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We carefully perform a Hamiltonian Dirac’s constraint analysis of the ω ¼ − 3
2
Brans-Dicke theory with

the Gibbons-Hawking-York boundary term. The Poisson brackets are computed via functional derivatives.
After a brief summary of the results for the ω ≠ − 3

2
case [G. Gionti S. J., Canonical analysis of Brans-Dicke

theory addresses Hamiltonian inequivalence between the Jordan and Einstein frames, Phys. Rev. D 103,
024022 (2021)] we derive all Hamiltonian Dirac’s constraints and constraint algebra in both the Jordan and
the Einstein frames. Confronting and contrasting Dirac’s constraint algebra in both frames, it is shown that
they are not equivalent. This highlights that the transformations from the Jordan to the Einstein frames are
not Hamiltonian canonical transformations.

DOI: 10.1103/PhysRevD.105.084008

I. INTRODUCTION

We consider a scalar-tensor theory action [1] with the
Gibbons-Hawking-York (GHY) boundary term [2–4]

S ¼
Z
M
dnx

ffiffiffiffiffiffi
−g

p �
fðϕÞR −

1

2
λðϕÞgμν∂μϕ∂νϕ −UðϕÞ

�

þ 2

Z
∂M

dn−1
ffiffiffi
h

p
fðϕÞK; ð1Þ

where fðϕÞ is a generic function of ϕ as well as λðϕÞ and K
is the trace of the extrinsic curvature. Varying the previous
action with respect to the metric gμν with the condition that
on the boundary the variation of it be zero, δgμν ¼ 0, we
obtain the equation of general relativity for the case of a
scalar-tensor theory of gravity

fðϕÞ
�
Rμν−

1

2
gμνR

�
þgμν□fðϕÞ−∇μ∇νfðϕÞ¼Tϕ

μν; ð2Þ

where

Tϕ
μν¼ λðϕÞ

2

�
∂μϕ∂νϕ−

1

2
gμνgαβ∂αϕ∂βϕ

�
−
1

2
gμνUðϕÞ: ð3Þ

Varying with respect to ϕ and imposing that its variations
on the boundary are zero as well, δϕ ¼ 0, the equation of
evolution for ϕ is

f0ðϕÞRþ 1

2
λ0ðϕÞð∂ϕÞ2 þ λðϕÞ□ϕ −U0ðϕÞ ¼ 0: ð4Þ

Nowadays, one says to pass from the Jordan, where the
action is a scalar-tensor theory (1), to the Einstein frame
[6,7] through a Weyl (conformal) transformation of the
metric tensor, keeping the scalar field ϕðxÞ unchanged,

g̃μν ¼ ð16πGfðϕÞÞ 2
n−2gμν;

ϕ̃ðxÞ ¼ ϕðxÞ; ð5Þ

g̃μν and ϕ̃ðxÞ being the transformed metric tensor and scalar
field. In the Einstein frame the action (1) becomes

S ¼
Z
M
dnx

ffiffiffiffiffiffi
−g̃

p �
1

16πG
R̃ − AðϕÞg̃μν∂μϕ∂νϕ − VðϕÞ

�

þ 1

8πG

Z
∂M

dn−1
ffiffiffĩ
h

p
K̃; ð6Þ
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where

AðϕÞ ¼ 1

16πG

�
λðϕÞ
2fðϕÞ þ

n − 1

n − 2

ðf0ðϕÞÞ2
f2ðϕÞ

�
;

VðϕÞ ¼ UðϕÞ
½16πGfðϕÞ� n

n−2
: ð7Þ

Varying this equation with respect to g̃μν we get Einstein
equations, and varying with respect to ϕ we get the
equation for ϕðxÞ.
In literature [6,7] when ðgμνðxÞ;ϕðxÞÞ is a solution of the

equations of motion in the Jordan frame, the corresponding
couple ðg̃μνðx;ϕÞ;ϕðxÞÞ is assumed to be solution of the
equations of motion in the Einstein frame. In this way, the
two frames are considered physically equivalent. In fact,
one is doing nothing else but imposing the same solutions,
linked by a Weyl (conformal) transformation, in the two
frames.
The physics behind this transformation dates back to

an idea of Dicke. He, in a seminal paper [6], observed
that physics is invariant under redefinition of the unit of
measurements. If we rescale the length unit by a factor
of λ such that the value of the square of the line
element, in the new unit, is ds̃2 ¼ λ2ds2 (recall that the
definition of the line element is ds2 ≡ gμνdxμdxν), the
relation between the metric coefficients under unit
length rescaling is g̃μν ¼ λ2gμν. Therefore invariance
of the physical observables under rescaling of units
of measurements implies invariance under Weyl rescal-
ing of the metric tensor [6].
Physical equivalence of the observable quantities in

the Jordan and in the Einstein frames have been very
much debated [8–17]. On average, the community
seems to be in favor of the physical equivalence
although the interpretation of the experiments might
be different [18]. We personally think that the equiv-
alence works mathematically as long as one is sure the
solutions can be mapped from one frame to the other,
although some mathematical concerns have been raised
as well [19].
We continue to study the Hamiltonian canonical

equivalence between the two frames started in the article
[5]. From now on, we analyze the question of the
equivalence using the Hamiltonian Dirac’s constraint
analysis for the particular value of the Brans-Dicke param-
eter ω ¼ − 3

2
.

We will summarize in Sec. II the results of the
Hamiltonian analysis of the Brans-Dicke theory for
ω ≠ − 3

2
and the (Hamiltonian) canonical inequivalence

between the two frames for this case II B. Section III deals
with the Hamiltonian analysis of the case ω ¼ − 3

2
: after

having shown the extra Weyl (conformal) symmetry
of the action for this case III A, we perform the ADM
decomposition III B and study the constraint algebra

among Dirac’s Hamiltonian constraints III C; the ω ¼
− 3

2
Hamiltonian Brans-Dicke theory is examined in the

Einstein frame III D; and the final remark, regarding the
different Dirac’s Hamiltonian constraint algebra, is
addressed in Sec. III E. We conclude in Sec. IV.

II. BRANS-DICKE THEORY FOR ω ≠ − 3
2

In recent years, much research has been done to study the
classical Hamiltonian equivalence between Jordan and
Einstein frames [20–23] as well as their quantum equiv-
alence [24–28]. We summarize here the results of Dirac’s
constraint Hamiltonian analysis [29–31] (see also [32–38]
for complementary cases) of the Brans-Dicke theory in the
two frames [5].
The Brans-Dicke theory [39] is a special case of (1) when

fðϕÞ ¼ ϕ and λðϕÞ ¼ 2ω
ϕ [1]:

S ¼
Z
M
d4x

ffiffiffiffiffiffi
−g

p �
ϕ4R −

ω

ϕ
gμν∂μϕ∂νϕ −UðϕÞ

�

þ 2

Z
∂M

d3x
ffiffiffi
h

p
ϕK: ð8Þ

The equations of motion for the metric tensor gμν are a
particular case of (2):

Rμν −
1

2
gμνR ¼ ω

ϕ2

�
∂μϕ∂νϕ −

1

2
gμνgαβ∂αϕ∂βϕÞ

�

þ 1

ϕ

�
∇μ∇νϕ − gμν□ϕ −

1

2
gμνUðϕÞ

�
; ð9Þ

while the equation of motion for ϕ, a particular case
of (4), is

ð3þ 2ωÞ□ϕ ¼ ϕ
dU
dϕ

− 2UðϕÞ: ð10Þ

A. ADM decomposition and definition of the ADM
Hamiltonian density function

The Arnowitt-Deser-Misner (ADM) decomposition [40]
is based on the assumption that the topology of the
spacetime ðM; gÞ is M ¼ R × Σ [30], where R is a one-
dimensional space, the time direction, and Σ is a three-
dimensional spacelike surface embedded in M. g is the
ADM-metric tensor defined as

g ¼ −ðN2 − NiNiÞdt ⊗ dtþ Niðdxi ⊗ dtþ dt ⊗ dxiÞ
þ hijdxi ⊗ dxj; ð11Þ

where N ¼ Nðt; xÞ is the lapse function and Ni ¼ Niðt; xÞ
are the shift functions [5,30,41].
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The ADM Lagrangian density LADM is

LADM ¼
ffiffiffi
h

p �
Nϕðð3ÞRþ KijKij − K2Þ

−
ω

Nϕ
ðN2hijDiϕDjϕ − ð _ϕ − NiDiϕÞ2Þ

þ 2Kð _ϕ − NiDiϕÞ − NUðϕÞ þ 2hijDiNDjϕ

�
;

ð12Þ

and Kij is the extrinsic curvature defined as follows [30]:

Kij ¼
1

2N

�
−
∂hij
∂t þDiNj þDjNi

�
: ð13Þ

The canonical momenta ðπN; πi; πij; πϕÞ associated with
ðN;Ni; hij;ϕÞ are

πN ¼ ∂LADM

∂ _N
≈ 0; πi ¼

∂LADM

∂ _Ni ≈ 0;

πij ¼ ∂LADM

∂ _hij
¼ −

ffiffiffi
h

p �
ϕðKij − KhijÞ þ hij

N
ð _ϕ − NiDiϕÞ

�
;

πϕ ¼ ∂LADM

∂ _ϕ ¼
ffiffiffi
h

p �
2K þ 2ω

Nϕ
ð _ϕ − NiDiϕÞ

�
; ð14Þ

which show the momenta πN and πi are primary constraints
(≈ meaning the quantity is zero on the constraint surface)
[29,30,42].
The Hamiltonian density HADM is

HADM ¼ πij _hij þ πϕ _ϕ − LADM: ð15Þ

This definition holds on the constraint surface defined by
the Dirac’s primary constraints πN ≈ 0 and πi ≈ 0 found
above (14) [29,30]. The Hamiltonian density HADM is

HADM ¼
ffiffiffi
h

p �
N

�
−ϕ3Rþ 1

ϕh

�
πijπij −

πh
2

2

��

þ Nω

ϕ
DiϕDiϕþ N2DiDiϕþ NVðϕÞ

þ 1

2hϕ

�
N

3þ 2ω

�
ðπh − ϕπϕÞ2

�
− 2NiDjπ

j
i þ NiDiϕπϕ; ð16Þ

where πh ≡ πijhij, and it can be written in the following
form:

HADM ¼ NHþ NiHi; ð17Þ

where the H is the Hamiltonian density constraint

H¼
ffiffiffi
h

p ��
−ϕ3Rþ 1

ϕh

�
πijπij−

πh
2

2

��
þω

ϕ
DiϕDiϕ

þ2DiDiϕþVðϕÞþ 1

2hϕ

�
1

3þ2ω

�
ðπh−ϕπϕÞ2

�
; ð18Þ

and Hi is the momentum constraint

Hi ¼ −2Djπ
j
i þDiϕπϕ: ð19Þ

Therefore the total Hamiltonian HT [30] is

HT ¼
Z

d3xðλπN þ λiπi þ NHþ NiHiÞ; ð20Þ

λ ¼ λðt; xÞ and λiðt; xÞ being Lagrange multipliers.
If we indicate the canonical variables ðN;Ni; hij;

πN; πi; πijÞ generically with ðQi;ΠiÞ the Poisson brackets
between two arbitrary functions A and B of the canonical
variables are [42]

fA; Bg ¼
Z

d3y

�
δA

δQiðyÞ
δB

δΠiðyÞ
−

δA
δΠiðyÞ

δB
δQiðyÞ

�
: ð21Þ

In Ref. [5] it has been shown that the algebra of the
secondary constraints is like Einstein’s geometrodynamics

fHiðxÞ;Hjðx0Þg¼Hiðx0Þ∂jδðx;x0Þ−HjðxÞ∂ 0
iδðx;x0Þ;

fHðxÞ;Hiðx0Þg¼−Hðx0Þ∂ 0
iδðx;x0Þ;

fHðxÞ;Hðx0Þg¼HiðxÞ∂iδðx;x0Þ−Hiðx0Þ∂ 0
iδðx;x0Þ: ð22Þ

As extensively argued in [43,44], once a matter source is
introduced with its own canonical variables, many different
inequivalent theories of gravity coupled with matter can
generate the same constraint algebra (22).

B. Transformations from the Jordan to
the Einstein frame

The Weyl (conformal) transformation (5) entails an
ADM metric in the Einstein frame (cf. [21,45]),

g̃ ¼ −ðÑ2 − ÑiÑiÞdt ⊗ dtþ Ñiðdxi ⊗ dtþ dt ⊗ dxiÞ
þ h̃ijdxi ⊗ dxj; ð23Þ

where

Ñ ¼ ð16πGfðϕÞÞ 1
n−2N; Ñi ¼ ð16πGfðϕÞÞ 2

n−2Ni;

h̃ij ¼ ð16πGfðϕÞÞ 2
n−2hij: ð24Þ

The canonical momenta in the Einstein frame, associated
with the variables (24), in the ω ≠ − 3

2
Brans-Dicke case,

are (cf. [5])
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π̃ij ¼ ∂L̃ADM

∂ _̃hij
¼ −

ffiffiffĩ
h

p

16πG
ðK̃ij − K̃h̃ijÞ ¼ πij

16πGϕ
;

π̃ϕ ¼ ∂L̃ADM

∂ _ϕ ¼
ffiffiffĩ
h

p
ðωþ 3

2
Þ

8πGÑϕ2
ð _ϕ − Ñi∂iϕÞ ¼

1

ϕ
ðϕπϕ − πhÞ:

ð25Þ

The transformations (24) and (25) are assumed to be a
canonical set, in the Hamiltonian sense, of variables [21].
But this is not completely true (cf. [37]) since (see also [5]
for more details)

fÑ; π̃ϕg ¼ 8πGNffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16πGϕ

p ≠ 0 and fÑi; π̃ϕg ¼ 16πGNi ≠ 0;

ð26Þ

where, obviously, the Poisson brackets are calculated in the
Jordan frame. Therefore, since the transformations from the
Jordan to the Einstein frames are not canonical, one is not
allowed to pass from the Jordan to the Einstein frame to
perform the constraint analysis of the Brans-Dicke theory
as it is usually done (cf. [45]).
The Hamiltonian canonical transformations [5] hold the

lapse and the shifts fN� ¼ N and fN�i ¼ Ni while hij and ϕ
and their respective momenta πij and πϕ transform accord-
ing to Eqs. (24) and (25). These transformations generate
an anti-Newtonian gravity as explained in [46–49]. They
correspond to the following scaling relation on the ADM
metric:

N ↦ N; Ni ↦ Ni; hij ↦ λ2hij; ð27Þ

and for λ ≫ 1 they emulate a large value of the Newton
constant G and also enhance spacelike distances over to
timelike ones [46,47]. They correspond to the strong
gravity limit or Carrolian gravity limit; G ↦ ∞ or
c ↦ 0 cf. [50]. In practice the Weyl (conformal) trans-
formation is implemented only on the three-dimensional
metric hij of the three-dimensional space surfaces Σ.
In Ref. [5], we considered the finite dimensional case of

a mini-superspace model built from the action (8) evalu-
ated on a flat Friedmann Lemaître Robertson Walker
(FLRW) metric. The correspondent set of transformations
from the Jordan to the Einstein frame, analogous to (24)
and (25) for this particular case, still shows to be not
canonical (in the Hamiltonian sense). The anti-Newtonian
gravity transformations (27) represent still the canoni-
cal ones.

III. BRANS-DICKE THEORY
FOR THE CASE ω= − 3

2

In this section we study in detail the particular case of
Brans-Dicke action (8) for ω ¼ − 3

2

Sð−3=2Þ ¼
Z
M
d4x

ffiffiffiffiffiffi
−g

p �
ϕRþ 3

2

gμν

ϕ
∂μϕ∂νϕ − UðϕÞ

�

þ 2

Z
∂M

d3x
ffiffiffi
h

p
ϕK: ð28Þ

We introduced the superscript � � �ð−3=2Þ in order to underline
when a quantity is evaluated in the particular case ω ¼ − 3

2

(see also [33,48]).M is a manifold with a boundary ∂M on
which is defined the three-metric h, the pullback of g on
the boundary ∂M, and the extrinsic curvature Kij. The
potential UðϕÞ is the same as in Eq. (8) and is always, for
consistency reasons from Eq. (10), of the form αϕ2, where
α is a generic constant. The action (28) is made out of two

terms: a bulk term Sð−3=2ÞM ,

Sð−3=2ÞM ¼
Z
M
d4x

ffiffiffiffiffiffi
−g

p �
ϕRþ3

2

gμν

ϕ
∂μϕ∂νϕ−UðϕÞ

�
; ð29Þ

and a boundary term Sð−3=2Þ∂M ,

Sð−3=2Þ∂M ¼ 2

Z
∂M

d3x
ffiffiffi
h

p
ϕK: ð30Þ

A. (Invariance under) Conformal transformations

If we perform the following Weyl (conformal) trans-
formation:

g̃μν ¼ Ω2gμν; ð31Þ

the trace R of the Ricci tensor Rμν transforms in the
following way [51]:

R ¼ Ω2

�
R̃þ 6□̃Ω

Ω
− 12g̃μν

Ω;μΩ;ν

Ω2

�
: ð32Þ

The Weyl (conformal) transformation on the field ϕ is

ϕ̃ ¼ ϕ

Ω2
: ð33Þ

If we apply the previous Weyl (conformal) transformations

on the action Sð−3=2Þ ¼ Sð−3=2ÞM þ Sð−3=2Þ∂M , we get on Sð−3=2ÞM

Sð−3=2ÞM ¼
Z
M
d4x

ffiffiffiffiffiffi
−g̃

p ��
ϕ̃ R̃þ 6□̃Ω

Ω
ϕ̃ − 12g̃μν

Ω;μΩ;ν

Ω2
ϕ̃

�

þ 3

2

g̃μν

ϕ̃
∂μϕ̃∂νϕ̃þ 6

Ω
g̃μν∂μΩ∂νϕ̃

þ 6

Ω2
ϕ̃g̃μν∂μΩ∂νΩ − αϕ̃2

�
; ð34Þ

while on Sð−3=2Þ∂M
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Sð−3=2Þ∂M ¼2

Z
∂M

d3x
ffiffiffĩ
h

p
ϕ̃K̃−6

Z
∂M

d3x
ffiffiffĩ
h

p ϕ̃

Ω
ñμ∇μΩ; ð35Þ

where K̃ is the Weyl (conformal) transformed extrinsic
curvature and ñμ is the Weyl (conformal) transformed
normal vector to the boundary ∂M, as can be found in
the appendix of [1].
The Weyl (conformal) transformation on the full action

Sð−3=2Þ, simplifying the previous expression, is

Sð−3=2Þ ¼ Sð−3=2ÞM þ Sð−3=2Þ∂M

¼
Z
M
d4x

ffiffiffiffiffiffi
−g̃

p �
ϕ̃ R̃þ 3

2

g̃μν

ϕ̃
∂μϕ̃∂νϕ̃ −Uðϕ̃Þ

�

þ 2

Z
∂M

d3x
ffiffiffĩ
h

p
ϕ̃ K̃ : ð36Þ

This proves that Brans-Dicke (28) is invariant under Weyl
(conformal) transformations (31)–(33) in the particular
case ω ¼ − 3

2
.

B. ADM decomposition and definition of the ADM
Hamiltonian density function

The ADM Brans-Dicke Lagrangian density LADM,
introduced in Eq. (12) for a generic ω, is here specified
for ω ¼ − 3

2
:

Lð−3=2Þ
ADM ¼

ffiffiffi
h

p �
Nϕðð3ÞRþKijKij−K2Þ

þ 3

2Nϕ
ðN2hijDiϕDjϕ−ð _ϕ−NiDiϕÞ2Þ

þ2Kð _ϕ−NiDiϕÞ−NUðϕÞ−2hijNDiDjϕ

�
: ð37Þ

In this case, the canonical momenta ðπN; πi; πij; πϕÞ asso-
ciated with ðN;Ni; hij;ϕÞ are obtained from (14) for
ω ¼ − 3

2
. As in the general case ω ≠ − 3

2
, the momenta

πN and πi associated with the lapse N and the shifts Ni are
primary constraints. An extra primary constraint, a conse-
quence of the Weyl (conformal) symmetry discussed
above, is

Cϕ ≡ πijhij − ϕπϕ ≈ 0 ð38Þ

[see Eq. (25)], and we name it conformal constraint.
The ADM-HamiltonianHADM is, as usual, defined in the

following way [see (15)]:

HADM ¼ πij _hij þ πϕ _ϕ − LADM: ð39Þ

The explicit form is

Hð−3=2Þ
ADM ¼

ffiffiffi
h

p �
N½−ϕ3Rþ 1

ϕh

�
πijπij −

πh
2

2

��

−
3N
2ϕ

DiϕDiϕþ N2DiDiϕþ NUðϕÞ
�

− 2NiDjπ
j
i þ NiDiϕπϕ; ð40Þ

and can be rewritten in the following form:

Hð−3=2Þ
ADM ¼ NHð−3=2Þ þ NiHð−3=2Þ

i ; ð41Þ

where Hð−3=2Þ is the Hamiltonian constraint and is just

Hð−3=2Þ ¼
ffiffiffi
h

p ��
−ϕ3Rþ 1

ϕh

�
πijπij −

πh
2

2

��

−
3

2ϕ
DiϕDiϕþ 2DiDiϕþ UðϕÞ

�
; ð42Þ

and Hð−3=2Þ
i is the momentum constraints

Hð−3=2Þ
i ¼ −2Djπ

j
i þDiϕπϕ: ð43Þ

The total Hamiltonian Hð−3=2Þ
T [30] is

Hð−3=2Þ
T ¼

Z
d3xðλπN þ λiπi þ λϕCϕ

þNHð−3=2Þ þ NiHð−3=2Þ
i Þ; ð44Þ

where λ ¼ λðt; xÞ, λiðt; xÞ, and λϕðt; xÞ are Lagrange
multipliers.
The preservation of the primary constraints πN ≈ 0

and πi ≈ 0 along the dynamic generated by the total

Hamiltonian Hð−3=2Þ
T (44) gives

_πN ¼ fπN;Hð−3=2Þ
T g ¼ −Hð−3=2Þ ≈ 0 ð45Þ

and

_πi ¼ fπi; Hð−3=2Þ
T g ¼ −Hð−3=2Þ

i ≈ 0; ð46Þ

therefore, we found, again, that the Hamiltonian constraint

Hð−3=2Þ and the momentum constraints Hð−3=2Þ
i are secon-

dary Dirac’s constraints.
The next step is the preservation of the primary con-

straint Cϕ defined in (38),

_Cϕ ¼ fCϕ; H
ð−3=2Þ
T g

¼
�
Cϕ;

Z
d3xNiHð−3=2Þ

i

�
þ
�
Cϕ;

Z
d3xNHð−3=2Þ

�
;

ð47Þ
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having Cϕ nonzero Poisson brackets with the Hamiltonian

constraint Hð−3=2Þ and the momentum constraints Hð−3=2Þ
i .

In the Appendix, we calculate these Poisson brackets using
smearing functions; in particular, we employ a generic,
non-null, function fðxÞ for Cϕ and the shift functionsNiðxÞ
for Hð−3=2Þ

i . The final results are

�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Niðx0ÞHð−3=2Þ

i ðx0Þ
�

¼
Z

d3yfðyÞDkðNkðπh − ϕπϕÞÞ

¼ −
Z

d3yDkfðyÞNkðπh − ϕπϕÞ ≈ 0; ð48Þ

equivalent to

fCϕðxÞ;Hð−3=2Þ
i ðx0Þg ¼ −∂ 0

iδðx; x0ÞCϕðx0Þ; ð49Þ

and�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Nðx0ÞHð−3=2Þðx0Þ

�

¼ 1

2

Z
d3yNðyÞfðyÞHð−3=2ÞðyÞ ≈ 0; ð50Þ

which, pairwise, can be rewritten in the differential form as

fCϕðxÞ;Hð−3=2Þðx0Þg ¼ 1

2
Hð−3=2ÞðxÞδðx; x0Þ: ð51Þ

Finally, the condition for the preservation of the primary
constraint CϕðxÞ is�Z

d3xfðxÞCϕðxÞ; Hð−3=2Þ
T

�

¼ −
Z

d3yDkfðyÞðNkCϕÞ

þ 1

2

Z
d3yNðyÞfðyÞHð−3=2ÞðyÞ ≈ 0: ð52Þ

C. The constraint algebra of the Poisson brackets
of the secondary constraints

Now we calculate the preservation of the secondary
constraints along the dynamic. In doing this we will follow
Ref. [42] adapted to our case of the Brans-Dicke theory for
ω ¼ − 3

2
. Repeating the calculations, we have

�
hijðxÞ;

Z
d3yNlðyÞHð−3=2Þ

l ðyÞ
�

¼ LNhijðxÞ; ð53Þ

where LN is the Lie derivative along the three-dimensional
vector fieldN defined by the shift functionsNl. Analogously
as in [5], but with a longer calculation, one has

�
πijðxÞ;

Z
d3yNlðyÞHð−3=2Þ

l ðyÞ
�

¼ LNπ
ijðxÞ: ð54Þ

We observe that

�
ϕðxÞ;

Z
NlðyÞHlðyÞð−3=2Þd3y

�

¼ δ

δπϕðxÞ
Z

d3yπϕðyÞDiϕðyÞNiðyÞ

¼ NiðxÞDiϕðxÞ ¼ LNϕðxÞ; ð55Þ

and while repeating the same reasoning on the momentum
πϕ conjugated to ϕ, we obtain

�
πϕðxÞ;

Z
NlðyÞHð−3=2Þ

l ðyÞd3y
�

¼−
δ

δϕðxÞ
Z

d3yπϕðyÞDiϕðyÞNiðyÞ¼DiðπϕðxÞNiðxÞÞ:

ð56Þ

The momenta calculated by the Legendre transformation
using the Lagrangian LADM (12) are densities as well, as it
is immediate looking at momenta (14). Then πϕffiffi

h
p is a scalar

function. So

LNπϕðxÞ ¼ LN

� ffiffiffi
h

p �
πϕffiffiffi
h

p
��

¼ LNð
ffiffiffi
h

p
Þ πϕffiffiffi

h
p þ

ffiffiffi
h

p
LN

�
πϕffiffiffi
h

p
�

¼ πϕDiNi þ
ffiffiffi
h

p ∂i

�
πϕffiffiffi
h

p
�
Ni

¼ πϕ
1ffiffiffi
h

p ∂ið
ffiffiffi
h

p
NiÞ þ ∂iðπϕÞNi −

πϕ
2h

∂iðhÞNi

¼ πϕ∂iNi þ ∂iðπϕÞNi ¼ DiðπϕðxÞNiðxÞÞ; ð57Þ

and therefore,
R
d3xNlHl is the generator of space diffeo-

morphisms on the three surfaces Σ of the canonical
variables ðhij;ϕ; πij; πϕÞ and any function Fðhij;ϕ;
πij; πϕÞ of them, in particular of the density functions H
and Hi. Therefore, we have

LN

ffiffiffi
h

p
¼

ffiffiffi
h

p
DlNl; ð58Þ

and then we have
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LNH
ð−3=2Þ
i ¼

ffiffiffi
h

p
LN

Hð−3=2Þ
i ffiffiffi
h

p þHð−3=2Þ
i DlNl

¼ Nl∂lH
ð−3=2Þ
i þHð−3=2Þ

l ∂iNl þHð−3=2Þ
i ∂lNl;

ð59Þ

which entitle us to write

�
Hð−3=2Þ

i ;
Z

NsðyÞHð−3=2Þ
s ðyÞd3y

�
¼ Nl∂lH

ð−3=2Þ
i þHð−3=2Þ

l ∂iNl þHð−3=2Þ
i ∂lNl; ð60Þ

and then the constraint algebra among the momenta
constraints

fHð−3=2Þ
i ðxÞ;Hð−3=2Þ

j ðx0Þg ¼ Hð−3=2Þ
i ðx0Þ∂jδðx; x0Þ

−Hð−3=2Þ
i ðxÞ∂ 0

jδðx; x0Þ: ð61Þ

As regards the Hamiltonian constraint H, we start from
the following

LNHð−3=2Þ ¼
�
Hð−3=2Þ;

Z
NsðyÞHð−3=2Þ

s ðyÞd3y
�
; ð62Þ

and repeating the same reasoning above, we get

LNHð−3=2Þ ¼
ffiffiffi
h

p
LN

Hð−3=2Þffiffiffi
h

p þHð−3=2Þffiffiffi
h

p LN

ffiffiffi
h

p

¼ Nl∂lHð−3=2Þ þHð−3=2Þ∂iNi: ð63Þ

Finally, we can write

fHð−3=2ÞðxÞ;Hð−3=2Þ
i ðx0Þg ¼ −Hð−3=2Þðx0Þ∂ 0

iδðx; x0Þ: ð64Þ

One of most complicated calculations in the canonical
analysis of gravitational theories is the Poisson brackets of
the Hamiltonian constraint. These brackets, using the lapse
NðxÞ as a smearing function, are usually expressed as

�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�
; ð65Þ

whereHð−3=2Þ is the Hamiltonian constraint in (42). As it is
discussed in [42], a nonzero contribution to these Poisson
brackets are given by nonalgebraic variation δhij of the
metric function multiplied by algebraic variations δπij

and, similarly, nonalgebraic variation δϕ of the field
with algebraic variation δπϕ of its relative momentum. A
detailed discussion is provided in Appendix B where we
find that Dirac’s constraint algebra generated by the
Poisson brackets of the Hamiltonian constraint (65) is

�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�

¼
Z

d3yðNDiN0 − N0DiNÞHð−3=2Þ
i

þ
Z

d3yðNDiN0 − N0DiNÞðDi logϕÞCϕ; ð66Þ

and it can be rewritten in differential form

fHð−3=2ÞðxÞ;Hð−3=2Þðx0Þg
¼ Hð−3=2Þ

i ðxÞ∂iδðx; x0Þ −Hð−3=2Þ
i ðx0Þ∂ 0iδðx; x0Þ

þ ½DiðlogϕðxÞÞ�CϕðxÞ∂iδðx; x0Þ
− ½Diðlogϕðx0ÞÞ�Cϕðx0Þ∂ 0

iδðx; x0Þ: ð67Þ

Notice that the algebra of the Hamiltonian constraint
contains a first term proportional to the momentum con-
straints as in Einstein’s geometrodynamics. This term
accounts for the evolution of the three-dimensional spatial
surfaces in four-dimensional space. The extra term, propor-
tional to the primary first class constraint Cϕ, is due to
conformal invariance of the theory [52].

D. Transformations from the Jordan
to the Einstein frame

As we have already remarked, the following Weyl
(conformal) transformation on the metric tensor

g̃μν ¼ ð16πGfðϕÞÞ 2
n−2gμν ð68Þ

implies that the ADM metric tensor in the Einstein frame is

g̃ ¼ −ðÑ2 − ÑiÑiÞdt ⊗ dtþ Ñiðdxi ⊗ dtþ dt ⊗ dxiÞ
þ h̃ijdxi ⊗ dxj; ð69Þ

where the expressions of Ñ; Ñi; h̃ij can be found in (24). It
is not difficult to see that the action (28) in the Einstein
frame, once one performs the transformation (68) for the
Brans-Dicke case fðϕÞ ¼ ϕ, becomes

Sð−3=2Þ ¼ 1

16πG

Z
M
dx4

ffiffiffiffiffiffi
−g̃

p
ð4R̃ − VðϕÞÞ

þ 1

8πG

Z
∂M

d3x
ffiffiffĩ
h

p
K̃; ð70Þ

where the potential VðϕÞ, defined in (7), becomes simply a
constant

Ṽ ≡ α

16πG
; ð71Þ

where K̃ is the trace of the extrinsic curvature K̃ij in the
Einstein frame. As usual, we continue to make the 3þ 1
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decomposition: following the procedure as in Eq. (13)
and the curvature 3þ 1 splitting [30,41], the action (70)
becomes

Sð−3=2Þ ¼ 1

16πG

Z
R×Σ

dtd3x
ffiffiffĩ
h

p
Ñð3R̃þ K̃ijK̃ij − K̃2 − ṼÞ

þ 1

8πG

Z
∂M

d3x
ffiffiffĩ
h

p
K̃: ð72Þ

The extrinsic curvature K̃ij is, of course, defined as follows:

K̃ij ¼
1

2Ñ

�
−
∂h̃ij
∂t þ D̃iÑj þ D̃jÑi

�
; ð73Þ

where D̃ is the covariant derivative defined with the Levi-
Civita connection Γ̃c

ab corresponding to the metric tensor
h̃ij. Following [51], the relation between Γ̃c

ab and Γc
ab is

Γ̃c
ab ¼ Γc

ab þ
1

ð16πGϕÞ12 ðδ
c
a½ð16πGϕÞ12�;b þ δcb½ð16πGϕÞ

1
2�;a

− habhcd½ð16πGϕÞ12�;dÞ: ð74Þ

Using the last equation and relations (24), one easily finds

K̃ij ¼ ð16πGϕÞ12Kij −
16πGhij

2Nð16πGϕÞ12 ð
_ϕ − Nl∂lϕÞ: ð75Þ

The action (72) indicated that the ADM-Lagrangian density

function L̃ð−3=2Þ
ADM in the Einstein frame is

L̃ð−3=2Þ
ADM ¼ 1

16πG

ffiffiffĩ
h

p
Ñð3R̃þ K̃ijK̃ij − K̃2 − ṼÞ: ð76Þ

The definition of the momenta π̃ij associated with h̃ij is

π̃ij ¼ ∂L̃ð−3=2Þ
ADM

∂ _̃hij
¼ −

ffiffiffĩ
h

p

16πG
ðK̃ij − K̃h̃ijÞ; ð77Þ

which, using (75) and definition (14), implies that

π̃ij ¼ 1

16πGϕ
πij: ð78Þ

In the case ω ≠ − 3
2
[5] the momentum π̃ϕ conjugated to

ϕ is defined as

π̃ϕ ¼ ∂L̃ADM

∂ _ϕ ¼
ffiffiffĩ
h

p
ðωþ 3

2
Þ

8πGÑϕ2
ð _ϕ − Ñi∂iϕÞ ¼

1

ϕ
ðϕπϕ − πhÞ:

ð79Þ

Therefore, it is evident that − Cϕ

ϕ is mapped into π̃ϕ by the
Weyl (conformal) transformation. Then in the particular

case ω ¼ − 3
2
, the primary constraint in the Einstein

frame

π̃ϕ ¼ ∂L̃ð−3=2Þ
ADM

∂ _ϕ ≈ 0 ð80Þ

corresponds to Cϕ ≈ 0 in the Jordan frame. The canonical
Hamiltonian density H̃c [29,30] coincides with the ADM
Hamiltonian density H̃ADM, in analogy to the corresponding
definition in the Jordan frame (15), and it is defined on the
constraint surface where the primary constraints are zero,

π̃N ¼ ∂L̃ð−3=2Þ
ADM

∂ _̃N
≈ 0; π̃i ¼

∂L̃ð−3=2Þ
ADM

∂ _̃N
i ≈ 0; π̃ϕ ≈ 0;

ð81Þ

so we have

H̃ð−3=2Þ
ADM ¼ π̃ij _̃hij − L̃ð−3=2Þ

ADM

¼
ffiffiffĩ
h

p
Ñ

16πG

�
−3R̃þ ð16πGÞ2

h̃

�
π̃ijπ̃ij −

π̃h
2

2

�
þ Ṽ

�
− 2ÑiD̃jπ̃

j
i

¼ ÑH̃ð−3=2Þ þ ÑiH̃ð−3=2Þ
i ; ð82Þ

where now the Hamiltonian constraint H̃ð−3=2Þ is

H̃ð−3=2Þ ¼
ffiffiffĩ
h

p

16πG

�
−3R̃þ ð16πGÞ2

h̃

�
π̃ijπ̃ij −

π̃h
2

2

�
þ Ṽ

�
;

ð83Þ

while the momentum constraints H̃ð−3=2Þ
i are

H̃ð−3=2Þ
i ¼ −2D̃jπ̃

j
i : ð84Þ

The ADM-Hamiltonian density H̃ð−3=2Þ
ADM has the same

functional form as HADM in Einstein geometrodynamics
[42] plus a constant term Ṽ which looks as a cosmological

constant in (83). The total Hamiltonian density H̃ð−3=2Þ
T is a

linear combination of the canonical Hamiltonian with the
primary constraints with Lagrange multipliers [29,30]

H̃ð−3=2Þ
T ¼

Z
d3xðλ̃π̃N þ λ̃iπ̃i þ λ̃ϕC̃ϕ

þ ÑH̃ð−3=2Þ þ ÑiH̃ð−3=2Þ
i Þ; ð85Þ

confronting and contrasting it with the analogous quantity
in the Jordan frame (20). We, again, notice that C̃ϕ ≡ −ϕ̃π̃ϕ
through Weyl (conformal) Hamiltonian transformations.
It is very easy to see, in analogy to Eqs. (42) and (46), the
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Hamiltonian constraint H̃ and the momentum constraints
H̃i are secondary constraints; quite straightforward to see,
as well, is the fact that

_̃Cϕ ¼ fC̃ϕ; H̃
ð−3=2Þ
T g ¼ 0: ð86Þ

Previous observations [cf. (82)] have shown the equiv-
alence of this Brans-Dicke theory with ω ¼ − 3

2
in the

Einstein frame with Einstein general relativity. Based on
this equivalence, it is clear the Poisson brackets constraint
algebra among secondary first class constraints is

fC̃ϕ; H̃
ð−3=2Þg ¼ 0; fC̃ϕ; H̃

ð−3=2Þ
i g ¼ 0;

fH̃ð−3=2Þ
i ðxÞ; H̃ð−3=2Þ

j ðx0Þg ¼ H̃ð−3=2Þ
i ðx0Þ∂jδðx; x0Þ − H̃ð−3=2Þ

j ðxÞ∂iδðx; x0Þ;
fH̃ð−3=2ÞðxÞ; H̃ð−3=2Þ

j ðx0Þg ¼ −H̃ð−3=2Þðx0Þ∂ 0
jδðx0; xÞ;

fH̃ð−3=2ÞðxÞ; H̃ð−3=2Þðx0Þg ¼ H̃ð−3=2ÞiðxÞ∂iδðx; x0Þ − H̃ð−3=2Þiðx0Þ∂ 0
iδðx; x0Þ: ð87Þ

Note the first two Poisson brackets are identically zero and
not weakly zero.

E. Canonical transformations and the passage
from the Jordan to the Einstein frame

The transformation formulas from the Jordan to the
Einstein frame in the canonical (Hamiltonian) formalism
[see Eqs. (24), (78), and (81)] are

Ñ¼Nð16πGϕÞ12; Ñi¼Nið16πGϕÞ;
h̃ij¼ð16πGϕÞhij; π̃N ¼ πN

ð16πGϕÞ12 ;

π̃i¼
πi

16πGϕ
; π̃ij¼ πij

16πGϕ
; ϕ̃¼ϕ; π̃ϕ≈0: ð88Þ

In the Hamiltonian theory, a transformation ðQiðq; pÞ;
Piðq; pÞÞ between two sets of variables ðqi; piÞ and
ðQi; PiÞ is canonical if the “symplectic two form” ω ¼
dqi ∧ dpi is invariant—that is, ω ¼ dQi ∧ dPi—which is
equivalent to saying that the Poisson brackets fulfill the
following conditions:

fQiðq;pÞ;Pjðq;pÞgq;p¼δij;

fQiðq;pÞ;Qjðq;pÞgq;p¼fPiðq;pÞ;Pjðq;pÞgq;p¼0: ð89Þ

These properties of the canonical transformations imply
that if one computes the Poisson brackets between two
functions with respect to two different sets of variables
connected by a canonical transformation, the final results
will be the same.
First, we notice that the Poisson brackets between the

conformal constraint Cϕ and the momentum constraints

Hð−3=2Þ
i in the Jordan frame are

fCϕðxÞ;Hð−3=2Þ
i ðx0Þg ¼ −∂ 0

iδðx; x0ÞCϕðx0Þ; ð90Þ

while the analogous Poisson brackets in the Einstein frame
(recall here C̃ϕ ≡ −ϕ̃π̃ϕ)

fC̃ϕðxÞ; H̃i
ð−3=2Þðx0Þg ¼ 0: ð91Þ

In an analogous way, the Poisson brackets of the
conformal constraint Cϕ with the Hamiltonian constraint
Hð−3=2Þ is

fCϕðxÞ;Hð−3=2Þðx0Þg ¼ 1

2
Hð−3=2ÞðxÞδðx; x0Þ; ð92Þ

the same Poisson bracket in the Einstein frame is

fC̃ϕðxÞ; H̃ð−3=2Þðx0Þg ¼ 0: ð93Þ

The last couple of nonequivalent Poisson brackets in the
two frames are the Poisson brackets of two Hamiltonian
constraints Hð−3=2Þ evaluated in two different points. In the
Jordan frame, we have

fHð−3=2ÞðxÞ;Hð−3=2Þðx0Þg
¼ Hð−3=2Þ

i ðxÞ∂iδðx; x0Þ −Hð−3=2Þ
i ðx0Þ∂ 0iδðx; x0Þ

þ ½DiðlogϕðxÞÞ�CϕðxÞ∂iδðx; x0Þ
− ½Diðlogϕðx0ÞÞ�Cϕðx0Þ∂ 0

iδðx; x0Þ; ð94Þ

and in the Einstein frame

fH̃ð−3=2ÞðxÞ; H̃ð−3=2Þðx0Þg
¼ H̃ð−3=2ÞiðxÞ∂iδðx; x0Þ − H̃ð−3=2Þiðx0Þ∂ 0

iδðx; x0Þ: ð95Þ

This inequivalence of the three Poisson brackets in
the two frames is clear evidence that the Hamiltonian
transformations (88) are not—strictly speaking—a set of
canonical transformations.
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This result could appear a bit awkward. In fact, in
Sec. III A, we showed that the Brans-Dicke action in the
case ω ¼ − 3

2
, Eq. (8), is invariant under Weyl(-conformal)

transformations on the metric gμν, Eq. (31), and on
the scalar filed ϕ, Eq. (33). The transformations from
the Jordan to the Einstein frame, given by Eq. (68) on the
metric tensor and holding the scalar field ϕ̃ ¼ ϕ, corre-
sponds to the particular Weyl (conformal) transformations,
Eqs. (31) and (33),

Ω ¼ ð16πGϕÞ12; ϕ̃ ¼ 1

16πG
; ð96Þ

when one passes from the action (8) to (36). This conformal
symmetry should map solutions of the equations of motion
into solutions of the equations of motion. In other words,
the conformal symmetry should be an automorphism
among solutions of the equations of motion. Therefore,
the transformations from the Jordan to the Einstein frames
should be canonical transformations. Since ϕ̃ ¼ 1

16πG, the
conformal transformations generate a set of new
Hamiltonian variables ðQiðq; pÞ; Piðq; pÞÞ such that

det

				 ∂ðQiðq; pÞ; Piðq; pÞ
∂ðq; pÞ

				 ¼ 0: ð97Þ

This implies that these transformations are singular and the
automorphism does not hold in this case.

IV. SUMMARY AND CONCLUSIONS

This essay aimed to continue, with further details, a
project started in [5]. The central point has been to
scrutinize whether the transformations from the Jordan
to the Einstein frames are Hamiltonian canonical trans-
formations as claimed in [21,32,53]. The tool we employed
was the Hamiltonian Dirac’s constraint analysis of the
Brans-Dicke theory in the particular case ω ¼ − 3

2
. In order

to fulfill the goals of our project, we started with a brief
summary of the results of the Hamiltonian Dirac’s con-
straint analysis of the Brans-Dicke theory in the case ω ≠
− 3

2
[5], see also Table I. We showed, as it is extensively

argued in [43,44], that the algebra of the Poisson brackets
of the secondary first class constraints is the same as
Einstein’s geometrodynamics (22). This could suggest that
the transformations from the Jordan to the Einstein frames
are canonical transformations in the Hamiltonian theory
[21]. Unfortunately, this belief is wrong (26). Therefore,
one cannot perform the Hamiltonian Dirac’s constraint
analysis in the Einstein frame, where the calculations are
simpler, and pretend that it is the same in the Jordan frame
[45]. A set of Hamiltonian canonical transformations does
exist. They are called the anti-Newtonian gravity trans-
formations, Eq. (27) [46,47], and differ from the conformal
transformations (24). This inequivalence of the Jordan and
Einstein frames for the Brans-Dicke (BD) theory in the
Hamiltonian formalism addresses quantum inequivalence
[24,25,27,54] as well although, even at quantum level,
there are several papers arguing in favor of quantum
equivalence [26,55,56].
In literature [33,57], it is claimed that the lapse N and the

shifts Ni functions behave as “gauge” variables. They
appear only as Lagrangian multipliers in the total
Hamiltonian (20) after having performed Dirac’s con-
straint’s analysis. Therefore there is a general tendency
to discard these variables and their respective momenta πN
and πi as unessential. This is the main reason for which in
[21] the calculation to verify the conditions for canonical
transformations has been performed excluding these var-
iables and arriving to the conclusion that the Hamiltonian
transformations from the Jordan to the Einstein frames are
canonical. In our opinion, there is a fallacy of this line of
thought. First of all, if one discards the lapseN and the shift
Ni, how could one pin down the ADM metric tensor
coefficients in (11) since they are functions of the lapse and
the shifts? In other words, we need to fix the values of the
lapse and the shifts, perform a gauge fixing, in order to
determine the values of the metric coefficients. Second, the
lapse and the shifts act as true canonical variables since by
preserving the momenta conjugated to the lapse and the
shifts one derives the Hamiltonian and the momentum
constraints. Maybe, these authors have in mind an example
employed by Dirac in his lecture notes [29]. He considered
a couple of second class constraints, q1 ≈ 0 and p1 ≈ 0, and

TABLE I. Dirac’s constraints and constraint algebra in Jordan and Einstein frames for ω ≠ − 3
2
(see Ref. [5] for details).

Hamiltonian analysis of BD for ω ≠ − 3
2

In Jordan frame In Einstein frame

Constraints Constraints
πN ≈ 0; πi ≈ 0;H ≈ 0;Hi ≈ 0; π̃N ≈ 0; π̃i ≈ 0; H̃ ≈ 0; H̃i ≈ 0;

Constraint algebra Constraint algebra
fπN; πig ¼ 0; fπN;Hg ¼ 0; fπN;Hig ¼ 0; fπi;Hg ¼ 0; fπ̃N; eπig ¼ 0; fπ̃N; H̃g ¼ 0; fπ̃N; H̃ig ¼ 0; fπ̃i; H̃g ¼ 0;
fπi;Hjg ¼ 0; fHðxÞ;Hiðx0Þg ¼ −Hðx0Þ∂ 0

iδðx; x0Þ; fπ̃i; H̃jg ¼ 0; fH̃ðxÞ; H̃iðx0Þg ¼ −H̃ðx0Þ∂ 0
iδðx; x0Þ;

fHiðxÞ;Hjðx0Þg ¼ Hiðx0Þ∂jδðx; x0Þ −HjðxÞ∂ 0
iδðx; x0Þ; fH̃iðxÞ; H̃jðx0Þg ¼ H̃iðx0Þ∂jδðx; x0Þ − H̃iðxÞ∂ 0

iδðx; x0Þ;
fHðxÞ;Hðx0Þg ¼ HiðxÞ∂iδðx; x0Þ −Hiðx0Þ∂ 0

iδðx; x0Þ; fH̃ðxÞ; H̃ðx0Þg ¼ H̃iðxÞ∂iδðx; x0Þ − H̃iðx0Þ∂ 0
iδðx; x0Þ;
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he got rid of them by simply imposing them strongly and
eliminating them as variables. He himself stressed that it
works only for this particular couple of canonical variables,
but not, necessarily, in general. Moreover, the lapse and the
shifts are not constraints.
The general impression is that these kinds of reasoning

presuppose there exists a transformation which divides the
set of variables into gauge variables and true (physical)
degrees of freedom of the dynamical system. In [58–60], it
has been extensively shown that there exist local canonical
transformations which map the first class constraints into
momenta variables Pa ≈ 0 and the second class constraints
into position and momenta variables qi ≈ 0; pi ≈ 0. In [60],
it is shown that, in order to find the true, physical, degrees
of freedom, one has to make a gauge fixing for each first
class constraint (see also [61]). After treating the gauge
fixings as secondary constraints, the Poisson brackets
between each previous first class constraint and its relative
gauge fixing is nonzero. Then it is possible to find, locally,
a set of variables q⋆p⋆ which are the true physical degrees
of freedom of the system. Therefore, there exist local
transformations capable of dividing the set of canonical
variables into two disjoint sets: the physical variables and
the gauge variables. Finally, one defines Dirac’s brackets
using all constraints, which now are second class con-
straints, and substitutes Poisson brackets with Dirac brack-
ets [29]. At this point, one can solve “strongly” the second
class constraints (use each of them to define one variable
as a function of the others) and reduce the degrees of
freedom of the system without any danger of generating
inconsistencies.
The main argument of this essay was to study Jordan and

Einstein frames under the light of the canonical analysis of

the Brans-Dicke theory in the case ω ¼ − 3
2
with Gibbons-

Hawking-York boundary term. We showed explicitly that
this theory has a Weyl(-conformal) symmetry. The Dirac’s
constraint analysis was done, and we found five primary
constraints and four secondary constraints, see Table II. All
Dirac’s constraints are first class constraints according to
Dirac’s classification. The extra first class constraint is
generated by the extra Weyl symmetry. This study was
carried out through functional definition of the Poisson
brackets following [42] and gave several results in agree-
ment to [33], as regard the coefficients of the Dirac’s
constraint algebra, but also some differences, the main one
being the Poisson bracket (51). On the contrary, we seem to
be in perfect agreement with [48].
The ω ¼ − 3

2
Brans-Dicke action Eq. (8), transformed

through the conformal map, Eq. (5), from the Jordan to the
Einstein frame, becomes Einstein’s theory of general
relativity with a constant potential that acts as a cosmo-
logical constant. The main argument for which Jordan and
Einstein frames are not canonically equivalent for ω ≠ 3

2

holds also in this case. Furthermore, in the Einstein frame,
the algebra of Dirac’s constraints, Eq. (87), is different with
respect to the Jordan frame, Eqs. (66), (64), and (61). This
is even more crystal clear evidence of the noncanonicity.
This may sound strange since it was shown that ω ¼ − 3

2

Brans-Dicke is conformal invariant. The puzzle is solved
once one notices the conformal mapping, Eqs. (31) and
(33), transforms also the scalar field ϕðxÞ, while the map,
Eq. (5), keeps ϕ unchanged. The conformal transforma-
tions from the Jordan to the Einstein frames are a particular
case of the conformal transformations (31) and (33) for Ω
given by Eq. (96). However, these transformations are
singular, Eq. (97), for this value of Ω, and then it is not

TABLE II. Dirac’s constraints and constraint algebra in Jordan and Einstein frames for ω ¼ − 3
2
.

Hamiltonian analysis of BD for ω ¼ − 3
2

In Jordan frame In Einstein frame

Constraints Constraints

πN ≈ 0; πi ≈ 0;Cϕ ≈ 0;Hð−3=2Þ ≈ 0;Hð−3=2Þ
i ≈ 0; π̃N ≈ 0; π̃i ≈ 0; C̃ϕ ¼ −ϕ̃π̃ϕ ≈ 0; H̃ð−3=2Þ ≈ 0; H̃ð−3=2Þ

i ≈ 0;

Constraint algebra Constraint algebra

fπN; πig ¼ fπN;Hð−3=2Þg ¼ fπN;Hð−3=2Þ
i g ¼ 0; fπ̃N; eπig ¼ fπ̃N; H̃ð−3=2Þg ¼ 0; fπ̃N; H̃ð−3=2Þ

i g ¼ 0;

fπi;Hð−3=2Þg ¼ fπi;Hð−3=2Þ
j g ¼ 0; fπ̃i; H̃ð−3=2Þg ¼ fπ̃i; H̃ð−3=2Þ

j g ¼ 0;

fCϕðxÞ;Hð−3=2Þ
i ðx0Þg ¼ −∂ 0

iδðx; x0ÞCϕðx0Þ; fC̃ϕðxÞ; H̃i
ð−3=2Þðx0Þg ¼ 0;

fCϕðxÞ;Hð−3=2Þðx0Þg ¼ 1
2
Hð−3=2ÞðxÞδðx; x0Þ; fC̃ϕðxÞ; H̃ð−3=2Þðx0Þg ¼ 0;

fHð−3=2ÞðxÞ;Hð−3=2Þ
i ðx0Þg ¼ −Hð−3=2Þðx0Þ∂ 0

iδðx; x0Þ; fH̃ð−3=2ÞðxÞ; H̃ð−3=2Þ
i ðx0Þg ¼ −H̃ð−3=2Þðx0Þ∂ 0

iδðx; x0Þ;
fHð−3=2Þ

i ðxÞ;Hð−3=2Þ
j ðx0Þg ¼ Hð−3=2Þ

i ðx0Þ∂jδðx; x0Þ
−Hð−3=2Þ

j ðxÞ∂ 0
iδðx; x0Þ;

fH̃ð−3=2Þ
i ðxÞ; H̃ð−3=2Þ

j ðx0Þg ¼ H̃ð−3=2Þ
i ðx0Þ∂jδðx; x0Þ

− H̃ð−3=2Þ
i ðxÞ∂ 0

iδðx; x0Þ;
fHð−3=2ÞðxÞ;Hð−3=2Þðx0Þg ¼ Hð−3=2Þ

i ðxÞ∂iδðx; x0Þ −Hð−3=2Þ
i ðx0Þ∂ 0iδðx; x0Þ

þ ½DiðlogϕðxÞÞ�CϕðxÞ∂iδðx; x0Þ
− ½Diðlogϕðx0ÞÞ�Cϕðx0Þ∂ 0

iδðx; x0Þ;

fH̃ð−3=2ÞðxÞ; H̃ð−3=2Þðx0Þg ¼ H̃ð−3=2Þ
i ðxÞ∂iδðx; x0Þ

− H̃ð−3=2Þ
i ðx0Þ∂ 0

iδðx; x0Þ;

JORDAN AND EINSTEIN FRAMES FROM THE PERSPECTIVE … PHYS. REV. D 105, 084008 (2022)

084008-11



guaranteed that this map preserves the structure of the
Poisson brackets. A further application of this research
could be the analysis to a FLRW mini-superspace model
of the Brans-Dicke theory. Mainly, it is interesting for
physical reasons. This analysis could probe several com-
pelling questions. In fact, one could ask: in which sense are
the Hamiltonian transformations from the Jordan to the
Einstein frames are not canonical? We have already seen
[5] that, in the case ω ≠ −3=2, the canonical structure of
Poisson brackets is not preserved. Would it happen in the
case ω ¼ −3=2, and what could we say regarding the
equations of motion? Moreover, in this simpler finite
dimensional case, we could separate more clearly physical
degrees of freedom from the gauge degree of freedom by
making a gauge fixing on the lapse function and defining
Dirac’s brackets. One could check if the Hamiltonian
transformations from the Jordan to the Einstein frames

could be canonical and what this physically would mean in
light of all previous considerations. Finally, what implica-
tion does this Hamiltonian analysis have for the corre-
sponding Lagrangian theory?
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APPENDIX: DETAILED EVALUATION OF
SOME POISSON BRACKETS

1. Preservation of the conformal constraint Cϕ

Let us begin to calculate the Poisson bracket
fCϕ; NiHi

ð−3=2Þg, the first term of Eq. (47):

�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Niðx0ÞHð−3=2Þ

i ðx0Þ
�
¼
�Z

d3xfðxÞðhijπij−ϕπϕÞ;
Z

d3x0Nsðx0Þð−2hsbðx0ÞDaπ
abðx0Þþ∂sϕπϕÞ

�

¼
�Z

d3xfðxÞðhijπijÞ;
Z

d3x0Nsðx0Þð−2hsbðx0ÞDaπ
abðx0ÞÞ

�

−
�Z

d3xfðxÞðϕπϕÞ;
Z

d3x0Nsðx0Þð∂sϕπϕÞ
�

≡P1þP2; ðA1Þ

where the previous expression splits into the sum of the two
Poisson brackets in virtue of the definition (21).
The first Poisson bracket P1 can be rewritten, after

integration by part of the covariant derivative in the second
integral, in the following form;

P1¼
�Z

d3xfðxÞðhijπijÞ;
Z

d3x0ð2DaNshsbðx0Þπabðx0ÞÞ
�

≡P1aþP1bþP1c: ðA2Þ

It is easy to see that this Poisson bracket generates three
terms: P1a originated by the (non-null) Poisson Bracket of
hijðxÞ with πabðx0Þ, P1b by πijðxÞ with hsbðx0Þ, and, finally,
P1c by πijðxÞ with the metric terms in the covariant
derivative DaNsðx0Þ.
The first two terms are

P1a ¼
Z

d3y
Z

d3xfðxÞπpqδ3ðx − yÞ

×
Z

d3x0ð2DpNsðx0Þhsqðx0ÞÞδ3ðx0 − yÞ ðA3Þ

and

P1b ¼ −
Z

d3y
Z

d3xfðxÞhpqδ3ðx − yÞ

×
Z

d3x0ð2DaNpðx0Þπaqðx0ÞÞδ3ðx0 − yÞ; ðA4Þ

and clearly P1a þ P1b ¼ 0.
The three-dimensional covariant derivative DaNsðx0Þ is

DaNs ¼ ∂aNs þ Γs
akN

k; ðA5Þ

and variations with respect to the three-dimensional metric
tensor hij affect the three-dimensional Levi-Civita con-
nection Γs

ak in the following way [42]:

δΓs
ak ¼

1

2
hslðDkδhal þDaδhlk −DlδhakÞ: ðA6Þ

Multiplying the previous expression with the quantity
Nkπathst, we get

δΓs
akN

kπathst ¼
Nk

2
πalDkδhal: ðA7Þ

At this point we can easily see that P1c, the third term of
(A2), is nothing else but the Poisson bracket between πijðxÞ
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and the covariant derivative DaNsðx0Þ,

P1 ¼ P1c ¼
Z

d3y
Z

d3xfðxÞhpqδ3ðx − yÞ
Z

d3x0DkðNkπpqÞδ3ðx0 − yÞ: ðA8Þ

The term P2 can be rewritten as

P2 ¼ −
Z

d3y
Z

d3xfðxÞπϕδ3ðx − yÞ
Z

d3x0Naðx0Þ∂aϕδ
3ðx0 − yÞ

−
Z

d3y
Z

d3xfðxÞϕδ3ðx − yÞ
Z

d3x0DaðNaðx0Þπϕðx0ÞÞδ3ðx0 − yÞ: ðA9Þ

Collecting P1 and P2 terms, we obtain this expression for the Poisson bracket (A1):

�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Niðx0ÞHð−3=2Þ

i ðx0Þ
�

¼
Z

d3yfðyÞDkðNkðπh − ϕπϕÞÞ ¼ −
Z

d3yDkfðyÞNkðπh − ϕπϕÞ ≈ 0;

ðA10Þ

where we have simply integrated by parts.
A further step toward the preservation, along the dynamics generated by the total HamiltonianHT , of the constraint Cϕ is

the calculation of the second term of (47), writing CϕðxÞ and Hð−3=2Þðx0Þ in explicit form:

�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Nðx0ÞHð−3=2Þðx0Þ

�
¼
�Z

d3xfðxÞðhijπij−ϕπϕÞ;
Z

d3x0
ffiffiffi
h

p
Nðx0Þ

�
−ϕ3Rþ 1

ϕh

�
πijπij−

πh
2

2

�

−
3

2ϕ
DiϕDiϕþ2DiDiϕþUðϕÞ

��
¼PA1þ���þPA6þPB1þ���þPB5: ðA11Þ

The bilinearity and Leibniz’s rule for Poisson brackets [42] grant breaking up in two groups (A and B) of terms
originated, roughly speaking, by the Poisson brackets of hijπij and −ϕπϕ with the integral of the Hamiltonian constraint.
Therefore, labeling all terms, we have, for the first group A,

PA1 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3x0
ffiffiffi
h

p
Nðx0Þ

��
−ϕ3Rþ 1

ϕh

�
πijπij −

πh
2

2

�
−

3

2ϕ
DiϕDiϕþ 2DiDiϕþ UðϕÞ

�
; ðA12Þ

PA2 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3x0Nðx0Þð−ϕ3RijhijÞ
� ffiffiffi

h
p

; ðA13Þ

PA3 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3xNðx0Þ 1

ϕh

� ffiffiffi
h

p �
πijπij −

πh
2

2

�
; ðA14Þ

PA4 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3xNðx0Þ
�
πijπij −

πh
2

2

�� ffiffiffi
h

p 1

ϕh
; ðA15Þ

PA5 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3xNðx0Þ
�
−

3

2ϕ
DiϕDiϕ

�� ffiffiffi
h

p
; ðA16Þ

PA6 ≡
�Z

d3xfðxÞðhijπijÞ;
Z

d3xNðx0Þð2DiDiϕÞ
� ffiffiffi

h
p

: ðA17Þ

The terms of the second group B are
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PB1 ≡
�Z

d3xfðxÞðϕπϕÞ;
Z

d3x0
ffiffiffi
h

p
Nðx0Þðϕ3RijgijÞ

�
;

ðA18Þ

PB2 ≡ −
�Z

d3xfðxÞðϕπϕÞ;
Z

d3xNðx0Þ 1

ϕh

�

×
ffiffiffi
h

p �
πijπij −

πh
2

2

�
; ðA19Þ

PB3≡
�Z

d3xfðxÞðϕπϕÞ;
Z

d3xNðx0Þ
�

3

2ϕ
DiϕDiϕ

�� ffiffiffi
h

p
;

ðA20Þ

PB4 ≡ −
�Z

d3xfðxÞðϕπϕÞ;
Z

d3xNðx0Þð2DiDiϕÞ
� ffiffiffi

h
p

;

ðA21Þ

PB5 ≡ −
�Z

d3xfðxÞðϕπϕÞ;
Z

d3xNðx0ÞðUðϕÞÞ
� ffiffiffi

h
p

:

ðA22Þ

We notice δ
ffiffiffi
h

p ¼ 1
2
hijδhij in Eq. (A12) (cf. [42]), then

�Z
d3xfðxÞðhijπijÞ;

Z
d3x0

ffiffiffi
h

p
Nðx0Þ

�

¼
Z

d3yfðyÞNðyÞ
�
−
3

2

�
; ðA23Þ

and so the term PA1 is

PA1 ¼
Z

d3yfðyÞNðyÞ
�
−
3

2
Hð−3=2ÞðyÞ

�
: ðA24Þ

The term PA2 (A13) can be calculated in two steps. First
we notice that the variation δhij ¼ −hikhjhδhkh. This
entails that

�Z
d3xfðxÞðhijπijÞ;

Z
d3x0Nðx0Þð−ϕ3hijÞ

�
Rij

ffiffiffi
h

p

¼ −
Z

d3yfðyÞNðyÞ
ffiffiffi
h

p
ϕ3R: ðA25Þ

In the second step, we face the more delicate and difficult
point of computing

�Z
d3xfðxÞðhijπijÞ;

Z
d3x0Nðx0Þð−ϕ3RijÞ

�
hij

ffiffiffi
h

p
: ðA26Þ

Following [42]

Z
d3xð−

ffiffiffi
h

p
Nϕðδ3RijÞgijÞ

¼ −
Z

d3x
ffiffiffi
h

p
δhijðDiDj − hijDmDmÞðNϕÞ; ðA27Þ

therefore,�Z
d3xfðxÞðhijπijÞ;

Z
d3x0Nðx0Þð−ϕ3RijÞ

�
hij

ffiffiffi
h

p

¼
Z

d3yfðyÞ
ffiffiffi
h

p
ð−2DiDiðNϕÞÞ: ðA28Þ

Finally, we get for Eq. (A13)

PA2 ¼ −
Z

d3yfðyÞNðyÞ
ffiffiffi
h

p
ϕ3R

−
Z

d3yfðyÞ
ffiffiffi
h

p
ð2DiDiðNϕÞÞ: ðA29Þ

It is not difficult to check that the calculation of the term
PA3, in which we consider only the Poisson brackets
between πij and the inverse of the determinant h, gives
the result

PA3 ¼
Z

d3yfðyÞ
ffiffiffi
h

p
NðyÞ

�
3

ϕh

�
πijπij −

πh
2

2

��
: ðA30Þ

One can easily see that the Poisson brackets PA4 ¼ 0 as
the result

PA4 ¼
�Z

d3xfðxÞðhijπijÞ;
Z

d3x0Nðx0Þ
�
πijπij −

πh
2

2

��

×
ffiffiffi
h

p 1

ϕh
¼ 0: ðA31Þ

The term PA5 can be rewritten in the following way:

PA5 ¼
�Z

d3xfðxÞhijπij;

×
Z

d3x0
ffiffiffi
h

p
Nðx0Þ

�
−
3

2
DaϕDbϕhab

��
; ðA32Þ

and, in virtue of the observation made in the calculation for
the PA2 term regarding the variation of δhij, it gives the
result

PA5 ¼
Z

d3yfðyÞ
ffiffiffi
h

p
NðyÞ

�
−
3

2
DcϕDcϕ

�
: ðA33Þ

Now we pass to calculate the PA6 term: DiDiϕ has a hij

coefficient in the contraction of the covariant derivatives
DiDiϕ ¼ DaDbhabϕ, and in the second covariant deriva-
tive on ϕ: DaDbϕ ¼ Dað∂bϕÞ ¼ ∂a∂bϕ − Γs

ab∂sϕ. First,
we note that the variation of δhhab generates
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�Z
d3xfðxÞhijπij;

Z
d3x0

ffiffiffi
h

p
Nðx0Þhab

�
ð2DaDbϕÞ

¼
Z

d3yfðyÞ
ffiffiffi
h

p
NðyÞð2DcDcϕÞ: ðA34Þ

We evaluate now the second term�Z
d3xfðxÞhijπij;

Z
d3x0

ffiffiffi
h

p
Nðx0Þð2DaDbϕÞ

�
hab;

ðA35Þ

remembering that variation δh of the term DaDbϕ is

δhðDaDbϕÞ ¼ −δhΓs
ab∂sϕ; ðA36Þ

and using the formula (A6) one gets

habδhðDaDbϕÞ ¼ −
1

2
hipð2Daδhpb −DpδhabÞhabDiϕ:

ðA37Þ

After integration by parts, the Poisson brackets generated
by the presence of hij in the connection Γ are�Z

d3xfðxÞhijπij;
Z

d3x0
ffiffiffi
h

p
Nðx0Þð2DaDbϕÞ

�
hab

¼−
Z

d3y
ffiffiffi
h

p
fðyÞð2hkphlbδipδjb−hklhabδiaδ

j
bÞhijDlðNDkϕÞ

¼
Z

d3y
ffiffiffi
h

p
fðyÞDlðNDlϕÞ: ðA38Þ

Summing the two terms,

PA6 ¼
Z

d3yfðyÞ
ffiffiffi
h

p
NðyÞð2DcDcϕÞ

þ
Z

d3y
ffiffiffi
h

p
fðyÞDlðNðyÞDlϕÞ: ðA39Þ

Now we pass to the calculation of the second group (B)
of Poisson brackets. It is straightforward that the following
Poisson brackets PB1 (A18) give this result

PB1 ¼ −
Z

d3y
ffiffiffi
h

p
fðyÞNðyÞϕ3R; ðA40Þ

and the term PB2 (A19) gives

PB2 ¼ −
Z

d3y
ffiffiffi
h

p NðyÞfðyÞ
ϕh

�
πijπij −

πh
2

2

�
: ðA41Þ

Now we want to calculate the term PB3 (A20); we separate
it into two terms. First, we evaluate

�Z
d3xfðxÞϕπϕ;

Z
d3x0

3

2

ffiffiffi
h

p Nðx0Þ
ϕ

�
DcϕDcϕ

¼
Z

d3yfðyÞ 3
2

ffiffiffi
h

p NðyÞ
ϕ

DcϕDcϕ: ðA42Þ

The contribution for the remaining term, after integration
by parts, becomes

−
�Z

d3xfðxÞϕπϕ;
Z

d3x0Dc

�
3

2

ffiffiffi
h

p Nðx0Þ
ϕ

Dcϕ

�
2ϕ

�

¼
Z

d3yfðyÞ
ffiffiffi
h

p �
3DcðNðyÞDcϕÞ − 3

NðyÞ
ϕ

DcϕDcϕ

�
:

ðA43Þ

Adding the two terms we arrive to the result that the
Poisson bracket PB3 is

PB3¼
Z

d3yfðyÞ
ffiffiffi
h

p �
3DcðNðyÞDcϕÞ−

3

2

NðyÞ
ϕ

DcϕDcϕ

�
:

ðA44Þ

The last involved passage of these series of calculations
is the evaluation of the term PB4, Eq. (A21), the Poisson
brackets. Double integration by parts gives

PB4 ¼ −
�Z

d3xfðxÞϕπϕ; 2
Z

d3x0
ffiffiffi
h

p
DcDcNϕ

�

¼ 2

Z ffiffiffi
h

p
ϕðDcDcNÞfðyÞd3y: ðA45Þ

Finally, the term PB5, Eq. (A22), which is an immediate
calculation, is

PB5 ¼ −
�Z

d3xfðxÞϕπϕ;
Z ffiffiffi

h
p

NUðϕÞd3y
�

¼
Z

d3yfðyÞNϕ
dUðϕÞ
dϕ

: ðA46Þ

We are now ready to collect all the pieces for the calculation
of the Poisson brackets, Eq. (A11),
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�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Nðx0ÞHð−3=2Þðx0Þ

�

¼
Z

d3y

�
fðyÞN

�
−
3

2
Hð−3=2ÞðyÞ

�
−

ffiffiffi
h

p
fðyÞNϕ3R − 2fðyÞ

ffiffiffi
h

p
ðDiDiðNϕÞÞ

þ 3
ffiffiffi
h

p
NfðyÞ
ϕh

�
πijπij −

πh
2

2

�
−
3

2

ffiffiffi
h

p N
ϕ
DcϕDcϕfðyÞ þ 2fðyÞ

ffiffiffi
h

p
NðDcDcϕÞ

þ
ffiffiffi
h

p
fðyÞDcðNDcϕÞ −

ffiffiffi
h

p
fðyÞNϕ3R −

ffiffiffi
h

p
NfðyÞ
ϕh

�
πijπij −

πh
2

2

�
−
3

2

ffiffiffi
h

p N
ϕ
DcϕDcϕfðyÞ

þ 3
ffiffiffi
h

p
fðyÞDcðNDcϕÞ þ 2fðyÞ

ffiffiffi
h

p
ϕðDcDcNÞ þ fðyÞNϕ

dUðϕÞ
dϕ

�
: ðA47Þ

Recalling that, from Eq. (10) in the case ω ¼ − 3
2
,

ϕ
dUðϕÞ
dϕ

− 2UðϕÞ ¼ 0; ðA48Þ

one finally finds

�Z
d3xfðxÞCϕðxÞ;

Z
d3x0Nðx0ÞHð−3=2Þðx0Þ

�

¼ 1

2

Z
d3yNðyÞfðyÞHð−3=2ÞðyÞ ≈ 0: ðA49Þ

Recapitulating—adding (A10) and (A49)—we obtain
the condition for the preservation of the primary constraint
CϕðxÞ,

�Z
d3xfðxÞCϕðxÞ; Hð−3=2Þ

T

�

¼ −
Z

d3yDkfðyÞðNkCϕÞ

þ 1

2

Z
d3yNðyÞfðyÞHð−3=2ÞðyÞ ≈ 0: ðA50Þ

2. Poisson bracket of the Hamiltonian
constraint Hð− 3=2Þ

Since the momentum πϕ is absent in the Hamiltonian
constraint (42), our computations are restricted to the
variation of the metric functions hij and its conjugate
momenta πij. Nonalgebraic variations of the metric tensor
are generated, as it can easily be seen, by the trace of Ricci
tensor 3R, as it can easily be seen in Eq. (A27), and the
double covariant derivative of the scalar field DcDcϕ as
shown in Eqs. (A36) and (A37). Therefore the previous
Poisson brackets (65) is equivalent to the calculation of the
following integrals:

�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�

¼
Z

d3y

�Z
d3x

ffiffiffi
h

p �
−
δhlmðxÞ
δhijðyÞ

�
ðDlDm − hlmDkDkÞðNϕÞ

�
δ

δπijðyÞ
Z

d3x0
1

ϕh

�
πabπab −

πh
2

2

� ffiffiffi
h

p
N0ðx0Þ

��

− ðN ↔ N0Þ þ
Z

d3y

��
δhcdðxÞ
δhijðyÞ

�Z
d3x

ffiffiffi
h

p
NðxÞð2hkphlbδcpδdb − hklhabδcaδdbÞDlðNðxÞDkϕÞ

×

�
δ

δπijðyÞ
Z

d3x0N0ðx0Þ
ffiffiffi
h

p 1

ϕh

�
πabπab −

πh
2

2

���
− ðN ↔ N0Þ; ðA51Þ

which, performing the calculations, reduces to
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�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�

¼
Z

d3y

�
−ððDiDj − hijDkDkÞðNϕÞÞN

0

ϕ
ð2πij − hijπhÞ

�
− ðN ↔ N0Þ

þ 2

Z
d3yðDiNÞðDjϕÞN

0

ϕ
ð2πij − hijπhÞ − ðN ↔ N0Þ þ

Z
d3yðDkNÞðDkϕÞ

N0

ϕ
ðπhÞ − ðN ↔ N0Þ: ðA52Þ

Further, we compute the double derivatives on Nϕ and discard the term DkDkϕ since it cancels with its similar term in
N ↔ N0,�Z

d3xNðxÞHð−3=2ÞðxÞ;
Z

d3xN0ðx0ÞHð−3=2Þðx0Þ
�

¼ −
Z

d3y½ðDiDjÞðNÞϕ
�
N0

ϕ

�
ð2πijÞ − ðDkDkÞðNÞ

�
N0

ϕ

�
ðπhÞ þ 2ðDiNÞðDiϕÞ

�
N0

ϕ

�
ð2πijÞ − 2ðDkNÞðDkϕÞÞ

�
N0

ϕ

�
ðπhÞ

þ ðDkDkÞðNÞϕ
�
N0

ϕ

�
ðπhÞ þ 2ðDkNÞðDkϕÞÞ

�
N0

ϕ

�
ðπhÞ

�
− ðN ↔ N0Þ

þ 2

Z
d3yðDiNÞðDjϕÞ

�
N0

ϕ

�
ð2πij − hijπhÞÞ − ðN ↔ N0Þ þ

Z
d3yðDkNÞðDkϕÞÞ

�
N0

ϕ

�
ðπhÞ − ðN ↔ N0Þ: ðA53Þ

Simplifying, we get�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�
¼

�
−
Z

d3yðDiDjÞðNÞð2πijÞN0 −
Z

d3yðDiNÞðDiϕÞ
N0

ϕ
ðπhÞ

�
− ðN ↔ N0Þ: ðA54Þ

Integrating by parts, the equation above becomes�Z
d3xNðxÞHð−3=2ÞðxÞ;

Z
d3xN0ðx0ÞHð−3=2Þðx0Þ

�
¼

Z
d3yðNDiN0 − N0DiNÞð−2Djπij þ πϕ∂iϕ − πϕ∂iϕÞ

þ
Z

d3yðNDiN0 − N0DiNÞðDi logϕÞðπhÞ: ðA55Þ

At the end, we find that the Dirac’s constraint algebra generated by the Poisson brackets of the Hamiltonian constraint
(65) is �Z

d3xNðxÞHð−3=2ÞðxÞ;
Z

d3xN0ðx0ÞHð−3=2Þðx0Þ
�

¼
Z

d3yðNDiN0 − N0DiNÞHi

þ
Z

d3yðNDiN0 − N0DiNÞðDi logϕÞCϕ ≈ 0: ðA56Þ
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