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We study the gravito-electromagnetic perturbations of the Kerr-Newman (KN) black hole and identify the
two—photon sphere and near-horizon—families of quasinormal modes (QNMs) of the black hole, computing
the frequency spectra (for all the KN parameter space) of the modes with the slowest decay rate. We uncover a
novel phenomenon for QNMs that is unique to the KN system, namely eigenvalue repulsion between QNM
families. Such a feature is common in solid state physics where e.g., it is responsible for energy bands/gaps in
the spectra of electrons moving in certain Schrodinger potentials. Exploiting the enhanced symmetries of the
near-horizon limit of the near-extremal KN geometry, we also develop a matched asymptotic expansion that
allows us to solve the perturbation problem using separation of variables and provides an excellent
approximation to the KN QNM spectra near extremality. The KN QNM spectra derived here are needed not
only to account for gravitational emission in astrophysical environments, such as the ones probed by LIGO,
Virgo and LISA, but also to allow one to extract observational implications of several new physics scenarios,
such as minicharged dark-matter or certain modified theories of gravity, whose observables degenerate to

those of the KN solution at the scale of binary mergers.

DOI: 10.1103/PhysRevD.105.084044

I. INTRODUCTION

The black hole (BH) uniqueness theorems single out the
Kerr-Newman (KN) solution as the most general regular,
stationary, analytic and asymptotically flat electro-vacuum
solution of Finstein-Maxwells equations [1]. Nevertheless,
astrophysical BHs are not expected to be able to retain a
significant amount of electric charge [2,3]. Consequently,
all LIGO-Virgo [4,5] observations of events compatible
with BH binaries [6] have been so far described under the
assumption that the merging objects can be modeled by
the Kerr metric, the zero-charge limit of the KN solution.

2470-0010/2022/105(8)/084044(9)

084044-1

Due to the lack of template models describing coalescing
KN BHs (especially in the merger-ringdown regime), the
zero-charge assumption has not yet been verified in full on
observational data; although see Refs. [7,8] for recent work
in this direction. Gravitational-wave (GW) observations of
BH mergers are now probing the largest curvature regimes
ever reached, enabling the experimental study of gravity in
its strong-field and dynamical regime [6,9] and opening an
observational window on potential unobserved gravita-
tional phenomena. Here, we further the characterization
of KN solutions by finding the full gravito-electromagnetic
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quasinormal mode (QNM) spectra of KN BHs for
the slowest decaying modes and for the full range of the
KN 2-parameter space. The determination of the QNM
spectrum requires solving a coupled system of two partial
differential equations (PDEs) for two gauge invariant
Newman-Penrose (NP) fields [10] that, upon gauge
fixing, reduce to the PDE system originally found by
Chandrasekhar [11,12].

Perturbative results in the small rotation parameter a
[13,14] and in the small charge parameter Q [12] expansions
about the Reissner-Nordstrom (RN) and Kerr backgrounds
are available. Moreover, in [10], a numerical search of KN
modes has been performed in regions of the KN parameter
space that could be more prone to developing an instability,
finding none and thus providing evidence for the linear
mode stability of KN (further supported by the non-linear
time evolution study of [15]). In this manuscript, we
complete the search initiated in [10] and compute the
frequency spectra, across the full KN 2-parameter space,
of the most dominant (i.e., with slowest decay rates) gravito-
electromagnetic QNM families (as described below, there
are two main families). These are the modes that reduce—in
Chandrasekhar’s notation [11][—tothe Z,, =m=2,n=0
modes in the Schwarzschild limit (¢ = Q = 0), where the
harmonic number ¢ gives the number of zeros of the
eigenfunction along the polar direction and 7 is the radial
overtone (a and Q are the rotation and charge parameters of
KN). In this process we find that, for = m = 2,n = 0, KN
has two families of QNMs. We coin these families as (1) the
photon sphere (PS), and (2) the near-horizon (NH) families,
although the sharp distinction between the PS and NH
modes is unambiguous only for small rotation a, i.e., when
the KN 2-parameter black hole is close to the Reissner-
Nordstrom 1-parameter family.

In the Reissner-Nordstrom case, the PS family of QNMs
is singled out because, in the eikonal or geometric optics
limit (i.e., the WKB limit m = £ — o0) it has a frequency
spectrum that is closely connected to the properties of
unstable equatorial circular photon orbits [16-27]. On the
other hand, the NH family of QNMs distinguishes itself
very clearly from the PS family because: (i) its wave-
function near extremality is very much localized near the
horizon and decays rapidly to zero away from the horizon,
and (ii) its QNM spectrum has an imaginary part that
vanishes in the extremal limit (moreover, in the Reissner-
Nordstrom case, the NH frequency has a vanishing real
part, unlike the PS modes).

It follows that to explore the PS and NH QNM families
in the KN background, we start by identifying them in the
Reissner-Nordstrom black hole. Here, the NH QNM family
has the slowest decay rate very close to extremality where
the charge attains its maximum value (and where the
temperature vanishes) but, as we decrease the charge Q,
the PS QNM family becomes the dominant solution: the
two QNM curves intersect and trade dominance at a critical

charge. We then switch on the rotation a and follow these
two families of QNMs as each one of them spans a surface
in the 2-dimensional parameter space of the KN black hole.
In particular, we identify these surfaces as they run from the
Reissner-Nordstrom limit (with a = 0, Q # 0) all the way
to the Kerr limit (with a # 0, Q = 0). Interestingly, we will
find that as we move toward the Kerr limit, the PS and NH
families lose their individual identities. They start interact-
ing with each other and at a certain point the two families of
QNMs with the two slowest decay rates can be seen as a
combination of what were the PS and NH modes in the
Reissner-Nordstrom limit. Thus, this work solves a long-
standing QNM puzzle. Indeed, there are hints in the
literature (not made very precise) that PS and NH
QNMs modes should coexist and eventually compete in
the Reissner-Nordstrom case. It was also known that in the
Kerr case there are two families of modes: the “damped
modes” and “zero-damped modes” of [26,28,29]. But it had
not been understood how the latter are related to the PS and
NH modes of the Reissner-Nordstrom black hole. With our
computation of the full QNM spectra, we will address this
problem accurately because we will follow the families of
QNMs along the full 2-parameter space of the KN black
hole between its two distinguished 1-parameter limits.
While doing so, we find that, remarkably, the KN frequency
spectra—unlike its a = 0 and/or Q = 0 limits—are popu-
lated with intricate phenomena known as eigenvalue
repulsions. These are ultimately responsible for the fact
that the PS and NH families of Reissner-Nordstrom lose
their individual identities and typically combine to form
new ‘PS-NH’ QNM families as we move along the KN
phase space toward the Kerr limit.

Besides computing numerically the QNM spectra for the
¢ = m = 2, n = 0 gravito-electromagnetic QNMs, we will
also use analytical methods to compute the PS and NH
QNMs or the PS-NH modes in some limits. These
analytical approximations match well our numerical results
in the regime of parameters where they are valid and they
contribute significantly to understanding the origin and
distinction between the two QNMs families. For the PS
case, the QNM spectrum for £ = m = 2 is well approxi-
mated by the frequencies computed in the eikonal or
geometric optics: the real and imaginary parts of the PS
frequency are proportional to the Keplerian frequency and
to the Lyapunov exponent of the orbit, respectively
[26,27,30]. On the other hand, the NH QNM spectrum
near extremality is well approximated by a matched
asymptotic expansion that explores the enhanced sym-
metries of the near-horizon limit of the near-extremal KN
geometry and allows us to solve the perturbation problem
using separation of variables. In this manuscript, we will
present the final formula for these frequencies (its deriva-
tion will be given in [30]) and compare them with the
numerical data. Moreover, in [30] we will also give the
QNM frequencies for other values of £, m, n to have a
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wider characterization of the KN QNM spectra (and this
will also allows us to further discuss the eigenvalue
repulsion phenomena between the different modes).

Beyond studying the fundamental properties of the
slowest decaying QNMs of KN, our results are of interest
for the interpretation of observational data and for appli-
cations in both ground and space-based GW detectors
[4,5,31-34]. Indeed, the observational applications of our
results are not limited to modeling the GW emission in
realistic astrophysical environments, but include the pos-
sibility of constraining certain dark matter [35] and
modified gravity [8] models. The full implications of these
results to GW observations are explored in a companion
paper [36].

II. FORMULATION OF THE PROBLEM

The KN BH solution can be described in standard Boyer-
Lindquist coordinates {¢, 7,0, ¢} (time, radial, polar, azi-
muthal coordinates) [37]. The Killing vector K = 0, +
Q0,4 generates the event horizon with angular velocity
and temperature 7'y. The event horizon location r, is the
largest root of the function A. In terms of the mass, rotation,
and charge parameters {M, a, Q}, these quantities are

A=r’-2Mr+a*+ Q% r.=M=+

r2—a?-Q?

H =
dwr,  rr+a?

MZ_a2_Q2,

Q, = ° : (1)

— Th 9>
r+a?

Atr_=r,, i€, a = Qo = \/M?>— Q% the KN BH has a
regular extremal (“ext”) configuration with 7% = 0, and
maximum angular velocity Q% = a../(M? + aZ).
Since d,, 0, are Killing vector fields of KN, its gravito-
electromagnetic perturbations can be Fourier decomposed
as e e where w and m are the frequency and
azimuthal quantum number of the mode. Using the NP
formalism, [10] derived a set of two coupled PDEs for two
gauge invariant quantities yw_, and y_; that describe the
most general perturbations (except for trivial modes that
shift the parameters of the solution) of a KN BH, namely:

(Foa4 0*Go)ws+ O*Hoy_ =0,
(Foi+ QG )woy + Q*Hoy_, = 0, (2)

where the second order differential operators {F, G, H} are
in Eq. (A4) of the Appendix. The gauge invariant (under
diffeomorphisms and NP tetrad rotations) perturbed quan-
tities y_, and y_; are a combination of NP scalars ¥’s and
@’s (see (A2) of Appendix).

To solve the coupled PDEs (2), we need to impose
physical boundary conditions. At spatial infinity, we require
only outgoing waves, and at the future event horizon, we
keep only regular modes in ingoing Eddington-Finkelstein
coordinates. Finally, we must require regularity at the

North (South) pole 0 = z(—x). See Appendix for more
details.

A scaling symmetry of the system allows us to work with
the adimensional parameters {a, Qd)} ={a/M,Q/M, oM}
(or{a,0,dy={a/r,,Q/r.,wr.}). The t — ) symmetry
of KN means that we need only consider modes with
Re(w) > 0, as long as we study both signs of m [38]. To
solve the PDE problem numerically, we use a pseudospec-
tral method that searches directly for specific QNMs using
a Newton-Raphson root-finding algorithm. We refer to the
review [39] and [40—42] for details. The exponential
convergence of the method, and the use of quadruple
precision, guarantee that the results are accurate up to, at
least, the eighth decimal place.

III. ANALYTICAL ANALYSIS
AND EIGENVALUE REPULSION

There are regimes of the parameter space where the
frequency of the QNMs can be well approximated by
analytical formulae obtained from perturbation/WKB
expansions. This helps identify different families of
QNMs. There are two main families of QNMs: (1) the
photon sphere (PS), and (2) the near-horizon (NH) families.
However, as we will find later, this sharp distinction is
unambiguous only for small values of the rotation parameter.
In particular, we can see this clearly for the @ = 0 Reissner-
Nordstrom (RN) case, the imaginary part of the frequency
spectra of which is shown in the left panel of Fig. 1 (in units
of r, since some curves change too much in a small range of
charge if we use units of M) [43]. Lettingn = 0, 1, ... denote
the radial overtone, the orange diamond and dark-red
triangle curves describe the n = 0 (PSy) and n =1 (PS;)
PS families, respectively. And, the green circle and blue
square curves describe the n = 0 (NHy) and n = 1 (NH;)
NH families. Focusing our attention on the families
with slowest decay rate, the PS; and NH,, curves intersect
(simple crossover) at QO = QRN ~0.959227 (0 = QRN ~
0.9991342). For 0 < O < Q"N PS,) is the dominant QNM,
while for Q"N <0 <1 it is the NH, QNM that has
smaller |Ima|.

In the eikonal or geometric optics limit (the WKB limit
£ ~|m|> 1) the PS QNM frequencies are known to be
related to the properties of the equatorial plane unstable
circular photon orbits. The real and imaginary parts of the
PS frequency are proportional to the Keplerian frequency
Q. and to the Lyapunov exponent 4, , respectively [16-25].
The latter describes how quickly a null geodesic congru-
ence around the orbit increases its cross section under
radial deformations. In this limit, the PS frequencies are
(see [26,27,30])

m n+1/2 |r?2 + a® — ab,]| 3)
~M N
by byri |b,—al(6r* +a* — b2
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QNM spectra for KN BHs with a/a., = 0 (left), 0.39 (middle) and 0.96 (right). In the RN case, there is an unambiguous

QNM family classification: the orange diamond (dark-red triangle) curve is the n = 0 (n = 1) PS family which reduces to the dark-red
disk wr, = 0.74734337 — 0.17792463i (red square wr, = 0.69342199 — 0.54782975i) in the Schwarzschild limit [11,47]. The green
circle (blue square) curve is the n = 0 (n = 1) NH family (not shown: for Q < 0.85 these curves extend to lower Im@). In the middle and
right panels one observes eigenvalue repulsions unique to the KN QNM spectra. On the left/right panels we also show the frequency

~MAE

anf - given by (5) for n = 0 (black solid curve) and for n = 1 (magenta solid curve).

where r, and b, are the radius and impact parameter of the
unstable orbits defined implicitly in terms of M, Q:

Vo Y

There are two real roots r higher than r, which are in
correspondence with two PS modes: the corotating one
(with m = ) that maps to the eikonal orbit with radius
re = ry and by > 0 (and that has the lowest |Im@|) and the
counterrotating mode with m = —¢ which is in correspon-
dence with the orbit with radius r; = r{ and b, < 0, with
r{ > ry > r,. As a check, we find that (3) is in excellent
agreement with the numerical data for £ =m =6 (see
[30]), and it still gives a reasonable approximation when
¢ = m = 2. Altogether, this identifies the PS QNM family
and validates our numerics.

Now let us discuss the NH family of QNMs. In the RN
case (left panel of Fig. 1), this is the dominant QNM near
extremality, i.e., for QEN < Q < 1. Near extremality, the
RN and KN near-horizon QNM wave functions are very
localized near the horizon and quickly decay to zero away
from it. This suggests doing a poor-man’s matched asymp-
totic expansion (MAE), whereby we take the near-horizon
limit of the perturbed equations (2) to find the near-region
solution (which we solve analytically) and match with a
vanishing far-region wave function in the overlapping
region where both solutions are valid [48]. In fact,
motivated by the result that the near-horizon limit of the
extremal KN BH corresponds to a warped circle fibred over
AdS, (anti—de Sitter) [49], the perturbations of which can
be decomposed as a sum of known radial AdS, harmonics,
we can use separation of variables. Therefore, the system

rs(b?_az_zrg)
M= T
(bs_a)

of 2 coupled PDEs for {y_,,w_,} separates into a system
of 2 decoupled radial ordinary differential equations
(ODEs) and a coupled system of 2 angular ODEs. This
yields an analytical expression for the NH frequency (its
long derivation is given in [30]):

_MAE | Mma N ma(l—a*) il+2n V=1,
~ ol —_— —
MUT @ T 20+32) 41+ad 41+ @)

(5)

where n =0,1,2,... is again the radial overtone, here
d = Qg and the expansion is over the off-extremality
parameter ¢ = 1 —:—; up to O(c?). Here, 1y (m, Gey) is a
separation constant that we find by solving numerically the
aforementioned coupled system of two angular ODEs. In
our conventions, Re(/z) > 0 and Im(/z) > 0 when z is
positive and negative, respectively. Our initial derivation of
(5) is valid for 1, > O but, motivated by the Kerr results
reported in [28,29,50], we will use it also when 4, < 0 [S1].
In a complementary manner, in the WKB limit m > 1, 4, is
well approximated by

p
P = doom? + dym + Az + 224 O(1/m?). - (6)

where the WKB coefficients 4, , ..., 4, 4 are functions of a
given in (A6) of the Appendix. At extremality (¢ = 0), (5)
reduces to Red = mQ%" and Imé = 0, and in the Kerr and
RN limits, it reduces to the expressions first found in
[26,28,29], respectively.

Approximation (5) is in excellent agreement with the
numerical frequencies (near extremality). This is illustrated

in the left and right panels of Fig. 1. For the RN case
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(left panel), extremality is at Q =1 and (5) with n =0
(black line) gives the correct slope for the NH, family
(green circles), while (5) with » = 1 (magenta line) yields
the slope of the NH; family (blue squares). On the right
panel, we take a KN BH family with a/a.,, = 0.96 (so the
whole family of solutions is close to extremality) and
compare the numerical results for the dominant n =0
QNMs (curve that connects orange diamonds and green
circles) with the black curve, i.e., (5) with n = 0. Moreover,
we also compare (5) with n = 1 (magenta curve) with the
n = 1 numerical modes with the second slowest decay rate
(3-branched curve connecting the dark-red triangles, green
circles and blue squares). So, (5) clearly identifies the NH
family in the RN limit, and more generically, the dominant
modes near extremality.

Figure 1 illustrates a remarkable property of KN QNM:s.
In the RN case (left panel) and for small rotation, the PS,,
family dominates the spectra for 0 < Q < Q.(&) (with
0.(0) = ORN) while the NH, family dominates for
Q.(@) < O < 1. But, when @ grows and approaches to
extremality, e.g., at a/a., = 0.96 (right panel), the PS,
family merges with the NH,, family (i.e., orange diamond
and green circle curves merge in the right panel of Fig. 1).
For higher a/a.,; the two families remain merged and this
line of solutions approaches Im@ = 0, Red = mQS" as
a — dgy. The whole n = 0 QNM curve in the right plot is
thus well approximated by (5): it captures the NH, modes
in the RN limit but also the “PSy,-NH, merged" modes
(when close to extremality).

The above features of the KN QNMs can be best

understood in terms of a critical rotation a, (or critical
charge 0, = /1 — @?) in relation to the extremal rotation
dey, (or extremal charge Q). When &, < ey <1
(0 < Qe < 0,), as is the case in the Kerr limit where
deye = 1, the PS family terminates at Im@ = 0 and Re® =
mQSt  at  extremality. However, when &, > Gy
(0, < Quy), as is the case in the RN limit where
Qex = 1, the PS family falls short of the (Im@, Rew) =
(0, mQS}) surface at extremality.

Interestingly, the  transition point turns out to be given
(within numerical error) by the point where the separation
constant A,(m, @) in (5) vanishes: A,(m,a ") =0
(Ay > 0 for ag < a¥; 2, <0 for g > al). To get
accurate values for @Y we use the numerical solution for
A,. Alternatively, we get a good approximation by using the
WKB result (6) for A,:
N 1 5V/3(2-v2) N 5(69 — 176;@

2 32m 2048m
+O(m™) (7)

In the first case we get {@,, 0, }" ~ {0.360,0.932} while
(7) yields {a,. 0, N, ~ {0.311,0.970} (for m = 2) [54].

In summary, our analysis uncovers a surprising property
not observed in the QNM spectra of Schwarzschild, Kerr or
RN. Indeed, in the KN QNM spectra we observe a
phenomenon know as eigenvalue repulsion [55]. The latter
is common in solid state physics when e.g., electrons move
in certain Schrodinger potentials that introduce energy
bands/gaps (see e.g., Sec. 7 of [58]). The eigenvalue
repulsion feature is most evident by considering the
evolution of the 3 plots in Fig. 1. In the RN case (left
plot), and for small rotation, we have a sharp and
unambiguous distinction between the four families of
modes represented. In particular, the PS, family dominates
the spectra for 0 < O < Q.(a) (with Q.(0) = O%N) while
the NH, family dominates for Q.(a) < Q < 1. The two
modes intersect at O = Q. (a) with a simple crossover and
similar crossovers occur when the PS; curve intersects the
NH, or NH; curves. However, at a/a.; = 0.39 (middle
panel), we find that eigenvalue repulsion occurs between
the PS; and NH,, families: the PS; curve breaks into two
pieces and the same occurs for the NH,, curve. The left
(right) branch of the PS; family now connects to the right
(left) branch of the NH,, curve and a frequency gap appears
between the two new curves in the neighborhood of the two
associated kinks. The distinction between the families is no
longer sharp. As the rotation increases, new eigenvalue
repulsions occur. For example, at a/a.,, = 0.96, the PS,
curve breaks into two pieces and the same occurs (again)
for the NH,, curve. The left branch of the PS, family now
merges with the right branch of the NH,, curve and this new
curve is well described by the black curve (5) (not shown:
the right branch of the PS, curve merges with an > 1 NH
curve). Below, the left branch of the NH, curve now
bridges the dark-red triangle PS; curve with the blue square
NH; curve (the NH; curve also breaks and merges with
another n > 1 curve but we do not show these further
subdominant modes).

IV. FULL QNM SPECTRA

The full spectra of the most dominant KN QNMs—
classified as Z,, £ =m =2, n=0 by [11] (Table V,
page 262) in the Schwarzschild limit—is given in
Fig. 2. The left/right panel gives the imaginary/real part
of the frequency. The brown curve has Im@ =0,
Re = mQS}. To scan the 2-dimensional parameter space
we used a grid with 100 x 100 points in [0, 1] x [0, 1] for
{Q7a/acxt} with ey = /1 = QZ-

The KN modes with slowest decay rate always terminate
at extremality along the extremal brown curve, with the
frequencies off-extremality well approximated by (5) as
illustrated in Fig. 1. The red surface family, continuously
connected to the Schwarzschild mode (dark-red point
[11,47]), is the PS; QNM family as we unambiguously
identify it in the RN limit. It dominates the spectra for most
of the parameter space. However, for large Q it is instead
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Imaginary (left panel) and real (right panel) parts of the frequency for the Z,, £ = m = 2, n = 0 KN QNM with lowest Im|®|.

At extremality, the dominant mode always starts at Im@& = 0 and Re® = mfzi}“ (brown curve). The dark-red point (a =0 = Q),
@ ~0.37367168 — 0.08896232i, is the gravitational QNM of Schwarzschild [11,47]. In the right panel, the orange and green regions are

so close to the extremal brown curve that they are not visible.

the NHy, QNM family (green surface) that has the lowest
[Im@|. In between these orange/green regions there is a
yellowish zone. This is where either simple crossovers (that
trade mode dominance) or eigenvalue repulsions between
the PS, and NH, modes occurs. These were already
analysed in the discussion of Fig. 1.

Besides characterizing the fundamental properties of
linear perturbations of the KN black hole, the derived
QNM spectra can be used to model beyond Standard Model
physics in binary mergers and GW emission in realistic
astrophysical environments, bearing increasing importance
with future enhancements in sensitivity of current and
planned GW observatories. In a companion paper [36], we
apply the results obtained in this work to the latest
observations from the GW detector network.
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APPENDIX: PDE AND WKB COEFFICIENTS

1. Coupled pair of PDEs for the KN perturbations

The uniqueness theorems [59,60] state that the Kerr-
Newman (KN) black hole (BH) is the unique, most general
family of stationary asymptotically flat BHs, of Einstein-
Maxwell theory. Itis characterized by 3 parameters: mass M,
angular momentum J = Ma and charge Q. The Kerr,
Reissner-Nordstrom (RN) and Schwarzschild (Schw) BHs
constitute limiting cases: Q =0, a=0 and Q =a =0,
respectively. The gravitational and Maxwell fields of the KN
BH in Boyer-Lindquist coordinates are given by [37,61]

A )
ds? = = (di = asin®6dg)? + L dr? + Ld6?

sinZ0

[(r* + a*)d¢ — adi]?,

Or

A==
)

(dt — asin’0d¢), (A1)
with A = 12 = 2Mr + a* + Q? and X = r? + a® cos? 6.

Linear gravito-electromagnetic perturbations about the
KN background are more easily addressed in the Newman-
Penrose (NP) formalism [62]. In the context of this
formalism there is a well-known set of NP scalars built
of contractions of the NP tetrad with the Weyl tensor (e.g.,
Y,, ¥; and ¥,) or with the Maxwell field strength (e.g., @,
and @,) [11,63]. Out of these, one can construct two gauge
invariant perturbed quantities, i.e., quantities that are
invariant under both linear diffeomorphisms and tetrad
rotations, namely [10]:
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o = (),
(;*)3

0 1 0 1
=250 2o — 39 @),
1

Vi (A2)

with 7 = r + ia cos 0. Here, NP scalars with superscript ()
refer to scalars in the KN background and the superscript
() to first order perturbations of the scalar. These NP
scalars (A2) are the ones relevant for the study of
perturbations that are outgoing at future null infinity and
regular at the future horizon [64]. Reference [10] derived a
set of two coupled partial differential equations (PDEs) for
w_, and y_; that describe the most general perturbations
(except for trivial modes that shift the parameters of the
solution) of a KN BH, namely:

(Foo4+ 0*Gu)ws+ O*Hoy_ =0,

(Foi4+0*G )y + Q*H_jy_, =0, (A3)

where the second order differential operators {F, G, H} are

given by [10]

F_, = AD Dy + L_ L} - 6iwF,

G, =AD ,a_7Dy—3AD" ja_— L_ja, 7L}
+3L_ja iasind,

H_, = —AD' ja_FL_; —=3AD' ja_iasin6
— L o, FAD | =3L_ja,A,

F_i=AD\D' | + LIL_| - 6iwF,

G_1 = —Dya, F*AD! | = 3Dya, A + Lia_FL_,
+ 3L a_iasiné,

H_y = =Dya, 7L} + 3Dya, iasing

— Lla 7Dy + 3L5a_, (A4)

with a, = [3(F*M - 7Q?) + Q*#]~!, and we introduced
the radial and angular Chandrasekhar operators [11],

iK,
A
Ej = 89 —+ Kg +jC0t9,

(r—M)

Dj:0r+ A )

+2j K, =am— (r’ + a®)w;

K, = % —awsind. (A5)

sin
The complex conjugate of these operators, namely D'; and
ﬁ;, can be obtained from D; and L; via the replacement
K, - —K, and Ky - —K,, respectively.

Note that fixing a gauge in which ®{") = ®{") =0, (A3)
reduces to the Chandrasekhar coupled PDE system [11]

(see also the derivation in [12]). Finally, note that in the
limit Q — 0 (A3) decouple yielding the familiar Teukolsky
equation for Kerr [66].

Since 9,,0, are Killing vector fields of KN, we can
Fourier decompose the perturbations {y_,,y_;} as
e~ eMm$ This introduces the frequency @ and azimuthal
quantum number m of the perturbation. The 7 — ¢ sym-
metry of the KN BH allows us to consider only modes with
Re(w) > 0, as long as we study both signs of m. Then, to
solve the coupled PDEs (A2), we need to impose physical
boundary conditions (BCs). At spatial infinity, a Frobenius
analysis of (A3) that allows only outgoing waves yields the
decay:

1 —(2s iu)ﬁﬂher }s 0
Wsloo ~ el (2s+1)+ [ (as(g) +/¥ + .- ) ,

where s = =2, —1, and f,(6) is a function of a,(6) and its
derivative fixed by expanding (A3) at spatial infinity.

At the horizon, a Frobenius analysis whereby we require
only regular modes in ingoing Eddington-Finkelstein
coordinates, yields the expansion

i(w—mQpy)

Wl (r—r )" 50 [a,(0) + b(0)(r—r,) + -,

where b, (0) is a function of a () and its derivative.

At the North (South) pole x = cos @ = 1(—1), regularity
dictates that the fields must behave as (¢ = 1 for |m| > 2,
while e = —1 for |m| = 0, 1 modes)

%sﬂm\

Wilxs) = (UF 0 TP + BE(1F 1)+,

where B (r)(B; (r)) is a function of A (r)(A; (r)) and its
derivatives along r, whose exact form is fixed by expanding
(A3) around the North (South) pole.

2. WKB coefficients for the separation constant A,

At extremality, the modes with slowest decay rate
(independently of belonging to the NH or PS families)
always approach Im@ = 0 and Re@ = mQS" and (5) of the
main text provides an excellent approximation to their
frequency in an expansion off-extremality (as analyzed in
the discussion of Fig. 1 of the main text). The derivation of
the analytical approximation (5) of the main text is quite
long and thus we will present it in the companion manu-
script [30].

In (5) of the main text, the separation constant 1, has a
WKB expansion for large m, as given in Eq. (6) of the main
text. The associated WKB coefficients are
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ho=4(1-4a%), A, =-4(1+a>)2V1-a -1+ 22, (A6a)

3V1—a2(1 + a2)(3 - 726a'0 — 2534 + 128a° — 74a* — 5042)
by = (A6D)

(1 +282)[(664° — 5a* — 12a* + 5)V1 — a% + 4(1 — a*)v2a? + 1]

daz = [4(1+2a2)7/2(578577650112a* — 3381297955204 — 104245302110443¢ + 1170932108544
+243872180244a°* — 10927887098044°° 4 4575719379314°8 + 28663985073842° — 3712252275874
+758213760484% + 838231431994%° — 64522516578a'® + 539753779346 + 118707593004+ — 593933108742
+15670254a'° 479895927143 — 2692480084° — 8868395a* + 203276184> — 4782969)

+ 4@(1 +24a%)3(6612316001284*° —788969522880a°% — 4758863788804°¢ + 10291385063524*
—63064814155243% — 4526991560524 + 6581663391688 — 18697595894342¢ — 2498920000054

+ 1787436924064°% — 32492421064°° — 5647948230948 4 209026907214!° + 366360131244 — 584548134042
+ 110055219940 + 410656173a® —2794095064° + 198293664 + 131531654% — 4782969)] !

x 362V 1= a2(1 + a2)3 /242 + 1(905887292175364% + 935868134044804* — 642346424881924%

—541815519342244*0 + 147337093268644° — 3470814109976443¢ — 8979094220672a* + 344324740645054%2

—109221617476054° — 230416449492124%8 + 51369275833404%° + 4733507876355a* — 35782265716194%2

—8989292742064%° + 7535652434464'8 — 1350773743656 — 1742231222354 + 3308991912042

+8380363168a'" — 98907822754 — 803782461a° + 541670718a* — 1482720344% — 57395628)

+3a%(1+ a%)*(1585302761306884* + 1922606017326724* — 226279077675552a*

—257580189150768a** + 238634465705064a* + 1874786643342364° — 16794815397421443°

—790507879336094** + 691659969689404°2 + 15622775295754°° —261497765581424a%

+631085978641342° 4 38201719519484%* — 44245828839014% — 4176582521824%° + 868831525263a'3

—249677209480a'% — 1707065822994 '* + 474044700464' + 4708012127a'° — 109320786364° — 398469675a°

+532105820a* — 1769698584% — 57395628)). (A6c)
The derivation of (6) of the main text and of (A6) is again long and will be given it in the companion manuscript [30]. There,

we also show that this WKB expansion provides an excellent approximation already for m = 10 and a good approximation
even for m = 2.
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