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Null cosmic strings: Scattering by black holes, optics, and spacetime content
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Equations of motion of null cosmic strings near black holes, or other massive sources, are solved exactly
in the weak-field approximation. The stress-energy tensor of a null string in a curved spacetime is
introduced and used to show how scattering by black holes transforms linear and angular momenta of the
string. The corresponding recoil effect of a black hole and change of its angular momentum caused by a null
cosmic string are calculated. For a null string, its energy u per unit length evolves along the null direction of
the string trajectory. The evolution of u is connected with a string optical scalar Z. Optical properties of null
strings are that their energy is concentrated on caustics, where Z has poles. String parameters y and Z
capture important features of the spacetime where strings move. Explicit dependence of u and Z on the
strain and Bondi news tensors of gravitational wave background, mass and angular momentum aspects are
established, near the future-null infinity, up to the fourth order in expansion in an inverse null parameter in

asymptotically flat spacetimes.
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I. INTRODUCTION

Null strings are one-dimensional objects whose points
move along trajectories of light rays, orthogonally to
strings [1]. Null cosmic strings, if exist, generate a number
of physical effects in the surrounding matter [2,3], such as
mutual transformations of trajectories of massive bodies or
lightrays, when the string moves in between two trajectories,
perturbations of the velocities of bodies resulting in over-
densities of matter, as well as shifts of energies of photons
and additional anisotropy of cosmic microwave background.

We mention equivalent names of null cosmic strings
which reflect their various properties: tensionless strings
(since they can be viewed as tensionless limit of tensile
cosmic strings [4,5]) or massless strings (since they have
zero rest mass per unit length). Note that physical effects of
null strings are determined by a backreaction of spacetime
geometry caused by nonzero energy of strings. Like tensile
strings null cosmic strings create holonomies of spacetime.
The holonomies are null rotations which belong to a
parabolic subgroup of the Lorentz group [2]. The group
parameter of the holonomies is determined by the energy of
the strings per unit length. We denote this energy by .

From the point of view of observable effects, a distinc-
tive feature of null cosmic strings is in their optical
properties. Indeed, the null strings are analogous to null
geodesic congruences which play an important role in
general relativity, see, e.g., [6]. This analogy has been
explored recently in [7]. The trajectories (world sheets) of
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null strings possess two unique physical parameters:
6, which measures the rate of expansion (contraction) of
a small segment of the string along the null direction of the
trajectory, and k, which yields the rate of rotation of this
segment in an orthogonal 2-plane. The complex spin
coefficient Z = 0 + ik, called the string scalar, satisfies
[7] the following analog of Sachs’ optical equations:

(9,12—1—22 :—LPO—®00, (11)

where A is an affine null parameter on the string trajectory,
Yy, @, are invariants constructed from components of
the Weyl and Ricci tensors, respectively. As is shown in
Sec. II B, evolution of u is connected with (1.1):

O+ 6u =0, (1.2)

Equation (1.2) is another key feature of null cosmic strings.
It indicates, in particular, that energy of a null string can be
concentrated on certain domains of its world sheet, in
particular, on caustics, lightlike curves which trajectories of
string segments are tangent to.

The aim of the present paper is to further study “optical”
properties of null strings which may be important for their
experimental search. The first part of the paper is devoted
to the energy of strings and their interaction with black
holes, or other massive rotating sources, in the weak-field
approximation. A similar analysis for tensile cosmic strings
has been done in a number of publications, see, e.g., [8—
10]. In the second part we consider the evolution of string
parameters Z, u in asymptotically flat spacetimes, along the
lines of [7], to understand better effects caused on strings by

© 2022 American Physical Society


https://orcid.org/0000-0001-8938-0094
https://orcid.org/0000-0002-5693-3112
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.083510&domain=pdf&date_stamp=2022-04-12
https://doi.org/10.1103/PhysRevD.105.083510
https://doi.org/10.1103/PhysRevD.105.083510
https://doi.org/10.1103/PhysRevD.105.083510
https://doi.org/10.1103/PhysRevD.105.083510

DAVYDOV, FURSAEV, and TAINOV

PHYS. REV. D 105, 083510 (2022)

the spacetime content (matter distribution and gravitational
wave background).

The paper is organized as follows. We start in Sec. 1I
with a brief introduction to dynamics of null strings, then
suggest a definition of the stress-energy tensor (SET) of a
null string in an arbitrary gravitational background. SET is
a distribution with a support on the string world sheet.
Since the world sheet of a null string is degenerate, the
action of the string cannot be defined, say, in the Nambu-
Goto form which is used for tensile strings. Therefore, SET
cannot be derived from the action. Our definition of SET in
Sec. II B satisfies the covariant conservation law, which
implies important relation (1.2), and reduces to known SET
for a straight null string in Minkowsky spacetime [2]. Like
light rays in optics, string trajectories may have caustics,
where energy is concentrated. The behavior of Z and y near
a caustic is discussed in Sec. II C. Based on SET, Sec. IID
introduces asymptotic Noether charges of a null string at
past, Z~, and future, Z", null infinities.

Scattering of null strings on black holes is considered
in Sec. III. Explicit equations of string trajectories are
obtained in the weak-field approximation in Sec. III B, and
for rotating sources in Sec. III C. The scattering changes
linear momenta of string segments at Z* with respectto Z~.
Rotation of the source also generates variation of the
angular momentum of the string. By conservation laws,
these results imply that the black hole itself changes its
velocity and direction of the spin in the gravitational field of
the string. For a straight null string these effects are fairly
universal: they depend only on the parameter 4G (where G
is the Newton coupling). As is shown in Sec. III D the
effects are due to the spacetime holonomy and are in
precise agreement with results of [2]. Section III E provides
the relation between optical parameters 6;,, k;, at Z~ and
Oout> Kout at ZT. The string evolution in the complex Z plane
is predictable during the scattering.

Our results show that Z and u are sensitive to spacetime
content. In Sec. IV we derive asymptotic form of Z(4, 7) for
null strings in asymptotically flat spacetimes at large A
(when Z7 is approached). We use the Bondi-Sachs for-
malism and optical equation (1.1) to find coefficients
in expansion of Z(4,7) and string energy u(4,7) up to
terms A~*. The mass aspect, the angular momentum aspects
of the spacetime, as well as features of background
gravitational radiation are encoded in Z, y and can be
recovered from physical effects produced by null strings.
These results extend the analysis of [7]. Short discussion of
our results can be found in Sec. V.

I1. STESS-ENERGY TENSOR OF NULL STRINGS

A. Key elements of null string dynamics

A trajectory of a null string in a spacetime M with
coordinates x* is defined as x* = x*(4, ), where A and 7 are
real parameters. The trajectory is fixed by equations [1]:

(I-1)=0, (q3-5)>0. (2.1)
(I-n) =0, (2.2)
Vi = pl, (2.3)

where ¥ =x*, and y* =x", are the tangent vectors,
notation (u - v) stands for the scalar product of vectors
u, v in the tangent space of M. 1 is an affine parameter if
p = 0. We assume that velocity of the string [/ is future
directed. 7 is called the connecting vector.

Since any point of the string moves as a light ray,
trajectories of null strings can be considered as a one-
dimensional analog of null geodesic congruences (NGC).
Although one cannot create a one-dimensional stringlike
congruence of light rays, the cross section of such NGC
cannot be constant as a result of expansion or contraction in
the gravitational field.

To define the string scalars 6, k one sets at each point of
the string trajectory a tetrade /, n, p, q. Here p = n/|n|,
In|> = (n-n), n is null, orthogonal to p and normalized as
(n-1) = =2, vector q is spacelike, unit, and orthogonal to
I, n, p. Condition |n| # 0 is assumed.

The parameters 0 and « are introduced as the following
spin coefficients [7]:

0=(p-V). xk=(q-V,0).  (24)
(Relation to notations of [7] is € = 6,, k = k). Spin
coefficients (2.4) are invariant with respect to null rotations
of the tetrade:

I'=1, p'=p, n=n"+2wq +?l', g=q¢ +ol'. (2.5)
Rotations (2.5) and reparametrizations of A, z,
V=g, 7=¢(), (2.6)

make a 2-parameter group of /-preserving null rotations of
n, p, ¢, accompanied with rescalings of / and n; see [7].
Parameters 6 and « transform as boost-weighted scalars,
0 = (g9,)"Q’, with boost weight b = 1.

We also use a pair of null complex vectors:

m —%(H iq),  m —\%(p —iq). (2.7)

Invariants in optical equation (1.1) are

1

lIIO = _lemlv q)OO = _ERllv (28)

where C,;,., and R, are components, respectively, of the
Weyl tensor Ricci tensor in the given basis; see [11,12].
Definitions (2.8) are introduced on the string trajectory.

083510-2



NULL COSMIC STRINGS: SCATTERING BY BLACK HOLES, ...

PHYS. REV. D 105, 083510 (2022)

B. Stress-energy tensor and energy conservation

We start with the case of a straight string in Minkowsky
spacetime. If the string is parallel to the z axis and moves
along the x axis its stress-energy tensor is

T4 (x) = u6(y)s(u) 1, (2.9)
where u =t —x, I'0, = 0, + 0,. The parameter y is the
energy of the string per unit length. Stress-tensor (2.9)
was found in [2] by applying the Aichelburg-Sexl boost
[13] to the stress-energy tensor of a straight massive
(tensile) cosmic string. The same boost applied to the
Riemann tensor results in a nontrivial component R,,,, =
w8(y)6(u), where w = 8xGu. The null string leaves the
spacetime locally flat but creates a nontrivial holonomy at
the string world sheet: A parallel transport of a vector
around a point of the string trajectory results in a null
rotation defined by (2.5) with @ = 8z2Gu.

As it is easy to see, definition (2.9) implies a standard
covariant conservation law:

VMT””(x) =0, (2.10)
for a constant parameter y, or, in general, if
alﬂ'uzyzO =0. (211)

The last condition allows p to vary along the string,
u = u(z). Such a string creates a locally flat spacetime with
a nonconstant holonomy, where w = w(z) = 8z2Gu(z).
Consider now a null string in an arbitrary spacetime M
with the trajectory x* = ¥#(, 7). A natural generalization
of (2.9) is the following stress-energy tensor of the string:

T (x) = / Az (D)8 (e P EP (),  (2.12)

where fi(4, 7) is some density, 5*(x, X) = §*(x — X)//=g s
an invariant delta function with the support on the string
trajectory, I#(X) = dx*/dA. Note that ji(1, 7) transforms as
A(LT) = g5 7 (1. 7) (2.13)
under reparametrizations (2.6). After some algebra one
can check that covariant conservation law (2.10) holds for
SET (2.12) under the condition
O+ B = O, (2.14)
where £ is defined in (2.3). In what follows we assume that
A is affine parameter. In this case ji does not depend on A.
It is instructive to see how definition (2.12) reduces to

(2.9) in case of straight string in Minkowsky spacetime.
String trajectory is given by equations: t = 4, x = 4,7 =1,

y = 0. Integration over A in (2.12) yields &(u); integration
over 7 results in (2.9) with u = j(z).

One expects a null string creates a local holonomy around
each point x* =Xx*(1,7) with a parameter v = w(,7). By
using example of a straight string in Minkowsky spacetime,
the physical energy of the string y = u(4,7) can be
introduced as a parameter which determines the local
holonomy by relation w (4, 7) = 82Gu(4, 7). To understand
connection between ji and u we need to bring SET (2.12),
at a chosen point xi = ¥(1,, 7,), to “flat form” (2.9). This
can be done in local coordinates, where g,,(x.) = 1,
I (x,) =0, x, = 0, and string equations (2.1)~(2.3) have
a simple solution near x,,

t~A—A,, x~A—4,, y=0, z~z (7,)(r—7,). (2.15)
Then T#¥(x) near x, takes form (2.9) with the physical
energy

u(d.7) = Bl 7). (2.16)
where factor |17(4,7)| = |z.(z.)| appears when integrating
over 7. The key difference between u and j is that u does not
depend on reparametrizations of 7; see (2.6). Stress-energy
tensor (2.12) in terms of the physical energy appears as

T (x) = / A nldeus (x, D FEREE). (2.17)

Element |5|dr is the physical length of a segment of the
string between ¥*(4,7) and ¥ (1,7 + dr).

Energy conservation law (1.2) follows from (2.16) and
definition (2.4) of 0.

C. Caustics of null strings

Since the string energy u(4, 7) is determined with respect
to the physical length of a string segment, it develops
singularities at points where connecting vector n has
vanishing norm, > = 0. These may be isolated points or
a one-parameter family 4 = 1.(z) on the string trajectory
which makes a curve,

X (1) = (A (1), 7). (2.18)
Condition #?> = 0 implies that either 7 = 0 or 5 is a null
vector at A = A.(z). If = 0, the tangent vector { to curve
2.18)is{ =x, = /'101. That is, ¢ is null and directed along
1. Tf n becomes null at 1 = A.(7), it follows from (2.2) that 5
should be directed along /. Then { = /'16[ + nis null and it is
again directed along /. Therefore, curve (2.18) is a lightlike
caustic where trajectories of different points of the string
are tangent to.

Optical equation (1.1) implies the following behavior of
the string scalar and string energy near a caustic:
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Z(07) ~ ﬁl(r) (2.19)
Hlh )~ TZET” , (2.20)

where . (7) is some function.

Caustics of null strings, like caustics in optics, are the
regions where energy is concentrated. For this reason
caustics are distinctive properties of null strings which
may result in important physical effects.

D. Noether charges of null strings

By using SET (2.12) one can define conserved charges O
of the null string. If a spacetime admits a Killing vector
field £,

T =T, (2.21)

() = / 4z, 7(0).

Integration in (2.21) goes over a Cauchy hypersurface X.

We consider null strings in asymptotically flat space-
times and use (2.21) to define “in” and “out” linear and
angular momenta of the string at past-null infinity 7~ and
future-null infinity Z*. Points of null strings near Z* move
as almost radial light rays. The metric near 7=, 1 — —o0,
can be written as

ds? ~ —dv? + 2dvdr + r*dQ>. (2.22)
The string trajectory is ri, =~ |[4], vy, =0, 0, = 0;,(7),
Oin = @in(7). Near ZT, 1 - o,

ds* ~ —du® — 2dudr + r*dQ?, (2.23)

Tout 24, Ugye = 0, Ogue = gout(7>’ Pout = §00ut(1)' The cor-
responding conserved charges near Z- and Z*, respec-
tively, are

0n0) = [ v=ari(@)dv dody.
OuslO) = [ VFisu(O)dudody. (224

Surfaces Z;, and X in (2.24) are taken at r = R. One finds
with the help of (2.12) and (2.21)

0u(0) = / dz ()l - 0).
Ooul0) = / d2i()(low - ©). (2.25)

The integration in (2.24) over u, v, 6, ¢ is performed by
using equations of radial trajectories.

III. SCATTERING OF NULL STRINGS
BY BLACK HOLES

A. Strings in Minkowsky spacetime

To give preliminary definitions we begin with null
strings in Minkowsky spacetime. If 1 is an affine parameter,
general solution to (2.1)—(2.3) is

X (A, 1) = AbH (1) + a*(7), (3.1)
where b* is an arbitrary null vector, b? = 0. Restrictions on
a* are (b - a) = 0;see (2.2),and &> > 0, @ = a ;. One finds

n? = 2b* +24(b - &) + &> (3.2)

A residual freedom, 4 — A+ g(7), can be fixed by
additional physical conditions, for example, (/-u,)=-1,
(n-u,) =0, where u, is the 4-velocity of observers; see
[7]. In Minkowsky coordinates, where velocity of observers
is uh = &, these conditions are ensured if 7(4,7) = 4,

that is & and b have only spatial components. Let |b| # 0,
then [7]

1

Z(A, 1) = Tt 20(7) = r(7)e’), (3.3)
_(b-a) _lal
SO T 3

Z(A,7) is a solution to (1.1) with ¥y = @y, = 0.
It is easy to see from (3.2) that caustics of null strings

discussed in Sec. IIC appear when a(z) = —A.(2)b(z),
n = 0. In this case Z(1,7) = 1/(4 — 4.(z)), in agreement
with (2.19).

One can represent Z(A, 7) in another form. For example,
if () and (7) are expansion and rotation of the string, say,
at A =0, then

_ 0(7) + ik(z)
(0(z) + ik(z))

Z(h7) = (3.5)

1

_|_

Caustics in (3.5) appear when k(7) =0, A= 24.(7) =
—1/6(z).

As for O(7) and &(7), these parameters can be expressed
in terms of more convenient characteristics of a “snapshot”
of the string at A = 0. One can use the Frenet frame,

51:-’ E1:k152, Ezz—k1§1+kzﬁ37 E3Z—kzﬁz,
(3.6)

to define curvature k((z) and torsion k,(z) of curve
X(0,7) = d(r). Vector b can be chosen as
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b(z) = cosa(z)E, + sina(z)E;. (3.7)
It can be shown that
e g _ath (3.8)
|d| ld|

Thus, the curvature of X(0, 7) determines expansion of the
string, while its rotation depends on the torsion of X(0, 7).

There is a particular class of strings with b = 0. For such
a class Z = 0. From (3.5) one concludes that in this case
6(7) =k(z) =0, and & = 0; see (3.7). Equation (3.8)
imply that k, =0, and k; =0 or cosa = 0. This means
that the string is a straight line, or the curve X(0, 7) = d(z)

lies in a plane, and b is orthogonal to the plane,
(b-a)=(b-a)=0.

We call strings with Z =0 frozen strings, since they
preserve their form during the evolution. A simple example
of the frozen string is a straight string.

B. Scattering by nonrotating black holes

The aim of this section is to study scattering of a null
string by a black hole, or a gravitating source, in general.
Analysis of string equations (2.1)—(2.3) for null strings near
massive sources can be quite complicated [14—19]. We do
calculations in the weak-field approximation for strings
which move far from the sources, that is, with large impact
parameters. Our aim is to understand some universal
features of the string dynamics. Analogous scattering
problems for tensile strings have been studied in [8—10].
Scattering on nonrotating black holes can be found in [20].

Suppose a black hole is located at the center of
coordinates x =y = z = 0. The mass of the black hole
and its angular momentum are, respectively, M, J'. In the
weak-field approximation the flat metric

ds* = —dt* + dx* + dy* + d7? (3.9)
acquires corrections

8, = hi% + hy, (3.10)

with the following nonzero components:

m_ "y m _ Tk
h00—7, hi; == (3.11)
JJk

héi = ZGgijk%v (312)

where r, = 2MG, r = \/x* +y* + z*. We denote coor-
dinates of the string trajectory at Z~ by x;,,

X(4, 7)o = Xin(4, T) = Abin(7) + ain(7), (3.13)

and by x,, at Z", after the scattering on the source,

x(’l’ T)ﬂ—mo - xout(}“? T) = ﬂbout(f) + aout(T)' (314)
Velocities of the string are [;, = b;,, at Z~, and [, = byys
at Z+.

For further use it is convenient to introduce a minimal
distance ry(z) between the center of coordinates and a
segment of the string with parameter 7. In the absence of the
source, r* = A> + 2A(by, - a;,) + a2, has a minimum at
A=Ay = —(bi, - aj,). One can define

%o(7) = Fin(Ao, 1) = din — bin(biy - @),

ro(7) = [¥o(7)| = \/ag, = (bin - @in)*.

We are looking for effects of metric perturbations (3.11)
and (3.12) in the linear approximation in M and J,
X = X;, + Opx + 0,x, when change of the string trajectory
is determined by linearized version of (2.3) (with f = 0)

(3.15)

D36 + STy (xin ) 1216 = 0.

in”in

(3.16)

Here oI’ fiﬁ (x;,) are calculated on x;, with the help of (3.11)
and (3.12). This is the scattering with large impact
parameter, r((z) > r,.

In this section we assume that the black hole is non-
rotating, J' = 0. At large r the effects of the nonzero
angular momentum are weaker than effects caused by the
mass. They are considered in Sec. III C.

It is clear that solutions to (3.16) differ by additions
of the form Ac*(z) + d*(z), where ¢#(z) and d*(z) are
arbitrary 4-vectors. The solution is uniquely fixed by
requiring conditions (2.1), (2.2), and /> =0. We also
require that (/-u,) —» —1, (n-u,) >0 at T, where
uly = & is 4-velocity of the chosen set of observers.

The solution to (3.15) which satisfies these conditions in
the linear approximation in r, is

-~ )= (a. - b
t(4.7) = A—r,In| D (i) | (549
Q
(1) = X (h7) — 1 *o(7) (3.18)

g’”in—ﬂ—(ain'bin)’

where ¢ is some dimensional parameter.
We need scattering data at Z*, where (3.17) and (3.18)
become

2
t(/l,r)zi—rgln/%, (3.19)

F(A,7) & Aboy + oy = Xou(A7),  (3.20)
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N - 2
bow = bn — @, B =2, (3.21)
ro
- - - . X
Aoyt = Aip — (I)(ain : bin)nv n=—. (322)

One can check that |l;0ut| =1 up to terms O(®?). Thus,
scattering results in rotation of the string velocity [, = b;,
in the plane b;,, a;, by angle ®,

Io=M;l (3.23)

J"m>

M;; =6 + Qw;;. w;; = ry' (bai, — baj,).  (3.24)
This effect is similar to deflection of light rays by massive
bodies in general relativity.

It should be pointed out that even in the weak-field
approximation evolution of a null string described by
(3.17) and (3.18) may be nontrivial due to creation of
loops and caustics. The simplest illustration how null
strings form loops is the scattering of a straight string.
The world sheet of the string is shown in Fig. 1. The
string equation at 7~ istakenas t=x=1,z=1,y =p,
where p is an impact parameter. The black hole is
located at the center of coordinates. The results are
obtained for the ratio 2MG/p = 0.1. Figure 2 demon-
strates scattering of a finite segment of the same string
and creation of a caustic at an isolated point. Figure 3
depicts the norm || of the connecting vector. The caustic
appears when |n| = 0.

It is instructive to compare these results with scattering
of tensile cosmic strings [8—10,20]. Astrophysical tensile
cosmic strings are expected to move with the velocity
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FIG. 1. World sheet of a straight cosmic string moving near a
nonrotating black hole located at the center of coordinates. The
ratio of the gravitational radius to the impact parameter is 0.1. The
grid is made of lines A = const, 7 = const.

0 100 80 60 40
y X

FIG. 2. Scattering of a finite segment of a straight cosmic string
by a nonrotating black hole. The parameters are the same as for
Fig. 1. Before the string forms a loop a pointlike caustic appears
at the distance of 5 impact parameters behind the black hole.

v=~0,7c. At such velocities straight tensile strings, as a
result of scattering by a black hole, are displaced in the
direction perpendicular to their motion [20]. At velocities
0,9¢ < v < 1c scattering of ultrarelativistic tensile cosmic
strings reveals formation of loops which is similar to the
case of null strings [20]. As has been pointed out in [10], in
the ultrarelativistic limit of a string moving very near the
speed of light in a direction perpendicular to the string, the
propagation of disturbances along the string suffers a large
time dilation, so that each piece of the string is effectively
decoupled and moves very nearly along a null geodesic.

As a next step, we use Sec. II D to analyze how energy,
linear momentum and angular momentum of the string are
changed during the scattering. The energy corresponds to
the Killing vector { = 0, and it conserves,

R
IRy

NN SR
\\\\§§\\\\\\\\\\\\\\
\\N WA
Nkt
N

S
""ll;";’l;l';;l

FIG. 3. Norm |y| of the connecting vector of the straight
string during the scattering on the black hole. The parameters
are the same as for Figs. 1 and 2. The caustic forms at a point
where |57| = 0.
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Ein = /dTﬁ(T) = Eout' (325)

For linear momenta ({ = ;) one has
I_sin = /dTﬁ(T)Zn’ I_sout = /dfﬁ(’[)i)out? (326)
P =Pu= [dmoic. (327

Consider an axis which goes through the center of

coordinates and is directed along a unit vector Z. The
angular momentum j(Z) of the string related to rotations
around the given axis is a charge for the Killing field
{' = —¢;3x/ZF. The angular momentum at Z~ is

mmz—/mwmf%xm

—— [dae) @ 2). (28)
Change of the angular momentum at Z* depends on
variations of [;, and gy,

war——/dmwxwfwmxaw+@mwax2»
(3.29)

However, if (3.21) and (3.22) are used in (3.29), the
variation vanishes,

§j(Z) = — / dei(t)®(Xy - [ix Z]) =0.  (3.30)

The string does not change its angular momentum.
By the conservation laws the black hole after interaction
with the string receives a nonzero linear momentum:

ﬁbody = ﬁin - f)out = /d‘[ﬁ(‘[)(l)(f)ﬁ(f), (331)

see (3.27).This is the gravitational recoil effect.

To give an example of the recoil effect consider again the
scattering of the straight string. Suppose that string energy
u is constant. Calculation of the recoil momentum yields
the only nonzero component, along the y axis,

Pﬁody = 27rgp. (3.32)
The corresponding change of the energy of the body,
SE ~ MG?u?, can be neglected in the linear approximation.
The momentum may be different if string energy depends
on z. For example, another component of the momentum,
Pyoqy» may be nontrivial.

C. Scattering by rotating black holes

We focus now on physical effects related to angular
momenta of black holes. Scattering of tensile cosmic strings
on rotating black holes can be found in [21-23]. Angular
momentum transfer from rotating black holes to tensile
strings may result in interesting effects. For example, a
tensile cosmic string piercing a rotating black hole may spin
down the black hole [24] such that the angular momentum
vector of the black hole aligns with the string [25].

To proceed we put h% =0 in (3.10). The solution to
(3.16) with the same choice of asymptotic conditions which
lead to (3.17) and (3.18) is the following:

2Gr0
t(A,1) =4 — J-c), 3.33
(1) =i ). (33
. 3 2(J - ¢)[by x &) + [T x d
X(ﬂ.,‘[) xln(’l’f) +2G Fin — ) — (ain . bin)
J- - -
269 (d + byy), (3.34)
ro
where
Z= [am X bin] i 3 _ Abiy + aiy (335)
ro Tin

With the help of (3.33) and (3.34) one finds that the angular
momentum results in rotation of initial vectors a;,, b;,
which determine trajectory of the string at Z~,

. 4G ,
bhy = bl +—eiubl (2(J - ¢)ck = J*), (3.36)
}"O '
‘ . 4G(J - b ,
aé)llt = a;n Mgijka{nbikn
)
4G(J - , :
+M(2(ain by)ni —robl ). (3.37)

5

Variation of the angular momentum of the string can be
computed with the help of (2.25), (3.36), and (3.37):

5j(2) = 4G/drﬁz(z. T x [dyx b)), (3.38)

o

Equation (3.38) can be interpreted as a spin-spin inter-
action. Variation of the angular momentum due to the mass
of the source vanishes, see (3.29) and (3.30), while the
spin-spin interaction is a nontrivial effect.

The simplest example is a straight string considered in
Sec. III B. In this case (aj, - b;,) = 0, and variation (3.38)
can be written as

-

8] = —4auG[J x plsign(al,), (3.39)
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where p’ = &% is the unit vector along the string (directed
along the z axis).

If the conservation of the total angular momentum is
taken into account one comes to the following variation of
the angular momentum of the black hole:

8] = 4zuG[J x plsign(al,). (3.40)
The momentum rotates around the string axis, the rotation
angle being determined by the string energy only. The sign
of rotation in (3.40) depends on the position of the black
hole with respect to the world sheet of the string. If the
string moves between two rotating black holes it causes a
nontrivial relative rotation of their angular momenta by the
angle 8zuG.

D. Scattering and holonomy of the string spacetime

Results of Secs. III B and III C can be interpreted as
change of the velocity and angular momentum of a
black hole in the gravitational field of a null string.
Transformations of trajectories of massive particles and
light rays in the gravitational field of the string have been
studied in [2,3] by using holonomy of spacetime created by
a null string. It is instructive to see that Secs. III B and III1 C
reproduce results of [2] for the case of a straight null string.
Transformation of a vector V¥ under a parallel transport
around the string is

(3.41)

2 2
(V)0 = <1 + %) Vo - %Vx oV,

2

2
(V) = (1 —%) VX+%V°+wV>‘, (3.42)

(V') =V + (V0 — V), (V)2 =V7,  (3.43)
where @ = 8zuG. As before, the string is assumed to be
directed along the z axis and move in the x direction.
Equations (3.41)—(3.43) are null transformations which are
reduced to (2.5) in the case of the tetrade [, n, p, q.

If the string moves between two massive bodies which
are initially at rest, (3.41)—(3.43) imply that the bodies
acquire a relative coordinate velocity toward each other, in
the direction orthogonal to the string,

v~ @ = 8auG (3.44)
(in the limit when @ < 1). This result is in agreement
with (3.32) which yields coordinate velocity of each body
|Vboay| 2 474G

According to (3.41)—(3.43), in the linear in @ approxi-
mation, a parallel transport of a spin 4-vector with
components J? = 0,/ generates the rotation

57 = wlJ x p). (3.45)

The parameter o is the angle of relative rotation of two
spins when the string moves between them. Equation (3.45)
coincides with (3.40).

Therefore “holonomy variations” of velocities and spins
of test bodies caused by gravitational field of a null cosmic
string are in complete agreement with their “scattering
variations.” Note that the scattering data are Noether
charges (2.21) defined by the stress-energy tensor of null
strings. The above analysis yields a check of introduced
SET (2.12). The check is nontrivial since scattering
variations (3.32) and (3.40) are determined by independent
contributions from all segments of the string.

E. Scattering and null string optics

One can also use solution (3.21) and (3.22) to see how
expansion and rotation parameters of the string at Z~ and
I+ are related. For simplicity we assume that the strings
are “unfrozen” at Z~. For such strings the asymptotics of
optical scalars at Z~ and Z are, respectively,

1

Zinlht) = + i‘; + 00U, (3.46)
- 1 Zow

Zou(2.7) = 5+ 3+ 0. (3.47)

Expansion is 6 = 1/A+Nz/A> +...; the rotation is

k = Jz/A + .... After some algebra one gets
r
ghzout Ehzm rg ”3 ln + r2((am am) (ain : bin)z)
+ (i)in : ain)2(<ain . bin)2 + ai2n> - 2(élin : ain)z ’
(3.48)
4r
(Szout>2 = (Szin)2 _r_49[ (2)((am am)(ain ' bin)
0
+ (in + in)Nzin) + (bin - @in) (@10 - @in)
+ (i?in : ain)zmzin)(aizn + (ain : bin>2)
= 2(Gin - ain)* (@i - bin) + Rzin)]. (3.49)

where ry = ry(7).

Equations (3.48) and (3.49) demonstrate that the string
evolution in the space of optical parameters (0,x) is
predictable in the following sense: given the initial data,
one can determine a final state of the string.
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IV. NULL STRINGS IN ASYMPTOTICALLY
FLAT SPACETIMES

A. Formulation of the problem
and the Bondi-Sachs formalism

Consider a behavior of the string scalar in asymptotically
flat spacetimes near Z*. Our aim is to see, by using string
optical equation (1.1), how the spacetime content is
encoded in Z. From now on we denote Z,,, = Z; subscripts
“in” and “out” will be omitted since we focus on effects
related to features of gravitational fields rather than on
transformations of the trajectories.

It is convenient to use the Bondi-Sachs coordinates
= (u,r,x*), A=1, 2, based on a family of outgoing
null hypersurafces; see e.g., [26]. The corresponding metric
is a generalization of (2.23):

\%
ds* = —— e du® — 2e* dudr
r

+ hyp(dx* — UAdu)(dx® — UBdu). (4.1)
The null hypersurfaces in question are u = ¢, where ¢ is a
constant. Coordinate r which varies along null rays is
chosen to be areal coordinate. The future-null infinity is
at r — +o0.

Metric (4.1) is flat when V=r, f=UA=0,
hug = r*yap, With y,5 being a metric on a unit 2-sphere.
In an asymptotically flat spacetime at large r (we set
Newton constant G = 1)

Vv 2M

7 = 1 _T+ O(r_2)7 (4'2)

C D
hap =vap + % * % +0(r7), (4.3)

1 C*Cyp
= —_-— 0 -3 s 4'4
p 32 2 +00™) (44)

3 CAB 1 1
U=t <2JA +§CAE6FCEF) +0(r™), (4.5)
1 CA8C

W _ 1 AB L o(r ). 4.6
e 6 2 tou™) (4.6)

Here y,5 = diag(1, sin? @) is the metric on unit sphere S,
d, is a covariant derivative on S°. Indices A, B in
(4.4)—(4.6) are raised and lowered with the help of y,p.
One can show that [26]

1
Dyp = ZYABCDECDE- (4.7)
We denote the set of coordinates x* on S? by Q. Quantities
M = M(u,Q) and J* = J*(u,Q) are the mass and the
angular momentum aspects, respectively. C gz = Cyp(u, Q)

is a traceless tensor (the strain) on a tangent space to S°.
The term Cup/r in (4.3) is a perturbation of the metric
caused by the outgoing gravitational radiation. One also
defines Bondi news tensor Nyz = 0,C,p. If the vacuum
Einstein equations are satisfied,
ZBMM - 6A63NAB - NABNAB. (48)

A similar relation can found for 9,/ 4.

The optical scalar of a string in a flat spacetime has the
following asymptotic; see (3.3):

Z(h.7) ~ Y (1) (z)a*

k=1

(4.9)

In arbitrary spacetime near Z*, according to the peeling
theorem [6],

Poline = w(1)A7 + 0(27°), (4.10)

Dol jco = P0(7)A7° + O(477). (4.11)

Therefore we look for asymptotic solution to (1.1) as a
series:

Z(h7)~ > n(0)i. (4.12)
k=1

The structure of the first coefficients in (4.12) follows
from (1.1), (4.10)

=1, nE)=-z), z)=72(),
2a(e) = -2 (0) %y/g(f). (4.13)

Our aim in next sections is to understand how z;(7)
depends on spacetime characteristics C, M, and J.

B. Leading terms in Z

We begin with the string equations (3.1) in flat spacetime
in Bondi-Sachs coordinates (2.23) u, r, Q. When Z7 is
approached, points of string move as almost radial
light rays,

u=t—r=0, r=2, A =xMz).  (4.14)
This approximation is enough to calculate z(7) in (4.13),
and, therefore, first coefficients z,(7), z3(7) in asymptotic
(4.12). On the string trajectory we define functions

M(r) = M(0,Q(7)),
Cap(7) = Cap(0,Q(7)).

J(z) = J(0,Q(z)),
(4.15)

The connecting vector is 7 = n*d,, where 7 = x4.
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We note that for (4.14) the nonvanishing components of
p, g, m are
pt=pY/i+ 007, ¢"=3"/i+ 007,

1
mA = —(p* +ig?) = m* /A + 0(A72).
ﬁ(p q") / (V)

Vectors p#, g* are unit tangent vectors on S2. Therefore,
one can use decompositions

Yap = Migig + mahig, (4.16)
CAB - AAI’;136+”£1AI’?’[BC, (417)
C(r) = C@(T) + iC®(r). (4.18)

Unkown function z(z) can be found by calculating the
corresponding spin coefficients:

e) = 20fe) +5CE) + M) (419)
Quantity z4(7) is determined by the string trajectory in flat
spacetime. To calculate z,(7) one would need to go beyond
approximation (4.14), but the result is already known from
(3.3). Coefficients Cg and Cg correspond to “@” and “®”
polarizations of gravity waves in the given basis. Their
contribution to (4.19) has been found in [7].

C. Subleading term in Z

According to (4.13) the first four coefficients z, are
known if w)(z) in expansion (4.10) of the Weyl tensor is
known. To calculate y)(z) we need Bondi-Sachs asymp-
totic (4.2)—(4.6) for the metric (which yields components
Cyu)p)- The basis vectors, [ and m, in the given approxi-
mation can be taken as in flat spacetime. However, to
calculate the components of /, m one should go beyond
radial string approximation (4.14). Let us introduce a unit
|

vector N, orthogonal to S?, which sets spherical coordinates
on $%:

N{(Q)=sinfcosp, N,(Q)=sinfsing, N3(Q)=cos6.

(4.20)
We also use three unit orthonormalized vectors:
- E - g - - -
ey :E, €3 :b, ey = [€3X€1], (421)
and define complex scalars
N:M, _4 +ia2’ (4.22)
V2 V2

where N; = (N - ¢;), a; = (a - ;). With the help of (4.22)
the leading terms in asymptotics of the /, m for a generic
trajectory of a null string in flat spacetime in Bondi-Sachs
coordinates can be written as

'it/ Gr

[
ZDZE‘FO(A’_:;)’ I/:uaesq)7 lr:l_?+0(}’_3)’ (423)

1

P = AR, P = oM(NA), 1P =—23(NA
M=l =|AP, = 20R(NA), 1P =——23(NA),
(4.24)
mt = mT + 0(/1—2)7 (425)

N
AMZ—A’ Ar:A, "92_._’ A{/):_.—' 4'26
mn " m sing” " 'sin26 (4.26)

The computation of the leading asymptotic of the Weyl
tensor (4.10) is rather lengthy. It yields

I ,» - . 3 . .
WY = 12AmpJ® + 6A’M +§A4mAmBauNAB — 2A3Mmpd, N1 + EAZ(ﬁiAmByEFCAENBF + 0,05CA8 — 2mPBin 0,0, CAF)

3 3

Indices in (4.27) are raised and lowered with the help
of y4p-

The first two terms in the right-hand side (rhs.) of
(4.27) represent the mass and angular aspects of the
spacetime. They yield contribution both to parameters
of asymptotic expansion 6 = NHRZ and asymptotic
rotation k = JZ of the string; see (4.12) and (4.13).
The angular momentum aspect J4 appears only at the

(4.27)

[

order A7*. According to (4.13), (4.19) the mass
aspect M appears at the order A2, where it contributes
only to 6.

The terms in (4.13) and (4.27) which depend on the
strain C,p and its covariant derivatives describe contribu-
tions to Z from the gravitational background. The Bondi
news tensor N ,p which determines the energy flux across
T+, see (4.8), appears at the order 17%.

083510-10



NULL COSMIC STRINGS: SCATTERING BY BLACK HOLES, ...

PHYS. REV. D 105, 083510 (2022)

Some comments on special cases are in order.
Section IV B describes null strings which move to Z+
along radial light rays. For such strings, vector m* has
vanishing components m" = m” = 0; see equations of
motion (4.14). Equations (4.26) imply that A = 0, and a
is directed along b. Then 1;/8 is reduced to the last term in the
rhs. Therefore, radial strings are not sensitive, at the order
A7*, to the mass and angular aspects, as well as to the
energy flux.

Another case are null strings which are “asymptotically
frozen,” that is b= 0, see Sec. IIT A, and a, = JA = 0.
According to (4.27) mass and angular aspects do not
contribute to the rotation parameter k of such strings at
the order 1.

D. Asymptotics of string energy

Energy evolution equation (1.2) and Egs. (4.12) and
(4.27) allow one to find important asymptotics of the string
energy at Z+:

u(h7) ~ u(@) S o2, (4.28)
k=1

Fi=1. fy=—9iz, fgzé[iﬁzz—i-(fﬁz)z}, (4.29)

fa= —é[(zﬁzﬁ + 3Rz(Nz)? + 202 — Ryd].  (4.30)
Here pu(7) is a coefficient which cannot be determined by
(1.2). Parameters z(z), y{ are given by (4.19) and (4.27),
respectively.

Equations (4.28)—(4.30) demonstrate optical properties of
null strings when spacetime content determines the evolution
of their physical energy u(4, 7). In the cosmological context,
null strings are similar to relic photons whose energy
encodes properties of the Universe they travel.

V. DISCUSSION

The origin of null strings may be related to physics
of fundamental strings at Planckian energies [27-30]. If
fundamental null strings were produced in the early
Universe they might be stretched to cosmological scales
and become cosmic strings; see [31,32] for discussion of
such scenario for fundamental tensile strings.

If null cosmic strings exist, it is important to describe
observable physical effects they may produce. It is also
important to understand specific features of null cosmic
strings which distinguish them from the tensile cosmic
strings. Since velocities of astrophysical tensile cosmic
strings are expected to be below 0.7 of the speed of light,
interactions of null and tensile cosmic strings with black
holes look different; see discussion in Sec. III B. As a next
step, it would be interesting to compare interactions of null
and tensile strings with black holes in the regime of the
strong gravity where tensile cosmic strings exhibit specific
chaotic behavior; see e.g., [33,34].

World sheets of tensile cosmic strings may have some
luminal points which can be located, for example, at cusps
developed by oscillating loops [5]. The cusps are known to
emit strong beams of high-frequency gravitational waves
[35]. These gravitational waves produced at different epochs
form a stochastic gravitational background. Experimental
evidence of the background is being actively searched for by
the Advanced LIGO and Virgo Collaborations [36].

The key feature of null strings is that they behave as one-
dimensional null geodesic congruences and are character-
ized by optical parameters 0 and «. In the present paper we
extended the optical analogy of null strings. We introduced
the stress-energy tensor of a null string and, with its help,
gave the definition of the physical energy yu of the string per
unit length. As was shown, null strings develop caustics
which accumulate large amounts of energy. We expect that
caustics of null strings, similar to cusps, may emit gravi-
tational waves which contribute to the gravitational back-
ground. Studying these effects is in progress.

Null cosmic strings may carry important information
about the spacetime content and the physical processes in
the early Universe. The explicit dependence of u on the
strain and Bondi news tensors of gravitational wave
background, mass and angular momentum aspects has
been obtained near the future-null infinity in an analytic
form in asymptotically flat spacetimes. An intriguing
property of null cosmic strings is that they, like relic
photons, may encode the story of their propagation in
the Universe.
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