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The Gauss-Bonnet curvature invariant has attracted the attention of physicists and mathematicians over
the years. In particular, it has recently been proved that black holes can support external matter
configurations that are nonminimally coupled to the Gauss-Bonnet invariant of the curved spacetime.
Motivated by this physically interesting behavior of black holes in Einstein-Gauss-Bonnet theories, we
present a detailed analytical study of the physical and mathematical properties of the Gauss-Bonnet
curvature invariant Gy, (r, cos @; a/M) of spinning Kerr black holes in the spacetime region outside the
horizon [here {r, 8} are respectively the radial and polar coordinates of the black-hole spacetime, and a/M
is the dimensionless angular momentum of the black hole]. Interestingly, we prove that, for all spinning
Kerr spacetimes in the physically allowed regime a/M € [0, 1], the spin-dependent maximum curvature of
the Gauss-Bonnet invariant is attained at the equator of the black-hole surface. Intriguingly, we reveal that
the location of the global minimum of the Gauss-Bonnet invariant has a highly nontrivial functional
dependence on the black-hole rotation parameter: (i) For Kerr black holes in the dimensionless slow-
rotation a/M < (a/M)7. = 1/2 regime, the Gauss-Bonnet curvature invariant attains its global minimum
asymptotically at infinity, (ii) for black holes in the intermediate spin regime

1/2=(a/M) ;, <a/M < (a/M)}, = \/{7+\/700s[3 arctan(3+/3)] — V21 sin[3~! arctan(3+/3)]}/12,
the global minima are located at the black-hole poles, and (iii) Kerr black holes in the supercritical (rapidly-
spinning) regime a/M > (a/M)’. ot are characterized by a nontrivial (nonmonotonic) functional behavior of
the Gauss-Bonnet curvature invariant Gy (r = r,., cos 0; a/M) along the black-hole horizon with a spin-
dependent polar angle for the global minimum point.
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I. INTRODUCTION

Astrophysically realistic black holes rotate about their
polar axis and it is therefore widely believed that they
belong to the two-dimensional family [1] of spinning
Kerr spacetimes which are described by the curved line
element [2-5]

A 2
ds? = == (dt — asin® 0dg)? + %drz + 2P
p

sin 9
+

ladt = (2 + a®)dg]. (1)

The metric functions in (1) are given by the functional
expressions

A=r>=2Mr+ad* p*=r*+d’cos’d. (2

A(r) determine the characteristic spin-dependent horizon
radii

ro =M+ VM -d? (3)
of the black hole.

Interestingly, the spinning and curved black-hole space-
time (1) is characterized by a nontrivial (nonzero) spatially-
dependent invariant

G =R, R*"° — 4R, R" + R?, (4)
known as the Gauss-Bonnet curvature invariant. From
Eq. (4) one finds that the Gauss-Bonnet curvature invariant

of the spinning Kerr black-hole spacetime (1) is given by
the two-dimensional functional expression [7,8]

48M?
The physical parameters {M,J = Ma} in (2) are respec- Ikenr (1, 0) = (P + a2 cos? 0)° (10 = 15r%a® cos?
tively the mass and angular momentum [6] of the spinning . 6 6
Kerr black-hole spacetime. The roots of the metric function +15r%a’* cos* 0 — a® cos® 0). (5)
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For a given value of the black-hole rotation parameter a, the
expression (5) is a two-dimensional function of the radial
coordinate

re€ M+ VM? - a*, (6)

and the polar coordinate
0 € [0,7] = cos’0 € [0,1]. (7)

The Gauss-Bonnet curvature invariant (4) has recently
attracted the attention of many physicists and mathema-
ticians. In particular, it has been revealed (see Refs. [7-12]
and references therein) that the influential no-hair con-
jecture [13,14] can be violated in composed Einstein-
Gauss-Bonnet-scalar field theories whose action

1 1
s=3 [ axv=a|R= 3.0V + ri6|  ®)

contains a direct (nonminimal) coupling of the scalar field
to the spatially-dependent Gauss-Bonnet invariant.
Interestingly, it has been proved [7-12] that the boundary
between bald spinning Kerr black holes and hairy black-
hole configurations in the Einstein-Gauss-Bonnet field
theory (8) is marked by the presence of “cloudy” Kerr
black holes that support linearized scalar fields with a
nonminimal coupling to the Gauss-Bonnet invariant (5) of
the curved spacetime (1).

Since  the  Gauss-Bonnet curvature  invariant
Gker(r,cos0;a/M) plays the role of an effective spa-
tially-dependent mass term in the Klein-Gordon wave
equation of the Einstein-Gauss-Bonnet-scalar field theory
(8) [7-12], it is of physical interest to explore its highly
nontrivial two-dimensional spatial functional behavior in
the exterior region of the black-hole spacetime.

The main goal of the present paper is to explore, using
analytical techniques, the physical and mathematical prop-
erties of the two-dimensional Gauss-Bonnet curvature
invariant Gy, (r,cos8;a/M) of astrophysically realistic
spinning Kerr black holes. In particular, below we shall
derive remarkably compact analytical formulas for the
characteristic spin-dependent global extremum points of
the Gauss-Bonnet invariant in the exterior region (6) of the
rotating Kerr spacetime (1). Interestingly, we shall reveal
the existence of two critical black-hole rotation parameters,
(a/M)g;, =1/2 and (a/M)}, ~0.7818 [see below the
exact analytically derived dimensionless expression (46)],
which determine three qualitatively different global func-
tional behaviors of the spin-dependent Kerr Gauss-Bonnet
curvature invariant (5).

II. SPATIAL BEHAVIOR OF THE EXTERNAL
TWO-DIMENSIONAL GAUSS-BONNET
CURVATURE INVARIANT Gy, (r.0)
WITHIN ITS DOMAIN OF EXISTENCE

In the present section we shall search for local extremum
points and saddle points of the two-dimensional Kerr
Gauss-Bonnet invariant (5) within the physically allowed
domain [see Egs. (6) and (7)]

re M+ VM?—-a* o) with cos>0 € (0,1). (9)
The condition

8gKerr(r’ 9)
or

—0 (10)
yields the effectively cubic equation
% —21r*a* cos® 0 + 35r7a* cos* 0 — Ta® cos® 0 = 0, (11)

whereas the condition

8gKerr(r’ 9)

59 =0 (12)

yields the effectively cubic equation [15]
7r® —35r*a* cos? @ + 21r7a* cos* @ — a® cos® 0 = 0. (13)

From Eqgs. (11) and (13) one finds the extremum
condition

7r* — 14r2a” cos? @ + 3a* cos* @ = 0. (14)

The solution of (14) that can respect the condition (9) is
given by the dimensionless relation

7-2V7 r
cosf = & 3\/_.; (15)
Substituting (15) into the relation
g = P en(r:0) FGen(r0) [angen(r, 9)] )
or? 06 0ro0
one finds [16]
d <0, (17)

which implies that the two-dimensional Gauss-Bonnet
curvature invariant (5) has no local extremum points within
the domain (9).
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I1I. FUNCTIONAL BEHAVIOR OF THE
EXTERNAL GAUSS-BONNET CURVATURE
INVARIANT Gy, (r.8) ALONG ITS ANGULAR
BOUNDARIES

In the present section we shall analyze the functional
behavior of the Kerr Gauss-Bonnet curvature invariant (5)
along the angular boundaries [see Eq. (7)] of the black-hole
spacetime (1).

A. Analysis of the Gauss-Bonnet curvature invariant
along the equatorial boundary cos?6=0

Substituting the equatorial boundary relation
cosd =0 (18)

into Eq. (5), one obtains the remarkably simple functional
expression

48 M?
Gker(r,cos0 = 0) = .t (19)

I

which is a monotonically decreasing function of the radial
coordinate r whose maximum value is obtained at the
black-hole outer horizon:

48 M?
Okenr(Fr=M 4+ M? —a?,cos =0) = )
Kenr =M +v = ey

(20)

B. Analysis of the Gauss-Bonnet curvature invariant
along the polar boundary cos?0=1

Substituting the polar boundary relation
cos?0 =1 (21)

into Eq. (5), one obtains the spin-dependent curvature
expression

48M*
(r? + a?)%
x (r* = 14a*r?

gKerr(r, COSZ@ = 1) = . (}’2 _ az)

+a*). (22)

Interestingly, one finds that the radial expression (22) has a
nontrivial radial functional behavior. In particular, the
Gauss-Bonnet function (22) has three radial extremum
points which are determined by the effectively cubic
equation

r* +35a% - r?

% —21a? - —7a° = 0. (23)

Defining the dimensionless variable

x= (2)2 (24)

the characteristic equation (23) can be expressed in the
form

7-35x+21x2 = x3 = 0. (25)

The cubic radial equation (25) can be solved analytically to
yield the spin-dependent radial extremum points of the
Gauss-Bonnet invariant (22). In particular, one finds that
the Gauss-Bonnet function (22) has one local radial
minimum point and one local radial maximum point that,
in principle, can satisfy the radial requirement (6) [17]:

1
Xin = 7 +4V7 sin[ arctan( )]
3V3

- 4\/Zcos F arctan <3\/,>} (26)
Xmax = 7+ 8\/Zcos B arctan (%ﬂ (27)

Taking cognizance of Egs. (6), (24), (26), and (27) one
finds that, depending on the magnitude of the dimension-
less black-hole rotation parameter a/M, the Gauss-Bonnet
invariant (22) has three qualitatively different radial func-
tional behaviors: Case I: From Egs. (6), (24), and (27) one
finds that, in the dimensionless spin regime [18]

and

2
LIp. 28)
M 1+ X

the expression (22) is a monotonically decreasing function
in the external radial region (6) of the black-hole spacetime
(1), whose maximum value

Gkern(r = M +V/ M? — a?,cos’0 = 1)

_ 3(M? —4a®)[(M + VM? — a*)? — a?] (29)
MY (M + VM - a%)*

is located on the black-hole outer horizon. Note that the
curvature value of the Gauss-Bonnet invariant is larger at
the maximum point (20) than at the maximum point (29).
Case II: From Egs. (6), (24), (26), and (27) one finds that, in
the dimensionless spin regime [19]

2 K
0.4338 17”“‘“ 2V 09749, (30)

+ Xmax B M 1 + Xmin

084013-3



SHAHAR HOD

PHYS. REV. D 105, 084013 (2022)

the Gauss-Bonnet invariant Gy, (r,cos® @ = 1) has a local
maximum radial point at

7+8\/7 [1 t < : )] > (31)
Tmax = —cos|zarctan| —= || ra>r
37713 3V3 -

One finds that, in the dimensionless spin regime (30), the
maximum point (32) has a Gauss-Bonnet curvature value
which is smaller than the corresponding curvature at the
maximum point (20). Case III: From Egs. (6), (24), and
(26) one finds that, for highly spinning Kerr black holes in
the dimensionless regime

with
2 i
45 ZVImin  0.9749, (33)
Gkerr (7 = Fimax, €082 0 = 1) M 7 1+ Xpin
2
- 48]:[ . (Fmax = 1) (¥nan = 14%ma + 1) . (32)  the Gauss-Bonnet invariant Gkerr (7, c0s? 0 = 1) has a local
a (¥max + 1)° minimum radial point at
|
7+ 4v/7sin [1 arctan( )] 4\/7 cos [1 arctan (—1 )] > (34)
’min = 5 5 5 razr
3V3 3 3 3v/3 *
with
48M? (xmin — 1)( oo — 14X, + 1) M?
Gkerr(F = Fipin, c08?0 = 1) = o T ~ —1.7581 T (35)

and a local maximum radial point which is characterized by
the properties (31) and (32). Interestingly, one finds that, in
the dimensionless spin regime (33), the maximum point
(32) has a curvature value which is smaller than the
corresponding Gauss-Bonnet curvature at the maximum
point (20).

IV. FUNCTIONAL BEHAVIOR OF THE GAUSS-
BONNET CURVATURE INVARIANT Gy, (r.0)
ALONG ITS RADIAL BOUNDARIES

In the present section we shall analyze the functional
behavior of the Gauss-Bonnet invariant (5) along the radial
boundaries [see Eq. (6)] of the external black-hole

|

|
spacetime (1). We first point out that asymptotically flat
Kerr black-hole spacetimes are characterized by the trivial
asymptotic functional behavior

Gker(r = 00,c080) — 0F. (36)

Substituting the spin-dependent horizon boundary rela-
tion
r:r+:M+ \/1‘42—612

(37)

into Eq. (5), one obtains the functional expression

A8M?[(M + vV M? — a*)? — a* cos? O)[(M + VM? — a*)* — 14a* cos®> (M + vV M? — a*)? + a* cos* 0]

Gren(r = 1. c080) =

The Gauss-Bonnet curvature invariant (38) on the outer
horizon of the spinning Kerr black hole is characterized by
the relations [see Eqgs. (20) and (29)]

48 M?>

(M + VM? = a?)

Gkenr(r = 14, c08%0 = 0) = (39)

and

(M +VM?—a*)? + a®cos* 0)°
(38)
gKerr(r = r+,C0829 = 1)
_3(M —4a)[(M + VM — &) — ] (40)

M4(M+ 1/1‘42 _a2)4

Inspection of the (rather cumbersome) curvature expres-
sion (38) reveals that, as a function of the polar variable
cos? @, it has three extremum angular points. In particular,
from Eq. (38) one obtains the effectively cubic equation

084013-4



NONTRIVIAL SPATIAL BEHAVIOR OF THE GAUSS-BONNET ...

PHYS. REV. D 105, 084013 (2022)

7rS —35rta’cos?0 + 21k a*cos*d — abeos®0 =0 (41)

for the locations of the spin-dependent polar extremum
points of the Gauss-Bonnet curvature invariant (38) along
the black-hole horizon.

Defining the dimensionless variable

x = [ﬁ] 2cos2¢9, (42)

one finds that Eq. (41) can be written in the form
7-35x+21x2 - x* = 0. (43)

The cubic polar equation (43) can be solved analytically to
yield the spin-dependent extremum angular points of the
Gauss-Bonnet curvature invariant (38) along the polar
angular direction of the black-hole horizon. In particular,
one finds that the only solution of (43) that can respect the
angular condition (7) is a minimum point of the curvature
function (38) which is given by the dimensionless relation
[20,21]

1 1
Xin = 7 —4V/7 sin [§ arctan <ﬁ)]

—4vgamBmmm<§%9]. (44)

Taking cognizance of Eqgs. (7), (42), and (44) one finds
that, for spinning Kerr black holes in the dimensionless
subcritical regime [22]

i (i)
_< —
M M crit

_ \/7 +V/7cos[tarctan(3v/3)] — v21 sin[{arctan(3+/3)]

12 ’
(45)

the extremum points of the curvature function (38) [as
obtained from the cubic equation (43)] are characterized by
the nonphysical relation cos®> @ > 1 [see Eq. (7)], in which
case the Gauss-Bonnet curvature invariant (38) monoton-
ically decreases in the polar angular regime (7) from the
value (39) to the value (40).

It is important to point out that, in the dimensionless spin
regime a/M > %, the minimum point (40) at the poles of the
black-hole surface is characterized by a nonpositive value
of the Gauss-Bonnet curvature invariant which is smaller
than the asymptotic limit (36).

Intriguingly, one finds that, for rapidly spinning Kerr
black holes in the complementary supercritical regime

a a
= (i)
M M crit

B \/7 + ﬁcos[%arctan@\/?;)] - \/ﬁsin[%arctan(3\/§)]
N 12 ’
(46)

one of the extremum angular points [the polar minimum
point (44)] of the curvature function (38) lies within the
physically allowed angular region (7), in which case the
Gauss-Bonnet curvature invariant (38) has a nontrivial
(nonmonotonic) angular functional behavior. In particular,
one obtains from Egs. (3), (42), and (44) the polar
minimum point

(co0) . = (%) g {7 — 4v/7sin E arctan (%)]

el aan( )]

It is interesting to point out that the analytically derived
formula (47) implies that the polar angle 6,;, = Oin(a/M)
(with 0, < 90°), which characterizes the minimum angu-
lar point of the Gauss-Bonnet curvature invariant (38), is a
monotonically increasing function of the dimensionless
black-hole rotation parameter a/M.

Taking cognizance of Egs. (38), and (47), one obtains the
functional expression

(47)

chrr[r =Ty (Cl/M), (COSZQ)min}

M2 57+ 28+/21 cos [% arctan (ﬁ)}
R (48)
ry 8

for the spin-dependent minimal value of the Gauss-Bonnet
curvature invariant (38) that characterizes the spinning Kerr
spacetime (1) along the black-hole horizon. Interestingly, one
finds that the absolute value of the analytically derived
functional relation (48) is a monotonically increasing func-
tion of the dimensionless black-hole rotation parameter a/M.

Taking cognizance of Egs. (35) and (48), one finds that
for rapidly-rotating Kerr black holes in the dimensionless
spin regime (46), the value (48) of the curvature invariant
Gker|r = 1y (a/M), (cos® 0),;,] is smaller (that is, more
negative) than the curvature value Gy (7= pin,cos>0=1)
given by Eq. (35).

In Table I we present, using the analytically derived
formulas (47) and (48), the angular values of the polar
minimum points (cos®#),.;.(a/M) and the corresponding
values of the Gauss-Bonnet curvature invariant Gy [r =
ri(a/,M), (cos*@),,] for various values of the dimen-
sionless black-hole rotation parameter a/M in the super-
critical regime (46).
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TABLE 1. The Gauss-Bonnet curvature invariant of spinning
Kerr black holes. We present, for various supercritical values of
the dimensionless black-hole rotation parameter a/M [see
Eq. (46)], the values of (cos®@),,,(a/M) which characterize
the minimum angular points of the Gauss-Bonnet invariant (38)
along the black-hole horizon as obtained from the analytically
derived formula (47). We also present the corresponding spin-
dependent values of the dimensionless Gauss-Bonnet curvature
invariant Gy [r = r.(a/M), (cos® 6),,;,] as obtained from the
analytically derived formula (48).

min]

a/M (COSZ H)min M4gKErr[r =Ty (G/M), (COSZ e)min}
0.80 0.9277 —1.3788
0.85 0.7482 —1.8262
0.90 0.5903 —2.6393
0.95 0.4425 —4.5301
0.975 0.3644 —6.9398
0.999 0.2536 —17.7924
1.000 0.2319 —23.1318

V. KERR BLACK HOLES SUPPORTING
INFINITESIMALLY THIN MASSIVE SCALAR
RINGS

In the present section we shall reveal the fact that
spinning Kerr black holes can support thin matter rings
which are made of massive scalar fields with a nonminimal
coupling to the Gauss-Bonnet invariant (5) of the curved
spacetime. As we shall now show, this intriguing physical
observation is a direct outcome of our analytically derived
results.

The composed Einstein-Gauss-Bonnet-nonminimally-
coupled-massive-scalar field theory is characterized by
the action [8]

1 1 1
s= [ d4x\/—_9LR—2va¢v"¢—2ﬂz¢2+f(¢)g - (9)

Here the physical parameter p is the mass of the non-
minimally coupled scalar field [23]. It has been proved
[7—12] that the boundary between bald spinning Kerr black
holes and hairy (scalarized) black-hole configurations in
the Einstein-Gauss-Bonnet-scalar field theory (49) is
marked by the presence of marginally stable Kerr black
holes (cloudy Kerr black holes) that support linearized
configurations of the nonminimally coupled massive scalar
fields. Intriguingly, as we shall now show, the supported
spatially regular external field configurations owe their
existence to the nonminimal direct coupling term f(¢$)G
between the massive scalar field ¢ and the Gauss-Bonnet
invariant (5) of the curved spacetime [see the action (49)].

The action (49) yields the Klein-Gordon differential
equation [8]

ViV, ¢ = ﬂgffﬁb (50)

for the nonminimally coupled massive scalar field con-
figurations, where the spatially dependent effective mass
term in Eq. (50),

ﬂfz:ff(r’e;M’a) :ﬂz_ﬂ'gKerr(r’a)v (51)

reflects the direct massive-scalar-field-Kerr-Gauss-Bonnet
coupling in the composed Einstein-Gauss-Bonnet-nonmi-
nimally-coupled-massive-scalar field theory (49). Here the
physical parameter 7 [24], which appears in the weak-field
expansion [8]

79) = 31 (52)

of the scalar coupling function, controls the strength of the
direct (nonminimal) coupling between the massive scalar
field configurations and the Gauss-Bonnet curvature invari-
ant (5).

Interestingly, taking cognizance of Eq. (5), one finds
that, depending on the relative magnitudes of the physical
parameters 1 and p of the composed Einstein-Gauss-
Bonnet-nonminimally-coupled-massive-scalar field theory
(49), the spatially-dependent effective mass term (51) of the
nonminimally coupled scalar field may become negative in
the vicinity of the outer horizon of the central supporting
Kerr black hole.

The presence of an effective binding (negative) potential
well outside the outer horizon of the supporting black hole
provides a necessary condition for the existence of spatially
regular bound-state scalar configurations (scalar clouds)
that are supported in the asymptotically flat curved black-
hole spacetime (1) [7-12].

In particular, for a given mass u of the nonminimally
coupled scalar field in the dimensionless large-mass regime
[or equivalently, in the dimensionless large-coupling
n/M? > 1 regime, see Eq. (55) below]

Myu>1, (53)

the onset of the spontaneous scalarization phenomena is
marked by the critical relation [11,12,25]

min{y2y (r.0:M. a)} - 0~ (54)

of the effective mass term in the characteristic Klein-
Gordon differential equation (50).

Taking cognizance of Egs. (20), (51), and (54) one finds
that, in the large-mass regime (53) with

48 M? n
=
(M +VM? = a)° i

the effective mass term (51) of the composed Kerr-black-
hole-nonminimally-coupled-massive-scalar-field  system

1+, (55)
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becomes negative (attractive) in the narrow equatorial ring
which is characterized by the relations r — r (a, M) with
6 — r/2. This physically interesting fact implies that, in
the dimensionless large-mass regime (53), spinning Kerr
black holes can support infinitesimally thin nonminimally
coupled massive scalar configurations (scalar rings) which
are characterized by the dimensionless ratio (55) and are
located on the equator of the black-hole surface.

VI. SUMMARY AND DISCUSSION

Motivated by the recent growing interest in composed
Einstein-Gauss-Bonnet field theories and the presence of
cloudy Kerr black holes [26] that support external matter
configurations with a direct nonminimal coupling to the
Gauss-Bonnet invariant (see Refs. [7-12] and references
therein), we have explored the physical and mathematical
properties of the two-dimensional Gauss-Bonnet curvature
invariant Gy, (r,cos@;a/M) of astrophysically realistic
spinning Kerr black holes.

The main analytical results derived in this paper are as
follows:

(1) We have proved that the global maximum point [27]
of the Kerr Gauss-Bonnet curvature invariant in the
exterior region r € [r,(a/M), oo] of the black-hole
spacetime is always (that is, for all Kerr black holes
in the physically allowed regime a/M € [0, 1])
located on the black-hole horizon. In particular,
taking cognizance of Egs. (20), (29), and (32),
one finds that the global maximum value

max{M* - Gg.(r € [ry, o], cos’0;a/M)}

48M°
T (MM - @) (56)

of the Gauss-Bonnet curvature invariant is located on
the equator (0,,,, = 90°) of the black-hole surface.

(2) The analytically derived formula (56) implies that
the global maximum value of the Gauss-Bonnet
curvature invariant is a monotonically increasing
function of the dimensionless black-hole rotation
parameter a/M. In particular, the expression (56)
yields the dimensionless curvature value

maX{M4'gKerr<r€ [F+,oo],00529;a/M: 1)} =48
(57)

for the maximally-spinning extremal Kerr black
hole. This is the largest curvature value that char-
acterizes the spin-dependent external Gauss-Bonnet
invariant (5) of rotating Kerr black-hole spacetimes.
(3) Intriguingly, we have proved that the location of the
global minimum point which characterizes the
Gauss-Bonnet curvature invariant of spinning Kerr
black holes has a nontrivial functional dependence

on the black-hole rotation parameter. In particular,
we have revealed the existence of two critical black-
hole rotation parameters:

DR

and

a +
<M> crit

B \/7 + V/7 cos[tarctan(3v/3)] — v/21 sinf} arctan(3+/3)]
- 12 ’
(59)

which mark the boundaries between three qualita-

tively different functional behaviors of the Gauss-

Bonnet curvature invariant:

(1) For Kerr black holes in the subcritical regime

a/M < (a/M)_,. the Gauss-Bonnet curvature
invariant attains its global minimum asymptoti-
cally at spatial infinity [see Eq. (36)].

(i) Kerr black holes in the intermediate regime
(a/M)g, < a/M < (a/M)[, are characterized
by Gauss-Bonnet curvature invariants whose
global minima are located at the black-hole poles

(c0s28) = 1 for (a/M)Z. <a/M < (a/M)7

crit crit*

(60)

min

(iii) Rapidly-spinning Kerr black holes in the super-
critical regime a/M > (a/M)}, are character-
ized by Gauss-Bonnet curvature invariants with
nonmonotonic functional behaviors along the
polar angular direction of the black-hole sur-
face. In particular, the spin-dependent global
minima of the Gauss-Bonnet curvature invari-
ants of these rapidly-rotating Kerr black holes
are determined by the analytically derived

dimensionless scaling relation [see Eq. (47)]

() - ()

— 4\/2 cos E arctan (%)] for a/M > (a/M)jm.
(61)

(4) From the analytically derived formula (61) one learns
that the polar angle 6,,;, (with 0., < 90°), which
characterizes the minimum angular point of the
Kerr Gauss-Bonnet curvature invariant in the super-

critical regime a/M > (a/M)7., is a monotonically
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increasing function of the dimensionless black-hole
spin parameter a/M. In particular, one finds from
Eq. (61) the relation [28]

0. (a/M =1)~61212° (62)

for maximally-spinning (extremal) Kerr black holes.
It is interesting to emphasize the fact that the value

0, ~61.212° is the largest polar angle (with
|

0+

M2 —4a) (M VIP =Y -]

Omin < 90°) that characterizes the spin-dependent
global minimum points of the Gauss-Bonnet invar-
iants of curved Kerr black-hole spacetimes.

(5) Taking cognizance of Egs. (35), (36), (40), and (48)
one concludes that, in the exterior region (6) of the
spinning Kerr black-hole spacetime, the Gauss-
Bonnet curvature invariant is characterized by the
global dimensionless minimum

for a/M < (a/M)

crit

min{M* - Ggere(r € [ry, 0], cos?0;a/M)} =

(M+VM2—a?)*

for (a/M)z, < a/M < (a/M),,

crit

57+28+/21 cos[}arctan(-L<)]

(6) Interestingly, one learns from the analytically de-

rived formula (63) that, in the dimensionless spin
regime a/M > (a/M)_,;,, the minimum value of the
Gauss-Bonnet curvature invariant is a monotonically
decreasing function of the dimensionless black-hole
rotation parameter a/M. In particular, the expression

(63) yields the dimensionless relation
min{M* - Gy (r € [, 0], c08?0;a/M = 1)}

57 + 28+/21 cos B arctan (ﬁ)}
T 8

(64)

for the maximally-spinning extremal Kerr black
hole. This is the most negative curvature value that
characterizes the spin-dependent external Gauss-
Bonnet invariant of rotating Kerr black-hole
spacetimes.

(7) We have proved that, in the large-mass regime (53)
of the composed Einstein-Gauss-Bonnet-nonmini-

6
- '(M+\/A7f4z_az)o for a/M > (a/M);.

(63)

mally-coupled-massive-scalar field theory (49),
spinning Kerr black holes can support infinitesi-
mally thin configurations of the nonminimally
coupled massive scalar fields. These supported
scalar clouds (massive scalar rings) are located on
the equator of the black-hole surface and are
characterized by the dimensionless large-mass (or
equivalently, large-coupling) critical relation [see
Egs. (3) and (55)]

4802
M (65)
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