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A convincing explanation for the nature of the dark energy and dark matter is still missing. In recent works a
RG-improved swiss-cheese cosmology with an evolving cosmological constant dependent on the Schücking
radius has been proven to be a promising model to explain the observed cosmic acceleration. In this work we
extend this model to consider the combined scaling of the Newton constantG and the cosmological constantΛ
according to the IR-fixed point hypothesis. We shall show that our model easily generates the observed recent
passage from deceleration to acceleration without need of extra energy scales, exotic fields or fine-tuning. In
order to check the generality of the concept, two different scaling relations have been analyzed and we proved
that both are in very good agreement with ΛCDM cosmology while one of them has no fine-tuning problem.

We also show that our model satisfies the observational local constraints on _G=G.
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I. INTRODUCTION

Although the ΛCDM scenario reproduces rather well a
large amount of observational data, it is important to stress
that its two main ingredients, dark matter (DM) [1] and dark
energy (DE) [2], do not have a direct physical explanation.
In particular, the observed accelerated expansion of the
Universe is caused by the DE component, a mechanism
which introduces new difficulties in terms of fine-tuning or
cosmic coincidences [3] for the presence of a significant
vacuum energy (cosmological constant).
For this reason the possibility that the cosmological

constant is dynamically generated as a low-energy quantum
effect has been recently investigated by various authors [4,5].
In particular in [6] a cosmology with a time dependent
cosmological constant and Newton constant whose dynam-
ics arises from an underlying renormalization group flow
near an infrared attractive fixed point has been proposed for
the first time. Its phenomenological implications have been
discussed in [7] and further developed in [8].

The IR-fixed point hypothesis originates from the asymp-
totically safe (AS) scenario for quantum gravity [9,10].
According to AS a consistent quantum theory of gravity can
be realized nonperturbatively by defining the theory around a
non-Gaussian fixed point for the dimensionless Newton’s
constant [11–19]. In fact this mechanism is not qualitatively
different from what occurs in the nonlinear σ model in
d ¼ 3: here too, although the theory is not perturbatively
renormalizable, a continuum limit at nonvanishing value of
the coupling constant can be defined beyond perturbation
theory [20,21].
Assuming that the relevant scale of energy or momen-

tum scales with the distance as the coarse-graining,
“resolution” scale of the renormalization group, the spatial
or temporal evolution of the Newton’s constant and
cosmological constant is dictated by the renomalization
group flow [19]. The possibility of explaining DM in
spiral galaxies as an infrared effect of the running of G has
been discussed in [22,23], while complete cosmological
histories based on RG trajectories emanating from the UV
fixed point up to the IR regime have been discussed in
[24,25]. Nonsingular cosmological models have appeared
in [26,27] and a mathematical formalism to couple the RG
evolution to the Einstein equations have been discussed
in [28,29].
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In [30] a further step in the direction of explaining the DE
content in the Universewith a running cosmological constant
has been proposed. The basic idea is to consider the
contribution of an homogeneous distribution of antigravity
sources associated with the matter content at galactic and
cluster scale. A swiss-cheese cosmology represents an
elegant mathematical framework to implement this idea
which has been elaborated also in [31–33]. In this work we
would like to extend the original RG-improved swiss-cheese
model to include the running of the Newton’s constant
according to the IR-fixed point mechanism. In this case, the
scaling behavior ofG and Λ is determined by the simple law

Gk ≡ GðkÞ ∼ g�=k2; Λk ≡ ΛðkÞ ∼ λ�k2 ð1:1Þ

in the k → 0 limit. This behavior could be the result of a
“tree-level” renormalization induced by a nonzero positive
cosmological constant in the IR, according to the singular
behavior of the β functions in the IR [34–36]. The aim of this
study is to further elaborate the IR-fixed point scaling within
the swiss-cheese cosmology. In particular it will be shown
that it is possible to consistently describe a phase of
accelerated expansion of the universe without the introduc-
tion of a DE component.
The structure of this paper is the following: in Sec. II the

mathematical structure of the swiss-cheese idea and the
basic equations will be derived. In Sec. III the IR fixed
point hypothesis and the RG evolution will be presented as
a function of the Schücking radius and of the matter
density. In Sec. IV the numerical results are discussed
and finally, Sec. V is devoted to the conclusions.

II. SWISS-CHEESE COSMOLOGICAL MODEL

The original Einstein-Strauss model or otherwise
called swiss-cheese model [37] describes many homo-
geneously distributed black holes smoothly matched
within a cosmological metric. The key idea is to match
a Schwarzshild spherical vacuole in a homogeneous
isotropic cosmological spacetime. The analysis finally
generates a dust Friedman-Robertson-Walker cosmology
assuming many Schwarzschild black holes as the matter
content.
It is also possible to show that respecting the Israel-

Darmois matching conditions [38] a homogeneous
and isotropic cosmological metric with a de Sitter–
Schwarzschild-like metric can be successfully matched
across a spherical 3-surface Σ which is at fixed coordinate
radius of the cosmology metric frame (see also [39]).
However, the radius of the surface in the black hole (BH)
frame is time evolving. The matching requires the first
fundamental form, intrinsic metric, and second fundamen-
tal form (extrinsic curvature), calculated in terms of the
coordinates on Σ, to be equal (opposite for the second
fundamental form) on both sides of the surface [40,41].

A homogeneous isotropic cosmological metric can be
written in spherical coordinates as

ds2¼−dt2þa2ðtÞ½r2ðdθ2þsin2θdϕ2Þþð1−κr2Þ−1dr2�;
ð2:1Þ

where aðtÞ is the scale factor and κ ¼ 0;�1 is the spatial
curvature constant.
The junction conditions [38] allow us to use different

coordinate systems on both sides of the hypersurface.
Thus, the cosmology exterior metric (2.1) can be joined
smoothly to the following quantum-modified Schwarzschild
metric [42]

ds2 ¼ −FðRÞdT2 þ R2ðdθ2 þ sin2 θdϕ2Þ þ FðRÞ−1dR2;

ð2:2Þ

where FðRÞ is defined by

FðRÞ ¼ 1 −
2GkM
R

−
ΛkR2

3
: ð2:3Þ

Note that now the Newton constant and the cosmological
constants are not constants but functions of one characteristic
length scale ∼1=k. Both will be functions of R as we shall
explain later. The first fundamental form is the metric on Σ
induced by the spacetime in which it is embedded. This may
be written as

γαβ ¼ gij
∂
∂uα x

i ∂
∂uβ x

j; ð2:4Þ

where uα ¼ ðu1 ≡ u; u2 ≡ v; u3 ≡ wÞ is the coordinate
system on the hypersurface. Greek indices run over
1;…; 3, while Latin indices over 1;…; 4. The second
fundamental form [38] is defined by

Kαβ ¼ ni;j
∂
∂uα x

i ∂
∂uβ x

j ¼ ðΓp
ijnp − ni;jÞ

∂
∂uα x

i ∂
∂uβ x

j;

ð2:5Þ

where na is a unit normal to Σ and Γp
ij are the Christoffel

symbols. We use subscripts F and S to denote quantities
associated with the Friedman-Lemaitre-Robertson-Walker
(FLRW) and modified Schwarzschild metrics, respec-
tively [41].
Let us consider a spherical hypersurface Σ given by the

function fFðxiFÞ ¼ r − rΣ ¼ 0, where rΣ is a constant. This
hypersurface in the FLRW frame can be parametrized by
xiF ¼ ðt ¼ u; θ ¼ v;ϕ ¼ w; r ¼ rΣÞ, while the parametriza-
tion in the BH frame is xiS ¼ ðT ¼ TSðuÞ; θ ¼ v;
ϕ ¼ w;R ¼ RSðuÞÞ. The fact that we model R ¼ RSðuÞ
implies that the hypersurface Σ may not remain in constant
BH radial distance as the universe expands. This radial
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distance is also called Schücking radius. The successful
matching will prove that this choice of the matching surface
was the appropriate thing to do for successful modeling of
the junction. From now on wherever in this section we write
T and R we mean TS and RS, respectively. The first Darmois
condition γFαβ ¼ γSαβ gives

−1 ¼ −FðRÞ
�
dT
du

�
2

þ FðRÞ−1
�
dR
du

�
2

; ð2:6Þ

and

a2r2Σ ¼ R2; ð2:7Þ

where, as we have explained,R ¼ RS. The last equation (2.7)
is an important one and describes that the matching takes
place in the hypersurface Σ where the BH radial distance is
the time dependent Schücking radius RS and the cosmo-
logical coordinate distance is the constant r ¼ rΣ.
The second Darmois condition requires to estimate the

two second fundamental forms. First the normal vector, ni,
to the spherical hypersurface Σ has to be evaluated. If Σ is
given by the function f½xaðuαÞ� ¼ 0, then ni can be
calculated from

ni ¼ −
f;iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jgabf;af;bj
q ; ð2:8Þ

where “; i” denotes ∂
∂xi.

The (outward pointing) unit normal in the FLRW frame
can be calculated from Eq. (2.8) and fFðxiFÞ ¼ r − rΣ ¼ 0.
The result is

nFi ¼
�
0; 0; 0;−

�
a2

1 − krΣ

�
1=2
�
: ð2:9Þ

Note, that the unit normal is spacelike, i.e., niFnFi ¼ þ1.
Since the equation of the matching surface fFðxiSÞ is
unknown in the Schwarzschild frame the normal vector
niS cannot be calculated directly from Eq. (2.8). A condition
for niS can be derived from the partial differentiation of
xiSðuαÞ with respect to uα which generates a tangential
vector to the hypersurface Σ.

nSi
∂xiS
∂uα ¼ 0; ð2:10Þ

From (2.10) one obtains nS2 ¼ nS3 ¼ 0 and

nS1
dT
du

þ nS4
dR
du

¼ 0: ð2:11Þ

Furthermore, niS must satisfy the identity

niSnSi ≡ niFnFi ¼ 1: ð2:12Þ

Then (2.12) gives

−ðFðRÞÞ−1nS12 þ FðRÞnS42 ¼ 1: ð2:13Þ

Now using Eqs. (2.6), (2.13), and (2.11) it is possible to
evaluate nSi as a function of uα∶

nSi ¼
�
∓ dR

du
; 0; 0;� dT

du

�
: ð2:14Þ

The second fundamental form can be easily calculated in
the FLRW frame due to the simple form of nFi, Eq. (2.9).
Thus from (2.5) we get

KFαβ ¼ Γ4
FijnF4

∂xiF
∂uα

∂xjF
∂uβ − nF4;j

∂x4F
∂uα

∂xjF
∂uβ : ð2:15Þ

However, ∂x4F∂uα ¼ ∂rΣ∂uα ¼ 0, and

∂xiF
∂uα

∂xjF
∂uβ ¼ ∂xμF

∂uα
∂xνF
∂uβ ¼ δμαδνβ ð2:16Þ

so the second fundamental form becomes

KFαβ ¼ nF4Γ4
Fαβ;

¼ −
1

2
jgF44j1=2g4iF ðgFαi;β þ gFβi;α − gFαβ;iÞ;

¼ 1

2
jgF44j1=2g44F gFαβ;4; ð2:17Þ

and finally

KFαβ ¼
1

2

�
a2

1 − κr2

�−1=2
gFαβ;4: ð2:18Þ

From Eq. (2.18) it is obvious that the only nonzero
components of KFαβ are KF22 and KF33

The estimation of the second fundamental form of Σ in the
Schwarzschild frame is more complicated. First we have to
calculate nSi as a function of xiS. If we once more differ-
entiate Eq. (2.10) with respect to uα then it follows that

nSi;j
∂xiS
∂uα

∂xjS
∂uβ ¼ −nSi

∂2xiS
∂uα∂uβ ; ð2:19Þ

which, with the help of the definition equation (2.5), gives

KSαβ ¼ Γp
SijnSp

∂xiS
∂uα

∂xjS
∂uβ þ nSi

∂2xiS
∂uα∂uβ : ð2:20Þ

Using Eq. (2.20), we find that KSαβ ¼ 0; ∀ α ≠ β. This is
true since the second derivative is zero for α ≠ β and
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the first term of Eq. (2.20) also is zero for α ≠ β due to the
specific Christoffel symbols.
The second Darmois matching condition KSαβ ¼ KFαβ

on Σ, provides the following differential equations

KS11 ≡ Γ4
S11nS4

�
dT
du

�
2

þ Γ4
S44nS4

�
dR
du

�
2

þ 2Γ1
S14nS1

dT
du

dR
du

þ nS1
d2T
du2

þ nS4
d2R
du2

¼ 0≡ KF11; ð2:21Þ

since p can be either 1 or 4 for nonzero nSp and the only
relevant nonzero Christofell symbols Γ1

Sij, Γ4
Sij are only

Γ1
S14;Γ1

S41, and all Γ4
Sii. It is also

KS22 ¼ KF22 ⇔ Γ4
S22nS4 ¼ arΣ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κr2Σ

q
ð2:22Þ

and

KS33 ¼ KF33 ⇔ Γ4
S33nS4 ¼ arΣ sin2 θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κr2Σ

q
: ð2:23Þ

Now the relevant Christoffel symbols are Γ1
S14 ¼ F0

2F ;Γ
4
S44 ¼

− F0
2F ;Γ

4
S11 ¼ 1

2
FðF0Þ;Γ4

S22 ¼ −RF;Γ4
S33 ¼ − sin2 θRF;

where notation “ 0” is understood as derivative with respect
to R.
Equations (2.22) and (2.23) being equivalent, we can use

either of them and Eq. (2.7) to obtain

dT
du

¼∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κr2Σ

p
1 − 2GkM

R − ΛkR2

3

: ð2:24Þ

It then follows from Eq. (2.6) that

�
dR
du

�
2

¼ 2GkM
R

þ ΛkR2

3
− κr2Σ: ð2:25Þ

Now differentiating Eqs. (2.24) and (2.25) with respect to
u, we get the following expressions

d2T
du2

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κr2Σ

q dðþ 2GkM
R þ 1

3
ΛkR2Þ

dR

×

�
1 −

2GkM
R

−
1

3
ΛkR2

�
−2 dR

du
: ð2:26Þ

and

d2R
du2

¼ 1

2

dð2GkM
R þ 1

3
ΛkR2Þ

dR
: ð2:27Þ

With Eqs. (2.24)–(2.27), Eq. (2.21) is now identically
satisfied. Thus, both the first and second fundamental forms
are continuous on Σ.
Note that the cosmic evolution through the swiss cheese

is determined by the cosmic evolution of the matching
surface that is happening at spherical radius, in the black
hole frame, RS (and constant rΣ for cosmic frame). This
quantity enters the differential equations.
Finally, the matching requirements provide the following

equations that are relevant for the cosmological evolution.
From this point and to the rest of the paper we use again
separately the symbol R for the BH radial distance and the
symbol RS for the Schücking radius,

RS ¼ arΣ; ð2:28Þ
�
dRS

dt

�
2

¼ 1 − κr2Σ −
�
1 −

2GkðRSÞM
RS

−
1

3
ΛkðRSÞR2

S

�
;

ð2:29Þ

2
d2RS

dt2
¼ dð2GkðRÞM

R þ 1
3
ΛkðRÞR2Þ

dR

����
RS

: ð2:30Þ

The matching radius rΣ can be also understood as the
boundary of the volume of the interior solid with energy
density equal to the cosmic matter density ρ. Thus, the
interior energy content should equal the mass M of the
astrophysical object, i.e.,

rΣ ¼ 1

a0

�
2GNM
Ωm0H2

0

�1
3

; ð2:31Þ

with density parameterΩm ¼ 8πGNρ
3H2 ¼ 2GNM

r3Σa
3H2 and a0 set to be

1 for the rest of the analysis.
A rather important information in the context of the

aforementioned approach is the exact physical element of
our model, galaxies, clusters of galaxies or even super-
clusters. In order to answer this, we should look at the
physical interpretation of the Schücking radius, rΣ, and its
relation with measurable scales of the above astrophysical
objects. For Milky Way (MMW ∼ 4 × 1011 M⊙) with typ-
ical values of cosmological parameters (Ωm0 ∼ 0.3,
H0 ∼ 67 km=Mpc=s, [43]) using Eq. (2.31) we have rΣ ∼
1.4 Mpcwhere the astrophysical radius isRas ∼ 0.15 Mpc.
Similarly, for the Local Group MLG ∼ ð7–20Þ · 1011 we
find rΣ ∼ 2.34 Mpc and the astrophysical radius is
Ras ∼ 1.53 Mpc. Lastly, for the case of our local super-
cluster, VIRGO (MVSC ∼ 1015 M⊙) it is Ras ∼ 30.67 Mpc
and rΣ ∼ 4 Mpc.We observe that only in the scale of galaxy
clusters it is rΣ=Ras of order Oð1Þ, thus thereafter we will
consider galaxy clusters as the elementary entities of
the model.
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Equations (2.28), (2.29), (2.30) for constants Gk and Λk
reduce to the conventional FLRW expansion equations.
However, although these equations generate the standard
cosmological equations of the ΛCDM model, even in this
simple case the interpretation is different since the Λ term
appearing in the black hole metric [42] is like an average of
all antigravity sources inside the Schücking radius of a galaxy
or cluster of galaxies. These antigravity sources one can claim
that may arise inside astrophysical black holes in the centers
of which the presence of a quantum repulsive pressure could
balance the attraction of gravity to avoid the not desired
singularity, or they arise due to IR quantum corrections of a
concrete quantum gravity theory. Furthermore, even for
constantGk and Λk the coincidence problem can be removed
if the antigravity sources, due to the local effective positive
cosmological constant, are related with the large scale
structure that appears recently. In our analysis, we allow
the running of Gk and Λk which is the most natural thing if
there are IR quantum gravity corrections.

III. IR FIXED POINT AND COSMIC
ACCELERATION

In this section the basic idea of the IR fixed point RG
scaling will be introduced and the cosmic evolution of this
model will be discussed.

A. The IR fixed point scaling

The presence of an IR instability in the RG flow for
G and Λ is deeply rooted in the structure of the fluctuations
determinant associated to the Einstein-Hilbert action

Sk ¼
1

16πGk

Z
dx4

ffiffiffi
g

p ð−Rþ 2ΛkÞ: ð3:1Þ

Let us consider a family of off shell spherically symmetric
contributions labeled by the radius ϕ in order to distinguish
the contributions from the two operators

ffiffiffi
g

p ∝ ϕ4 andffiffiffi
g

p
R ∝ ϕ2 to the Einstein-Hilbert flow [23]. It is possible

to decompose the fluctuating metric hμν to the sphere into
its irreducible pieces in terms of the corresponding spheri-
cal harmonics. In particular, in the transverse-traceless

sector the operator Sð2Þk is given by

−gμν∇μ∇ν þ 8ϕ−2 þ k2 − 2Λk ð3:2Þ

up to a positive constant. If the spectrum of the covariant
Laplacian −gμν∇μ∇nu is non-negative, a singularity devel-
ops at a finite k in the case of a positive cosmological
constant.
In a scalar field theory an identical mechanism is present

when the Hessian of the action vanishes in the broken
phase. In this case perturbation theory fails and the path
integral is dominated by nonhomogeneous configurations
[44] that produces a “tree-level” instability renormalization

already at level of the bare action [45]. In spite of the
complexity of the vacuum structure, the approach based on
functional flow equation is able to sum an infinite tower of
(irrelevant UV) operator and it reproduces the correct
flattening of the effective potential UðϕÞ in the broken
phase [46]. In this case, below the coexistence line, the
potential behaves as UðϕÞ ∝ −k2ϕ2 and approaches a flat
bottom as k → 0 [47].
In gravity the situation is more difficult because of the

technical difficulties in solving the RG flow equation
beyond the Einstein-Hilbert truncation in the k → 0 limit
[48–50]. Based on the analogy with the scalar theory one
can imagine that a RG trajectory which realizes a tree-level
renormalization exists [51]. In particular one can write that
in the k → 0 limit the dimensionless Newton constant and
cosmological constant are attracted toward an IR fixed
point ðg�; λ�) according to the following trajectory

gðkÞ ¼ g� þ h1kθ1 ; λðkÞ ¼ λ� þ h2kθ2 ; ð3:3Þ

where ðθ1; θ2 ≥ 0Þ are two unknown critical exponents. In
terms of dimensionful quantities, we thus have

GðkÞIR ¼ g�
k2

þ h1kθ1−2 ΛðkÞIR ¼ λ�k2 þ h2kθ2þ2: ð3:4Þ

Here, k should be considered not as a momentum flowing
into a loop, but as an inverse of a characteristic distance, of
the physical system under consideration, over which the
averaging of the field variables is performed. It can then
be associated to the radial proper distance or the matter
density.
For the rest of the paper in order to study the late cosmic

evolution, we assume that the values of Newton constant
and cosmological constant at the astrophysical scales
will be those suggested in Eq. (3.4) i.e., Gk ¼ GðkÞIR
and Λk ¼ ΛðkÞIR.
In the first case we need to calculate the radial proper

distance and in particular the Schücking proper radial
distance, DpðRSÞ, which can be found from

DpðRSÞ ¼
Z

RS

Rmin

Rffiffiffiffiffiffiffiffiffiffiffi
FðRÞp ; ð3:5Þ

where Rmin is zero in our case or a very small value if AS
provides a nonsingular black hole center, see [52]. Then,
the derivative with respect to R is

D0
pðRSÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
FðRSÞ

p ð3:6Þ

Next, from matching Eqs. (2.28), (2.29), (2.30) we get�
dRS

dt

�
2

¼ 1 − κr2Σ − FðRSÞ; ð3:7Þ
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which gives

r2Σ _a
2 ¼ 1 − κr2Σ − 1þ 2GkðRSÞM

RS
þ 1

3
ΛkðRSÞR2

S ð3:8Þ

and

_a2

a2
¼ −

κ

a2
þ 2GkðRSÞM

a3r3Σ
þ 1

3
ΛðRSÞ: ð3:9Þ

B. Scaling using the cluster radial proper distance

Here the scaling we assume uses the proper distance

k ¼ ξ

DpðzÞ
: ð3:10Þ

Using Eq. (3.9) we get

_a2

a2
þ k

1

a2
¼ χ þ ψ ; ð3:11Þ

where

χ ¼ 2

�
g�
ξ2

D2
p þ h1ξθ1−2D

2−θ1
p

�
M

1

r3Σa
3

ð3:12Þ

and

ψ ¼ 1

3
½λ�ξ2D−2

p þ h2ξθ2þ2D−2−θ2
p �: ð3:13Þ

One useful quantity for evaluating the dark energy is the
rate of change of the proper Schücking distance Dp. We

have dDp

dR ¼ dDp

dt
dt
dR ¼ 1ffiffiffiffiffiffiffiffiffi

FðRSÞ
p and thus

dDp

dz
¼ −rΣ

ð1þ zÞ2
1ffiffiffiffi
F

p ; ð3:14Þ

where z is the redshift z ¼ −1þ 1
a while the time deriva-

tive is

_Dp ¼ rΣaHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M

arΣ
ðg�
ξ2
D2

p þ h1ξθ1−2D
2−θ1
p Þ − 1

3
ðarΣÞ2ðλ�ξ2D−2

p þ h2ξ2þθ2D−2−θ2
p Þ

q : ð3:15Þ

The dark energy and dark matter part into the expansion
equations is

H2 þ k
a2

¼ 8πGNρDM
3

þ 8πGNρDE
3

; ð3:16Þ

where the dark energy and dark matter density are given by

ρDE ¼ 3

8πGN

�
−
2GNM
a3r3Σ

þ ψ þ χ

�
;

ρDM ¼ 3

8πGN

2GNM
a3r3Σ

: ð3:17Þ

The cosmological definition of the dust matter refers to a
quality that evolves as ∼a−3. In order to use the standard
cosmological parameter Ωm0 so to easily compare our
models with the concordance one, we extract from the
“dark bulk” a portion that evolves as matter. Thus, the
remaining one is correctly labeled as dark energy. Following
the common parametrization the expansion can be written as

E2 ¼ H2

H2
0

¼ ΩDM þΩDE þ Ωκ; ð3:18Þ

where

ΩDM ¼ ρDM
ρcr

and ΩDE ¼
ρDE
ρcr

and Ωk ¼
−κ
a2H2

0

ð3:19Þ

with ρcr ¼ 3H2
0

8πGN.
The cosmic acceleration, using Eq. (2.30), is then

expressed as follows

2
ä
a
þ _a2

a2
þ κ

a2
¼ −8πGNP; ð3:20Þ

where the total pressure is the sum of cosmic fluid pressure
plus dark energy pressure P ¼ pþ pDE. In the case of dust
Universe p ¼ 0, which is valid for small redshifts and since
H2 þ κ=a2 ¼ χ þ ψ we have

2
ä
a
þ χ þ ψ ¼ −8πGNpDE: ð3:21Þ

Finally, the dark energy coefficient of equation or state is
given by

wDE ¼ pDE

ρDE
: ð3:22Þ

In order to calculate the expansion of the Universe and
the time evolution of the ΩDM;ΩDE, the equation of state
parameter wDE and the deceleration parameter q ¼ − aä

_a2 we
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must solve numerically ordinary differential equation (ODEs) for the scale factor and the proper distance. The relevant
quantities as functions of the redshift are given below.
The derivative with respect to the redshift of the proper distance is

Dp

dz
¼ −

rΣ

ðzþ 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

2Mðzþ1Þðg�DpðzÞ2
ξ2

þh1ð ξ
DpðzÞÞ

θ1−2Þ
rΣ

−
r2Σðh2ð ξ

DpðzÞÞ
θ2þ2þ λ�ξ2

DpðzÞ2
Þ

3ðzþ1Þ2 þ 1

s : ð3:23Þ

This is one of the differential equations we have to solve together with the expansion rate ODE for the scale factor Eq. (3.18)

qðzÞ ¼ V−1
�
6JMDpðzÞ5

�
h1

�
ξ

DpðzÞ
�

θ1 þ g�

�
þ
6
ffiffiffi
3

p
MrΣDpðzÞ4ðh1ðθ1 − 2Þð ξ

DpðzÞÞ
θ1 − 2g�Þ

zþ 1

−
2Jξ4r3ΣDpðzÞðh2ð ξ

DpðzÞÞ
θ2 þ λ�Þ

ðzþ 1Þ3 þ
ffiffiffi
3

p
ξ4r4Σðh2ðθ2 þ 2Þð ξ

DpðzÞÞ
θ2 þ 2λ�Þ

ðzþ 1Þ4
�
;

where

V ¼ 2J

�
6MDpðzÞ5

�
h1

�
ξ

DpðzÞ
�

θ1 þ g�

�

þ
ξ4r3ΣDpðzÞðh2ð ξ

DpðzÞÞ
θ2 þ λ�Þ

ðzþ 1Þ3
�

ð3:24Þ

and

J ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
6Mðzþ 1ÞDpðzÞ2ðh1ð ξ

DpðzÞÞ
θ1 þ g�Þ

ξ2rΣ
−
ξ2r2Σðh2ð ξ

DpðzÞÞ
θ2 þ λ�Þ

ðzþ 1Þ2DpðzÞ2
þ 3

vuut ; ð3:25Þ

where the today Schücking radius for a cluster of galaxies with mass M is

rΣ ¼
ffiffiffi
3

p 2GNM
H2

0ΩDM0

ð3:26Þ

the dark energy and dark matter part evolution is

ΩDEðzÞ ¼
Ωm0ðzþ 1Þ3ðg�DpðzÞ2

ξ2
þ h1ð ξ

DpðzÞÞ
θ1−2Þ

GN

þ
h2ð ξ

DpðzÞÞθ2þ2 þ λ�ξ2
DpðzÞ2

3H2
0

−Ωm0ðzþ 1Þ3 ð3:27Þ

ΩDMðzÞ ¼ Ωm0ðzþ 1Þ3: ð3:28Þ

The evolution of the dark energy coefficient is

wDEðzÞ ¼ Ṽ−1rΣ

� ffiffiffi
3

p
r3Σξ

4

�
2λ� þ h2ð2þ θ2Þ

�
ξ

DpðzÞ
�

θ2
�
− 3J̃r2Σð1þ zÞξ4

�
λ� þ h2

�
ξ

DpðzÞ
�

θ2
�
DpðzÞ

− 6
ffiffiffi
3

p
Mð1þ zÞ3

�
2g� − h1ð−2þ θ1Þ

�
ξ

DpðzÞ
�

θ1
�
DpðzÞ4

�
;
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where

Ṽ ¼ 3J̃ð1þ zÞ4
�
r3Σξ

4

�
λ� þh2

�
ξ

DpðzÞ
�

θ2
�
DpðzÞ=ð1þ zÞ3

−6GNMξ2DpðzÞ3þ6M

�
g� þh1

�
ξ

DpðzÞ
�

θ1
�
DpðzÞ5

�

ð3:29Þ

and

J̃ ¼
�
3 −

r2Σξ
2½λ� þ h2ð ξ

DpðzÞÞθ2 �
ð1þ zÞ2DpðzÞ2

−
6Mð1þ zÞ½g� þ h1ð ξ

DpðzÞÞθ1 �DpðzÞ2
rΣξ2

	
1=2

: ð3:30Þ

C. Scaling using the cluster density profile

Here, in this subsection we use another scaling,

k ¼ ξ̃ρ1=4cl ; ð3:31Þ

where the density of the cluster ρcl is

ρcl ¼
ρc

ðR̃αÞβðR̃α þ 1Þ3−β ; ð3:32Þ

where β ¼ 1=2 and α ¼ 226kpc, and ρc ¼ 5.37;×
106 M⊙ kpc−3. The above density profile is of the type of
the standard Navarro-Frenk-White profile. The parameter α,
is the radius of the central cusp. This profile was used as a
typical example of cluster profile [53].
To proceed further we set R̃ ¼ Dp and using the

matching equations we find that the derivative of the
proper distance is given now by

DpðzÞ=dz ¼ −
rΣ

ðzþ 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 2Mðzþ1ÞA

rΣ
− r2ΣB

3ðzþ1Þ2 þ 1

q : ð3:33Þ

The ΩDM remains the same but the ΩDE is given by

ΩDE ¼ 2AMðzþ 1Þ3
H2

0r
3
Σ

þ B
3H2

0

− Ωm0ðzþ 1Þ3; ð3:34Þ

where

A ¼

0
B@ g�
ξ̃2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρcffiffiffiffiffiffiffi

DpðzÞ
α

p
ðDpðzÞ

α þ1Þ5=2
r

þ h1

0
B@ξ̃

ffiffiffi
4

p ρcffiffiffiffiffiffiffiffiffi
DpðzÞ
α

q 

DpðzÞ
α þ 1

�
5=2

1
CA

θ1−2
1
CA ð3:35Þ

and

B ¼ h2

 
ξ̃
ffiffiffi
4

p ρcffiffiffiffiffiffiffiffiffi
DpðzÞ
α

q 

DpðzÞ
α þ 1

�
5=2

!
θ2þ2

þ λ�ξ̃2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρcffiffiffiffiffiffiffiffiffi
DpðzÞ
α

q 

DpðzÞ
α þ 1

�
5=2

vuut : ð3:36Þ

Unfortunately, expressions for qðzÞ and a wDEðzÞ are
quite long and thus are not presented here for economy
of space.

IV. NUMERICAL RESULTS

In the following, we discuss the ability of our models
to reproduce known observable quantities. Specifically, we
check if there exist sets of free parameters that are able to
reproduce the observed Hubble evolution within the accept-
able range variation of the gravitational constant over time
and the recent passage to cosmic acceleration. The existence
of allowed range of parameters at the parameter space does
not guarantees the fitting quality of our models, however the
nonexistence implies the nonviability of our models. The full
assessment of viability for our models ought to be performed
using likelihood analysis and model selection methods on
cosmological datasets, such as Supernovae Ia [54–57],
baryonic accoustic oscillations [58] and direct measurements
of the Hubble rate, in the same fashion with [33], will be
presented in a forthcoming paper. This analysis is beyond the
scope of the current work.
In what follows, we explicitly assume κ ¼ 0, based upon

observational results, i.e., cosmic microwave background
(CMB) analysis [43]. In any case, even if the Universe is
not exactly flat, the contribution of Ωk to the expansion is
negligible for recent redshifts like the ones that are relevant
in our context.
We have decided to explore the free parameters space

working with some simplified but reasonable assumptions.
One should take into account that the evolution of Gk, must
be smooth enough to comply with observational tests, i.e.,
solar system constraints [59,60] and astroseismology, [61].
A particular way to achieve this is to consider the first term in
Eq. (3.4) to be subdominant to the second, thus allowing
GðkÞ to remain almost constant and have little dependence
of k. In the same lines of reasoning, h1 must be very close to
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GN . Therefore in our numerical assessments we set h1 ¼ GN
and assume that θ1 must be close to 2. On the other hand, as
it has already been proven that a term proportional to k2,
generates successful phenomenology [31–33] we also
assume that θ2 must be close to 0, and since both terms
are practically proportional to k2, we can choose λ� ≪ 1. We
further simplify our search for a viable cosmological model
assuming

g� ≪ h1k
θ1
IR; λ� ≪ h2k

θ2
IR; ð4:1Þ

where kIR is the astrophysical scale. There are still many
combinations of the remaining free parameters that can
provide the correct phenomenology. A particularly simple
way to find a subset of the parameter space that gives
reasonable behavior from the phenomenological viewpoint
is to ensure that

χðz ≃ 0Þ ∼ ψðz ≃ 0Þ; ð4:2Þ

which happens if we use as initial condition for the differ-
ential equation that provides the evolution of the proper
distance DPðzÞ, the value from the requirement to have as
Hðz ¼ 0Þ the current measured value of the Hubble rate. In
general, the initial value that one gets for the proper distance
in order to achieve the current value for Hð0Þ or ΩDE to be
the same as in the concordance model, could possibly give
an unnatural value for the proper distance. In contrast, we
obtain reasonable values that are of the same order and little
bit larger than the Schücking radius of real astrophysical
objects (clusters of galaxies) which is the correct thing.
Furthermore, in order not to have new scales or fine-tuning
we always give values close to order of one O(1) for ξ and
the dimensionless γ̃ which is related to h2 from the

definition γ̃ ¼ h2G
1−ðθ2þ2ÞÞ=2
N .

Note, that in general the values of ξ an ξ̃ are different as
Eq. (3.31) entails a very different scaling length. In the case
of the first scaling that is associated with the proper
distance and not the density, the natural length that appears
in the differential equations, is the length scale at the
matching surface. It is worth emphasizing at this point, that
using this proper distance matching length scale [with ξ of
O(1)], we get the correct amount of dark energy today after
a recent passage from deceleration to acceleration while at
the same time remarkably, this length scale is close to the
natural astrophysical cluster length a fact that makes the

swiss-cheese model an acceptable approximation. The
Schücking matching radius is close to the astrophysical
cluster length. The fine-tuning problem is solved naturally
in the first scaling but remains for the second scaling. It is of
course not possible both scaling laws to solve the fine-
tuning since the length scale that is derived from the proper
distance at the matching, is very different from the length
scale derived from the density at the matching surface.
Note, that the values of the k and equivalently of the proper
distance or of the density are evaluated in the matching
surface and only these values enter the modified equations
of motion. The study of the second scaling although does
not solve the fine-tuning is useful since it provides both
correct passage from deceleration to acceleration and
correct dark energy equation of state coefficient behavior.
These properties are not easily achievable or guaranteed
that will occur. The very different length scale that is
derived from the density at the matching surface, compared
to the cluster length scale, is related with the large scale
structure details. Another important thing to clarify is that
the parameterization of the two scalings in AS context
follows the same phenomenological reasoning. The quan-
tity k should be increased as you go to a more energetic
configuration of fields which means as you go closer to the
center of the AS corrected de Sitter–Schwarzschild BH that
models the cluster of galaxies.
In order to compare the Hubble rate in the context of AS

models with the observations, we have to normalize accord-
ingly the Hubble rate, i.e., to demandHð0Þ ¼ 100h, where
h is a dimensionless parameter and h ∈ ð0; 1Þ. From this
requirement, we can eliminate γ̃ from the Hubble rate
demanding the matching to happen in 2rΣ, or we can have
an initial condition for the Dpð0Þ equal to a value close to
rΣ and fix γ̃. Thus, we can further manage to lower the
number of free parameters for our models, which is
beneficial from both conceptual and numerical view-
points. In fact, we can also check if a particular instance
of the model could describe the accelerated expansion of
the Universe, while also satisfying the available observa-
tional constraints on _G=G. In Fig. 3 we illustrate three
cosmological parameters for both scaling relations, with
the total of 3 parameters, that are (ξ; θ1; θ2) for the first
scaling relation and (ξ̃; θ1; θ2) for the second scaling
relation. An indicative set of parameters that can give
the desired phenomenology are listed in Table I.

TABLE I. Indicative points on the parameter space for each of the two scaling relations [Eqs. (3.10), (3.31)] that
correspond to efficient phenomenology.

Scaling model ξ or ξ̃ γ̃ θ1 θ2

Cluster radial proper distance (ξ; θ1; θ2) 3.0 3.0 2.001 0.06
≫ 1.0 0.1 2.005 0.05
Cluster density profile (ξ̃; θ1; θ2) 1 × 10−28 10 2.001 0.06
≫ 1 × 10−28 15 2.005 0.05
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We also plot the most recent data compilation, that have
obtained via the cosmic chronometers method, thus being
approximately model independent, compiled at [62]. In
addition we depict the Hubble rate of the concordance
model (dashed black line) corresponding to the parameters
set fΩm0; hg ¼ f0.3; 0.68g, to allow for qualitative com-
parison between the two models. The Hubble rate for each
scaling relation is depicted with the solid line. Examination
of Fig. 2 shows that both scenarios can give Hubble rate in
close agreement with the observations.
Regarding the value of the normalized derivative of

the coupling constant, _G=G today, we calculate _G=G ¼
−0.001 × 10−13 yrs−1 and _G=G ¼ 0.0083 × 10−13 yrs−1

for the first and the second scaling relations, respectively.

From Fig. 1, it is easy to observe that both models are within
1σ, that is in full agreement with the observational values
from [59,60]. The same with the result from [61] which is
one order of magnitude larger from the other two and is not
depicted at Fig. 1. Figure 1 shows the comparison of these
results with corresponding observations. As it is apparent
from the latter figure, the evolution of G is within 1σ of the
observed values, for both scaling relations.
As another viability test for our models, we use the

transition redshift, defined via the requirement qðztrÞ≡ 0.
The latter corresponds to the moment of the transition
between matter era and dark energy era in the cosmic
history. In particular, using the plot of the deceleration
parameter, q (second column of Fig. 3) for these particular
instances of the two different scaling expressions, we find
the transition redshift. For the case of scaling with proper
distance, we have zItr ≃ 0.8 which lies within ∼3σ of both
[63] results, obtained via a model independent method.
For the case of scaling using density, we obtain zIItr ≃ 1
which again is statistically compatible with [63] results.
From the latter fact we deduce that both models seem to be
viable.

V. CONCLUSIONS

In this work we have extended the swiss-cheese models
presented in [30,33] to include an explicit running of G
according to the IR fixed point hypothesis. The presented
analysis generalizes the original Einstein-Strauss model
by considering an interior vacuole spacetime described by
a RG-improved Schwarzschild spacetime in the presence
of a cosmological constant and Newton’s constant that
depend either on the proper distance Ds, or on the matter
density according to a RG trajectory for which both the
dimensionless Newton constant and cosmological con-
stant approach a fixed point at large distances.
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0.5 1.0 1.5 2.0 2.5

50

100

150

200

250

FIG. 2. Plot of the Hubble rate along with a subset of the observational dataset, containing only data points obtained via the cosmic
chronometers method, compiled at [62]. To allow direct comparison, we depict the Hubble rate of the concordance model (dashed black
line) corresponding to the parameters set fΩm0; hg ¼ f0.3; 0.68g. The Hubble rate for each scaling relation is depicted with the solid
line. In all cases the initial condition for the solution of proper distance was set to be 2rs, for reasons explained in the text. Left: scaling
using proper distance, for the parameter set fΩm0; ξ; h; θ1; θ2g ¼ f0.3; 0.68; 1; 2.001; 0.06g Right: scaling using density, for the
parameter set fΩm0; h; ξ̃; θ1; θ2g ¼ f0.3; 0.68; 10−28; 2.005; 0.05g.
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FIG. 1. Values of the normalized derivative of the Newton
constant G around z ¼ 0, for both scaling relations labeled
“scaling-I” which is the proper distance scaling and “scaling-
II” the scaling using density. We include also the most recent
observational values along with their error bars (1σ). These are
(a) from [59] via calculating possible impact of varying G on
planetary orbits (labeled “solar system orbits”) (b) from [60]
using lunar laser ranging data (labeled “lunar laser”).
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The Darmois matching conditions determine the evolu-
tion of the FLRW spacetime outside the Schücking Radius.
The RG trajectories emanating from the IR fixed point have
been parametrized by two critical exponents θ1 and θ2 and
by the scaling parameter ξ which relates the RG cutoff k
with a characteristic distance scale. It turns out that the
present phase of accelerated expansion is the result of the
cumulative antigravity sources contribution within the
Schücking radius. In particular no fine-tuning emerges at
late times. Our formalism allows us also to take into
account of the constraints on _G=G. Albeit the parameter
space is large and a full numerical analysis is beyond the
scope of the present work, it was possible to find many set
parameters which reproduce the current ΛCDM standard
model. The results are very encouraging, as for both scaling

expressions we do obtain reasonable behavior for the
cosmological quantities HðzÞ; q; wDE, and ΩDE.
Interesting enough for the interesting cases both θ1 and

θ2 can be taken as positive and this is consistent with the
idea that the IR fixed point must be attractive in the k → 0
limit. It would therefore be interesting to further test this
cosmological model against the current observational data
in the spirit of [64,65].
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