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In this work, we study the existence of asymptotically Lifshitz black holes in critical gravity in four
dimensions with a negative cosmological constant under two scenarios: First, including dilatonic fields as
the matter source, where we find an asymptotically Lifshitz solution for a fixed value of the dynamical
exponent z ¼ 4. As a second case, we also added a nonminimally coupled scalar field Φ with a potential
given by a mass term and a quartic term. Using this approach, we found a solution for z defined in the
interval (1,4), recovering the Schwarzchild-anti–de Sitter case with planar base manifold in the isotropic
limit. Moreover, when we analyzed the limiting case z ¼ 4, we found that there exists an additional
solution that can be interpreted as a stealth configuration in which the stealth field is overflying the z ¼ 4

solution without the nonminimally coupled field Φ. Finally, we studied the nontrivial thermodynamics of
these new anisotropic solutions and found that they all satisfy the first law of thermodynamics as well as the
Smarr relation. We were also able to determine that the nonstealth configuration is thermodynamically
preferred in this case.
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I. INTRODUCTION

The idea of modifying the Einstein-Hilbert action of
gravity is not new. Three-dimensional examples of this are
the introduction of topological massive gravity [1,2], which
includes a massless graviton and a massive propagating
spin-2 field, and new massive gravity [3] which reproduces
a unitary Fierz-Pauli theory for free massive spin-2 grav-
itons, at the linearized level. A few years ago, critical
gravity, a four dimensional, ghost-free, renormalizable
theory of gravity, was introduced by Lu and Pope in [4].
The critical gravity action

Sg ¼
1

2κ

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2Λþ β1R2 þ β2RαβRαβÞ;

¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Lgrav; ð1aÞ

where Λ is the cosmological constant, allows for the
massive spin-0 field to vanish if the coupling constants
β1 and β2 are restricted to obey the relations

β2 ¼ −3β1; β1 ¼ −
1

2Λ
: ð1bÞ

Critical gravity can naturally support the anti–de Sitter
(AdS) spacetime, as well as a Schwarzchild-AdS black hole
configuration, allowing us to obtain conserved quantities
via the Noether-Wald method [5] as well as higher order
extensions (as shown in [6] for the six dimensional case).
However, it was shown in [4] that this solution is massless
which, as the authors mention might be the price to pay to
have such a well-behaved theory. With all the above, we are
tempted to ask the following questions: 1. Can critical
gravity support more general spacetimes?, 2. Could it be
possible, using these new asymptotic spacetimes, to find
black hole configurations in critical gravity such that they
include the Schwarzchild-AdS with the planar base mani-
fold case as a limit? 3. If we can find such configurations,
what will happen with their thermodynamics? Will they
showcase nonvanishing thermodynamical quantities? To
answer these questions, we will focus on the Lifshitz
spacetime [7]. The first motivation for choosing this
particular spacetime arises from quantum phase transitions
in condensed matter physics. These transitions occur
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between two different phases at zero temperature. At this
critical point, the system becomes invariant under a
rescaling symmetry with eventually different weights
between the space and the time,

t → λ̃zt; x⃗ → λ̃ x⃗; ð2Þ

where the constant z is called the dynamical exponent and λ̃
is a constant. Together with the above, the quantum critical
point has proven to be a useful tool to understand the entire
phase diagram, as well as to obtain transport coefficients
(see for example [8–14]). In general, these quantities show
to be difficult to calculate since the systems in question are
usually strongly coupled systems. Nevertheless, the anti–
de Sitter-conformal field theory (AdS=CFT) [15] corre-
spondence (case z ¼ 1) has proved to be a powerful tool
for studying strongly coupled systems by mapping them
into classical theories of gravity and establishing a dic-
tionary between both theories. However, other values of z
are present experimentally in particular in the condensed
matter physics. This is one the main reasons of the recent
interest of extending the AdS=CFT correspondence to the
nonrelativistic physics and to condensed matter physics. In
this perspective, the Lifshitz group, which is characterized
by an anisotropic scaling symmetry but without Galilean
boosts, plays an important role. In this case, the gravity dual
metric of these systems is referred to as Lifshitz metric [7]
and is given, in four dimensions, by

ds2L ¼ −
r2z

l2z
dt2 þ l2

r2
dr2 þ r2

l2
X2
i¼1

dx2i ; ð3Þ

whose scaling symmetry is (2) together with r → λ̃−1r.
Unfortunately, critical gravity cannot support the Lifshitz

spacetime (3), let alone, asymptotically Lifshitz black
holes as shown in three dimensions [16] as well as higher
dimensions [17], where the authors use dimensional con-
tinuation to find the 4-dimensional branches in which
asymptotically Lifshitz black holes can exist in General
Relativity complimented with the most general quadratic
corrections in the curvature. On another note, the work of
Taylor [18] shows that the introduction of dilatonic fields
can enrich the equations of motion of General Relativity to
support Lifshitz black holes, even when it is a theory whose
vacuum does not support the Lifshitz spacetime in the first
place. This idea is furthered by Tarrio and Vandoren in [19]
where the addition of abelian Uð1Þ fields and one real
scalar field allows to obtain analytic asymptotically Lifshitz
black hole configurations in arbitrary dimensions with
z ≥ 1. Inspired by these previous works, our proposal is
to find new configurations, which asymptotically yields the
metric (3), by studying critical gravity (1) with the added
contribution of a dilatonic component characterized by an
Abelian field denoted as Aμ ¼ AμðrÞdt and the scalar field
ψ ¼ ψðrÞ, namely

Sψ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
∇μψ∇μψ −

1

4
eλψFμνFμν

�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Lψ ; ð4Þ

with Fμν ≔ ∂μAν − ∂νAμ.
As a side note, it is interesting to note that this combined

action Sg þ Sψ of critical gravity enriched with a dilatonic
component admits an additional interpretation as a
Weyl-square correction of Einstein-Maxwell-Dilaton grav-
ity. This is particularly compelling because Einstein-
Maxwell-Dilaton gravity admits black hole solutions as
well, as shown in [20].
The action Sg þ Sψ has the following equations of

motions:

Eμν ≡Gμν þ Λgμν þ KC:G:
μν − κTψ

μν ¼ 0; ð5aÞ

∇μðeλψFμνÞ ¼ 0; ð5bÞ

□ψ −
1

4
λeλψFαβFαβ ¼ 0; ð5cÞ

where KC:G:
μν and Tψ

μν are

KC:G:
μν ¼ 2β2

�
RμρR

ρ
ν −

1

4
RρσRρσgμν

�

þ 2β1R

�
Rμν −

1

4
Rgμν

�
þ β2

�
□Rμν þ

1

2
□Rgμν

− 2∇ρ∇ðμR
ρ
νÞ

�
þ 2β1ðgμν□R −∇μ∇νRÞ;

Tψ
μν ¼ ∇μψ∇νψ −

1

2
gμν∇αψ∇αψ

þ eλψ
�
FμσFσ

ν −
1

4
FαβFαβgμν

�
;

with β1, β2 given by (1b), and it supports the Lifshitz
spacetime (3) only if the following conditions are met

eψ ¼ μr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz−1Þðl2Λ−z2þ4zÞ

κl2Λ

q
; ð6aÞ

Frt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz − 1Þðl2Λ − z2 þ 4zÞðzþ 2Þ

κΛμλ

s �
r
l

�
zþ1

ð6bÞ

λ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8κl2Λ

ðz − 1Þðl2Λ − z2 þ 4zÞ

s
; ð6cÞ

PðΛ; zÞ≡ 2Λ2l4 þ ð2þ zÞðzþ 1ÞΛl2 − zðz − 1Þðz − 4Þ
¼ 0; ð6dÞ
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where μ is a positive integration constant. It is crucial to
note that, as was shown in [18,19], and [21] the inclusion of
the scalar field ψ (6a) as well as Aμ (6b) allow critical
gravity to sustain the Lifshitz space-time (3) through the
solution (6) for z ≠ 1. Nevertheless, at the moment of
exploring asymptotically Lifshitz black holes, these con-
tributions do not appear in the thermodynamical relations.
As exemplified in [22–26], a good starting point to try to

find black hole configurations is through a Kerr-Schild
transformation [27] of the spacetime that we want the black
hole to asymptote, namely, the Lifshitz spacetime (3). In
this work, we will also use this technique as a starting point
to find new black hole solutions in Sec. II. In this same
section, we will establish the set up of the problem, present
the equations of motion and find their solutions; in Sec. III
we will study the thermodynamics of said configurations.
Finally, in Sec. IV we will discuss our results and present
our conclusions.

II. SETUP OF THE SOLUTION

As mentioned at the end of the introduction, we will start
our analysis by performing a Kerr-Schild transformation on
the seed metric (3), satisfying the conditions (6). In our
case, a Kerr-Schild transformation from the seed metric ds2L
can be expressed as:

ds2 ¼ ds2L þ
�
r
l

�
2z
hðrÞk ⊗ k; ð7Þ

where k is a null geodesic vector and hðrÞ is a scalar
function. Since we are not considering angular momentum,
an appropriate choice for k is

k ¼ dtþ
�
l
r

�
zþ1

dr: ð8Þ

In order to emphasize the static nature of our metric, we
redefine the time coordinate as

t ↦ tþ
Z

lzþ1

rzþ1

hðrÞdr
1 − hðrÞ ; ð9Þ

which yields to:

ds2¼−
r2z

l2z
½1−hðrÞ�dt2þ l2

r2
dr2

½1−hðrÞ�þ
r2

l2
X2
i¼1

dx2i : ð10Þ

In what follows, Eq. (10) will be our ansatz for the black
hole metric together with the conditions (6). We also
impose limr→þ∞hðrÞ ¼ 0 to ensure an asymptotically
Lifshitz behavior. If one considers Eq. (6a) together with
the conditions (6), it becomes:

−
1

l3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz − 1Þðl2Λ − z2 þ 4zÞ

κl2Λ

s
½rh0 þ ð2þ zÞh� ¼ 0:

Let us notice that equating the second factor to zero is
equivalent to solving a Cauchy-Euler linear differential
equation for hðrÞ. This fixes the form of hðrÞ to

hðrÞ ¼
�
rh
r

�
zþ2

; ð11Þ

where rh is an integration constant that is related to the
location of the event horizon. Notice that another way to
satisfy the equation of motion would be to considerffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðz−1Þðl2Λ−z2þ4zÞ
κl2Λ

q
¼ 0. However, this is not permitted

due to Eq. (6), as this would imply the elimination of
the dilatonic contribution.
As a result from imposing the ansatz (10) with the

conditions (6) and (11) in the equations of motion (5), one
can find a black hole solution for z ¼ 4 that reads:

ds2 ¼ −
r8

l8
½1− hðrÞ�dt2 þ l2dr2

r2½1− hðrÞ� þ
r2

l2
X2
i¼1

dx2i ;

hðrÞ ¼
�
rh
r

�
6

; eψ ¼ μr
ffiffi
6
κ

p
;

Frt ¼
ffiffiffiffiffiffiffiffiffi
18l2

κμλ

s �
r
l

�
5

; Λ¼ −
15

l2
; λ¼ −

ffiffiffiffiffi
8κ

3

r
: ð12Þ

Just for completeness, another branch to explore Lifshitz
black holes solutions is to consider the case without the
constraints (1b) together with a matter source characterized
by a linear Maxwell field FμνFμν, this is, for our situation,
the action (4) without a scalar field (ψ ¼ 0). Following the
above steps, the Lifshitz metric (3) is supported if β1 and β2
are related as [28]

β1 ¼
−2β2z2 þ l2 − 4β2
4ðz2 þ 2zþ 3Þ ;

while that the cosmological constant takes the form

Λ ¼ −
z2 þ 2zþ 3

2l2
;

without matter source. Then, through the Kerr-Schild
transformation (7) with the metric (10) the Einstein
equations yield to two solutions, one of them corresponds
to the four-dimensional Lifshitz black hole configuration in
vacuum when general quadratic corrections are considered
and z ¼ 6, found in [28], which reads
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ds2 ¼ −
r12

l12

�
1 −

�
rh
r

�
4
�
dt2 þ l2

r2

�
1 −

�
rh
r

�
4
�
−1
dr2

þ r2

l2
X2
i¼1

dx2i ;

β1 ¼ −
9l2

64
; β2 ¼

25l2

64
; Λ ¼ −

51

2l2
:

On the other hand, and as was shown in [29], it is possible
to obtain a four-dimensional charged Lifshitz black hole
with dynamical exponent z ¼ 3, given by

ds2 ¼ −
r6

l6

�
1−

�
rh
r

�
4
�
dt2 þ l2

r2

�
1−

�
rh
r

�
4
�
−1
dr2

þ r2

l2
X2
i¼1

dx2i ;

Frt ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
−
3β2
κ

r
r2h
l4
; β1 ¼ −

11β2
36

þ l2

72
; Λ ¼ −

9

l2
;

where in order to obtain a real solution, the constant β2
must be negative.
While both of these solutions are of general interest, let

us continue to focus on the case of critical gravity [which
entails constraining the values of β1 and β2 as in Eq. (1b)].
So far, we have described solution (12) for the theory of
critical gravity with a dilatonic contribution. The solution
(12), however correct, does not fully answer the questions
that we asked during the introduction, since the solution of
the equations of motion restricts the value of the dynamical
exponent to be z ¼ 4. As such, while it represents an
asymptotically Lifshitz black hole supported by critical
gravity (albeit through the addition of a dilatonic contri-
bution), it cannot be used to recover the Schwarzchild-AdS
limit, since it has a fixed value of z. Nevertheless, it has
been shown in [30–33], that the addition of a nonminimally
coupled scalar field can be helpful to enrich the equations
of motion. In the interest of liberating z from its previous
constraints, we will too consider the addition of an action
SΦ including a nonminimally coupled scalar field, that is

S ¼ Sg þ Sψ þ SΦ; ð13Þ

where

SΦ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
∇μΦ∇μΦ −

ξ

2
RΦ2 −UðΦÞ

�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LΦ; ð14Þ

and its equations of motion are

Eμν − κTΦ
μν ¼ 0; ð15aÞ

□Φ − ξRΦ ¼ dUðΦÞ
dΦ

; ð15bÞ

together with Eqs. (5b) and (6a), where TΦ
μν is

TΦ
μν ¼ ∇μΦ∇νΦ − gμν

�
1

2
∇σΦ∇σΦþUðΦÞ

�
þ ξðgμν□ −∇μν þ GμνÞΦ2; ð16Þ

and Eμν can be found in (5a). Let us remark that since the
fields ψ and Φ do not interact in the action, the condition
imposed in the form of hðrÞ in (11) still holds. Indeed,
using this starting point and the asymptotic conditions to
recover the Lifshitz spacetime when r → þ∞, we find the
Lifshitz black hole:

ds2 ¼ −
r2z

l2z
½1 − hðrÞ�dt2 þ l2dr2

r2½1 − hðrÞ� þ
r2

l2
X2
i¼1

dx2i ;

hðrÞ ¼
�
rh
r

�
zþ2

; ð17aÞ

ΦðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
24ðz − 1Þ
κl2Λ

r �
rh
r

�zþ2
2

; ð17bÞ

eψ ¼ μr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðz−1Þðl2Λ−z2þ4zÞ

κl2Λ

q
; ð17cÞ

Frt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz − 1Þðl2Λ − z2 þ 4zÞðzþ 2Þ

κΛμλ

s �
r
l

�
zþ1

; ð17dÞ

λ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8κl2Λ

ðz − 1Þðl2Λ − z2 þ 4zÞ

s
; ð17eÞ

where Λ is constraint to obey the restriction

Pðz;Λl2Þ≡ 2ðΛl2Þ2 þ ð2þ zÞðzþ 1ÞΛl2
− zðz − 1Þðz − 4Þ ¼ 0; ð17fÞ

the nonminimal coupling parameter is given by

ξ ¼ 1

6
; ð17gÞ

and the potential UðΦÞ is tied as follows

UðΦÞ ¼ zðz − 4Þ
24l2

Φ2 þ κΛð3z2 þ 8zþ 16Þ
1152ðz − 1Þ Φ4: ð17hÞ

Let us note that the scalar field ψ , the Maxwell field Frt, the
constant λ together with the relation of the cosmological
constant Λ and the dynamical exponent z are the ones
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expressed in (6a)–(6b), and that arise from demanding that
the Lifshitz spacetime is recovered asymptotically.
In order to ensure the reality of ψ ,Φ, Frt and λ, for κ > 0,

this solution must be defined in the ranges shown in the
Table I.
However, there is one more condition imposed on the

solution given by Eq. (6d), which we express through Fig. 1
for clarity. Let us notice that Table I imposes a particular
sign for Λl2 for different intervals of z. The only interval
in which these conditions are compatible with Fig. 1 is
z ∈ ð1; 4Þ, represented via the intersection between the
curve Pðz;Λl2Þ ¼ 0 and the regionR. As a result, the black
hole configuration given by (17) is only valid, à priori, on
this range. Moreover, we note that in this interval
z ∈ ð1; 4Þ, the potential UðΦÞ is positive, that is, the
potential is bounded from below.
A few more comments can be made regarding this

solution. First of all, in the limit case z → 1, although
the coupling constant λ blows up, the dilaton eλψFμνFμν

goes to zero, the scalar fields ψ , Φ as well as the potential
UðΦÞ vanish identically and one ends up with the
Schwarzschild-AdS solution with planar-base manifold
and the cosmological constant Λ ¼ −3=l2. Curiously

enough, for this hairy anisotropic geometry, the nonmini-
mal coupling parameter must be the four-dimensional
conformal ξ ¼ 1=6.
Another interesting particular case would be when z ¼ 4.

In this scenario, even though ΦðrÞ, ξ and UðΦÞ do not
vanish, we find that TΦ

μν ¼ 0, leading to the solution (12)
together with

ΦðrÞ ¼
ffiffiffiffiffi
24

5κ

r �
rh
r

�
3

; UðΦÞ ¼ −
5κ

12l2
Φ4; ð18Þ

and the nonminimal coupling parameter (17g). Let us note
that the configuration given previously in (12) and the
configuration above can be seen as two solutions from the
same theory Sg þ Sψ þ SΦ. The first one would correspond
to a solution (12) with Φ ¼ 0, while the second one would
correspond to a solution (12) with Φ given by (18). An
interesting interpretation of this solution (18) is that it can
be seen as a stealthlike configuration, more specifically, the
field Φ can be seen as a stealth field overflying the black
hole (12).
Here it is important to note that the above stealthlike

configuration is not a stealth in a traditional way. A stealth
field is a nontrivial field whose associated energy-
momentum tensor is zero, that is, it has no gravitational
backreaction. Pioneering work on this front can be found
in [34–36]. Following the traditional definition, in our
case, would imply that there exist fields, such that the
whole energy-momentum tensor vanishes nontrivially
(independently from the gravitational side), that is

Gμν þ Λgμν þ KC:G:
μν ¼ 0 ¼ κðTψ

μν þ TΦ
μνÞ:

This, however, is not possible, since it would imply that the
left-hand side can vanish identically on its own, while we
know that critical gravity cannot support the Lifshitz
spacetime (3) on its own.
In order to reinforce the above, we start with the metric

(3), and the scalar field Φ as well as the nonminimal
coupling parameter ξ are given by [36]

ΦðrÞ ¼
ffiffiffiffiffiffi
Φ0

p

r
zþ2
2

; ξ ¼ ð2þ zÞ2
8ðz2 þ 2zþ 3Þ ; ð19Þ

where Φ0 is an integration constant, and UðΦÞ ¼ 0. Next,
from imposing Eμν ¼ 0 [Eq. (5a)], we find that the solution
(6a)–(6d), is the most general configuration on the line
element (3). Nevertheless, if one wants to find asymptoti-
cally Lifshitz black holes through a Kerr-Schild trans-
formation (7)–(9), the combination of equations of motion
ðt; tÞ − ðr; rÞ from (15a) imposes that z ¼ 4. This, in turn,
fixes the coupling ξ to be the conformal one (ξ ¼ 1=6) and
the cosmological constant to be Λ ¼ −15=l2 from (17g)
and (12) respectively. Finally the ðt; tÞ [or ðxi; xiÞ] compo-
nent of (15a) yields an equation proportional to

FIG. 1. Representation of Pðz;Λl2Þ ¼ 0 and the polynomial
Λl2 ¼ zðz − 4Þ. Together with the above, R ¼ fðz;Λl2Þ ∈
R2=1 < z < 4 and Λl2 < zðz − 4Þg.

TABLE I. Range of possibilities for the dynamical exponent z
and Λl2 permitting the reality of ψ , Φ, Frt and λ.

Range of z Range of Λl2

−2 < z < 0 0 < Λl2 < zðz − 4Þ
1 < z < 4 Λl2 < zðz − 4Þ
z ≥ 4 Λl2 < 0
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2κΦ0r6h
r12l2

¼ 0; ð20Þ

on one side we recover a particular solution from (19) if
rh ¼ 0, and on the other side the scalar field Φ vanishes
trivially, and the configuration (6a)–(6d) is obtained
for z ¼ 4.
It is worth pointing out that the above analysis does not

consider the presence of the potential UðΦÞ, which
vanishes when we consider the solution of TΦ

μν ¼ 0 (19)
on the Lifshitz metric (3). Nevertheless, adding a potential
UðΦÞ ∝ Φ4 for the above study, the last Einstein equa-
tion (20) is compensated via the presence of UðΦÞ, and the
solution found previously in (18) is recovered, where the
integrations constants Φ0 and rh are related.
In order to further distinguish these two solutions, a plan

of action is to analyze their thermodynamics. Taking this as
a motivation, in the following section we study their
thermodynamical quantities.

III. THERMODYNAMICS OF THE SOLUTIONS

Regarding the thermodynamical properties of the con-
figuration (17), the entropy of the Lifshitz black hole
solutions can be calculated by using Wald’s formula
[37,38], which can be read as

SW ¼ −2πΩ2

�
rh
l

�
2

ðPμνσρεμνεσρÞ
����
r¼rh

¼ 2πΩ2ðl2Λ − z2 þ 4zÞ
Λκl2

�
rh
l

�
2

: ð21Þ

HereΩ2 represents the finite contributionof the2-dimensional
integration over the planar variables, εμν is the binormal vector
that follows from the timelikeKillingvector∂t ¼ kμ∂μ,which
becomes null at the event horizon rh and reads

εμν ¼ −ενμ ≔
∇μkνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− 1
2
ð∇μkνÞð∇μkνÞ

q ;

while

Pαβγδ ¼ δL
δRαβγδ

¼ 1

4

�
1

κ
− ξΦ2

�
ðgαγgβδ − gαδgβγÞ

þ β1
2κ

Rðgαγgβδ − gαδgβγÞ

þ β2
4κ

ðgβδRαγ − gβγRαδ − gαδRβγ þ gαγRβδÞ;

where β1 and β2 are tied as (1b), and the Hawking
temperature T is given by

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 1

2
ð∇μkνÞð∇μkνÞ

q
2π

�����
r¼rh

¼ 1

4π

rzþ1
h

lzþ1
f0ðrhÞ ¼

ðzþ 2Þ
4πl

�
rh
l

�
z
: ð22Þ

In order to obtain the mass of these Lifshitz black hole
solutions, we follow the generalized method proposed in
[39,40], based on the off-shell extension of the Abbott-
Deser-Tekin (ADT) formalism [41–43]. This technique has
shown to be useful to compute the mass of anisotropic
black hole solutions [44], their solitonic counterparts
[32,33,45], and even the angular momentum for spinning
configurations [21]. Following the notation of these pre-
vious works, the quasilocal conserved charge can be read as

MðkÞ ¼
Z
B
d2xμν

�
ΔKμνðkÞ − 2k½μ

Z
1

0

dsΘν�ðkjsMÞ
�
;

ð23Þ

where ΔKμνðkÞ≡ Kμν
s¼1ðkÞ − Kμν

s¼0ðkÞ, Kμν
s¼0 means the

Noether potential of the vacuum solution, Θν denotes a
surface term and kt ¼ ð1; 0; 0; 0Þ is the timelike Killing
vector field. In our case, the surface term and the tensor Kμν

are given by

Θμ ¼ 2
ffiffiffiffiffiffi
−g

p �
PμðαβÞγ∇γδgαβ − δgαβ∇γPμðαβÞγ

þ 1

2

δL
δð∂μΦÞ δΦþ 1

2

δL
δð∂μψÞ

δψ

þ 1

2

δL
δð∂μAνÞ

δAν

�
; ð24Þ

Kμν ¼ ffiffiffiffiffiffi
−g

p �
2Pμνρσ∇ρkσ − 4kσ∇ρPμνρσ

−
δL

δð∂μAνÞ
kσAσ

�
; ð25Þ

where, as before, and following the steps performed in
[18,19,21], is important to note that the introduction of the
scalar field ψ (6a) and the vector potential Aμ (6b) allow us
to support the Lifshitz space-time (3) for z ≠ 1, and the
only integration constant associated to the thermodynam-
ical parameters corresponds to rh (the location of the event
horizon), implying that the only thermodynamical param-
eters arising are the mass Mbh and the entropy SW.
With all these ingredients, we calculate the massMbh of

the black hole, and obtain

Mbh ¼
Ω2ðl2Λ − z2 þ 4zÞ

Λκl3

�
rh
l

�
zþ2

; ð26Þ
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which allows us to verify that the first law of black hole
thermodynamics

dMbh ¼ TdSW; ð27Þ

holds. An interesting detail to explore is whether our new
configurations fulfill a Smarr relation [46]. Let us note that,
rewriting the mass (26) as a function of the extensive
quantitative SW from (21) as follows

MbhðSWÞ ¼
lz−1ðSWÞzþ1

2

2π

�
Λκ

2πΩ2ðl2Λ − z2 þ 4zÞ
�z

2

;

we have

MbhðSWÞ ¼
�

2

zþ 2

��∂Mbh

∂SW

�
SW;

which yields to a four dimensional Smarr relation:

Mbh ¼
�

2

zþ 2

�
TSW: ð28Þ

For the sake of completeness, we note that under a rescaling
with a parameter ζ, we have

MbhðζSWÞ ¼ ζ
zþ1
2 MbhðSWÞ:

Let us also notice that the interval of existence of the
solution z ∈ ð1; 4Þ, that we established based on reality
conditions is also the only one for which the Wald
entropy (21) and the mass (26) are positive. Two other
interesting notes are in order. First, when we consider
the Schwarzchild-AdS case (z ¼ 1 and Λ ¼ −3=l2), the
entropy and the mass vanish trivially as expected. Second,
when one analyzes the z ¼ 4 case, we have two branches
holding the same Hawking temperature

T ¼ 3

2πl

�
rh
l

�
4

;

the first one, characterized by the solution (12) where we
have

Sð1Þ
W ¼ 18πΩ2

5κ

�
rh
l

�
2

; Mð1Þ
bh ¼ 9Ω2

5κl

�
rh
l

�
6

; ð29Þ

and the other one, given by solution (12), (17g), and (18)
where we obtain

Sð2Þ
W ¼ 2πΩ2

κ

�
rh
l

�
2

; Mð2Þ
bh ¼ Ω2

κl

�
rh
l

�
6

: ð30Þ

As before, the first law (27) and the Smarr relation (28)
(with z ¼ 4) hold for these configurations.

Just for completeness, with the above information we are
in a position to analyze this thermodynamical system where
small perturbations around the equilibrium are allowed.
For this, we will consider the canonical ensemble where
the quantity T is fixed. Concretely, we can solve rh in (22),
which reads

rh ¼ l

�
4πTl
zþ 2

�1
z

;

and the Wald entropy (21) as well as the mass (26) can be
expressed as

SW ¼ 2πΩ2ðl2Λ − z2 þ 4zÞT2
z

Λκl2

�
4πl
zþ 2

�2
z

;

Mbh ¼
Ω2ðl2Λ − z2 þ 4zÞTzþ2

z

Λκl3

�
4πl
zþ 2

�zþ2
z

;

where we can study the local thermodynamical stability
through to the heat capacity C, given by

C ¼ ∂Mbh

∂T ¼ T

�∂SW

∂T
�

¼ 4πΩ2ðl2Λ − z2 þ 4zÞT2
z

Λκl2

�
4πl
zþ 2

�2
z

;

which is positive for z ∈ ð1; 4� and κ > 0, allowing us to
conclude that this asymptotically Lifshitz black hole is
locally thermodynamically stable. A similar conclusion can
be reached regarding the solution found previously in (12),
where

C ¼ ∂Mð1Þ
bh

∂T ¼ T

�∂Sð1Þ
W

∂T
�

¼ 3πΩ2

ffiffiffiffiffiffiffiffiffiffi
6πlT

p

5κ
;

is always positive.
The global stability can be studied by using the concavity

of the Helmholtz free energy F which, for the solution (17),
reads

F ¼ Mbh − TSbh;

¼ −
Ω2zðl2Λ − z2 þ 4zÞ

2Λκl3

�
rh
r

�
zþ2

;

¼ −
zΩ2ðl2Λ − z2 þ 4zÞTzþ2

z

2Λκl3

�
4πl
zþ 2

�zþ2
z

; ð31Þ

as a function of the extensive quantity T. Analyzing this
expression, we find that F < 0 and ∂2F

∂T2 < 0, which ensures
the global thermodynamic stability. This analysis is analo-
gous for the configuration (12). The general cases for the
specific heat C and the free energy F are represented
in Fig. 2.
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Finally, given that we have a special situation of two
anisotropic solutions with z ¼ 4, that have the same
asymptotic behavior and Hawking temperature, we can
analyze the free energy F between them, where Fð1Þ

(respectively Fð2Þ) corresponds to the solution (12) with
Φ ¼ 0 [respectively the stealth solution characterized by
the combination of (12), (17g) and (18)], given by

Fð1Þ ≔ Mð1Þ
bh − TSð1Þ

bh ¼ −
4Ω2

ffiffiffiffiffiffiffi
6πl

p ðπTÞ3=2
5κ

; ð32Þ

Fð2Þ ≔ Mð2Þ
bh − TSð2Þ

bh ¼ −
4Ω2

ffiffiffiffiffiffiffi
6πl

p ðπTÞ3=2
9κ

; ð33Þ

and

ΔF ≔ Fð1Þ − Fð2Þ ¼ −
16Ω2

ffiffiffiffiffiffiffi
6πl

p ðπTÞ3=2
45κ

< 0;

for T > 0, concluding that the Lifshitz black hole (12), is
thermodynamically preferred over the configuration that
supports the stealth (12), (17g)(18). This situation is shown
in Fig. 3.

IV. DISCUSSION AND CONCLUSIONS

The aim of this work was to answer three questions
regarding the possibility to find asymptotically Lifshitz
black holes in critical gravity. In our effort to answer these
questions, inspired by Taylor [18] and Tarrio and Vandoren
[19], we included a dilatonic contribution to critical gravity,
finding an asymptotically Lifshitz solution for z ¼ 4.
Nevertheless, this solution was very restrictive in z and
did not include the Schwarzchild-AdS with planar base
manifold case as an isotropic limit. A way to circumvent
this obstacle was, in the spirit of [30–33], to add a
nonminimally coupled scalar field Φ with a potential given
by a mass term and a quartic term. Using this approach,
we found a solution for z defined in the interval (1,4),
recovering the Schwarzchild-AdS case with planar base

FIG. 2. Upper panel: plot of the specific heat C as a function of
the temperature T and z. Lower panel: plot of the free energy F as
a function of the temperature T and z. For both cases, we consider
T > 0 and z ∈ ð1; 4� and impose κ ¼ l ¼ Ω2 ¼ 1 for simplicity.

FIG. 3. Free energy Fð1Þ (respectively Fð2Þ) in function of
temperature T of the anisotropic black hole configuration (12)
(respectively (12), (17g) and (18) ), being represented by a
continuous curve (respectively by a dashed curve). Here we
impose κ ¼ l ¼ Ω2 ¼ 1 for simplicity.
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manifold in the limit z → 1. Moreover, when we analyzed
the limiting case z ¼ 4, we found an additional solution
that represented, in fact, a stealth configuration overflying
the z ¼ 4 solution found when we only considered the
dilatonic contribution. That is, this solution, while resulting
in a vanishing TΦ

μν, includes a nontrivial field Φ, a potential
UðΦÞ ∼Φ4 and ξ ¼ 1=6. As a result, both solutions exhibit
different thermodynamical behaviors. Indeed, we were
able to show that, while both of them satisfy the first
law of thermodynamics as well as the Smarr relation, in this
case the nonstealth configuration is thermodynamically
preferred. This was achieved by comparing their Helmholtz
free energies.
In this same context, one could wonder if these con-

figurations also obey a higher dimensional Cardy formula
[21]. Indeed, by performing a double Wick rotation

t → ix1; x1 → it;

on a metric (17a) and an adjustment of the location of the
horizon in order to ensure the correct identification of its
Euclidean version, one can calculate the solitonic masses
using the quasilocal method described in [39,40] and obtain
that, for the z ¼ 4 solution (12),

Msol ¼ −
2

ffiffiffi
3

p
Ω2

5κl
;

and that, for the solutions with a scalar field Φ [see
Eqs. (12) and (17)], the mass of the corresponding solitonic
configuration, can be generally expressed as:

Msol ¼ −
zΩ2ðl2Λ − z2 þ 4zÞ

2l3Λκ

�
2

2þ z

�zþ2
2

:

With all the above, we can verify that the generalized Cardy
formula [21], which in D-dimensions reads

SC ¼ 2πlðzþD − 2Þ
D − 2

�
−ðD − 2ÞMsol

z

� z
zþD−2

M
D−2

zþD−2
bh ;

holds, that is SW ¼ SC.
Further work would naturally include the extension of

this analysis on different fronts, one of them, being the
lifting to higher dimensions [47] where the conformal value
in four dimensions ξ ¼ 1=6 could be explained. Another
evident extension would be to analyze whether similar
configurations can be obtained starting with a magnetic
ansatz, as opposed the electric one. Additional future
problems could also include the study of anisotropic

configurations with conserved charges such as electrically
or magnetically charged Lifshitz black holes, adding for
example linear Maxwell fields [48] or nonlinear electro-
dynamics [49–52]. In addition, and following [53], we can
explore other gravity theories with critical conditions via
the Weyl tensor and the square of the Ricci scalar. Together
with the above, and as was shown in [54], we can to study
the existence of static solitonlike structures on the Lifshitz
spacetime (3). Another idea would be to consider more
general asymptotic geometries, for example hyperscaling
violation metrics which are, in general, described by [55]

ds2H ¼
�
l
r

� 2θ
D−2

�
−
r2z

l2z
dt2 þ l2

r2
dr2 þ r2

l2
dx⃗2

�
;

where θ is known as the hyperscaling violation exponent.
Another interesting open problem would be to see whether
these solutions can be generalized by the introduction of
more dilatonic fields. Finally, it would be desirable, for
completeness, to analyze the rotating case and provide
more examples to test the Cardy-like formula proposed
in [21]

SC ¼ π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
deff þ z

z

r �
ð−2MsolÞz

1

ddeffeff

� 1
zþdeff

× ð
ffiffiffiffi
Θ

p
þ ðdeff þ zÞMrot

bhÞ
1
2

× ð
ffiffiffiffi
Θ

p
− ðdeff − zÞMrot

bhÞ
deff−z

2ðdeffþzÞ;

where

Θ ¼ ðdeff þ zÞ2ðMrot
bhÞ2 − 4deffzðJ rot

bhÞ2;

and deff is the effective spatial dimensionality, which
reflects the scale of the entropy S with respect to the
temperature T as

S ∝ T
deff
z :
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