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We investigate retrolensing by two photon spheres in a novel black-bounce spacetime suggested by
Lobo et al. which can correspond to a Schwarzschild black hole, a regular black hole, and a traversable
wormhole including an Ellis-Bronnikov wormhole. In a case, the wormhole has a throat which acts as a
photon sphere and it has another photon sphere outside of the throat. With the sun as a light source, an
observer, and the wormhole are lined up in this order, sunlight reflected slightly outside of the throat and
barely outside and inside of the outer photon sphere can reach the observer. We show that the light rays
reflected by the outer photon sphere are dominant in retrolensing light curves in the case.

DOI: 10.1103/PhysRevD.105.084036

I. INTRODUCTION

Compact objects such as black holes and wormholes,
which have unstable circular light orbits [1,2], reflect
light rays like a mirror due to their strong gravity
[3–20]. This phenomena can be used as a complementary
method to detect the compact objects such as the obser-
vations of gravitational waves [21], shadow [22], and x-ray
echo [23]. The unstable circular light orbit and stable
circular light orbit are called the photon sphere and
antiphoton sphere,1 respectively, and theoretical and obser-
vational aspects of the photon spheres and antiphoton
spheres have been discussed in Refs. [28–34] and gener-
alized and alternative surfaces of the photon spheres are
also suggested [35].
In 2002, Holz and Wheeler considered that sunlight is

reflected by the photon sphere of a black hole passing by
the Solar System [36]. The gravitational lensing with the
deflection angle of lights α ∼ π in a configuration, that the
light source, an observer, and a photon sphere as a lens are
lined up in this order, is called retrolensing. Retrolensing by
photon spheres not only in black hole spacetimes [37–42]
but also in a wormhole spacetime [17,43] and in naked
singularity spacetimes [44,45] were investigated. The effect
of light rays with the deflection angle α ∼ 3π on retrolens-
ing light curves were studied [43].
Awormhole spacetime [46,47] described by general rela-

tivity has a structure with nontrivial topology. Wormholes
can have photon spheres and an antiphoton sphere on and/or
off their throat and some wormholes can be black hole

mimickers [48–54]. Simpson and Visser suggested a space-
time with a metric

ds2 ¼ −
�
1 −

2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
�
dt2 þ dr2

1 − 2mffiffiffiffiffiffiffiffiffi
r2þa2

p

þ ða2 þ r2Þðdϑ2 þ sin2ϑdφ2Þ; ð1:1Þ

where a andm are nonnegative constants, which describes a
regular black hole metric and a wormhole metric with a
photon sphere on one side of a region against a throat
and they called it black-bounce spacetime [55]. Its metric
is useful to compare black holes and wormholes. Its
gravitational lensing [56–59], shadows and accretion
disks [60–64], the motion of S-stars around SgrA* [65],
epicyclic oscillatory motion [66], field sources [67], and
a rotating counterpart [68–71] have been investigated.
The alternatives of the black-bounce spacetime were also
studied [72–78].
In general, a spacetime with a photon sphere and no

antiphoton sphere has the common behavior of light rays
near the photon sphere. Thus, gravitational lensing in the
Simpson-Visser spacetime in a strong gravitational field
has a similar nature to the one in the Schwarzschild
spacetime if we consider a light source on the same side
of the region against the wormhole throat. This is because
only one photon sphere in the Simpson-Visser spacetime
affects on gravitational lensing in the strong gravitational
field under the assumed configuration. Recently, compact
objects with two photon spheres have been suggested
[18,79–86] and they can be distinguished from compact
objects with one photon sphere by the observations in the
strong gravitational field.
Lobo et al. [73] have suggested a wide class of black-

bounce spacetimes with a metric

*tsukamoto@rikkyo.ac.jp
1An antiphoton sphere may cause instability of a compact

object due to the slow decay of linear waves [24–26]. The
deflection angle of a light scattered by the antiphoton sphere has
been studied in Ref. [27].
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ds2 ¼ −AðrÞdt2 þ dr2

AðrÞ þ ða2 þ r2Þðdϑ2 þ sin2ϑdφ2Þ;

ð1:2Þ

where AðrÞ is given by

AðrÞ≡ 1 −
2mrK

ða2N þ r2NÞKþ1
2N

: ð1:3Þ

IfK ¼ 0 andN ¼ 1 are chosen, it recovers the metric of the
Simpson-Visser spacetime (1.1). Lobo et al. pointed out
that the metric with K ¼ 0 and N ≥ 2 has a similar nature
to the Simpson-Visser spacetime and they considered a
metric function

AðrÞ ¼ 1 −
2mr2

ða2 þ r2Þ3=2 ð1:4Þ

by setting K ¼ 2 and N ¼ 1 to find a novel black-
bounce spacetime with new properties [73]. It is a
Schwarzschild metric for a ¼ 0 and m > 0, a regular
black hole metric for 0 < a=m ≤ 4

ffiffiffi
3

p
=9, a wormhole

metric for 4
ffiffiffi
3

p
=9 < a=m, and the Ellis-Bronnikov

wormhole metric for a > 0 and m ¼ 0 [87,88].
Tsukamoto pointed out that the metric with K ¼ 0
and N ¼ 2 has a photon sphere off a wormhole throat
and an additional photon sphere on the throat for
4

ffiffiffi
3

p
=9 < a=m < 2

ffiffiffi
5

p
=5 [89]. The novel black-bounce

metric can be the simplest one with two photon
spheres.2 Guerrero et al. studied geometrically thin
accretion disks in the black-bounce spacetime [90].
In this paper we investigate retrolensing in the novel

black-bounce spacetime by using the deflection angle of
light rays in strong deflection limits [12,17,19].3 It
would be natural to pay attention to the effects of
the throat to distinguish between black holes and
wormholes since the wormholes are characterized by
the throat. In the case of 4

ffiffiffi
3

p
=9 < a=m < 2

ffiffiffi
5

p
=5, the

novel black-bounce spacetime can be distinguished from
the Simpson-Visser spacetime since light rays reflected
slightly inside of the outer photon sphere affect retro-
lensing light curves in the novel black-bounce
spacetime.
This paper is organized as follows. In Secs. II and III, we

review the deflection angle in strong deflection limits in
the novel black-bounce spacetime and we investigate the
percent errors of the deflection angle in strong deflection
limits, respectively. We investigate the retrolensing in
Sec. IV and we conclude our result in Sec. V. In this

paper, we use units in which the light speed and Newton’s
constant are unity.

II. DEFLECTION ANGLE IN STRONG
DEFLECTION LIMITS

In this section, we review briefly the deflection angle
of light rays in strong deflection limits [12,17,19] in
the novel black-bounce spacetime with the function
(1.4) suggested by Lobo et al. [73]. The spacetime is a
black hole spacetime with a primary photon sphere and
an event horizon for 0 ≤ a=m ≤ 4

ffiffiffi
3

p
=9; it is a worm-

hole spacetime with the primary photon sphere off a
throat and a secondary photon sphere on the throat for
4

ffiffiffi
3

p
=9 < a=m < 2

ffiffiffi
5

p
=5, and it is a wormhole space-

time with the primary photon sphere on the throat for
2

ffiffiffi
5

p
=5 < a=m. Here and hereinafter, we call the photon

spheres in order from the largest: We call the outer
(inner) photon sphere primary (secondary) photon
sphere for 4

ffiffiffi
3

p
=9 < a=m < 2

ffiffiffi
5

p
=5 and we call only

one photon sphere primary photon sphere in
other cases.
We consider that light rays come from spatial infinity,

they are reflected by a compact object, and they go into
spatial infinity. The deflection angle of the light ray with
an impact parameter b is given by [89]

α ¼ 2

Z
∞

r0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þr2

b2 − A
q − π; ð2:1Þ

where r0 is the closest distance of the light ray. The
deflection angle of the light ray reflected little outside of
the primary photon sphere in a strong deflection limit
b → bm þ 0, where bm is a critical impact parameter, is
expressed by

α¼−ā log
�

b
bm

− 1

�
þ b̄þO

��
b
bm

− 1

�
log

�
b
bm

− 1

��
;

ð2:2Þ

where ā and b̄ are parameters determined by a and m
[12,18,89,98].4 On the other hand, the deflection angle of
light rays reflected slightly inside the primary photon
sphere in a strong deflection limit b → bm − 0 is given by

α¼−c̄ log
�
bm
b
− 1

�
þ d̄þO

��
bm
b
− 1

�
log

�
bm
b
− 1

��
;

ð2:3Þ
2Note that it has another photon sphere in the other region

against the throat. Thus, it has three photon spheres in total.
3References [18,20,40–43,91–102] show the details of strong

deflection limits and their applications.

4The order of the vanishing term is estimated as in Ref. [12] as
Oðb=bm − 1Þ while it should be read as Oððb=bm − 1Þ ×
log ðb=bm − 1ÞÞ as shown in Refs. [94,96,98].
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where c̄ and d̄ are obtained by a andm [19,89].5 The details
of the following calculations of the deflection angle in the
strong deflection limits are shown in Ref. [89].

A. For a=m ≤ 4
ffiffiffi
3

p
=9

For a=m ≤ 4
ffiffiffi
3

p
=9, light rays with the impact parameter

b → bm þ 0, where the critical impact parameter bm is
given by

bm ¼ ðr2m þ a2Þ54
ðr2m − 2a2Þ12m1

2

; ð2:7Þ

are reflected slightly outside of the photon sphere at
r ¼ rm, where rm is the largest solution of an equation

ð2a2 − 3r2Þmþ ða2 þ r2Þ32 ¼ 0: ð2:8Þ

The parameters ā and b̄ in the deflection angle (2.2) are
obtained as

ā ¼ ða2 þ r2mÞ54
rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðr2m − 4a2Þm

p ð2:9Þ

and

b̄ ¼ ā log
6r4mðr2m − 4a2Þ

ða2 þ r2mÞ2ðr2m − 2a2Þ þ IR − π; ð2:10Þ

respectively, where IR is given by

IR ¼
Z

1

0

gðzÞdz; ð2:11Þ

and gðzÞ is defined as

gðzÞ≡ 2rmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2m þ a2ð1 − zÞ2

p
�
r2m þ a2ð1 − zÞ2

b2m
− ð1 − zÞ2

þ 2mr2mð1 − zÞ3
½r2m þ a2ð1 − zÞ2�32

�
−1
2

−
2ða2 þ r2mÞ54

rm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3mðr2m − 4a2Þ

p
jzj :

ð2:12Þ

B. For 4
ffiffiffi
3

p
=9 < a=m < 2

ffiffiffi
5

p
=5

In the case of 4
ffiffiffi
3

p
=9 < a=m ≤ 2

ffiffiffi
5

p
=5, the wormhole

has a primary photon sphere off a throat at r ¼ rm which is
the larger solution of Eq. (2.8) and the secondary photon
sphere on the throat at r ¼ rsc ¼ 0.

1. Rays reflected barely outside of the
primary photon sphere

Light rays reflected slightly outside of the primary
photon sphere are calculated by using parameters ā, b̄ in
the deflection angle (2.2), and the critical impact parameter
bm given by Eqs. (2.9), (2.10), and (2.7), respectively.

2. Rays reflected little inside the primary photon sphere

We obtain parameters c̄ and d̄ in the deflection angle
(2.3) of rays reflected slightly inside of the primary photon
sphere as

c̄≡ 2ða2 þ r2mÞ54
rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðr2m − 4a2Þm

p ð2:13Þ

and

d̄ ¼ c̄ log

�
6r4mðr2m − 4a2Þ

ðr2m þ a2Þ2ðr2m − 2a2Þ
�
rm
rc

− 1

��
þ Ir − π;

ð2:14Þ

where Ir is defined by

Ir ≡
Z

1

1−rm
rc

gðzÞdz; ð2:15Þ

where rc is the smaller positive solution of VðrÞ ¼ 0. Here,
VðrÞ is the effective potential of the critical impact
parameter b ¼ bm defined by

VðrÞ≡
��

1

a2 þ r2
−

2mr2

ða2 þ r2Þ52
�
b2 − 1

�
E2; ð2:16Þ

where E is the conserved energy of the light ray, and gðzÞ
and bm are given by Eqs. (2.12) and (2.7), respectively.

5Notice that the deflection angle in the strong deflection limit
b → bm − 0 in Refs. [18,45] is given by

α ¼ −c̄ log
�
b2m
b2

− 1

�
þ d̄0 þO

��
bm
b

− 1

�
log

�
bm
b

− 1

��
:

ð2:4Þ
In this paper, however, we use Eq. (2.3) according to Ref. [89].
From an approximation

�
b2m
b2

− 1

�
∼ 2

�
bm
b

− 1

�
; ð2:5Þ

we obtain a relation

d̄ ¼ −c̄ log 2þ d̄0: ð2:6Þ

The difference between d̄ and d̄0 causes apparent differences
between the formulas of retrolensing in the following section and
the ones in Refs. [18,45].
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3. Rays reflected barely outside of the
secondary photon sphere

The deflection angle of light rays reflected little outside
of the secondary photon sphere at the throat r ¼ rsc ¼ 0 in
a strong deflection limit b → bsc þ 0, where bsc ¼ a is the
critical impact parameter for the secondary photon sphere,
is written in

α¼−ā log
�

b
bsc

− 1

�
þ b̄þO

��
b
bsc

− 1

�
log

�
b
bsc

− 1

��
;

ð2:17Þ

where ā and b̄ are are obtained as

ā ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
aþ 2m

r
ð2:18Þ

and

b̄ ¼ ā log
4ðaþ 2mÞ

a
þ IR − π; ð2:19Þ

respectively, where IR is defined by

IR ≡
Z

1

0

�
2

zð2 − zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
aþ 2mð1 − zÞ3

r
−
1

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

aþ 2m

r �
dz:

ð2:20Þ

C. For a=m > 2
ffiffiffi
5

p
=5

For a=m > 2
ffiffiffi
5

p
=5, rays with b → bm þ 0, where the

critical impact parameter is bm ¼ a, are reflected slightly
outside of the primary photon sphere on the throat
r ¼ rm ¼ 0, with ā and b̄ in the deflection angle (2.2)
given by Eqs. (2.18) and (2.19), respectively.

III. PERCENT ERRORS OF THE DEFLECTION
ANGLE IN THE STRONG DEFLECTION LIMITS

We define the percent errors of the deflection angles α of
Eqs. (2.2), (2.3), and (2.17) in the strong deflection limits
against the deflection angle of Eq. (2.1) as

α of Eq:ð2.2Þ − α of Eq:ð2.1Þ
α of Eq:ð2.1Þ × 100; ð3:1Þ

α of Eq:ð2.3Þ − α of Eq:ð2.1Þ
α of Eq:ð2.1Þ × 100; ð3:2Þ

and

α of Eq:ð2.17Þ − α of Eq:ð2.1Þ
α of Eq:ð2.1Þ × 100; ð3:3Þ

respectively. We plot the percent errors (3.1), (3.2), and
(3.3) against the deflection angle of Eq. (2.1) in Figs. 1, 2,
and 3, respectively. Figure 1 shows that the absolute value
of the percent error of retrolensing with α ∼ π by the
Schwarzschild black hole is about 2% and that it is larger

FIG. 1. The percent error (3.1) of the deflection angle α of a
light ray reflected nearly outside of the primary photon sphere
against α of Eq. (2.1). Thick solid (red), thick dashed (green),
thick dotted (magenta), thick dot-dashed (blue), thin solid
(black), and thin dashed (orange) curves denote the percent error
(3.1) for a=m ¼ 0, 0.5, 0.83, 0.86, 0.9, and 3.0, respectively.

FIG. 2. The percent error (3.2) of the deflection angle α of a
light ray reflected slightly inside of the primary photon sphere
against α of Eq. (2.1). Solid (red), dashed (green), dotted
(magenta), and dot-dashed (blue), curves denote the percent
error (3.2) for a=m ¼ 0.77, 0.8, 0.83, and 0.86, respectively.
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than gravitational lensing by the photon sphere of the black
hole in usual lens configurations with α ∼ 2π. From Figs. 1
and 3, we notice that the absolute value of the percent errors
of light rays reflected slightly outside of the primary
and secondary photon spheres on the wormhole throat can
be small even if we consider retrolensing. From Fig. 2, the
absolute value of the percent error of the light rays reflected
barely inside of the primary photon sphere is relatively large.
The absolutevalue of the percent error is large in an almost

marginally unstable photon sphere case a=m ¼ 2
ffiffiffi
5

p
=5þ ϵ,

where 0 < ϵ ≪ 1, while it is small in a case with a=m ¼
2

ffiffiffi
5

p
=5 − ϵ as shown in Figs. 1–3. This is caused by the

degeneracy of the outer photon sphere and an antiphoton
sphere into a marginally unstable photon sphere in a limit
a=m → 2

ffiffiffi
5

p
=5 − 0. The deflection angle of the light rays

reflected by the marginally unstable photon sphere would
diverge nonlogarithmically in the strong deflection limits.

IV. RETROLENSING

In this section, we investigate retrolensing by the photon
spheres.

A. Lens equation

A light ray emitted by the sun S is reflected by the photon
sphere L with the deflection angle α, reaches to an observer
O, and the observer sees it as an image I as shown in Fig. 4.
We use the Ohanian lens equation [7,41,103] expressed by

β ¼ π − ᾱðθÞ þ θ þ θ̄; ð4:1Þ

where β≡∠OLS is a source angle,

ᾱ≡ α ðmod 2πÞ ð4:2Þ

is an effective deflection angle, θ≡∠IOL is an image
angle, and θ̄ is an angle between the ray and a line LS.
We assume that L,O, andS are almost aligned in this order.

Under the assumption, we obtain β ∼ 0, ᾱ ∼ π, α ∼ π þ 2πn,
andDls ¼ Dol þDos, where n is the winding number of the
light, and Dls, Dol, and Dos are distances between L and S,
betweenOandL, andbetweenO and S, respectively.We also
assume that θ ¼ bm=Dol ≪ 1 and θ̄ ¼ bm=Dls ≪ 1 and we
neglect the terms of the small angles θ and θ̄ in the Ohanian
lens equation. We regard the sun as a uniform-luminous disk
with a finite size on the observer’s sky.

B. Image separations and magnifications

1. Light rays reflected slightly outside of the primary
and secondary photon spheres

We consider the image separations and magnifications of
rays reflected little outside of the photon spheres in the
retrolensing configuration. First, we concentrate on the
primary photon sphere. Note that we use ā (2.9) and b̄
(2.10) in this case. By using Eq. (2.2), α ¼ ᾱþ 2πn, and
b ¼ θDol, and the assumptions, we obtain the positive
solution of the lens equation (4.1) as

θ ¼ θoutn ðβÞ≡ ð1þ e½b̄−ð1þ2nÞπþβ�=āÞθm; ð4:3Þ

where θm is the image angle of the primary photon sphere
given by θm ≡ bm=Dol, and it is plotted in Fig. 5. Its
magnification is obtained as

FIG. 3. The percent error (3.3) of the deflection angle α of a
light ray reflected nearly outside of the secondary photon sphere
against α of Eq. (2.1). Solid (red), dashed (green), dotted
(magenta), and dot-dashed (blue), curves denote the percent
error (3.3) for a=m ¼ 0.77, 0.8, 0.83, and 0.86, respectively.

FIG. 4. Lens configuration. A light ray emitted by the sun S
with a source angle β≡∠OLS is reflected with a deflection angle
α by a lens object L and it is observed by an observer O as an
image I with an image angle θ. The effective deflection angle ᾱ is
given by ᾱ ¼ α − 2πn, where n is the winding number of the ray,
θ̄ is an angle between the ray and the line LS, and Dol, Dls, and
Dos are distances between O and L, between L and S, and
between O and S, respectively.

RETROLENSING BY TWO PHOTON SPHERES OF A BLACK- … PHYS. REV. D 105, 084036 (2022)

084036-5



μoutn ðβÞ ¼ −
D2

os

D2
ls

sðβÞθoutn
dθoutn

dβ
¼ −

D2
os

D2
ls

θ2me½b̄−ð1þ2nÞπ�=ā

ā

× ð1þ e½b̄−ð1þ2nÞπ�=āÞsðβÞ; ð4:4Þ
where sðβÞ is an integral over the disk on a source plane
[104–106] given by

sðβÞ ¼ 1

πβ2s

Z
disk

dβ0dϕ; ð4:5Þ

where βs ≡ Rs=Dls is the dimensionless radius of the sun,
where Rs is the radius of the sun, β0 is a dimensionless
radial coordinate normalized by Dls on the source plane,
and ϕ is an azimuthal coordinate around an origin which is
an intersection point between an axis β ¼ 0 and the source
plane.6 The function sðβÞ is expressed by

sðβÞ ¼ 2

πβ2s

�
πðβs − βÞþ

Z
βþβs

−βþβs

arccos
β2 þ β02 − β2s

2ββ0
dβ0

�

ð4:6Þ

and

sðβÞ ¼ 2

πβ2s

Z
βþβs

β−βs
arccos

β2 þ β02 − β2s
2ββ0

dβ0 ð4:7Þ

for β ≤ βs and βs < β, respectively. Note that we get sð0Þ ¼
2=βs for the perfectly aligned case. There are negative
solutions θ ∼ −θoutn ðβÞ for each winding number n and their
magnifications are obtained as−μoutn approximately. The total
magnification of the couple of images for all n is given by

μouttot ðβÞ≡ 2
X∞
n¼0

jμoutn ðβÞj

¼ 2
D2

os

D2
ls

θ2m
ā
jsðβÞj

�
eðb̄−πÞ=ā

1 − e−2π=ā
þ e2ðb̄−πÞ=ā

1 − e−4π=ā

�
ð4:8Þ

and, in the perfectly aligned case, it becomes

μouttot ð0Þ ¼ 4
D2

os

D2
ls

θ2m
āβs

�
eðb̄−πÞ=ā

1 − e−2π=ā
þ e2ðb̄−πÞ=ā

1 − e−4π=ā

�
: ð4:9Þ

Second, we comment on the secondary photon sphere. In
this case. if we read θm as θsc ≡ bsc=Dol and if we use ā and
b̄ given by Eqs. (2.18) and (2.19), respectively, the above
formulas for the images of the rays reflected little outside of
the primary photon sphere can be used as the ones of the
secondary photon sphere.

2. Light rays reflected barely inside of the
primary photon sphere

By using the deflection angle (2.3), the image angle of
rays reflected slightly inside of the primary photon sphere
is obtained as the positive solution of the lens equation:

θ ¼ θinn ðβÞ≡ θm
1þ e½d̄−ð1þ2nÞπþβ�=c̄ : ð4:10Þ

Its magnification for each n is obtained as

μinn ðβÞ ¼
D2

os

D2
ls

θ2me½d̄−ð1þ2nÞπ�=c̄

c̄ð1þ e½d̄−ð1þ2nÞπ�=c̄Þ3 sðβÞ: ð4:11Þ

FIG. 5. Image separations 2θout0 (top), 2θin0 (middle), and 2θsc0
(bottom) with Dol ¼ 0.01 pc, β ¼ 0, and n ¼ 0 as functions of
a=m. Solid (red), dashed (green), and dotted (cyan) curves denote
the image separations for m ¼ 60M⊙, 30M⊙, and 10M⊙,
respectively.

6Note that sðβÞ ¼ 1=β for a point source.
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Due to a negative solution θ ∼ −θinn ðβÞ for each winding
number n, the total magnification of the couple of images
for all the winding number n is given by

FIG. 6. The apparentmagnificationwithβ ¼ 0 andDol ¼ 0.01 pc
for given a=m. Solid (red), dashed (green), and dotted (cyan) curves
denote the apparent magnification of the retrolensing caused by the
photon spheres with the mass m ¼ 60M⊙, 30M⊙, and 10M⊙,
respectively.

FIG. 7. Motion of the sun S with a radius Rs on a source plane
which is orthogonal to an optical axis β ¼ 0. We assume that an
observer O and a lens L are at rest and the sun moves with the
orbital velocity v ¼ 30 km=s on the source plane. The smallest
source angle is denoted by βmin.

FIG. 8. Light curves with Dol ¼ 0.01 pc. Top: solid (red),
dashed (green), dotted (cyan), long-dashed (magenta),
and long-dashed-short-dashed (black) curves denote light
curves with a=m ¼ 0, 0.5, 0.8, 1, and 3, respectively, and
m ¼ 30M⊙ and βmin ¼ 0. Middle: solid (red), dashed (green),
dotted (cyan), and long-dashed (magenta) curves denote light
curves with βmin ¼ 0, 0.5βs, βs, and 1.5βs, respectively, and m ¼
30 M⊙ and a=m ¼ 0.8. Bottom: solid (red), dashed (green), and
dotted (cyan) curves denote light curves with m ¼ 60M⊙,
30M⊙, and 10M⊙, respectively, and βmin ¼ 0 and a=m ¼ 0.8.
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μintotðβÞ ¼ 2
X∞
n¼0

jμinn ðβÞj

¼ 2
X∞
n¼0

D2
os

D2
ls

θ2me½d̄−ð1þ2nÞπ�=c̄

c̄ð1þ e½d̄−ð1þ2nÞπ�=c̄Þ3 jsðβÞj ð4:12Þ

and it is, in the perfect-aligned case,

μintotð0Þ ¼ 4
X∞
n¼0

D2
os

D2
ls

θ2me½d̄−ð1þ2nÞπ�=c̄

c̄ð1þ e½d̄−ð1þ2nÞπ�=c̄Þ3βs
: ð4:13Þ

The apparent magnification of the retrolensing in the
perfect-aligned case is shown in Fig. 6. If there are light
rays reflected barely inside of the primary photon sphere,
they are dominant. On the other hand, if there are rays
reflected slightly outside of the secondary photon sphere,
their effect on light curves can be ignored since they are
fainter than the others.

C. Retrolensing light curves

We assume that the lens L is at rest against the observer
O as shown in Fig. 7. The retrolensing light curves by the
photon spheres are shown in Fig. 8.

V. CONCLUSION

We have investigated retrolensing in a novel black-
bounce spacetime [73], which is a black hole spacetime
with a photon sphere or a wormhole spacetime with one or
two photon spheres on one side of a region against a throat.
If the wormhole has two photon spheres there, light rays
reflected by the inner photon sphere on a throat can be
ignored since the magnifications are dimmer than the ones
by the outer photon sphere. However, the retrolensing by
the wormhole with two photon spheres is brighter than the
black hole with one photon sphere since rays reflected
slightly not only outside but also inside of the outer photon
sphere of the wormhole reach an observer due to absence of
an event horizon. We can distinguish the retrolensing from
other variable phenomena since the retrolensing light curve
has characteristic shapes as shown in Fig. 8; it can be
observed on the ecliptic, and it has precise solar spec-
tra [36].

The light rays reflected near the outer photon sphere with
the winding number n ¼ 1 reach the observer a few
milliseconds later than ones with n ¼ 0. However, the
rays with n ≥ 1 are fainter than the lights with n ¼ 0.
Therefore, we can ignore the effect of the rays with n ≥ 1
on the retrolensing light curves.
We have shown the percent errors of the deflection

angles of retrolensing in strong deflection limits. We have
found that the percent errors depend on the parameters of
the metric and the cases of reflections: (i) a reflection nearly
outside of the photon sphere on the throat, (ii) a reflection
barely outside of the photon sphere off the throat, (iii) a
reflection slightly inside of the photon sphere off the throat.
We have shown that the case (iii) has larger error than the
cases (i) and (ii). Thus, we should improve approximations
in the strong deflection limit for the retrolensing of the rays
reflected nearly inside of the photon sphere. One may use
an improved approximation (2.4) which was applied in an
usual lens configuration [19,89] and in the retrolensing
configuration [89]. We will investigate the details of the
improved approximation in a forthcoming paper [107].
We do not consider the case of a=m ¼ 2

ffiffiffi
5

p
=5 because

the deflection angles of the light rays reflected by the outer
photon do not diverge logarithmically in the forms of
Eqs. (2.2) and (2.3). Note that the observables of the
outer photon sphere with the vanishing winding number
n ¼ 0 obtained by using Eqs. (2.2) and (2.3) in the
strong deflection limits have relativity large error for
a=m ∼ 2

ffiffiffi
5

p
=5 − ϵ. In the case of a=m ¼ 2

ffiffiffi
5

p
=5, the outer

photon sphere and an antiphoton sphere degenerate into a
marginally unstable photon sphere and the deflection
angles of the light rays reflected by it would diverge
nonlogarithmically in the strong deflection limits. We
can obtain the deflection angle of the light rays reflected
slightly outside of the marginally unstable photon sphere in
the strong deflection limit as well as Ref. [20]. On the other
hand, the case of the rays reflected slightly inside of the
marginally unstable photon sphere and retrolensing by the
marginally unstable photon sphere are left as future works.
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