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As a photon propagates along a null geodesic, the space-time curvature around the geodesic distorts its
wave function. We utilize the Fermi coordinates adapted to a general null geodesic and derive the equation
for interaction between the Riemann tensor and the photon wave function. The equation is solved by being
mapped to a time-dependent Schrödinger equation in (2þ 1) dimensions. The results show that as a
Gaussian time-bin wave packet with a narrow bandwidth travels over a null geodesic, it gains an extra
phase that is a function of the Riemann tensor evaluated and integrated over the propagation trajectory. This
extra phase is calculated for communication between satellites around the Earth and is shown to be
measurable by current technology.
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I. INTRODUCTION

Einstein gravity is a geometric theory for gravity wherein
energy/mass distribution curves its surrounding space-time
geometry and particles propagate along the geodesics of the
curved geometry. The light bending by a gravitational
source, manifesting that photons propagate along null geo-
desics, was first observed by Eddington et al. [1] with 30%
precision, and the effect has now been measured with the
precision of 0.01% [2–5]. In light bending as well as all other
observed effects of Einstein gravity, the photon is treated as a
pointlike particle [6]. The photon, however, is governed by
the rules of quantum mechanics where particle-wave duality
is manifest. As a photon moves along the geodesic, its
quantum wave function interacts with the curvature of the
space-time geometry around the geodesic and gets distorted.
Whenever the photon wave function is used as an informa-
tion carrier [7–11], the distortion affects the communication
channel and may introduce errors. The current race to
establish a quantum network in space [12–14] may need
to take into account how the curvature of the space-time
geometry affects the wave function of the photon as it moves
along a geodesic. Approximations, where all the multipolar
modes are neglected, are used to calculate the Green’s
function for the propagation, which resulted in a measurable
distortion [15–18]. Jonsson et al. [19] has kept the first few
multipolar modes to calculate the distortion for a photon
scattered from a black hole. Though none of these methods
return the exact distortion, they highlight that the distortion is
a substantial effect. In Ref. [20], the Fermi coordinates along
a geodesic are adapted, and a distortion of measurable
magnitude is reported for communication between the Earth

and the International Space Station. However, turbulence
due to the Earth’s atmosphere adds noise and may not allow
measurement of the effect. Here, we aim to calculate the
gravitational distortion for communication performed
between two satellites around the Earth where atmospheric
effects are absent. The paper is organized as follows.
Section II considers a photon that propagates along a null
geodesic in a general curved space-time geometry. The
photon is approximated to a time-bin wave packet with a
very narrow frequency line. The Fermi coordinates adapted
to a null geodesic are utilized to calculate the interaction
between the photon’s wave function and the curvature of the
space-time geometry around the geodesic. We show that as
the photon propagates along the null geodesic, it gains an
extra phase that is a function of the Riemann tensor evaluated
and integrated over the null geodesic. This extra phase,
which depends on the space-time geometry, is calculated for
communication between satellites near the Earth. The results
are shown in Secs. III and IV provides the discussion on how
to measure this extra phase.

II. PREDICTING A GENERAL
GEOMETRIC PHASE

The photon moves on the null geodesic γ. We adapt the
Fermi frame wherein the metric on the geodesic coincides
to the Minkowski metric, and the Levi-Cevita symbol
vanishes, too:

gμνjγ ¼ ημν; ð1Þ

Γμ
νηjγ ¼ 0: ð2Þ

We represent the coordinates in the Fermi frame by
ðx�; x1; x2Þ where x� ¼ 1ffiffi

2
p ðx3 � ctÞ are the Dirac
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light-cone coordinates, while xþ is tangent to γ [21]. The
metric around the geodesic in the Fermi coordinates up to
quadratic order in the transverse coordinates is given by [22]

ds2 ¼ 2dxþdx− þ δabdxadxb − Rþāþb̄x
āxb̄ðdxþÞ2

−
4

3
Rþb̄āc̄x

b̄xc̄ðdxþdxāÞ − 1

3
Rāc̄b̄d̄x

b̄xc̄ðdxādxb̄Þ
þOðxāxb̄xc̄Þ; ð3Þ

where xa ¼ ðx1; x2Þ, and xā ¼ ðx−; xaÞ, and all the curva-
ture components (Rþāþb̄, Rþāc̄d̄, and Rāb̄c̄d̄) are evaluated on
γ, and Einstein’s notation is used wherein the appearance
twice of an index variable in a single term means summation
over that index, and δab is the Kronecker delta. We
approximate the space-time geometry around the Earth to
the Schwarzschild space-time geometry. Therefore, the
effective Lagrangian of a massless point particle propagating
on a null geodesic can be given by

L ¼ −
�
1 −

m
r

�
_t2 þ _r2

1 − m
r

þ r2ð_θ2 þ sin2 θ _φ2Þ; ð4Þ

where the dot presents variation with respect to the affine
parameter on the geodesic, m ¼ ð2GNM⊕Þ=c2, and M⊕ is
the mass of the Earth. We choose the units such that the
speed of light in vacuum is set to 1, i.e., c ¼ 1, and m ¼ 1.
Due to the spherical symmetry, without loss of generality,
we can choose the equatorial plane θ ¼ π=2 and _θ ¼ 0
to describe any given geodesic at all time. The cyclic
variables of φ and t lead to invariant quantities: r2 _φ ¼ l,
ð1 − 1=rÞ_t ¼ E, where l and E are constant values. We
consider null geodesics reaching the asymptotic infinity and
set E ¼ 1. Due to the form of the Lagrangian, its Legendre
transformation, which is the Lagrangian itself, is invariant.
We consider a null geodesic and set L ¼ 0 that gives

j_rj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

r2 ð1 − 1
rÞl2

q
. Let êt, êr, êφ, and êθ represent

the normalized unit vectors in t, r, θ, and φ coordinates. The
normalized unit vectors in the Fermi coordinates can be
chosen as

êþ ¼ fffiffiffi
2

p ðþêt þ _rêr þ rf _φêφÞ; ð5aÞ

ê− ¼ 1ffiffiffi
2

p
f
ð−êt þ _rêr þ rf _φêφÞ; ð5bÞ

ê1 ¼ −rf _φêr þ _rêφ; ê2 ¼ êθ; ð5cÞ

where f ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=r

p
. The components of the Riemann

tensor in the Fermi coordinates should be computed by the
tensor transformation law [23]:

Rαβγδ ¼ Rμ0ν0σ0τ0 ðêαÞμ0 ðêβÞν0 ðêγÞσ0 ðêδÞτ0 : ð6Þ

Utilizing the abstract method employed in Ref. [20] iden-
tifies the nonvanishing components of the Riemann tensor in
the Fermi frame

Rþ−þ− ¼ 3l2ðr − 1Þ
2r6

−
1

r3
; ð7aÞ

Rþ2þ2 ¼ −Rþ1þ1 ¼
3l2

4r5
; ð7bÞ

Rþ−þ1 ¼
3

ffiffiffi
2

p
l

2r4
_r: ð7cÞ

Next, we consider the electromagnetic potential Aμ,
whose field strength is given by Fμν ¼ ∂μAν − ∂νAμ.
The dynamics of the electromagnetic potential in a curved
space-time geometry endowed with metric gμν is given by

Γ½Aμ� ¼ −
1

4

Z
d4xgμμ

0νν0FμνFμ0ν0 ; ð8aÞ

gμμ
0νν0 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
ðgμμ0gνν0 − gμν

0
gνμ

0 Þ: ð8bÞ

Here, gμν is the inverse of the metric, and det g is its
determinant. Note that gμμ

0νν0 has all the symmetries of
FμνFμ0ν0 under exchange of its indices. The functional
variation of the action with respect to the gauge field gives
its equation of motion, i.e.,

∂μðgμμ0νν0Fμ0ν0 Þ ¼ 0; ð9Þ

which we would like to solve for a photon that travels along
a null geodesic. We choose the Fermi coordinates adapted
to the null geodesic, Eq. (3), to describe the space-time at
the vicinity of the geodesic where the components of the
Riemann tensor are given in Eq. (7). At the vicinity of the
Earth, the components of the Riemann tensor are minimal.
We, therefore, treat them as a perturbation. We introduce ε
as the systematic parameter of the perturbation. In other
words, we add a factor of ε to all terms in Eq. (3) where the
components of the Riemann tensor are present. At the end
of the computation, we set ε ¼ 1. The ε-perturbation to the
electromagnetic potential and gμμ

0νν0 follow:

Aμ ¼ Að0Þ
μ þ εAð1Þ

μ þOðε2Þ; ð10aÞ

gμμ
0νν0 ¼ gð0Þμμ0νν0 þ εgð1Þμμ0νν0 þOðε2Þ: ð10bÞ

Equation (9) at the leading order in ε can be simplified to

□
ð0ÞAð0Þμ þ ∂μ∂νAð0Þν ¼ 0: ð11Þ

Henceforth, ημν is utilized to move up or down the indices,
i.e., Að0Þν ¼ ηνλAð0Þ

λ ; ∂μ ¼ ημν∂ν, where ημν represents the
Minkowski metric in Dirac coordinates. We choose the

QASEM EXIRIFARD and EBRAHIM KARIMI PHYS. REV. D 105, 084016 (2022)

084016-2



Lorentzgauge,∂νAð0Þν ¼ 0,which simplifies the equation for

Að0Þ to□ð0ÞAð0Þ
μ ¼ ð2∂þ∂− þ∇2⊥ÞAð0Þ

μ ¼ 0, where∇2⊥ is the
Laplace operator in x1 and x2 directions: ∇2⊥ ¼ ∂2

1 þ ∂2
2.

Utilizing the Fourier expansion of the gauge field in terms of

thevariable x−, i.e.,Að0Þ
μ ¼ R

dωfð0Þμ ðω; xþ; xaÞeiωx− leads to

ð2iω∂þ þ∇2⊥Þfð0Þμ ¼ 0; ð12Þ

which is referred to as the paraxial Helmholtz equation. Note
that, due to the definition of ê− in Eq. (5b), the gravitational

redshift is already encoded in the Fourier expansion of Að0Þ
μ .

We refer to fð0Þμ ðw; xþ; xaÞ as the structure function of the
photon with frequency ω in mode μ. The structure mode can
be expanded in terms of the Hermite-Gaussian or Laguerre-
Gaussian modes. For the purpose of communication, we are
interested in a field configuration that can be understood
as a perturbation modulated over a frequency that holds,

j∂þf
ð0Þ
ν j ≪ ωjfð0Þν j; j∂−f

ð0Þ
ν j ≪ ωjfð0Þν j; ð13Þ

which is the same as the paraxial approximation in optics.
Employing Eq. (13) in the Lorenz gauge condition yields

ωfð0Þþ þ ∂þfð0Þ− þ ∂1f
ð0Þ
1 þ ∂2f

ð0Þ
2 ¼ 0: ð14Þ

The paraxial approximation conditions, i.e., Eq. (13), imply
the following perturbative solutions:

fð0Þþ ¼ 0; ð15aÞ

∂þfð0Þ− þ ∂afð0Þa ¼ 0; ð15bÞ

where ∂afð0Þa ¼ ∂1f
ð0Þ
1 þ ∂2f

ð0Þ
2 is used. We solve Eq. (15b)

for fð0Þ− . This leaves fð0Þa as the physical modes, which can be
perceived as the distribution of the photon’s polarization.
This means that each polarization of the photon that we
choose to represent by Ψ satisfies Eq. (12). The paraxial
wave equation, Eq. (12), can be rewritten as − 1

2ω∇2⊥Ψ ¼
i∂þΨ, which is the Schrödinger equation for a particle
with a rest mass of ω in“2þ 1” dimensions where xþ plays
the role of time.
Utilizing Eqs. (10) and (11) in Eq. (9) yields the equation

of motion for Að1Þ,

□
ð0ÞAð1Þμ ¼ −∂νðgð1Þμμ0νν0Fð0Þ

μ0ν0 Þ; ð16Þ

where the Lorenz gauge condition is assumed on Að1Þ, too.
The propagation of a photon in a smooth space-time
geometry holds j∂λgð1Þμνj ≪ ωjgð1Þμνj. Therefore, the deriva-
tive of the components of themetric on the right-hand side of
Eq. (16) can be neglected, and thus we have □

ð0ÞAð1Þμ ¼
−gð1Þμμ0νν0∂νF

ð0Þ
μ0ν0 . We express Fð0Þ

μ0ν0 in terms of Að0Þ
μ0 :

□
ð0ÞAð1Þμ ¼ −gð1Þμμ0νν0 ð∂ν∂μ0Aν0 − ∂ν∂ν0Aμ0 Þ; ð17Þ

The paraxial approximation expressed in Eq. (13) implies
that the dominant term on the right-hand side of Eq. (17) is
the one that ∂2

− acts onAð0Þ. Keeping only the dominant term
results in

□
ð0ÞAð1Þμ ¼ ðgð1Þ−−μα − gð1Þ−αμ−Þ∂2

−A
ð0Þ
α : ð18Þ

Due to gauge symmetry and the chosen Lorentz gauge,
we choose to solve Eq. (18) for μ ¼ −; 1, 2. Substituting
Eq. (15) into Eq. (18) results in

□
ð0ÞAð1Þ

þ ¼ 0; ð19aÞ

□
ð0ÞAð1Þ

a ¼ −gð1Þ−−∂2
−A

ð0Þ
a : ð19bÞ

gð1Þ−− can be expressed in terms of the components of
the Riemann tensor, and thus we have

□
ð0ÞAð1Þ

i ¼ −Rþāþb̄x
āxb̄∂2

−A
ð0Þ
i : ð20Þ

We would like to consider the Fourier transformation
of Að1Þ

i with respect to the variable x−, i.e., Að1Þ
i ¼R

dωfð1Þi ðω; xþ; xaÞeiωx− , where fð1Þi is the correction to
the structure function of mode i. Utilizing the Fourier
transformations in Eq. (20) yields

ð2iω∂þþ∇2⊥Þfð1Þi ¼ð−Rþ−þ−∂2
ωþ2iRþ−þ−axa∂ω

þω2RþaþbxaxbÞω2fð0Þi . ð21Þ

We observe that different physical modes, i.e., different i,
are not coupled at the subleading order. Therefore, without
losing generality, we consider one physical mode, and
we set i ¼ 1. However, all the results that we will calculate

will be equally valid for i ¼ 2. We consider fð0Þ1 in the form

of fð0Þ1 ¼ AðωÞfmnðω; xþ; xaÞ, where fmn is the Hermite-
Gaussian mode and AðωÞ is the amplitude that we
choose as a normal distribution around ω ¼ ω0 with
the width of σ for the first polarization of photon:

AðωÞ ¼ 1ffiffi
σ

p
π
1
4

exp ð− ðω−ω0Þ2
2σ2

Þ. We consider a time-bin wave

packet with a narrow bandwidth such that the first term on
the right-hand side of Eq. (21) is the dominant term. Since σ

is very small, we can utilize fð0Þ1 ≈ AðωÞfmnðω0; xþ; xaÞ.
This approximation allows us to neglect ∂ωfmn in deriv-

atives of fð0Þ1 with respect to ω. The size of the wave packet
is identified by two parameters. Its size perpendicular to its
trajectory is given by the width of the beam, while its size in
the direction of propagation is proportional to c

σ. We assume
c
σ is much larger than the width of package, and the wave
packet is extended in the direction of propagation where the
first term on the right-hand side of Eq. (21) becomes the
dominant term. Keeping only the dominant term yields
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ð2iω∂þþ∇2⊥Þfð1Þ1

¼−Rþ−þ−

�
ω2ðω−ω0Þ2

σ4
þωð4ω0−5ωÞ

σ2

�
fð0Þ1 ; ð22Þ

where 2fð0Þ1 on the right-hand side of Eq. (22) is also
neglected. Equation (22) can be perceived as the per-
turbation of

ð2iω∂þ þ∇2⊥ÞΨ ¼ 2εωVðxþÞΨ; ð23Þ

where

Ψ ¼ fð0Þ1 þ εfð1Þ1 þOðε2Þ; ð24aÞ

VðxþÞ¼−
�
ωðω−ω0Þ2

2σ4
þ4ω0−5ω

2σ2

�
Rþ−þ−ðxþÞ: ð24bÞ

Equation (23) can be rewritten as

i∂þΨ ¼
�
−

1

2ω
∇2 þ εVðxþÞ

�
Ψ; ð25Þ

which is the Schrödinger equation for a particle with a mass
“ω” in (2þ 1) dimensions with a time-dependent potential
where the potential is only a function of time. For any Ψð0Þ

that satisfies i∂þΨð0Þ ¼ − 1
2ω∇2Ψð0Þ, the perturbative sol-

ution to Eq. (25) is Ψ ¼ Ψð0Þð1þ εχðxþÞÞ, where
χ ¼ −i

R
xþ
0 dτVðτÞ. This implies that the correction to

the structure function, fð1Þ1 , is expressed in term of the

structure function, fð0Þ1 , i.e.,

fð1Þ1 ¼ ifð0Þ
�
ωðω − ω0Þ2

2σ4
þ 4ω0 − 5ω

2σ2

�
G; ð26Þ

where G, the geometrical factor, is given by

G ¼
Z

xþ

0

dτRþ−þ−ðτÞ: ð27Þ

Here, τ is the affine parameter on the geodesic and xþ ¼ 0

is the wave-packet initial plane. Recalling that fð1Þ1 and fð0Þ0

are the Fourier transformation of Að1Þ
1 and Að1Þ

0 allows us to
integrate over ω and obtain the electromagnetic field,

A1 ¼
ffiffiffiffiffi
2σ

p
π

1
4e−

ðσx−Þ2
2

þiω0x−fmnðω0; xþ; xaÞ

×

�
1 − i

ω0G
2

ðx−Þ2
�
; ð28Þ

where only the dominant term is kept, and we set ε ¼ 1
(note that ε is a dummy parameter to systematically track
the perturbation). We could have chosen i ¼ 2 to obtain the
same expression for the second polarization, i.e., A2. We,

therefore, observe that as a Gaussian time-bin wave packet,
with sharp width of σ around frequency of ω0, travels
over the geodesic, it gains an extra geometric phase that is
given by

χg ¼ −
ω0G
2

ðx−Þ2; ð29Þ

where G is the integration of the “þ −þ−” component of
the Riemann tensor evaluated on the geodesic, as defined in
Eq. (27). Equation (29) is in accord with Ref. [20], wherein
the equations are solved by a different method. Let it be
emphasized that χg is the change in the phase of a Gaussian
beam with the width of σ. There exist some difficulties
associated with measuring χg at the far tail (jσx−j ≥ 5) of
the Gaussian beam because the amplitude decreases expo-
nentially, and it would not be easy to generate a Gaussian
beam whose far tail remains Gaussian, too. To avoid these
problems, we suggest to measure χg around the peak of the
Gaussian beam, or equivalently for jσx−j≲ 1. In doing so,
it is convenient to reexpress χg as

χg ¼ −
ω0G
2σ2

ðσx−Þ2; ð30Þ

and note that χg is measured for jσx−j ≲ 1. Equation (30)
explicitly shows that the maximum measurable value of χg
depends on σ. Figure 1 depicts the amplitude, the initial
phase, and the change in the phase in term of σx−

for −1.5 ≤ σx− ≤ 1.5.

III. GEOMETRIC PHASE FOR COMMUNICATION
BETWEEN SATELLITES

Let us consider a communication link where Alice
(sender) and Bob (receiver) are on different satellites

Intial amplitude Intial phase

–1.5 –1.0 –0.5 0.5 1.0 1.5

0.2

0.4

0.6

0.8

1.0

FIG. 1. The initial amplitude (shown in blue), the initial phase
which chosen to be zero (shown in red), and the geometric phase
multiplied by − σ2

ω0G
(shown in purple) in terms of σx−.
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located at radii of r ¼ a and b from the center of the Earth,
respectively, where a ≤ b. In this section, we assume that
Alice and Bob are stationary with respect to the standard
spherical coordinates of the Schwarzschild geometry.
In next section, we utilize relativistic Doppler shift
to generalize the result to the case in which Alice and
Bob are not stationary. We use α to represent the angular
separation of the two satellites; considering the lines from
satellites to the center of Earth, α is the angle between these
two lines.

A. First case, as shown in Fig. 2(a) for _r ≥ 0

The þ −þ− component of the Riemann tensor evalu-
ated on the geodesic is given in Eq. (7a), which for large r
can be approximated to Rþ−þ− ¼ 3l2

2r5
− 1

r3. Applying the

same approximation on _r holds _r ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − l2

r2

q
. The geo-

metrical factor defined in Eq. (27) then is given by

G ¼
Z

b

a

dr
_r
Rþ−þ−

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − l2

p

2b3
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − l2

p

2a3
: ð31Þ

Here, l is the minimum of the distance between the center
of the Earth and the line or the extrapolation of the line

connecting Alice and Bob, i.e., l ¼ ab sin αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2−2ab cos α

p . The

geometrical phase, Eq. (30), is then given by

χg¼þω0cm⊕ðb2−a2Þ
4ðσabÞ2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða−bcosαÞ2

a2þb2−2abcosα

s �
σx−

c

�
2

; ð32Þ

where the Schwarzschild radius of the Earth m⊕ ¼
2GM⊕
c2 ¼ 8.87 mm, and c is recovered. Equation (32) for

α ¼ 0 coincides to the result reported in Ref. [20] for radial
communication between the Earth and the International
Space Station.

B. Second case as shown in Fig. 2(b)

For α ≥ arccos ab as depicted in Fig. 2(b), _r can be
negative in some parts of the geodesic. For the geometrical
factor defined in (27), therefore, we can write

G ¼
Z

dτRþ−þ− ¼ −
Z

l

a

dr
j_rjRþ−þ− þ

Z
b

l

dr
j_rjRþ−þ−

¼ 2

Z
a

l

dr
j_rjRþ−þ− þ

Z
b

a

dr
j_rjRþ−þ− ð33Þ

that leads to

(a) (b)

FIG. 2. Alice at radius a, at one instant, sends a signal toward Bob at radius b with a < b. The signal propagates along a null geodesic
that can be approximated to a straight line. Notice that l is the minimum distance between the center of the Earth and the line, or the
extrapolation of the line, connecting Alice and Bob. α is the angle between lines connecting Alice and Bob to the center of the Earth.
Alice and Bob’s trajectories are not fixed. There exist two scenarios depicted above. In the first scenario (a), _r ≥ 0, while in the second
case (b), _r can be negative. (a) During the entire journey of the signal _r > 0 and (b) at the beginning _r < 0 then _r > 0.
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χg¼−
ω0cm⊕ðb2þa2Þ

4ðσabÞ2 ×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða−bcosαÞ2

a2þb2−2abcosα

s �
σx−

c

�
2

:

ð34Þ

IV. MEASURING THE GEOMETRIC
PHASE NEAR EARTH

In the following, we would like to evaluate the geomet-
rical phase for a set of parameters to see if the geometrical
phase can be detected in communication between two
satellites around the Earth. In so doing, we first would like
to generalize the result of the previous section to the case in
which Alice and Bob are not stationary.
Alice at position of ra prepares a time-bin Gaussian

pulse with the mean frequency of ωA and line width of σA.
The pulse that Alice produces in Alice’s rest frame is
given by

AAlice ¼ A0
Alicee

−ðσAx−Þ2
2

þiωAx− : ð35Þ

Alice moves with velocity of v⃗A with respect to the local
Riemann coordinates at ra, which is stationary with respect
to the standard spherical coordinates in the Schwarzschild
geometry. In the local Riemann coordinates at ra, since the
source of the pulse moves with velocity of v⃗, the pulse at
the event of its generation is given by

Aa ¼ A0
ae−

ðσax−Þ2
2

þiωax− : ð36Þ

where ωa ¼ Δv⃗aωA, σa ¼ Δv⃗aσA, and Δv⃗a stands for the
relativistic Doppler shift. We should still transform this
pulse to the Fermi coordinates. Noticing the factor of f and
1=f in the right-hand side of Eqs. (5a) and (5b), the pulse in
the Fermi coordinates, at the event of its generation, can be
derived from the pulse in the local Riemann coordinates by
scaling the frequencies,

A1 ¼ A0e−
ðσx−Þ2

2
þiω0x− ; ð37Þ

where

ω0 ¼ Δv⃗afðraÞωA; σ ¼ Δv⃗afðraÞσA: ð38Þ

Here, f ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=r

p
; see the text after Eq. (5c). As the

pulse moves toward Bob’s geodesic, it gains an extra
geometric phase. At the time of its detection, the pulse
in the Fermi coordinates is given by

A1 ¼ A0e−
ðσx−Þ2

2
þiω0x− expð−iχgÞ; ð39Þ

where χg is given in Eq. (30). Bob is moving with velocity
v⃗B with respect to the local Riemann coordinates at r⃗b. The
pulse that Bob observes can be obtained by transforming

the beam from the Fermi coordinates to the local Riemann
coordinates, and then to the Bob’s rest frame. Bob in his
rest frame observes

ABob ¼ A0e−
ðσBx−Þ2

2
þiωBx− expð−iχgÞ; ð40Þ

where

ωB ¼ fðraÞ
fðrbÞ

Δv⃗aΔv⃗bωA; σB ¼ fðraÞ
fðrbÞ

Δv⃗aΔv⃗bσA: ð41Þ

Here, Δðv⃗aÞΔðv⃗bÞ accounts for relativistic Doppler shift,
while fðraÞ=fðrbÞ describes the gravitational redshift.
Equations (38) and (41) can be utilized to reexpress the
geometric phase by

χg ¼ −
ωBfðrbÞG
2Δv⃗bσ

2
B

ðσBx−Þ2; ð42Þ

where (38) and (41) are used to express ω0 in Eq. (30) in
term of ωB. We notice that Bob can interpret χg as a time-
dependent phase modulated over the Gaussian time-bin
wave packet with the mean frequency ωB and line width of
σB [24]. So, Bob can measure it. For terrestrial satellites
with velocities less than 104 miles=h, jΔv⃗ − 1j ≤ 10−5. For
satellites around the Earth, jfðrbÞ − 1j ≤ 10−9. So, in
measuring the geometric phase with a precision larger
than 0.001%, the Doppler and gravitational effects can be
neglected, and the geometric phase that Bob observes can
be approximated to

χg ¼ −
ωG
2σ2

ðσx−Þ2; ð43Þ

where ω and σ, respectively, represent the mean frequency
and the line width.
It is worth noting that in our notation, a plane wave in

the xþ-direction is expressed as eiωx− ¼ ei
ωffiffi
2

p ðx3−ctÞ. In optics,
however, a plane wave in the x3-direction is represented
by eiωðx3−ctÞ. Thus, what we define as a frequency is

ffiffiffi
2

p
times

the notation in optics. The geometrical phase presented
in Eq. (32) in the standard optic notation is χsg1 ¼ f1ðαÞy2,
where

y¼σðx3−ctÞ
c

; ð44aÞ

f1ðαÞ¼
ffiffiffi
2

p
ν0cm⊕ðb2−a2Þ
16πðσabÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða−bcosαÞ2

a2þb2−2abcosα

s
; ð44bÞ

whereω0 is replacedwith
ffiffiffi
2

p
νs0=2π, insteadofν0=2π, andσ is

changed to
ffiffiffi
2

p
σ. The geometrical factor presented inEq. (34)

in the standard optical notation reads χsg2 ¼ f2ðαÞy2, where

f2ðαÞ¼−
ffiffiffi
2

p
ν0cm⊕ðb2þa2Þ
16πðσabÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða−bcosαÞ2

a2þb2−2abcosα

s
; ð45Þ
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and y is defined in Eq. (44a). In order to understand how the
geometric factor depends on the Newton gravitational con-
stant, Heisenberg constant, and speed of light in vacuum, we
treat thephotonasaparticle entitywithanenergyofE0 ¼ ℏν0
andvariance ofΔE0 ¼ ℏσ. Thegeometric phase, then, canbe
expressed by

χg ¼ l2pf̃ða; b; αÞ ×
ðM⊕c2ÞE0

ðΔE0Þ2
; ð46Þ

where l2p ¼ GNℏ
c3 is the Planck’s length, while f̃ða; b; αÞ

encodes the geodesic’s details and has the unit dimension

of the inverse length squared, and ðM⊕c2ÞE0

ðΔE0Þ2 encodes properties

of the pulse. Near the Earth, l2pf̃ can be estimated to be at the

order of 10−84. The factor of ðM⊕c2ÞE0

ðΔE0Þ2 can become arbitrary

large in the limit of ΔE0 → 0, but this divergence points to
the break of the perturbative methods in calculating the
geometric phase and demands nonperturbative derivation of
the geometric phase. The ultrastable lasers with bandwidth of
5 mHz at 194 THz reported in Refs. [25–27] gives rise to
ðM⊕c2ÞE0

ðΔE0Þ2 at the order of 1094. We, however, notice that σ

should satisfy some other conditions. Here, δχ is calculated
by perturbative methods, so a value should be chosen for σ
that results in jχgj ≤ 1. The length of the wave packet in the
direction of the propagation is given by c

σ, and the employed
method has assumed that the Riemann tensor is constant
within thewave packet.We also have implicitly assumed that
the whole of the wave packet propagates in the space before
its detection. The choice of bandwidth of 5 mHz at 194 THz
violates these conditions. However, bandwidth at a few kHz
satisfies these conditions and (as shown below) leads to a
measurable value of χg.
In order to consistently neglect the effect of atmosphere

on the geometrical factor, let us consider communication
between satellites in space and choose a ¼ 7, 000 km and
b ¼ 7, 500 km, respectively. We notice that commercial
portable continuous lasers with a line width of 1 Hz at the
wavelength of 657 nm exist [28]. These can be used to
construct a sharp Gaussian time bin with line width of
σ ¼ 3.16 kHz for ν0 ¼ 2.87 × 1015 Hz. Using these
numerical values simplifies f1 and f2 to

f1ðαÞ ¼
0.055 × j7.5 cos α − 7jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105.25 − 105 cos α
p ; ð47aÞ

f2ðαÞ ¼ −
0.802 × j7.5 cos α − 7jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

105.25 − 105 cos α
p : ð47bÞ

We do not want the signal to enter the atmosphere below
the altitude of 400 km, where the air density is about
10−12 kg=m3. Thus, the gravitational effects are a couple of
orders larger than the atmosphere’s diffraction. This con-
strains α to jαj ≤ 0.675, where the saturation occurs when

the line connecting the satellites is tangent to the orbit with
a radius of 6800 km. Figure 3 depicts the value of the
geometrical phase divided by y2 for the allowed range of α.
The dependency on α is very nontrivial. For the chosen
parameters, the value of χ½α�=y2 ranges from 0.05 to
−0.187. This means that the geometrical phase at y ¼ 1,
depending on the value of α, varies in the range of 0.05 to
−0.187 rad, which can be measured. One may choose
smaller values of σ to obtain a larger geometrical phase.
It, however, should be noted that the geometrical phase
is calculated by perturbative methods. So, the choices
leading to a large geometric factor cannot be supported
by perturbative methods developed in this work. The choice
of σ¼3.16 kHz for ν0¼2.87×1015Hz and a ¼ 7; 000 km
and b ¼ 7; 500 km as depicted in Fig. 3 leads to a
measurable geometric phase consistent with a perturbative
calculation.

V. CONCLUSIONS

As the photon’s wave function travels along a null
geodesic, it interacts with the Riemann tensor around the
geodesic. The interaction distorts the photon’s wave func-
tion. Here, the Fermi coordinates along the null geodesic
have been utilized. The equations for the Uð1Þ gauge field
theory in the Fermi coordinates have been calculated. The
equation for the interaction between the Riemann tensor and
the photon’swave functionhas beenderivedandmapped to a
time-dependent Schrödinger equation in (2þ 1) dimen-
sions. It has been shown that as a Gaussian time-bin wave

–0.5 0.5

–0.25

–0.20

–0.15

–0.10

–0.05

0.05

FIG. 3. The geometrical phase is a time-dependent phase

quadratic in y ¼ σðx3−ctÞ
c modulated on a time-bin Gaussian wave

packet. The coefficient of the quadratic term depends on the
distance between two satellites and their apparent angle as seen
from the center of the Earth. This figure depicts the dependency
of the coefficient of the quadratic term in the geometrical
factor for satellites at a ¼ 7; 000 km and b ¼ 7; 500 km, and
for Gaussian time-bin communication performed with ν0 ¼
2.87 × 1015 Hz, σ ¼ 3.16 kHz. The vertical axis is the coefficient
of the quadratic term in the geometric factor χgy2; the horizontal axis
is the apparent angle.

GRAVITATIONAL DISTORTION ON PHOTON STATE AT THE … PHYS. REV. D 105, 084016 (2022)

084016-7



packet, with a sharp width of σ around the frequency of ω0,
travels over the null geodesic, it gains an extra geometric
phase given by χg ¼ − ω0G

2σ2
ðσx−Þ2, where G is the þ −þ−

component of the Riemann tensor in the Fermi coordinates
evaluated on and integrated over the null geodesic,
G ¼ R

Rþ−þ−ðxþÞdxþ, where xþ represents the coordinate
of Fermi frame tangent to the central null geodesic, and the
integration is performed from the event of generation of the
pulse to the event of its detection.
The space-time geometry outside the Earth has been

approximated by the Schwarzschild space-time geometry.
The geometrical phase has been calculated for a signal sent
between two satellites, located at radii of a and b, respec-
tively. The current commercial ultrastable continuous-wave
lasers (wavelength of 657 nm and σ ¼ 3.16 kHz) have been
utilized to calculate the geometrical phase between satellites
at radii 7,000 and 7,500 km. It has been shown that for
the chosen range of the parameters, the geometrical phase
within the peak of the Gaussian pulse varies from 0.05 to
−0.187 rad, as depicted in Fig. 3. This illustrates that the

predicted geometrical phase can be measured by the
currently available commercial devices. The geometrical
phase calculated in the current work is consequent of
applying quantum field theory in curved space-time geo-
metry. The three paradigms of special relativity, general
relativity, and quantum mechanics are equally important in
this derivation. It, therefore, is a prediction of how Einstein’s
gravity “talks” to the quantum realm. Hence, measuring this
phase will provide the first experimental datum on if and
how gravity affects the quantum realm.
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