A—*_Bt* 'BO_B_* , (22)

while Eq. (18) turns into

/ 1 JA.
B — B_R’t +bo B—R?; =0. (23)

Proceeding in a similar fashion, the whole system of
equations is reexpressed in such a way that only A,, B, and
their derivatives (with respect to ¢ and r) appear. In
principle, these equations hold on the stellar surface only,
i.e.ont=t.(7)and r = r,(r). However, in order to obtain
differential equations involving A(¢, r) and B(z, r), we can
require the system to be satisfied for all (z, r). For example,
instead of (23), we may demand

1 A
p gk +ﬂo\/%R? =0 (24)
to be satisfied. Certainly, should this equation hold, then
(23) will hold as well. Moreover, requiring the junction
conditions to be satisfied for all # and all r is indeed a
reasonable assumption. If the star ends up collapsing, then
r, will evolve continuously from its initial value r,(0) = y,
(which is arbitrary'') to zero. Similarly, 7,(0) is also
arbitrary, and one expects that the black hole resulting
from gravitational collapse takes infinite exterior time ¢
to form—this is the case, for example, in Oppenheimer-

"Yn general, the surface of a star is chosen to be any spherical
surface in which the stellar pressure p vanishes. Therefore, in
realistic stars (whose interior pressure is nonzero), there might be
upper or lower bounds on the radius depending on the dynamics
of p. However, in dust stars, the pressure vanishes identically
everywhere in spacetime. Therefore, any spherical surface can be
the initial stellar surface, and r,(0) = y, is thus arbitrary.

Snyder collapse [25]. As a result, assuming that z,(z) and
r.(7) can take any values coordinates ¢ and r can respec-
tively take remains a well motivated hypothesis. Thus, it is
sensible to require the junction conditions to hold for all
allowed values of ¢ and r.

Demanding that junction conditions (11)—(14), (17), and
(18) hold for every t and r, we are able to construct a system
of differential equations, which includes (24),12 to be
satisfied by the exterior spacetime if it is to match the
interior one, (A2). The intrinsic difficulty of solving this
system for A(z,r) and B(t, r)—or even of extracting any
kind of information on the exterior spacetime from it—
renders the approach of specifying certain ansétze for the
exterior metric pragmatic. By proceeding this way, we have
been able to establish the following no-go results:

Result 1. No exterior spacetime with constant scalar
curvature—either static or not—can be smoothly matched
to a uniform-density dust star interior in nonlinear f(R)
gravity.

Result 2. No static exterior spacetime can be smoothly
matched to a uniform-density dust star interior in nonlinear
f(R) gravity.

Result 3. No exterior metric of the form

dsi = A(t,r)dr* =A™ (t,r)dr* = r?dQp,)  (25)

can be smoothly matched to a uniform-density dust star
interior in nonlinear f(R) gravity.
Result 4. No exterior metric of the form

ds? = U(t,r)V(r)d> = V=(r)dr* — rzdﬁ%z) (26)

can be smoothly matched to a uniform-density dust star
interior in nonlinear f(R) gravity.
Result 5. No exterior metric of the form

dsi = U(r)d® = V() U (r)dr* = r*dQp,

(27)
can be smoothly matched to a uniform-density dust star
interior in nonlinear f(R) gravity.

Result 1 above together with the fourth junction con-
dition (24) also implies the following:

Corollary. No exterior spacetime of the form (10) can
be smoothly matched to a uniform-density dust star interior
in nonlinear f(R) gravity if its Ricci scalar R™ is either a
function of ¢ only or of r only.

In the following we will offer a proof of each of these
statements.

12Equation (24) is the most compact equation in the afore-
mentioned system; the remaining ones are too long to be included
in the bulk of the text.
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A. Proof of result 1, its corollary, and result 2

Let us first consider a static exterior spacetime of the
form (9): the starting hypothesis of Result 2. With this
particular choice for functions A and B, junction condition
(13) reads # = 0, and thus we must require the 7 derivative
of (14) to vanish. This yields

VB~ (a8 +4B,) =0 28)

which is satisfied provided that

B(r) =~ or A(MB()=const.  (29)
I
depending on whether we demand either the square root or
the parenthesis in (28) to vanish. The former choice is
inconsistent with gravitational collapse, since it implies that
7. = 0 as per Eq. (21). Therefore, we shall only concentrate
on the latter, i.e. B(r) = const./A(r)," where the constant
can always be set to 1 through a suitable redefinition of
time coordinate ¢ (d¢ — df/const.). Junction condition (24)

then becomes
\/ﬁ% — AR = 0. (30)

This equality is satisfied if either A(r) = 1/B(r) = g} or
R™ = const. The former case must be discarded once again
as explained above; therefore, the assumption of
R* = const. renders junction condition (17) as follows:

6 rA,
R+:—2<1—A— 2), (31)

r

whose the right-hand side has been obtained by substituting
(21) on the right-hand side of (17). The general solution
of (31) is

QZ R+r2

A(}’) = 1 —‘1-7 T, (32)

Q being an integration constant. This is the massless'*
Reissner-Nordstrom (anti-)de Sitter spacetime, which is

“Nonetheless, by choosing the first option, B(r) = 1 /BE =
const., we have been able to obtain a novel static, noncollapsing
solution of f(R) gravity, as we shall prove on Sec. V.

“We would like to highlight that a mass term —2GM/r is
present in the general solution of R™ = const. for a static,
spherically symmetric spacetime with A(z,r) = 1/B(t,r) =
A(r). However, compliance with the third junction condition
[R] = 0 explicitly requires M # 0. Therefore, the mass term,
which was of paramount importance in standard Oppenheimer
collapse, is absent from (32) due to one of the novel junction
conditions of nonlinear metric f(R) gravity. This is indeed a
remarkable fact.

known to be a solution of any f(R) theory coupled to an
electromagnetic field [18].

Therefore, we have found that the only static and
spherically symmetric solution of f(R) gravity which
satisfies junction conditions (13), (14), and (17)—and also
(18)—is (32). This solution possesses another crucial
property: its Ricci scalar is constant. Therefore, if we are
able to prove that constant-curvature solutions are incom-
patible with gravitational collapse in nonlinear f(R) gravity
(Result 1), then will have also proved that the exterior
cannot be static (Result 2).

Consequently, let us now prove Result 1. Consider a
spherically symmetric exterior spacetime with R™ = const.
This spacetime could either be static, such as (32), or
nonstatic; our proof covers both situations. Junction con-
ditions (11) and (17) would imply that the Ricci scalar of
the interior FLRW spacetime must also be constant:

.2 k ..
R = 6<a i_ —I—g> = R = const. (33)

a a

In nonlinear metric f(R) gravity, it can be shown [16] that,
for constant R~ = R™,

a  2at+k) ff
5——74—%. (34)

where f* = f(R") and [ = fr(R"). Substituting this
expression in (33), we find that

a2+k f+_R+

- =—. 35
a? 2fx 6 (35)
For constant R~ = R, Eq. (5) would also require
a+k 1 (kpy  fF
= (L), 36
a’ fr <6a3 * 6 > (36)
and we thus finally have that
KpPo
—?‘szJr:f;g_RJr’ (37)
which can be reformulated as
a’(r) = P const. (38)

2fF = fLRT

This result is incompatible with gravitational collapse, as
per the first junction condition (1 1)."” As a result, we have
proved Result 1, i.e. that no constant-curvature exterior

PAs anticipated in Sec. IT A, Eq. (38)—evaluated at Rt = 0—
is also incompatible with (4), which is obtained by direct
integration of (3) or (33)—again evaluated at Rt = 0.
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solution—either static or not—can be matched to a
collapsing dust star interior. [

Since (32)—which is the only static solution satisfying
the second, third and fourth junction conditions—happens
to have constant scalar curvature, it cannot be matched to
the collapsing dust star interior due to Result 1, and thus we
have also proved Result 2. =

Furthermore, because (32) is also a single-function
spacetime—i.e. of the form (7)—we must stress that
Result 2 is in agreement with the theorem in [15] discussed
back in Sec. I B.

Finally, the Corollary issued from Result 1 follows
almost immediately from the fourth junction condition:
if either R;" or R} vanish, then Eq. (24) forces the other
derivative—R;" or R;", respectively—to vanish as well.
Consequently, the exterior solution would have a constant
Ricci scalar. This is forbidden by Result 1. (]

To sum up, throughout Sec. IV A we have found that if
there exists a spherically symmetric exterior solution
smoothly matching a dust star interior in f(R) gravity,
then such a solution must be nonstatic and have a non-
constant Ricci scalar. Furthermore, its scalar curvature R*
cannot depend only on either ¢ or » when expressed in areal-
radius coordinates.

B. Proof of results 3, 4, and 5

Having discarded the possibility of having a static
exterior spacetime, we shall now analyze one of the
simplest nonstatic ansétze one can possibly conceive: that
given by expression (25). However, it is almost immediate
to show that the exterior metric cannot be of the form (25).
In fact, to prove it, one only needs to realize that junction
condition (14) implies that f = f, = const. Accordingly,
Eq. (13) becomes

A (25— A.) =0. (39)

The first option, A,, = 0, is discarded as per Result 2, while
the second one, A, = 2,8(2) = const., leads to the incon-
sistent result 72 = —% < 0 when one resorts to Eq. (21) for
.. As a result, we conclude that an exterior metric of the
form (25) is not compatible with gravitational collapse in
f(R) theories of gravity with fzg(R) # 0. Thus, Result 3 is
proved: no “single-function spacetime,” either static or not,
matches the dust star interior smoothly in nonlinear f(R)
gravity. =

As already mentioned in Sec. II B, Result 3 conveys a
generalization of the theorem in [15] stating that no static
single-function spacetime can be a exterior spacetime
nonlinear metric f(R) gravity. Nonetheless, Result 3 only
holds provided that the interior spacetime is a dust-star
FLRW metric, while the theorem in [15] applies regardless
of the interior matter source.

At this stage, a simple nonstatic ansatz satisfying the
necessary condition B(t,r) # 1/A(t,r) would be of the

form (26), i.e. a generalization of single-function space-
times in which we have included a #- and r-dependent
redshift function U(z, r). It is not difficult to show that this
ansatz is also unsatisfactory: the combination of junction
condition (13) with the 7z derivative of (14) implies

U,=0=Ul(t,r)=U(1). (40)

As a consequence, the metric (26) becomes static, since
U(t) can always be absorbed in the differential of # through
a coordinate transformation /U(f)dr — dr. Since static
exteriors are ruled out by Result 2, we have thus shown the
validity of Result 4. n

Another simple ansatz for time-dependent generaliza-
tions of the exterior metric would be as given in (27).
However, this ansatz does not work either; equating (13)
with the 7 derivative of (14) one obtains

<2ﬂ3 - %) V,=0. (41)

This equation is satisfied if either V(¢) = const. or if
U(r)/V(t) =24%= U(r) =const.,V(t) =const.; in both
cases, the metric becomes static. As a result, by virtue
of Result 2, line elements of the form (27) do not satisfy the
junction conditions of f(R) gravity. This is precisely the
content of Result 5. [

In order to conclude, let us mention that throughout this
section we have been capable of imposing restrictive
constraints on the exterior spacetime. In particular, our
results indicate that, in nonlinear metric f(R) gravity, the
spacetime outside a collapsing uniform-density dust star, if
it exists, must be of the form (10), with highly nontrivial—
and probably nonseparable—functions A(¢,r) and
B(t,r) # 1/A(t,r). Thus, the exterior in these theories
seems to be substantially different from the sole
Schwarzschild metric appearing in GR, yet the former
should somehow reduce to the latter in the appropriate
limits. Given the fact that most renowned solutions of
nonlinear metric f(R) gravity are either constant-curvature
spacetimes or static, Results 1 and 2 rule out such exterior
solutions as viable for matching FLRW-like, spatially-
uniform dust-star interiors. For example, one of the most
promising candidates, the Clifton I solution (also dubbed
the Clifton-Barrow spacetime) [24,26] fails to comply with
the junction conditions because it is static.

V. A NEW STATIC SOLUTION OF METRIC
f(R) GRAVITY

Abandoning the assumption that the star is collapsing, it
is possible to find a previously undiscovered solution of a
large class of metric f(R) gravity models using the junction
conditions studied above. More concretely, this new

084060-9



ADRIAN CASADO-TURRION et al.

PHYS. REV. D 105, 084060 (2022)

spacetime is a solution of every f(R) theory satisfying
f(0) =0 and fx(0) =0.

Our starting point is the matching between the dust star
FLRW interior (A2) and a static exterior spacetime of the
form (9) which will be a solution for some—still unspeci-
fied—f(R) gravity model. As seen in Sec. IVA, junction
condition (28) is satisfied provided that

1
B(r) = — = const., (42)
I
although this constraint together with (11) and (21) would
imply that the interior solution is also static:
}‘,.
a=—=0. (43)
X
Using the standard normalization a(0) = 1 (which entails
that r, = y, = const.), coordinate y reduces to the areal
radius r. The interior metric then becomes

2

A P
—? %0

ds? = d? - (44)
and, as a straightforward consequence, both f(R™) and the
stellar density p = po become constant in z as well. The
trace of the f(R) equations of motion for the interior
spacetime (44) reads

frR™ =2f = =T~ = —xpy. (45)

Assuming that R~ is a variable and not a value, expression
(45) can be interpreted as a differential equation for f(R™).
This equation may be immediately integrated, revealing
that (44) is a solution of

F(R) = o + 2L, (46)
where a is an integration constant.'®
On the other hand, should the interior solution have
constant curvature scalar R™, the full set of equations of
motion of f(R) gravity (2) become
2R I - T, 47
fR /41/_79/41/__’( pv* ( )
Evaluating Eq. (47) for theory (46) together with the static,
constant-curvature interior metric (44), one finds that
Eq. (47) only impose one additional constraint relating k
and p, as follows:

!Notice that the statement that the correct theory is (46) is
stronger than the assertion that Eq. (45) holds for (44), since (46)
would accomplish (45) for every (interior) solution, not just (44).
Moreover, as we shall see later, the spurious dependence of f(R)
on p, disappears when one takes into account the (vacuum)
equations of motion for the exterior solution, which force p, = 0.

KpPo
K="= 48
24 (48)
We shall now see how the exterior solution is fixed by the
remaining junction conditions—the third and the fourth
ones, i.e. Egs. (17) and (24), respectively. Since B(r) is
given by (42), then Eq. (24) is automatically satisfied, while
Eq. (17) becomes
6kr2  6(1—f3)
pr— 2 pr— 2 .

r r

R+

(49)

The left-hand side of this expression is obtained by
substituting (42) in the expression for R™:

R+ — 2(1 2ﬁ0) _ﬁ% (AA”' _ A’ +%ﬁ> (50)

r 2A2 A

Equating the two previous expressions, and solving the
resulting ordinary differential equation for A(r), one finds

A(r) = DrA(C + r2)?, (51)

| 8
9-— 7 (52)

while C and D are integration constants. Notice that D can
be absorbed inside df?> by a redefinition of the time
coordinate Dt — ¢. In what follows, we may thus set,
without loss of generality, D = 1. Bearing all of this in
mind, the exterior metric becomes

where

A

d 2
ds? = r=()(C 4 r2)2dP2 - ﬁ—% —2dQ2,. (53)

By construction, metrics (44) and (53) satisfy all the
junction conditions at r = r, = const. Moreover, we have
found that (44) solves the field equations of f(R) gravity
provided that f(R) = aR?> +kp,/2. Consequently, we
must confirm whether the exterior spacetime (53) is a
vacuum solution for this class of f(R) models. By inserting
the exterior line element (53) in the vacuum equations of
motion of (46), one finds that the latter are only satisfied
provided that 3 = 1, which, in turn, implies

A=1, k=0= py=0. (54)
Therefore, we see that the matching is only possible if the
f(R) models (46) reduce to

f(R) = aR?, (55)

i.e. purely quadratic f(R) gravity.
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Because of (54), the interior solution reduces to
Minkowski spacetime. The exterior metric (53), however,
becomes

C\2
ds? = (1 + r> d? —dr? — rzdﬂé). (56)

Therefore, the exterior metric, which is reminiscent of the
static Clifton I solution [24], remarkably remains nontrivial
for C # 0." Additionally, (56) can be shown to be Ricci
flat, i.e. RT = 0, even though it has a nonvanishing Ricci
tensor, i.c. R;’D # 0. Thus, line element (56) constitutes an
example of constant-curvature solution of f(R) gravity
which is not a solution of GR.

Due to its vanishing scalar curvature, our novel metric
(56) turns out to be not only a solution of f(R) = aR?, but
of any theory satisfying f(0) = 0 and f¢(0) = 0 [19,20],
such as the so-called “power of GR” models [26] f(R) x
R'*9 having & > 0."” Therefore, the following highly
nonevident result can be established:

Result 6. The vacuole consisting of an interior
Minkowski spacetime smoothly matched to (56) at any
areal radius r = r, = const. is a properly matched solution
of any f(R) model satistying f(0) = 0 and f(0) =0, i.e.
it satisfies both the equations of motion and all of the
junction conditions of those f(R) theories.

To the best of our knowledge, this vacuole solution is one
of the first known examples of properly glued solutions of
f(R) gravity which is not a solution of GR (recall that
R, # 0 for the outer solution). In addition, solution (56)
has several interesting properties. For instance, direct
computation of the Kretschmann scalar yields

242 -2
K = R, Rive — 23€ (1+£> , (57)

1%
Hvpo }’6 r

revealing that (56)—without the Minkowski interior—has a
curvature singularity r = 0. Furthermore, if C < 0, this
spacetime has a curvature singularity at r = —C. The
singularity at r = 0 is always cured by matching (56) to
a Minkowski interior at any r, > 0. Similarly, if C < 0, the
singularity at r = —C can be cured if the vacuole extends
at least up to r = —C. Other interesting features of this
spacetime will be explored in future works.

VI. CONCLUSIONS AND FUTURE PROSPECTS

Aware of the fact that the junction conditions in f(R)
gravity are much more restrictive than their Einsteinian

"Let us note that C is a parameter which remains free even
after the matching is done.

8The fact that RT = 0 for this solution explains why this
metric matches Minkowski spacetime at any r,, cf. (17) and (18).

“The Clifton I or Clifton-Barrow spacetime is also a solution
of these power of GR theories.

counterparts, the present investigation has paved the way
for finding the appropriate generalization of Oppenheimer-
Snyder collapse to f(R) gravity. Such a generalization is
not only interesting in itself; via transformation to the
Einstein frame, it would shed light on the issue of the
descalarization of matter on scalar-tensor theories, i.e. on
the precise mechanism by which matter could get rid of its
scalar hair so as to form a hairless black hole, as required by
the no-hair theorems.

In the bulk of the text, we have developed the general
formalism allowing one to determine whether a spherically
symmetric exterior solution matches a dust star FLRW-like
interior in f(R) gravity. There are indeed two ways of
tackling the problem: either one employs these junction
conditions (11)—(18), (20), and (21) directly in order to
infer information about the exterior metric, or one simply
inserts a known vacuum solution of f(R) gravity into the
junction conditions and checks whether such conditions are
satisfied. Both procedures are not exempt from difficulties:
analytic computations can be hard or even impossible to
perform, while the way in which the problem could be
tackled numerically remains unclear. Furthermore, there are
very few known exact vacuum solutions of f(R) gravity
[27], a fact hampering the research on the topic.

Notwithstanding these shortcomings, the foundations of
both approaches have been presented herein. We have also
ruled out several classes of exterior solutions for the
uniform-density dust star using the aforementioned junc-
tion conditions in Sec. IV. In particular, we have proved that
no constant-curvature exterior spacetime (either static or
dynamic) can be smoothly matched to the dust star interior
in nonlinear f(R) gravity (Result 1). Furthermore, we have
also offered a rigorous proof of the result that no static
exterior spacetime can be glued to the FLRW interior in
nonlinear f(R) gravity (Result 2).

The power of our formalism has allowed us to extend the
known result that static spacetimes satisfying g,,g,, = —1
cannot be the exterior of any matter source in f(R) gravity.
Herein, we have shown that, at least in the case of a dust
star interior, even a nonstatic exterior satisfying g,,g,, = —1
cannot match the interior FLRW-like spacetime (Result 3).
We have also been able to establish further constraints on
the exterior metric (Results 4, 5 and the Corollary to
Result 1).

Finally, to the best of our knowledge, we have found for
the first time in the literature a new static vacuum solution
of every f(R) theory satisfying f(0) =0 and f(0) = 0.
The solution consists of a vacuole made out of an interior
Minkowski spacetime surrounded by the previously undis-
covered exterior (56). The vacuole satisfies the four
junction conditions of nonlinear metric f(R) gravity at
any areal radius r =r, = const.,, and has a series of
interesting properties, as discussed in Sec. V. For example,
the curvature singularities of the exterior spacetime can be
cured by the glueing to the Minkowski interior. We intend
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to provide a more detailed study on the characteristics of
the novel solution in future works.

Is gravitational collapse of a uniform-density dust star
possible in f(R) theories of gravity? Even though this simple
and illustrative model of gravitational collapse is not feasible
in the Palatini version of the theory (c.f. Appendix D), there
are reasons to expect that it is still possible in the metric
formulation of f(R) gravity. However, we have shown that
the mathematical description of the process must be highly
nontrivial, convoluted, and radically different from the
Oppenheimer-Snyder picture.

There is still plenty of work to be done so as to fully
understand gravitational collapse in metric f(R) gravity.
Since the catalogue of possible suitable exteriors is meagre,
looking for novel time-dependent solutions—of the forms
not ruled out by our results—would certainly contribute to
a better understanding of gravitational collapse in nonlinear
metric f(R) gravity, as well as to a better understanding of
the no-hair theorems for black-holes.

It is possible that the no-hair theorems could allow
one to rule out exteriors by simple inspection, at least in
principle. If the no-hair theorems hold, the exterior
spacetime must dynamically become Schwarzschild at
some point. Therefore, spacetimes which do not reduce
to Schwarzschild after some time™ cannot describe gravity
outside a collapsing nonrotating uniform-density dust star
in f(R) theories satisfying the no-hair theorems.

Furthermore, in f(R) theories which do not satisfy the no-
hair theorems, such as the so-called power of GR models
f(R)  R'*?, one does not know a priori whether a given
solution describes the gravitational field outside the star, the
outcome of collapse, neither, or both. Coincidentally, the
only solution which remains compatible with all of our
results is—as far as we are aware—the Clifton II spacetime
[24], which is a solution of these power of GR theories. The
Clifton II solution is highly nontrivial [28], and the analysis
of the junction conditions following the lines of
Appendices B and C seems to be impossible to perform
analytically. For these reasons, further (numerical) studies
are required in order to determine whether the Clifton II
spacetime can be the exterior spacetime corresponding to a
collapsing dust star. These future works will likely require a
change in the way in which the problem is dealt with; for
example, novel numerical techniques might be required.
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APPENDIX A: OPPENHEIMER-SNYDER
COLLAPSE

Although unrealistic and purely academic in nature, the
Oppenheimer-Snyder construction is the simplest possible
description of gravitational collapse one can possibly
devise. In their seminal 1939 paper [9], Oppenheimer
and Snyder considered a spatially uniform sphere of dust
(i.e. a pressureless perfect fluid) collapsing under its own
gravitational pull within the framework of GR. The absence
of pressure inside the star implies that no other interaction
aside from gravity is present. Therefore, the model is able
to capture the essential features of gravitational collapse
while retaining computational simplicity.

Because the matter that makes up the star is only subject
to gravity, any fluid element falls freely, that is to say,
following timelike geodesics. This allows one to introduce
a coordinate system x* = (z,y,60,¢) adapted to such
motion on the interior spacetime. Time coordinate 7
represents the proper time along the geodesics, while y
is a comoving radial coordinate, i.e. each fluid element is
associated to a single fixed value of y which remains
unchanged during the entire process of collapse. This
implies that the stellar surface X, is always located at

X = x. = const. (A1)
in these coordinates.

The line elements within and outside the star are
determined by solving the Einstein equations with the
corresponding matter sources (dust for the interior region
and vacuum for the exterior). On the one hand, the metric
inside the star turns out to be [25] a closed (k > 0)
Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
time,

2 2_ 2 dy? 2302
dsc =dr —a (T) 1_7]()(2 +){ dQ(z) s (AZ)
whose scale factor a(z) satisfies the cycloid equation

1
ézZ:k<——1>,
a

where ~ = d/dr, with initial condition a(0) = 1—notice
that this implies that @(0) = 0—. Constant k > 0 is related
to the initial energy density p, of the star,

(A3)
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(A4)

while the conservation equation requires such an energy
density to evolve in 7 as p(z7) = py/a’ (7).

On the other hand, in GR, the only possible exterior
solution is, by virtue of Birkhoff’s theorem [29], the
Schwarzschild metric,

2GM 2GM\ !
ds? = (1 - )dt2 - <1 - > dr? — r2dQ2

r r @

(AS)

Coordinates x’i = (t, r, 0, p)—hereafter, the exterior coor-
dinates—are not comoving with the matter within the star.
As a result, £, becomes 7-dependent when expressed in
exterior coordinates:

(A6)

The spacetime resulting from the matching of the interior
and exterior metrics at X, will be a properly glued solution
of the Einstein field equations provided that the interior and
exterior spacetimes satisfy the Israel-Darmois junction
conditions of GR [10,11], namely

(1) First junction condition: the continuity of the in-

duced metric h,, at Z,, i.e. [h,,] =0, and

(ii) Second junction condition: the continuity of the

extrinsic curvature K, of X, i.e. [K,,] = 0.
These two quantities are defined at either side of X, as

+ _ Ox'y Oxt, gt
ab aya ayb Hv

(A7)

X, x oxl
K:I: — _pt + Fﬂ + + , A8
ab o (8yaayb + +ap aya 8yb> ( )

where y“ are the induced coordinates at X, and n,, is the
normal to that surface. In our case, the most convenient
choice is y* = (z, 6, ¢).

For illustrative purposes, and to introduce notation, let us
briefly review in the following how the junction conditions
of GR give shape to the Oppenheimer-Snyder model of
gravitational collapse, without detailing the computations
that lead to the matching equations. For further reference
(and completeness), the exhaustive derivation—which
closely follows the textbook treatment of the problem
given in Ref. [30]—may be found in Appendix B, more
precisely in its first three subsections.

As in any other matching, if the junction conditions are
satisfied, they must provide us with two crucial pieces of
information:

(1) how the matching surface X, evolves, in this case the

evolution of £, and r, in proper time 7, and

(i) whether there is a relationship between the param-
eters of the interior and exterior spacetimes, which in
the case of Oppenheimer-Snyder collapse are k « p,
and M, respectively.m
Hence, in order to understand not only how, but also why,
the dust star interior matches the Schwarzschild exterior,
we first need to decipher which of these two roles each
junction condition plays in the gluing of both spacetimes.
As shown in Appendix B3, the first junction
condition—I[A,;,] = O—will yield only two independent
equations, while the second junction condition—
[K 5] = 0—will only yield one. Let us first state the two
constraints coming from the first junction condition, that is to
say, the matching the induced metrics at Z,.. These are (11) and
(12). Equation (11) simply states that r, is proportional to the
scale factor of the interior metric,”> which evolves in 7
according to Eq. (A3)—Ilet us also remark that, upon differ-
entiation, (11) also provides the value of all the 7 derivatives of
r,, in particular i.—. Because a(0) = 1, this means that the
stellar radius decreases from its initial value r, (0) = y,—i.e.
the star’s comoving radius—to zero in finite time, following
cycloid curve (A3).
On the other hand, Eq. (12) becomes

_VATA o)

1, = ’
* A*

where A(r) = 1-2GM/r, in the case of Schwarzschild.
Because we already know the z-dependence r, and r,,
expression (A9) simply turns into an ordinary first order
differential equation for ¢,, which always has a solution
given some initial condition. Consequently, the interpreta-
tion of the equations coming from the first junction
condition is clear: they allow for a complete determination
of the evolution in 7z of the stellar surface as seen from
outside the star, which is given by functions r,(z) and 7, (7).
Having considered the first junction condition, we must
also impose the second one, namely, the continuity of the
induced metric at X,. As previously mentioned—and
shown in Appendix B 3, the matching of the extrinsic
curvatures at the stellar surface only provides an additional
equation, which is
i2=1-ky’—A,. (A10)
r, and 7, may now be replaced in favor of a and a using the
first junction condition (11), yielding

2'We must stress that X« the star’s comoving radius, should not
be regarded as a parameter of the interior metric but an initial
condition for the matching: as per Eq. (11), v, = r.(0) and is thus
arbitrary—for more information, see footnote 11. Nonetheless, y.
will still appear in the equation relating k o« py and M, as one
would intuitively expect.

We note that we do not write a, in the junction conditions
because a is a function of 7 only, and thus a, = a.
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2GM

=
ay;

a=—k+ (A11)

Meanwhile, a may be expressed in terms of a using the
cycloid equation (A3), leading to

1 2GM
(o)~ e 2
a ayy

We immediately notice that the as cancel, and with them all
the dependence in 7 disappears from the previous expres-
sion. As a result, we finally obtain a relation between M,
k « pg, and y,:

(A12)

k 4z
M= _—yl=—poxi.

=G 3 (A13)

where in the last step we have made use of (A4). This
completes the Oppenheimer-Snyder construction in GR.

With minimal modifications, the Oppenheimer-Snyder
model of gravitational collapse is also a properly matched
solution of GR plus a cosmological constant A [31], which
may be understood as f(R) = R —2A. This theory is
special among all f(R) models because, in this case,
frr(R) =0 for any R, which implies that its junction
conditions are exactly the same as in GR without a
cosmological constant [13,14].

If a cosmological constant is included in the gravitational
action, the exterior metric is necessarily (anti-)de
Sitter-Schwarzschild spacetime. As a result, Egs. (A9)
and (A10) are also valid in this case, but now with
A(r) = 1-2GM/r — Ar?/3. The equation for the scale
factor, however, gets modified if a cosmological constant
is present, and becomes

A 2
@ =" 2y (A14)
3a 3
Thus, the value of k also changes in this theory:
A
k= %, (A15)

Combining these expressions with junction conditions (A9)
and (A10), one finds that the matching is possible for any A
provided that, once again, M = 4zp,y? /3. However, in the
presence of a cosmological constant, the star may either
collapse or bounce depending on the specific values of A and

M. Moreover, if M > \/K/ 3, the exterior spacetime cannot
avoid contracting into a “big-crunch” singularity as well,
dragged by the gravitational pull of the collapsing dust star.
More complicated choices for function f should produce
similar effects. In particular, a modification of the scale factor
dynamics and of the expression for k is always to be expected
in any f(R) theory. As we have seen, the modified dynamics
could potentially lead to a complete evasion of gravitational

collapse, or even to the formation of singularities. Therefore,
these possible issues must always be carefully considered.

APPENDIX B: JUNCTION CONDITIONS
BETWEEN THE UNIFORM-DENSITY DUST
STAR INTERIOR AND A SPHERICALLY
SYMMETRIC EXTERIOR, USING THE AREAL
RADIUS AS A COORDINATE

In this section, we shall obtain the junction conditions
resulting from smoothly matching an interior FLRW
spacetime (A2) with the most general spherically symmet-
ric line element, across the timelike boundary X, given by
(A1) in interior coordinates x* = (z,y, 0, @).

For this calculation, we note that one can always choose
“areal-radius” coordinates x’, = (#,7,0,¢) such that the
exterior metric takes the form

ds? = A(t, r)d> — B(t, r)dr? — erQé),

(B1)
where A and B are two functions which completely
characterize the exterior spacetime. In these areal-radius
coordinates, the matching surface is given by expressions
(A6). We shall closely follow the treatment of the problem
given in Ref. [30].

1. First junction condition

On the one hand, as seen from the interior of the star,

- _ s
—u*507

o (B2)

and thus the induced metric on the inner side of X, is

ds3- = dr* — a?y2dQ2. (B3)
On the other hand, from the exterior,
ox', .
8); = (1,0 + ,8/)8% + 80 + 8,05.  (B4)

Consequently, the induced metric on the outer side of %, is
given by

(BS)

ds%r = (A2 — B,i?)ds? - r%dQ%z),
where A, = A(t,(7), r,(r)) and B, = B(t,(7), r.(r)). The
equality of the induced metrics (B3) and (B5) at both sides
of X, imposes two conditions on the metric functions,
namely (11) and (12). Equation (12) can be conveniently
rearranged to produce expression (15), which serves as the
definition of function f = (7).
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2. Second junction condition

In order to compute the extrinsic curvature at the junction
surface, we first need to determine the unit normal to X,,
n,. If u denotes the four-velocity any fluid element, then
n, is completely characterized by spherical symmetry
together with the normalization and orthogonality condi-
tions ¢**n,n, = 0 and w*n, = 0 (respectively). In interior
(comoving) coordinates,

Oxt
==, B6
= ot (B6)
and n, is thus fixed to be
n, = Lﬁf (B7)

g2 i (B
Combining (A7), (B2), and (B7) one finds that the
extrinsic curvature of X, as seen from the inside, is

_ a
Kab == FX

m —xab*

Because the only relevant and nonvanishing Christoffel
symbol of the interior FLRW spacetime is

(B8)

4
_ l—‘—(IJ(/)

Iy = —o= = —y(1 = ky?), B9
~00 ~ Gin2 0 7q 7) (B9)
the only nonzero components of K, are
Ky = Koo =ay\/1—ky? (B10)
“ sin?e T "

In exterior coordinates, the four-velocity of the fluid is

u
3x+:.

W =Sk =6+ ol (B11)
so the (properly normalized) normal vector is
ny = \/AB.(=i.6 +1.5/), (B12)

where we have also made a consistent choice of the overall
sign. Hence, as seen from outside, the extrinsic curvature of
2, becomes

K, e . . T
T%* - (l‘*}"* - f*”*)555h + (r*ri*(l/f - t*r+*aﬁ)
0x% 9x
x 8);3—;‘ o

In order to compute the components of K/,, we make use
of (B4) and take into account that the only relevant,
nonvanishing Chistoffel symbols are

t At* Br* r*
= — r = — l"r = —_——
+ktt 2A* ’ +*rr ZB* ’ +x600 B* ’
A, B,
Ffi-*tr = F{‘r*rt = ﬁ’ rg—*rr = i’
Bt* Ar*

Uiy = Ui = 5 U = (B14)

2B,

After some calculations, we obtain Eqs. (13) and (14)
corresponding to the second junction condition, with
function f and parameter f, being respectively given by
(15) and (16).

3. Interlude: Oppenheimer-Snyder collapse in GR

As explained before, GR has only two junction con-
ditions: the first one, [h,,] =0, and the second one,
[K 5] = 0. Therefore, the relevant junction conditions in
this case are Eqs. (11) and (12), (13) and (14). Moreover, in
GR, the exterior can only be Schwarzschild,

1 2GM
A(t,r) = =1- , (B15)
B(t,r) r
and thus function f, defined in (15), reduces to
f=1\/i?+A,. (B16)

The Schwarzschild metric is independent of 7. As a result,
(13) yields B: 0. This is compatible with the other
constraint coming from the second junction condition,
(14), which reduces to

p=po=1/1-ke. (B17)
Combining (B16) with (B17), one finds that, in
Oppenheimer-Snyder collapse,
2GM
=g A, = -k + (B18)

*

Substituting (11) and the equation for a(z), which in GR is
(A3), one finally finds that junction conditions require

k 4n
= —par-

M=
2657 3

(B19)

4. Third and fourth junction conditions

The first new junction condition arising from f(R)
gravity is the continuity of the Ricci scalar at X, i.e.

084060-15



ADRIAN CASADO-TURRION et al.

PHYS. REV. D 105, 084060 (2022)

[R] = 0.7 In terms of the scale factor of the interior FLRW
spacetime, this condition reads

S+ (B20)

. 2 k ..
RY :R;:6<a i +a>
Equation (11) can be employed to reexpress (B20) in terms
of r, and its derivatives, yielding (17).

The other novel junction condition coming from f(R)
gravity is the continuity of the normal derivative of the
Ricci scalar at the stellar surface, i.e. [n#0,R] = 0. As seen
from inside the star, this normal derivative is simply

A O,R; =R, = 0. (B21)
As seen from the exterior, the normal derivative of R, does
not vanish in principle:

. i*
ot 0,RY = —\/A,B, (ng + B—R,t). (B22)

This forces us to require (18) for the fourth junction
condition to be accomplished.

APPENDIX C: JUNCTION CONDITIONS
BETWEEN THE UNIFORM-DENSITY DUST
STAR INTERIOR AND A SPHERICALLY
SYMMETRIC EXTERIOR, WITHOUT USING
THE AREAL RADIUS AS A COORDINATE

The most general spherically symmetric exterior line
element can always be expressed as

ds? = C(n.&)dn* = D(.§)d&* = r*(n.£)dQy,.  (C1)
As we can see, the difference between (C1) and (B1) is that
the areal radius r is not a coordinate, but a function of the
new time variable n and the new spatial coordinate &
instead. We intend to develop the junction conditions
resulting from gluing (A2) and (C1) across the stellar
surface X, using coordinates (17, &, 0, @), and then compare
the results with those of Appendix B.

As our starting point, we must note that the stellar
surface is now given by

It is worth mentioning that the Ricci scalar of the exterior
solution is given in terms of functions A and B by

R+:_Ih+ A

o (A BN _2(A _B
AB "2AB\A 'B) r\AB B’

L2 (1 Bu_ B (A B
2 B) "AB 2AB\A ' B)

in these coordinates. Additionally, we now have that

r=r(n¢) = r.(7) =r.(n.(2),&(2)).  (C3)
1. First junction condition
Since, as seen from outside the star,
3xi-u‘u15ue K 5P
dy“ = (’7*5'7 + 5*55)5(1 + 8pda + Syba, (C4)

the induced metric on the exterior side of X, will be

ds2. = (C.2 = D,&})dr? — r2dQ (C5)

b (2)

where C, = C(n,(7),¢(.(r)) and D, = D(n,(7),E.(7)).
Equalling the induced metrics (B3) and (C5), one obtains
two conditions on the metric functions, namely Eq. (11)—
which remains unchanged—and

Equation (C6) can be conveniently rearranged as

C.p. =/ C, +C,D,E =P,

which serves as the definition of function § = f(z).

(C7)

2. Second junction condition

The four-velocity of the fluid is now

oxl, . :
W, = a—; = .8 +&£.8:, (C8)
so the (properly normalized) normal vector is
nf = /C.D,(=&.8) +in.o%). (C9)

Therefore, the extrinsic curvature of X, expressed in
exterior coordinates is

K} P : .
— b = (ij, &, — 1.E)855, + (ET, 5 — 1T o)

VvC.D,
Out O,

X aya 8yb

(C10)

Proceeding exactly as we did back in Appendix B2, we
obtain, after a rather long computation, the following two
independent equations for the second junction condition:

Cr,*ﬂz - Dr]* gi

poto 1)
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ﬁ _ :BOV C*D* - rn*D*é*

I’g*

(C12)

where f3 is given again by expression (16), C, = 9C/0n,
D,=0D/0n, r,=0r/0n, and r; = 0r/0¢.

3. Third and fourth junction conditions

It is almost immediate to check that the third junction
condition still leads to Eq. (17).** Finally, the fourth
junction condition now yields™

é* +
c et

g—iR;;. (C13)
As we can clearly see, the junction conditions for (C1)
reduce to (11)—(14), (17), and (18) if one sets r = £ and
performs the substitutions # — t, C - A and D — B, since
 also reduces to f—i.e. to expression (15)—under these
circumstances.

4. Summary and comparison with
the results of Appendix B

To sum up, the relevant junction conditions arising
from the smooth matching of a FLRW dust star interior
(A2) and (C1) at (C2) are equations (11), (17), (C6), and
(CI1)—(C13). These constraints are to be complemented
with the definition of f, Eq. (C7).

Junction conditions (C6) and (C11)—(C13) are more
complex than their counterparts (12)—(14) and (18). This
was to be expected, since coordinates (1, &, 8, @) are more
general than (z,r,6, ¢). As a result, computations should
be—in principle—much more difficult to perform when the
exterior spacetime is expressed as in (C1).

For example, the expressions for 77, and &, in terms of C,
and D, are not as simple as the expressions (20) and (21)
for ¢, and i, in terms of A, and B,. This is because

equation (C12) includes a term proportional to 5* in its
right-hand side—in contrast, (14) does not contain any term
proportional to 7,—. We thus have a quadratic equation for

24Obviously, (C3) must be taken into account in this case. (C3)
entails that 7, = r,,7, + r¢.&,, so the third junction condition is
much more convoluted in these coordinates.

2We would like to remark that, in these coordinates, the Ricci
scalar of the exterior solution is given by

rro =S S (G ) 2 (S0

CD 2cD\C D r \CD D?

2 7 r?\ D, D, (C, D

Bl O I R m_ 2 (Zng T
+r2< C D>+CD 2CD(C+D>

LAt 1\ _2(C_Dy
r\C D r»\C* CD)’

r;ﬁ* after substituting (C12) in (C7). From this quadratic
equation one obtains the following two solutions for &, :

r%*—kC*ﬁZ‘) _C. 2
D, D2 " éx

V C*D* (rn*ﬂo =+ rf*

2 2
D,ry — Crg,

E = ) . (Cl4)
Substituting (C14) in (C7) yields the two corresponding
solutions for 7,. Again, it is straightforward to check that

both solutions for &, and 7, respectively reduce to (21) and
(20) if one sets r = £ and performs the substitutions  — t,
C — A and D — B. Nonetheless, the highly convoluted

appearance of f* and 7, implies that using them to build a
system of equations for metric functions C, D and r is in
principle much more complicated than obtaining a system
of equations for functions A and B using (21) and (20), as
we did back in Sec. IV.

Accordingly, we clearly see that areal-radius coordinates
(t,7,0,¢) are more natural, in the sense that r, is always
the quantity which becomes proportional to the interior
scale factor a as per the first junction condition (11)—
which remains unmodified when one abandons areal-radius
coordinates and switches to (1, £, 8, ¢). Junction conditions
are also more difficult to handle when one uses the
alternative coordinate system (1, £, 6, ). This could poten-
tially cause problems when the exterior spacetime cannot
be analytically cast in the form (B1) using a coordinate
transformation.

APPENDIX D: INCOMPATIBILITY OF
OPPENHEIMER-SNYDER COLLAPSE WITH
PALATINI f(R) GRAVITY

The junction conditions of Palatini f(R) gravity (in
which R is now the Ricci scalar of the independent
connection) are different from those of GR and of metric
f(R) gravity. More precisely, according to [12], the relevant
constraints in Palatini f(R) gravity are

ha] = 0. o1)
=0, (02)
Kutl =3 alK] = =70 (03)
7=0, (D4)

in the case allowing for thin shells to be present, where 7,
is the thin shell’s stress-energy tensor (i.e. the divergent
part of the stress-energy tensor), 7 = h“’z,, is its trace, and
K = h*K,, is the trace of the extrinsic curvature of the
matching surface X.

The case in which there are no thin shells at the matching
surface is recovered by setting z,;, = 0. It is then immediate
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to see that (D4) holds automatically, while condition (D3)
becomes
1

g hab [K ] ’
whose trace is satisfied automatically for all K ;. Conditions
(D1) and (D2) are unaffected by the choice 7,;, = 0.

Condition (D2) suffices to show that Oppenheimer-
Snyder collapse is impossible in Palatini f(R) gravity. A
dust star has an energy-momentum tensor whose trace is
T~ =p#0, while the exterior vacuum solution has
T" = 0. Therefore, the trace of the stress-energy tensor
cannot be continuous at the matching surface unless p = 0,
and thus the glueing with any dust star interior is impossible
as per the junction conditions of Palatini f(R) gravity
derived in [12]. What is more, if the interior stress-energy
tensor is that of a perfect fluid, then the matching is only
possible provided that p, = 3p,, i.e. that the equation of
state evaluated at the stellar surface is that of radiation. This
is of course true if the fluid is radiation, but also if one

Ky = (DS)

requires the equation of state to be such that p, = 0 entails
p. = 0. This is typically the case in more realistic stars, but
not in those made of dust, in which p = 0 everywhere and
the star can end abruptly at any given radius. The generic
incompatibility of dust star interiors with junction condition
(D2), shows that the Oppenheimer-Snyder collapse model
is not viable within Palatini f(R) gravity:

Result 7. Isolated bodies made of pressureless matter
are incompatible with the junction conditions of Palatini
f(R) gravity presented in [12]. Therefore, the Oppenheimer-
Snyder model of gravitational collapse is also incompatible
with such junction conditions.

Nonetheless, we must stress that one can still study
gravitational collapse in Palatini f(R); however, a different
equation of state for the star is required by the junction
conditions (D1)—(D4). For example, nondust perfect fluids
and polytropic stars are still allowed by (D2). It seems
reasonable to expect, though, that a change in the equation
of state might significantly complicate the mathematical
treatment of the problem.
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