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Higher derivative asymptotic charges and internal Lorentz symmetries
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In line with a recent proposal for the study of asymptotic gravitational charges, we investigate higher
derivative asymptotic charges. We show that the higher derivative Bondi-Metzner-Sachs (BMS) charges are
related to the two-derivative BMS charges. Significantly, we find that internal Lorentz transformations are
relevant in the higher derivative case in contrast to the two-derivative case. We give a prescription for their
precise definition and derive the associated charges, finding, again, a relation with two-derivative BMS charges.
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I. INTRODUCTION

Recently, it has been argued that all gravitational
charges, including asymptotic dual charges [1,2], may be
investigated using the first order tetrad formalism, includ-
ing any terms in the action that do not contribute to the
equations of motion [3]. For example, asymptotic dual
charges may be derived from the Holst term or the Nieh-
Yan term in the presence of fermions.

In this paper, we continue this investigation by consid-
ering the higher derivative terms that may be added to the
action, namely the Pontryagin and Gauss-Bonnet terms, in
the context of asymptotically flat spacetimes. In Ref. [3], it
was shown that asymptotic Bondi-Metzner-Sachs (BMS)
charges derived from such terms would be subleading at
null infinity. Higher derivative terms have been considered
in various settings in the literature [4—11]. While the
importance of higher derivative terms has been stressed
in much of the literature connected to the anti—de Sitter case
starting with Ref. [4], their relevance as far as defining
asymptotic charges are concerned has largelyl been dis-
missed, due to the fact that the charges are at subleading
orders. However, as argued in Refs. [2,12], charges that
appear at subleading orders may be important and ought
not be dismissed. The plethora of potentially observable
gravitational memory effects [13—17] and their relation to
asymptotic symmetries and charges [18] makes it all the
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bifurcate horizon of a black hole is important.
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more important to investigate all the possible asymptotic
charges.

Another interesting aspect of higher derivative terms is
the role of internal Lorentz symmetries. In the first order
tetrad formalism, the gauge symmetries of the theory are
extended beyond diffeomorphisms to include the Lorentz
transformations that one may apply to Lorentz indices.
This poses a dilemma, because we may have potentially
enlarged our set of asymptotic symmetry, or improper
gauge, generators, hence, changing the theory. Some
[3,8,9,19-25] have argued that the asymptotic diffeomor-
phisms fix (or ought to fix) the asymptotic internal Lorentz
transformations, rendering them trivial, while others more
recently [26-28] have argued that internal Lorentz sym-
metries are physically nontrivial and do contribute to
asymptotic charges. In fact, they propose a further exten-
sion of the asymptotic symmetry algebra. From a purely
agnostic point of view, the fact that putative internal
Lorentz charges derived from the two-derivative (Palatini
plus Holst) action are in any case trivial® [24] makes this
discussion rather moot. Moreover, the treatment of the
internal Lorentz symmetry does not affect the result for the
diffeomorphism charges [29]. Therefore, it is worth con-
sidering this issue for the higher derivative terms.

Interestingly, we find that the asymptotic charges derived
from asymptotic diffeomorphisms and internal Lorentz
transformations are both related to expressions derived from
the asymptotic diffeomorphisms for the two-derivative
terms. The result for the asymptotic diffeomorphisms relies
on a judicious choice of splitting between integrable and
nonintegrable terms informed by their BMS transformation
properties. This provides further clues as to how one can
define this splitting, which is in principle arbitrary.

Our results regarding the importance of internal Lorentz
symmetries are in agreement with Ref. [28]. Moreover, we

“This result relies on the Bondi-Sachs gauge.
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give a prescription for handling internal Lorentz transforma-
tions in the asymptotic context. Whereas in the case of global
symmetries, the combined action of the diffeomorphisms and
internal Lorentz transformations (the Kosmann derivative)
on the vierbein is chosen so that it vanishes for Killing
symmetries [8], for asymptotic symmetries, the action on the
gauge-fixed vierbein must be chosen to match the action of
the diffeomorphisms on the gauge-fixed metric. The residual
internal Lorentz transformations then correspond to the
improper internal Lorentz transformations and are, therefore,
physically relevant.

In Sec. II, we review properties of asymptotically flat
spacetimes and the necessary Einstein equations, as well
as introduce the higher derivative terms that will be the
focus of this paper. In Sec. IIl, we derive the asymptotic
symmetries of asymptotically flat spacetimes in the tetrad
formalism. This requires an analysis of the internal Lorentz
symmetry and a judicious Lorentz gauge fixing of the
zweibein. We find that the asymptotic symmetry group is
given by the BMS group, as well as another function on
the 2-sphere that corresponds to residual internal Lorentz
transformations. In Sec. IV, we derive the BMS charges
associated with the higher derivative terms, concentrating
on BMS supertranslations. In particular, we find that
conserved quantities arise in the absence of Bondi
news. In Sec. V, we derive the charges associated with
the internal Lorentz symmetry generator. In particular,
these charges are integrable. We conclude with some
discussion in Sec. VI

Notation: Latin indices (a, b, ...) denote internal Lorentz
indices and are raised and lowered with respect to the
Lorentz metric 77,,,. We use greek letters (u, v, ...) to denote
the spacetime indices. The vierbein e = e“,dx". The
spacetime metric can be expressed in terms of the vierbein
as ds’> = Gudxtdx” = Napee’. Finally, we define the
curvature  2-form as R, (w) = dwy, + @4 A @,
Indices 7, J, ... will denote spacetime indices on the round
2-sphere and will be lowered and raised using the round
2-sphere metric y;; and its inverse, respectively, except
where explicitly stated otherwise.

II. PRELIMINARIES

A. Gauge choices

Let (u,r,x! = {6, ¢}) be coordinates on our spacetime
manifold such that the metric takes the form

ds* = —Fe*Pdu? — 2¢* dudr

+ 2hyy(dx' = Cldu)(dx’ — C'du).  (2.1)
This is our diffeomorphism gauge choice. Here r is a radial
coordinate. The spacetimes we are considering here are
asymptotically flat and we use the Bondi definition of
asymptotic flatness where the metric functions obey the
following falloff conditions [30,31]

Flu,r,x') =1+ FO(L: x) Fl(fz’ *) +o(r?),
ooty =P 42,
Cl(u,r,x") = Cé(fz <) + C{(; x) +o(r ),
hyy(u,r,x") =y, + C”(z’xl) + (/Z:z” + D”(:;’XI)

+o(r 3), (2.2)

where we have additionally assumed an analytic expansion to
the order required for our calculations. Here C> = C,,C"
and y,, is the round metric on the 2-sphere. We have assumed
an expansion where the coefficient of 72 in the h;; expan-
sion has a vanishing traceless part. Relaxing this assumption
results in logarithmic terms appearing in the expansions after
consideration of the Einstein equations, thus breaking our
assumption of analyticity to this order. As a further conse-
quence, the Weyl scalars do not satisfy the peeling property
[32]. There is residual gauge freedom allowing us to fix the
radial distance by setting det 7 = dety which determines the
trace of each term in the /;; expansion. To this order, traces
simply vanish, trC = trD = 0.

Itis also arequirement for the calculations in this paper, that
we explicitly pick a Lorentz gauge. Let our frame fields be

1 . .
eO:Equ—l—dr, e =e?du and e’ =rEi(dx'—C'du),
(2.3)

where E} is a zweibein associated with the 2-metric h;;:
(Y ELE) = 5/ and nijE§E§ = h,;. Contrary to all other
fields, 1, J, ... indices on E’, will be raised and lowered with
hy;. For more details, we refer the reader to Refs. [12,24].

B. Einstein equations

The energy-momentum tensor for many physically
relevant spacetimes has strong falloff conditions and the
expressions for the charges drastically simplify when
assuming this to the appropriate order in the FEinstein
equations. In particular, for the components of interest
for us here, one finds that [12]

1
Goo = o(r™) = fo = —ﬁczv

1
GOi = 0(7'_3) = C(I] = —EDJCIJ,

1 1
Gij = 0(7'_4) = 8uDIJ = gcljaucz _ZF()CIJ

1 1
D;Cyy — g C; DD, CKL + 3—2D<1D 7 C?

+ (2.4)

N — N —

1
D (CpgD CKF) - §D<ICKLDJ> Ckr,
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where Dy denotes a covariant derivative associated with
the round 2-sphere metric y;; and angled brackets (,) on
pairs of indices denote the symmetric, trace-free part. We
shall be assuming the above equations in this paper.

C. Higher derivative terms

References [3,24] advocate the use of the first order
tetrad formalism for defining gravitational asymptotic
charges. In the first order tetrad formalism the gravitational
fields are given by the vierbein and spin connection:
{e*, "}, which are taken to be independent. The
Einstein tensor that contributes to the left-hand side of
the Einstein equation is then obtained by the inclusion of
the Palatini term in the action

1 .
Ip=—— [ €upeaR(@) A e A e
M

39m (2.5)

More precisely, if this is the only contribution to the total
action, one can show the equations of motion are the
vacuum Einstein equations and the vanishing of torsion

T = de” + v, A b = 0. (2.6)

Applying the covariant phase space formalism [33-38]
to this action, one obtains’

1
FQs = T Sabed /ﬁ)2 1266w A €, (2.7)

which at leading order gives rise to the BMS charges and at
lower orders, the subleading BMS charges [12], when
appropriate boundary conditions are assumed.

Adding another possible contribution to the action, the

Holst term”
il
H - L / Rab /\ et N 6

16z 23)

does not change the equations of motion. However, the
covariant phase space formalism does give the dual BMS
charges obtained in Refs. [1,2]:

;)’Qf ! / 12950, N €. (2.9)
87 Jox

The inclusion of the Holst term in the action gives rise to
important physics, namely the dual charges. It is therefore
natural to consider other possible contributions to the action
that do not affect the equations of motion and test whether
these give rise to new charges in the same way as the Holst
term does. The terms we consider here are the Gauss-
Bonnet and Pontryagin terms given by

3The slash on the variational symbol & on the lhs is to indicate
that the variation is not, in general, integrable.

*The parameter A; is known as the Barbero-Immirzi [39,40]
parameter.

1 .
IGB :Egabcd/ Rab VAN RCd and IP = %/ Rab AN Rab
M M
(2.10)

which can be combined as

I: Pabcd/ Rah VAN RC(I (211)
M

where Pahcd = %gahcd +
potentials are given by

S inaNap- The  presymplectic

GGB = eabcdéa)“b AN RCd and QP = 5(1)ab AN Rab. (212)

III. GAUGE TRANSFORMATIONS OF THE FIELDS

In the metric formulation, we know that the metric
transforms under diffeomorphisms £ that act on the metric
via a Lie derivative

64:'9#” = ‘C’fgpw‘ (31)

Furthermore, we know that the set of diffeomorphisms {&}

preserving the form of the metric (2.1) form the BMS group
[30,31] and are given by

&=f, &
I _ oyl _ ood/e_zﬂh—lua
5 Y rr/z( ) ./f

=2 (C,f - Dy,
(3.2)

with f = s(x') +4D;Y'. Here s(x') are scalars on the
2-sphere parametrizing supertranslations and Y!(x!) are
conformal Killing vectors on the 2-sphere corresponding to
the SL(2,C) part of the BMS group.’

Unlike the metric, the vierbein will transform under
internal Lorentz transformations, as well as diffeomor-
phisms. In particular,

Senet = Keped = Leed + Ayeh, (3.3)
where KC: 5 denotes the Kosmann derivative, the combined
effect of both types of gauge transformations. For a general
internal Lorentz transformation A’, this is consistent
with the definition of the metric in terms of the vierbein.
Thus we have an extra set of gauge parameters. However,
when considering particular gauge transformations that
correspond to Killing or asymptotic symmetries, the action
of the diffeomorphism generators will act differently on the
vierbein compared with the metric. Thus, for consistency,
we may wish to constrain the internal Lorentz generators.

’In this paper, we shall restrict ourselves to supertranslations,
ie., set Y/ =0, as the supertranslations are the most novel feature
of the BMS group.
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Before considering the asymptotic case, we review the
treatment in the fully covariant case.

A. Kosmann derivative

In the case where the theory remains fully covariant, i.e.,
where we have not fixed any of the diffeomorphism
freedom, the only relevant generators are those that gen-
erate an isometry defined by the condition that

LG, =0. (3.4)

Given such a Killing vector field, it is not only desirable,
but necessary, in order to define Noether charges, that the
Kosmann derivative acting on the vierbein along such a
Killing direction vanishes too [8]. This is achieved by
writing KC; pef in terms of L.g,,. In particular, following
[8], one can choose

1
/C&Ael‘j = Eeauﬁfgpw' (35)
This then fixes the Lorentz transformation generator A in
terms of the diffeomorphism generator &,

Aab == e"[aﬁéeb]ﬂ. (36)
The fact that the Lorentz transformation generator is not
independent implies that the Lorentz transformations intro-
duced by the tetrad formalism are spurious; there ought not
be any notions of symmetry or charges associated with their
generators.

Under Lorentz rotations L* of the vierbein

e’ — (Le)* = L4,eb, (3.7)
A, transforms as a connection®
Le c € c
Aflb ) = (Le)”[aﬁé(Le)b]ﬂ = La LbdA£d> +L[a ‘Cbe]C
(3.8)

so that the Kosmann derivative remains covariant under
Lorentz transformations

ICg,A(LE) (Le)Z = Lab’C&Au) eZ. (39)
Similarly,
K@Awﬁb - LaCLdeCé.’ACU;d (310)

under a Lorentz transformation L. This means that the
Kosmann derivative can be used as a diffeomorphism and
Lorentz covariant structure to construct charges.

®Infinitesimally with L = & + 4,

AV = —L2+ [A,A)].

B. Asymptotic symmetries in the tetrad formalism

The discussion above assumes that one is interested in
global symmetries. In this case, the background diffeo-
morphism and Lorentz covariance may be retained and no
further issues arise. When dealing with asymptotic sym-
metries, however, the situation is more subtle. In order to
define asymptotic symmetries one must break the back-
ground diffeomorphism symmetry by fixing a particular
coordinate system, such as Bondi coordinates, and like-
wise, the Lorentz symmetry by choosing a tetrad corre-
sponding to the coordinate system.

In Ref. [3], the criterion used to fix A,, was different
from that elaborated above. Having chosen the basis
I-forms (2.3), we require that the Kosmann derivative
Kt pej gives an expression that matches the variations of
the metric components coming from Lg,,. In particular,
we require an additional Lorentz transformation in order
to restore the Lorentz gauge that we have fixed when
choosing the null tetrad:

]C&Ae(,? =0= A()] = —3,&3’, (31 1)
1
Kepe] =0= Ay = ;E{'(Falf“ +20,87), (3.12)
e
ng’Ae} =0 = AOi = —Ellal.f“ (313)
r

since we require that &e = e = e} = 0. Finally,
the expression for A;; is derived by considering
Se.ne) = roAE]},

1
Aij = ;El[iﬁgeﬂz — E'6:E). (3.14)
which can be expanded in orders of 1/r, with [3]
Ay = }’UEfl-EYEJ!] +0(1/r), (3.15)

where E! are the zweibeins associated with the unit round-
sphere metric 7, so that y/E{E] =y Clearly, the precise
form of the subleading terms in (3.15) will depend on how we
choose to parametrize the zweibein E}. The transformation of
the other components of the vierbein are consistent with the
expressions for A,;, given in Egs. (3.11)-(3.14).

To reiterate, the criterion for fixing A, in the asymptotic
case is very different from that used in the global case. In
the former case, the criterion is that once a vierbein has
been chosen, we require that A,;, be such as to keep it in its
Lorentz frame. However, we have kept a residual internal
Lorentz symmetry in the i direction. Since we have
(partially) fixed the Lorentz frame, an analysis of the

"To be clear, 55E§ represents an explicit transformation of the
metric component functions that appear in Ej using the pre-
scription derived from 8:g,, = L:g,,. In particular, ;£ = 0.
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transformation of A,, under an arbitrary Lorentz trans-
formation L, as we did in the global case is meaningless.
However, the residual internal Lorentz symmetry in the i
direction means that we now need to consider Lorentz
rotations of the zweibein:

E! — LijEf. (3.16)
Under the transformation above, A, for ab # ij trans-
forms as a tensor. However, as is clear from Eq. (3.14), A;;
will not transform as a connection [cf. Eq. (3.8)]. Thus, the
Kosmann derivative will not transform covariantly under
Lorentz transformations acting on i,j,... indices. In
particular, this means that the BMS charge will depend
on the choice of zweibein EY.

In summary, we find that breaking the diffeomorphism
invariance in order to define the background of interest
means that Lorentz covariance cannot be maintained and
must too be broken. The higher derivative charges will then
depend on the choice of internal Lorentz gauge. Our choice
for the vierbein is given in (2.3). Furthermore, we require that

El =X, E, (3.17)
where X;;(u, r,x!) is a tensor on the 2-sphere. While this
choice may seem arbitrary, one advantage is that all expres-
sions remain tensors on the 2-sphere; i.e., one does not break
diffeomorphisms along the 2-sphere directions.

Thus, we have two sets of asymptotic symmetry gen-
erators: the BMS generators (3.2) and a residual internal
Lorentz transformation that corresponds to internal Lorentz
transformations of the round 2-sphere zweibein E’, which
we shall denote by

Aij = Ax")e;. (3.18)
Note that the gauge choice (3.17) means that A depends
only on the coordinates on the 2-sphere. A different gauge
choice would lead to an internal Lorentz transformation
parameter A(u, r, x').

IV. GAUSS-BONNET AND PONTRYAGIN
BMS CHARGES

In this section, we consider the set of charges arising from
the Gauss-Bonnet and Pontryagin terms generated by the
BMS generators (3.2). In general, the charge variations
resulting from the higher derivative terms are of the form [3]

JQP = / 560"1’ VAN ’Cé/\wab and
S

#96B = €abed / 8™ A Kgp0™. (4.1)
s

We will now derive these expressions in the asymptotically

flat case with the asymptotic symmetry generators corre-

sponding to supertranslations.

A. Derivation of Aij

First, we need to derive A;; defined by Eq. (3.14), to
lower orders than that given in Eq. (3.15). This expression
will depend on the gauge choice (3.17). This gauge choice
combined with the condition E}E{n’ = (h~')" implies
that

XX KL = ()Y, (4.2)

Viewed as matrices, this is just a change of basis. Solving
this equation for X as an ~!' expansion given that

1 1 1
(R =y - ;CU + PCQYU - ﬁDU +o(r?) (4.3)
gives
1
X1y =vu— ZCIJ +

+o(r 3).

1672
(4.4)

Now, we can derive A;; to the order required for the
calculation. Using (3.17), Eq. (3.14) reduces to

A . 1
Aij = yIJE{ifKaKEjJ-] + Egijel.l(alfj - CJ(?I(:“)
1
+ EgijGJKXIJ(éyayXIK - 6:X k). (4.5)
where 53 = i and €4y, = sin 6.® Note that 0:Xk denotes the

variation of the metric components in X derived from the
equation 6¢g,, = L:g,,. Thus, [12]

8:Fy=s0,F— %au C”D,D;s—D,;0,C"”Dys,

5:Ct =50,Cl + %68MC2DIS + FyD's — % C’ D'D,Dgs
- %C”D,Ds + %DJC’KD,DKS - %D’CJKDJDKS

- %D,CJKDKDIS - %D’DJCJKDKS

1
+§DJDKCK1DJS - CIJDJS,
5§C1J = sauC” - 2D<1DJ>S,
5:C* =50,C*—4CD;Dys,

1
64:D]J:SauD[J—2C1<1D1>S—ZC]]CKLDKDLS
1 2 1 2 KL
—gc D<1D1>S +§D<1C DJ>S +DKC CL(IDJ>S'

(4.6)

¥The fact that £,5 is imaginary is a consequence of the fact that
we have chosen a complex null tetrad on the 2-sphere.

084037-5
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Denoting the expansion9

IWYCHEL S ST I
we find
A = EpLyEY,
Ay =VID,f,
/\%) = %le(l'Dqu -vicy) (4.8)

where V! =1(E{D'E,, — E{D'Es;). The leading order
term matches Eq. (3.15), as expected.

B. Charge expansion

This puts us in a position to obtain an expression for the
Pontryagin and Gauss-Bonnet charge expansions in the
form

ﬁQP_/SdQ{<d€;3)O+(ﬁIr;D)I +(ﬁ€f)2+0(’,_4)}

(4.9)

and

ﬁggs—/sdg{(ﬂgf)oﬂL(aI%B)l +(¢IZB)2+0(1”‘4)}.

r r r

(4.10)

Note that it can be deduced almost immediately from (4.1)
by considering the falloff of each term in the sum and
noting each K yw{’ has a falloff at least as fast as Sw¢” for
a general variation, that the leading order terms are O(r~?2)
in the charge expansions. In the following calculations, we
will assume the energy-momentum tensor obeys the falloff
conditions Toy = o(r™>), To; = o(r™) and T,; = o(r™*)
so we can use the Einstein equations (2.4). A calculation
then shows

(#Zgs)o =0 and (§Zp), = 0.

This result holds in the full BMS case, i.e., for ¥/ # 0.

(4.11)

C. Gauss-Bonnet at O(r=3)

At the next order, we obtain the following expression for
the Gauss-Bonnet charge:

1
(#Zgg); = 5(3DysDXCxD'DLCE) + 5 (2(8MD,,8M5C” = 8Dy 0iC") + 4 (9,C75Fy ~ 5C?0,Fo)

1
+3(9,C1D'6C,; = 5CD9,Cpy) + 5 (9,C°D;D,6CY = 5C°D,D,9,CV)

1 3
+76 (D,;0,C”D,sC? - D;5C"D,0,C?) + > D,C"(5C;xD;0,CKE — 9,C D 5CKL)

+ 3% (5C22C? - 0,C%0,5C?) + é (3(C>Cyy)RCH — E)M(CZC,J))E)L,&C”)

3
+ Dys (3F0D ,6CH 4 5D ,C/K (DD 8C™ — D'DESCyy ) — 38C,,0,CY

5 5
- 4C,,0,6CY +=D,C%8,6CY + = D,;5C9,C —=8,CKLS(C Dy C);)

4 16

1
2

1 1
= 3 0uC?D6CH 45 €1 DSCK10, Cpp = 2C7 DiCpD,6CK +5C,D, CKLauc”)

1 1
—D,Dys <5F0C” + EDK(C”DLécKL) +3

1
— 5 DxDDysCDLSCK + Dy(D+2)s (35C1’ -

1

(5C20,CM — c’fau5c2)>

3 3 1
5CHDKC =5 CIDRSC o — 1 D’5C2>

(4.12)

°The previous analyticity assumptions made up to this point mean A,; automatically has an analytic expansion to this order.
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It should be noted the choice of separation into the
integrable and nonintegrable pieces is somewhat arbitrary.
While Wald and Zoupas [38] give a formulation for a
canonical way of doing this at the leading order, there is
no such general formalism at subleading orders. The
choice of separation here is because it leads to nontrivial
charges. The integrable piece is conserved when the
nonintegrable piece vanishes for 6 = ;5. Focusing on
the nonintegrable piece and using the expressions for the
metric variations (4.6), as well as Einstein equations (2.4),
we find

Top), """ = 3D sD [sD! Dy C/K
gB 1 [ ]
+ 3D (D*(s9,Cyx)D' D C'*
+ DKCJ]KDJDL(SauCIL)>. (413)
J

For a general Cyy, the first and second lines cannot cancel
each other, so we need to consider them individually. The
first line is zero when s(x’) =Y,,(x!), a spherical
harmonic, since then Os = —#(¢+ 1)s and the term
vanishes since D;sDjs = 0. The second line vanishes
only when 0,C;; = 0. Hence, we have a set of charges

(Qgs) ™M) =3 /S 4D, Y s yDECDID, CIL) (4.14)

which are conserved in the absence of Bondi news,
8MC1 J — O

D. Pontryagin at O(r~3)

A similar calculation can be performed for the
Pontryagin charge

3 . - . 3 . .
(§Ip), =6 (— 5D,sFOD,c”> +s ((E)MD,,(?uéC’] - 6D;,0%C) + 5 (sctp’o,C;y - 0,ClD’8C,;)

| w

e
+2

— 00| — W

- - 1 - -
(D,;6C"D,0,C* - D,;0,C”D,5C?) + ED,C”((SC kD 0,CKE —0,C D 5CKL)
- - 1 -
D,;0,CY8(CXED,Cy;) — D;6CY0,(CKED,Cky)) — §5C”8MC, ,0,C?

- ~ 3.
+1¢ COCY 0,1y = 0,870,6C1)) + 55 CP (6C°0C1y = 0,6C1,0,C%)

3 s _.; 3 ~ 3 _
+ Dys <2 8F,D,C" +2C,,0,6C" + §5C”6u CV + ZD,(SC”DKDL CKE

1

1

1 N 1 3
= 58CskDLCNH0,CY + 20,CV8(Cry Dy CKY) = £ Dy5CH Cr0,CK

. 3 .3 3
+50,6C Ci D, CFF = 2D,€20,5C" ~ 25 D,6C%0), c”)

1 . 1 . 1 .
+D,;Dys <Z Dy CYD,sCKE + g CYs8(CKLD,Ckr) + E(SCZaMC”)

1 ~ 3 7 3 ~
+ ZD[(D]DJSCIJDL(SCKL + DI(D + 2)5(5 €IJC]_] - —GIJDJ5C2 ‘I‘ gé(CJKDICJK)).

Once again, there is freedom in the choice of separation, but
with this choice, the integrable piece corresponds to a
conserved charge under sensible conditions on the metric
and nontrivial s(x!). Using (4.6) and (2.4), we obtain

: 3 3 -
(ﬁIp) 1 (non_lm) = E F0€1JDI|:|SDJS + 5 F()DISDJ(SauC]J)
3 -
+ §SD[C’JDJS6uCKLauCKL
3 .
- ZDICIJDJSDKDL(SGMCKL). (416)

Again, the first line is zero when s(x/) =Y, (x/), a
spherical harmonic. For the second and third lines to

5 (4.15)

[

vanish, we require the absence of Bondi
0,C;; = 0. Hence, we obtain a set of charges

news,

m(in 3 -~
(@p) ™ =3 [ DY, FoD,CY)  (417)

which are again conserved when 0,C;; = 0.

E. Physics of the charges

If one writes the Kerr metric in Bondi coordinates [41], it
can be shown that C;; = 0 and hence the charges are each
trivially zero. Doing the same with the Taub-Newman-Unti-
Tamburino (Taub-NUT) metric
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s = —f(r)(dt + 2¢ cos 0dp)* + f(r)~'dr?

+ (r* + £2)(d0* + sin® 9d¢?) (4.18)

where f(r) = =310

sions for the charges when s is an axisymmetric spherical
harmonic (m = 0) and £ = 2L > 0 given by

(Qas')ar o™ = 48+/(4L + 1)£2,
(Q’P 2L,0 lnt :24\/71' 4L+1 mf

where # and m in these expressions are the Taub-NUT
parameters. It is unsurprising that the charges vanish for
Kerr and are nontrivial for Taub-NUT as we expected these
charges to encompass information about the topology of
the spacetime. Evidently, they contain information about
the NUT parameter.

, we obtain nonvanishing expres-

(4.19)

F. Supertranslation invariance of the charges

The charges derived above with the conditions 9,,C;; = 0
(absence of Bondi news) and choice of s =Y., are
conserved, but we have only demonstrated supertranslation
invariance of Qng M and pr " for the supertranslation
generated by s = Y, ,.. If one considers the variation of the
charges for general s, even with the vanishing of the Bondi
news tensor, the expression obtained is nonzero. However, it
is possible to modify the charges by adding an extra term
each, so that the new expressions enjoy full supertranslation
invariance. Let

(Qgr), ™ — 3 /S dQ(D;sDXC,xD!'D, 't
+sDXC,xD,;D!'D, Ct), (4.20)

. 3 - -
(Qp), ) — -3 / dQ(D;sFyD,C"” + sD;F,D,C").
S
(4.21)

The additional terms are each zero for the Taub-NUT
spacetime so the previous discussion is unaffected. The
addition of the new terms can be justified by adding their
negative counterparts to the nonintegrable pieces. Now for
any spherical harmonic s(x’), in the absence of Bondi news,
applying (4.6), we find

(#Q02), - =3 [ 4D, (0 + 35Dy (sDDCT).
S

(4.22)
3
(§Qp), (mon=int :5 /S dQ e, D'(0+ 3)sD’(sF,) (4.23)

where the Ricci identity has been used. In both cases, the
nonintegrable piece can be written as the sum of a total

derivative and a second term which is zero by the torsion-
free property of Dy,

(ﬁQgB)l(non—int) = 3/ dQ D;(D,(d+ 3)S(SD[1DKCJ]K))
N

- D[[DJ](D -+ 3)S(SD1DKCJK), (424)

(309,00 =3 [ a2 DY (e, DO + 3)5(5F)

s
— e, DD+ 3)s(sFy). (4.25)
If the total derivative term can be ignored, then we have
shown the charges are conserved in the absence of Bondi
news. It can be shown that even for the Taub-NUT
spacetime, the total derivative terms are zero for any regular
s. The alternative charge expressions (4.20) and (4.21) are
therefore conserved in the absence of Bondi news for any
supertranslation parameter s(x!), provided this condition is
met. Furthermore, it can be shown that these expressions are
invariant under the transformation generated by any super-
translation parameter. A demonstration of this amounts to
replacing one s(x) in (4.24) and (4.25) with another regular
arbitrary function on the 2-sphere and observing that both
expressions still vanish.

It is possible to argue that these expressions for the
charges are a more sensible choice given this property. It is
also interesting to observe from (4.20) and (4.21) that if
total derivatives can be ignored in the integrand, then the
charges can be written as

(Qgr), ™ :—% / dQs(D;D,C)?,  (4.26)
N

. 3 ~
(Qp), =3 A dQsFy(D;D,C").  (4.27)

We observe that the integrand in the Gauss-Bonnet charge
is proportional to the square of the integrand of the two-
derivative dual BMS charge and the integrand of the
Pontryagin charge is proportional to the product of the
two-derivative BMS and dual BMS charges.

V. GAUSS-BONNET AND PONTRYAGIN
LORENTZ CHARGES

In Sec. IV, we derived the BMS charges associated with
the Gauss-Bonnet and Pontryagin charges. As we found in
Sec. III B, in addition to the BMS symmetry generators,
there is also an internal Lorentz symmetry generator
parametrized by a function A(x/) [see Eq. (3.18)], which
corresponds to the freedom in defining the zweibein
corresponding to the round 2-sphere metric.

Under the action of this residual internal Lorentz trans-
formation, the spin connection transforms as
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0,01 = 0, O,w1; = /181"0)11'7

(5.1)

0,w0; = /181'/0)0/’

51(1),'1' = —dllgij + A(Eikwkj — gjkwki)'

We evaluate the charge variations corresponding to the
Gauss-Bonnet and Pontryagin contributions in the action.
Using the expressions for the presymplectic potential in
(2.12) and the expressions above, we are able to obtain
charge variations associated with this Lorentz gauge
symmetry. The charges obtained are in fact integrable with

QPLorentZ _ ﬂﬂgijnij’ (52)

QgBLorentZ - 4A1R01 (53)

Then, using the asymptotic expansions in (2.2) and the
Einstein equations (2.4), we find

Qplorents — / dQ z{ (4F0 - %au@) rl o(r—l)},
N
(5.4)

QQBLorentz :/dQ,{{(ZD[DJCU+C118MCU)r—1
N

+o(r "} (5.5)
Note the striking resemblance between these expressions
and the leading order charges coming from the two-
derivative action [24]. In fact, up to flux terms there is a
precise match between these sets of charges.lo This
suggests that the internal Lorentz charges are physically
meaningful.

VI. DISCUSSION

In this paper, we have focused on the higher-derivative
Gauss-Bonnet and Pontryagin contributions to the action in
the first order formalism, which do not affect the Einstein

%Compare Eq. (5.4) with Eq. (3.5) of [12] and Eq. (5.5) with
Eq. (5.5) of [2].

equations. We have considered two sets of asymptotic
symmetries: the BMS symmetry and the residual internal
Lorentz symmetry.

The charges corresponding to the BMS symmetry group
arising from the Gauss-Bonnet and Pontryagin contribu-
tions to the action are combinations of the already known
BMS and dual charges [41]. It is difficult to comment on
what would happen at higher orders of »~! in these charge
expansions, but it is likely that any further charges would
also be combinations of charges coming from the two-
derivative terms in the action. Perhaps the most prominent
point of discussion here is the choice of separation into the
integrable and nonintegrable pieces. The choice here is
such that the integrable piece can be made to vanish for
physically reasonable conditions on the metric with the
resulting charges invariant under all supertranslations. This
result suggests that requiring the nonintegrable terms to
vanish in the absence of flux, as well as requiring the
resulting integrable charge to be BMS invariant is a
reasonable criterion for distinguishing between the inte-
grable and nonintegrable pieces of the charge variation.
More generally, the relation between nonintegrability and
conservation requires more investigation. There are indi-
cations that these two concepts need not be related in
general, even though they are for BMS charges [42].

The residual internal Lorentz symmetry generators lead
to nontrivial charges, in contrast to the two-derivative case.
This suggests that in general, the internal Lorentz sym-
metry that appears in the tetrad formulation of GR is
important and should not be ignored. Furthermore, inter-
estingly, as with the BMS charges, the internal Lorentz
charges correspond to the charges coming from the two-
derivative terms in the action.

The implications of these results for the first law of black
hole mechanics is an interesting subject that we hope to
address in the future.

ACKNOWLEDGMENTS

We would like to thank Hadi Godazgar and Malcolm
Perry for useful discussions. M. G. is supported by a Royal
Society University Research Fellowship and G.M. is
supported by a Royal Society Enhancement Grant.

[1] H. Godazgar, M. Godazgar, and C.N. Pope, New dual
gravitational charges, Phys. Rev. D 99, 024013 (2019).

[2] H. Godazgar, M. Godazgar, and C.N. Pope, Tower of
subleading dual BMS charges, J. High Energy Phys. 03
(2019) 057.

[3] H. Godazgar, M. Godazgar, and M. J. Perry, Asymptotic
Gravitational Charges, Phys. Rev. Lett. 125, 101301 (2020).

[4] R. Aros, M. Contreras, R. Olea, R. Troncoso, and
J. Zanelli, Conserved Charges for Gravity with
Locally AdS Asymptotics, Phys. Rev. Lett. 84, 1647
(2000).

[5] R. Durka and J. Kowalski-Glikman, Gravity as a con-
strained BF theory: Noether charges and Immirzi parameter,
Phys. Rev. D 83, 124011 (2011).

084037-9


https://doi.org/10.1103/PhysRevD.99.024013
https://doi.org/10.1007/JHEP03(2019)057
https://doi.org/10.1007/JHEP03(2019)057
https://doi.org/10.1103/PhysRevLett.125.101301
https://doi.org/10.1103/PhysRevLett.84.1647
https://doi.org/10.1103/PhysRevLett.84.1647
https://doi.org/10.1103/PhysRevD.83.124011

MAHDI GODAZGAR and GEORGE MACAULAY

PHYS. REV. D 105, 084037 (2022)

[6] R. Durka, Immirzi parameter and Noether charges in first
order gravity, J. Phys. Conf. Ser. 343, 012032 (2012).

[7] A. Corichi, I. Rubalcava, and T. Vukasinac, Hamiltonian
and Noether charges in first order gravity, Gen. Relativ.
Gravit. 46, 1813 (2014).

[8] T. Jacobson and A. Mohd, Black hole entropy and Lorentz-
diffeomorphism Noether charge, Phys. Rev. D 92, 124010
(2015).

[9] K. Prabhu, The first law of black hole mechanics for fields
with internal gauge freedom, Classical Quantum Gravity 34,
035011 (2017).

[10] E. Frodden and D. Hidalgo, Surface charges for gravity and
electromagnetism in the first order formalism, Classical
Quantum Gravity 35, 035002 (2018).

[11] P.B. Aneesh, S. Chakraborty, S.J. Hoque, and A. Virmani,
First law of black hole mechanics with fermions, Classical
Quantum Gravity 37, 205014 (2020).

[12] H. Godazgar, M. Godazgar, and C.N. Pope, Subleading
BMS charges and fake news near null infinity, J. High
Energy Phys. 01 (2019) 143.

[13] S. Pasterski, A. Strominger, and A. Zhiboedov, New gra-
vitational memories, J. High Energy Phys. 12 (2016) 053.

[14] P. Mao and X. Wu, More on gravitational memory, J. High
Energy Phys. 05 (2019) 058.

[15] P. Mao, Remarks on infinite towers of gravitational memo-
ries, J. High Energy Phys. 11 (2020) 102.

[16] A. Seraj, Gravitational breathing memory and dual sym-
metries, J. High Energy Phys. 05 (2021) 283.

[17] A. Seraj and B. Oblak, Gyroscopic gravitational memory,
arXiv:2112.04535.

[18] A. Strominger and A. Zhiboedov, Gravitational memory,
BMS supertranslations and soft theorems, J. High Energy
Phys. 01 (2016) 086.

[19] G. Barnich and C. Troessaert, Finite BMS transformations,
J. High Energy Phys. 03 (2016) 167.

[20] G. Barnich, P. Mao, and R. Ruzziconi, Conserved currents
in the Cartan formulation of general relativity, arXiv:
1611.01777.

[21] E. De Paoli and S. Speziale, A gauge-invariant symplectic
potential for tetrad general relativity, J. High Energy Phys.
07 (2018) 040.

[22] G. Barnich, P. Mao, and R. Ruzziconi, BMS current algebra
in the context of the Newman-Penrose formalism, Classical
Quantum Gravity 37, 095010 (2020).

[23] R. Oliveri and S. Speziale, Boundary effects in general
relativity with tetrad variables, Gen. Relativ. Gravit. 52, 83
(2020).

[24] H. Godazgar, M. Godazgar, and M. J. Perry, Hamiltonian
derivation of dual gravitational charges, J. High Energy
Phys. 09 (2020) 084.

[25] K. Nguyen and J. Salzer, The effective action of super-
rotation modes, J. High Energy Phys. 02 (2021) 108.

[26] L. Freidel, M. Geiller, and D. Pranzetti, Edge modes of
gravity. Part 1. Corner potentials and charges, J. High
Energy Phys. 11 (2020) 026.

[27] L. Freidel, M. Geiller, and D. Pranzetti, Edge modes of
gravity. Part II. Corner metric and Lorentz charges, J. High
Energy Phys. 11 (2020) 027.

[28] L. Freidel, R. Oliveri, D. Pranzetti, and S. Speziale, The
Weyl BMS group and Einstein’s equations, J. High Energy
Phys. 07 (2021) 170.

[29] R. Oliveri and S. Speziale, A note on dual gravitational
charges, J. High Energy Phys. 12 (2020) 079.

[30] H. Bondi, M. G.J. van der Burg, and A. W.K. Metzner,
Gravitational waves in general relativity: 7. Waves from
axisymmetric isolated systems, Proc. R. Soc. A 269, 21
(1962).

[31] R. K. Sachs, Gravitational waves in general relativity: 8.
Waves in asymptotically flat space-times, Proc. R. Soc. A
270, 103 (1962).

[32] E. Newman and R. Penrose, An approach to gravitational
radiation by a method of spin coefficients, J. Math. Phys.
(N.Y.) 3, 566 (1962).

[33] R.E. Peierls, The commutation laws of relativistic field
theory, Proc. R. Soc. A 214, 143 (1952).

[34] P. G. Bergmann and R. Schiller, Classical and quantum field
theories in the Lagrangian formalism, Phys. Rev. 89, 4
(1953).

[35] C. Crnkowic and E. Witten, Covariant description of
canonical formalism in geometrical theories, in Three
Hundred Years of Gravitation, Revised ed., edited by
S. W. Hawking (1989), p. 676, ISBN: 9780521379762.

[36] C. Crnkovic, Symplectic geometry of the covariant phase
space, superstrings and superspace, Classical Quantum
Gravity 5, 1557 (1988).

[37] V. Iyer and R. M. Wald, Some properties of Noether charge
and a proposal for dynamical black hole entropy, Phys. Rev.
D 50, 846 (1994).

[38] R.M. Wald and A. Zoupas, A general definition of “con-
served quantities” in general relativity and other theories of
gravity, Phys. Rev. D 61, 084027 (2000).

[39] J.F. Barbero G., Real Ashtekar variables for Lorentzian
signature space times, Phys. Rev. D 51, 5507 (1995).

[40] G. Immirzi, Quantum gravity and Regge calculus, Nucl.
Phys. B, Proc. Suppl. 57, 65 (1997).

[41] H. Godazgar, M. Godazgar, and C. Pope, Dual gravitational
charges and soft theorems, J. High Energy Phys. 10 (2019)
123.

[42] L. Ciambelli, R. G. Leigh, and P.-C. Pai, Embeddings and
integrable charges for extended corner symmetry, arXiv:
2111.13181.

Correction: The author name George Long has been changed to
George Macaulay.

084037-10


https://doi.org/10.1088/1742-6596/343/1/012032
https://doi.org/10.1007/s10714-014-1813-0
https://doi.org/10.1007/s10714-014-1813-0
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1088/1361-6382/aa536b
https://doi.org/10.1088/1361-6382/aa536b
https://doi.org/10.1088/1361-6382/aa9ba5
https://doi.org/10.1088/1361-6382/aa9ba5
https://doi.org/10.1088/1361-6382/aba5ab
https://doi.org/10.1088/1361-6382/aba5ab
https://doi.org/10.1007/JHEP01(2019)143
https://doi.org/10.1007/JHEP01(2019)143
https://doi.org/10.1007/JHEP12(2016)053
https://doi.org/10.1007/JHEP05(2019)058
https://doi.org/10.1007/JHEP05(2019)058
https://doi.org/10.1007/JHEP11(2020)102
https://doi.org/10.1007/JHEP05(2021)283
https://arXiv.org/abs/2112.04535
https://doi.org/10.1007/JHEP01(2016)086
https://doi.org/10.1007/JHEP01(2016)086
https://doi.org/10.1007/JHEP03(2016)167
https://arXiv.org/abs/1611.01777
https://arXiv.org/abs/1611.01777
https://doi.org/10.1007/JHEP07(2018)040
https://doi.org/10.1007/JHEP07(2018)040
https://doi.org/10.1088/1361-6382/ab7c01
https://doi.org/10.1088/1361-6382/ab7c01
https://doi.org/10.1007/s10714-020-02733-8
https://doi.org/10.1007/s10714-020-02733-8
https://doi.org/10.1007/JHEP09(2020)084
https://doi.org/10.1007/JHEP09(2020)084
https://doi.org/10.1007/JHEP02(2021)108
https://doi.org/10.1007/JHEP11(2020)026
https://doi.org/10.1007/JHEP11(2020)026
https://doi.org/10.1007/JHEP11(2020)027
https://doi.org/10.1007/JHEP11(2020)027
https://doi.org/10.1007/JHEP07(2021)170
https://doi.org/10.1007/JHEP07(2021)170
https://doi.org/10.1007/JHEP12(2020)079
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1098/rspa.1952.0158
https://doi.org/10.1103/PhysRev.89.4
https://doi.org/10.1103/PhysRev.89.4
https://doi.org/10.1088/0264-9381/5/12/008
https://doi.org/10.1088/0264-9381/5/12/008
https://doi.org/10.1103/PhysRevD.50.846
https://doi.org/10.1103/PhysRevD.50.846
https://doi.org/10.1103/PhysRevD.61.084027
https://doi.org/10.1103/PhysRevD.51.5507
https://doi.org/10.1016/S0920-5632(97)00354-X
https://doi.org/10.1016/S0920-5632(97)00354-X
https://doi.org/10.1007/JHEP10(2019)123
https://doi.org/10.1007/JHEP10(2019)123
https://arXiv.org/abs/2111.13181
https://arXiv.org/abs/2111.13181

