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Recent observations suggest that there are violations of the isotropy of the Universe at large scales,
which is an important part of the cosmological principle. In this paper, we use the cosmic microwave
background (CMB) data to search for spatial variations of the cosmological parameters in the ΛCDM
model. We fit the Planck temperature angular power spectrum CTTl for 48 different half-skies, centering on
48 different directions, to search for directional dependences of the standard cosmological parameters.
There are 3½2�σ-level directional variations in Ωbh2, Ωch2, ns, 100θMC, and H0 [τ and lnð1010AsÞ].
Furthermore, the directional distributions of the parameters follow a dipole form to good approximation.
The Bayes factor between the isotropic and anisotropic hypotheses is 0.0041, strongly disfavoring the
former. The best-fit dipole axes for Ωbh2, Ωch2, ns, 100θMC, and Ase−2τ all generally align with the mean
direction of V ≡ ðl ¼ 48.8þ14.3

−14.4 °; b ¼ −5.6þ17.0
−17.4 °Þ, which is roughly perpendicular to the dipole of the

variation in the fine-structure constant, and is about 45° to the directions of the CMB kinematic dipole,
CMB parity asymmetry, and polarization of quasars. Our results suggest either a significant violation of the
cosmological principle, or previously unknown systematic errors in the standard CMB analysis.
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I. INTRODUCTION

The Universe is assumed to be isotropic and homo-
geneous on large scales in the standard cosmological model
—the ΛCDMmodel. However, there are observational data
suggesting a violation of this large-scale isotropy. For
example, previous studies indicated that the fine-structure
constant varies spatially at more than the 4σ confidence
level using data from the Keck telescope and the Very Large
Telescope [1,2]. There are significantly more left-handed
than right-handed spiral galaxies [3,4]. There are direc-
tional variations in the expansion rate of the Universe,
which were obtained using low-redshift measurements
including type IA supernovae and quasars (QSOs) [5–9].
There is a north-south asymmetry in the cosmic microwave
background (CMB) temperature anisotropy angular power
CTTl [10–12], and this leads to changes in cosmological
parameters using WMAP data [13]. Reference [14] found
that there are variations of the cosmological parameters in
three patches of the Planck CMB sky map in different
directions. There are also anomalies in the low-l part of
ClTT , such as the alignment of its quadrupolar and
octupolar axes [15,16]. See Ref. [17] for a review of the
preferred directions in cosmology.
In this paper, we look for spatial variations of the

cosmological parameters in the CMB data. We perform

Markov chain Monte Carlo (MCMC) fitting of cosmo-
logical parameters using the Planck 2018 CMB data from
half-skies centering on 48 different directions to look for
their directional variations.

II. METHODOLOGY

There are six parameters fΩb;Ωc; H0; As; ns; τg in the
ΛCDMmodel, whereΩb;c are the cosmological baryon and
dark matter densities, respectively, H0 is the Hubble
parameter at present, As and ns are the primordial scalar
amplitude and spectral index, respectively, and τ is the
reionization optical depth.
We look for spatial variations of the cosmological

parameters by applying an extra hemispherical mask on
top of the original mask used in Planck, to block off half of
the sky in different directions, and compare the fitting
results. We use the public code CosmoMC [18] to fit the
CMB temperature angular power spectrum using the Planck
2018 likelihood [19]. Note that CosmoMC uses the param-
eter 100θMC, which is approximately the ratio of the sound
horizon to the angular diameter distance instead ofH0, since
it is less correlated with other parameters. We follow this and
use fΩb;Ωc; 100θMC; As; ns; τg as the fitting parameters.
We use the Planck high-l and low-l temperature and
polarization data in the MCMC fittings. The data vectors
and covariance matrices used in the likelihood function
depend on the masks we use. Since we are additionally
masking the opposite hemisphere of the direction under
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consideration, we have to recalculate the data vectors and
covariance matrices. We use PolSpice [20] to calculate the
CMB anisotropy cross spectra using the appropriate sky
maps, masks, and beam window functions. We then calcu-
late the covariance matrices of different detector combina-
tions by following the procedures in Ref. [21]. In particular,
we only calculate the covariances of the TT block [Eq. (C.2)
of Ref. [21]] since we only consider temperature data.
The noise correlations are also considered by calculating
the rescaling coefficients in Eq. (C.24) of Ref. [21]. The
covariance matrices also need to be corrected for the effects
of the beam, pixel window function, and mask by Eq. (C.33)
of Ref. [21]. The excess variances induced by the point-
source masks are also approximated by comparing empirical
and theoretical power spectra variances (Appendix C.1.4 of
Ref. [21]). The final data vectors and covariances of different
frequencies are the weighted average of the cross power
spectra and the covariances of various detector combinations
using the inverse of the diagonal elements of the covariance
matrices as weights [Eq. (50) of Ref. [21]]. We first make
sure that we can reproduce the standard Planck MCMC
results by following Ref. [19], using the original mask in the
Planck analysis, and following the steps mentioned above.
Then we apply the hemispherical masks according to the
directions of the centers of the pixels in the HEALPix
pixelization scheme [22,23], with the “RING” ordering. The
parameter Nside is taken to be 2, and therefore there are 48
directions in total. The pixels are shown in Fig. 1.

III. RESULTS

The ΛCDM fitting results of the Planck data are shown
in Fig. 2.
The half-sky at pixel 8 (30) has the smallest (largest) value

of θMC from the MCMC results. To demonstrate the effect of
the additional masks, we plot the binned Dl of the full-sky
and those of the half-skies centered at pixels 8 and 30 inFig. 3.
There are directional variations of Ωb;ch2, ns, 100θMC,

and Ase−2τ up to 3σ. For example, the best-fit values of ns

change from 0.9488� 0.008 (pixel 18) to 0.9797� 0.0087
(pixel 30), whereas the full-sky value is 0.9655� 0.0062.
The mean value of 100θMC in the direction of pixel 8 is
1.0391, deviating by more than 3σ from the full-sky value
1.040878� 0.00047. In some of the directions, the lower
bounds of the 68% C.L. of τ reach the prior limit due to the
variation of their means.

FIG. 1. Indices of the pixels used in the analysis. Fittings of
CMB data are performed for 48 half-skies centering on these
pixel centers. We also put the best-fit dipole directions of
the cosmological parameters in the figure. Red indicates that
the dipole is flipped to the opposite direction.

FIG. 2. Mean (denoted by crosses), 68% C.L. (denoted by
dark blue bars), and 95% C.L. (denoted by light blue bars) of
the cosmological parameters from the MCMC fittings using
Planck CMB temperature data and assuming the ΛCDMmodel.
The results are obtained with hemispherical masks applied
in addition to the original mask according to the directions in
Fig. 1. The grey bands are the 68%, 95%, and 99.7% C.L. from
the full-sky case. The red dots are calculated using the means of
the dipoles from Table I.
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Following Ref. [6], we fit the directional variations of the
cosmological parameters with respect to the full-sky means
in Fig. 2 to a dipole form of d · n̂, where d is the dipole
vector and n̂ is the unit vector pointing in the 48 directions.
By Bayes’ theorem,

pðdjfDhgÞ ∝ pðfDhgjdÞpðdÞ; ð1Þ

where fDhg is the hemi-sky data at different directions.
We assume that the parameters are normally distributed
for easier computation. Since the distributions of τ and
lnAs are not Gaussian in some of the directions, we
consider the combination Ase−2τ instead. The detailed
fitting procedure is presented in the Appendix. The results
are presented in Table I. The directions of the dipoles are
also shown in Fig. 1, and the deviations of the means of
100θMC in different directions with respect to the full-sky
value are shown in Fig. 4. From Table I, we can see that
some of the dipoles are significant. For example, dy of
100θMC is about 4σ away from zero.
We can test the hypothesis Hi that the Universe is

isotropic by using the hemispherical data. Let Ha be the
alternative hypothesis that the Universe is not isotropic. By
Bayes’ theorem,

pðHijfDhgÞ ¼
pðfDhgjHiÞpðHiÞ

pðfDhgÞ
: ð2Þ

The Bayes factor K is the ratio between the probabilities of
the two hypotheses:

K ≡ pðHijfDhgÞ
pðHajfDhgÞ

¼ pðfDhgjHiÞpðHiÞ
pðfDhgjHaÞpðHaÞ

: ð3Þ

The detailed calculations can be found in the Appendix. We
get K ¼ 0.0041, with 95% of samples being smaller than
0.046 from bootstrapping. Therefore, we conclude that the
CMB data provides strong evidence for Ha.
Interestingly, the best-fit dipole axes for Ωch2, Ωbh2,

100θMC, ns, and Ase−2τ all align around pixels 21 and
30, with a mean direction of V ≡ ðl ¼ 48.8þ14.3

−14.4 °;
b ¼ −5.6þ17.0

−17.4 °Þ, which is roughly perpendicular (at 77°)
to the dipole of the fine-structure constant [2]. V is roughly
45° away from the directions of the CMB kinematic dipole,
CMB parity asymmetry, and polarization of QSOs [17].
Interestingly, V is about 1σ away from the galaxy spin
asymmetry in DECam data [4]. These directions are plotted
in Fig. 5, which shows that V does not align with other
directions, except for the galaxy spin asymmetry dipole.
Notice that we do not include H0 here because it is highly
correlated with 100θMC.
To test our procedure, we also perform the above analysis

using the Planck FFP8 simulated sky maps, including 100
different sets of CMB signal and noise maps, but for
Nside ¼ 1, or 12 directions only. The simulated CMB sky
maps from Planck contain the lensing, Rayleigh scattering,
and Doppler boosting effects convolved with the beams. The
simulated noise sky maps include time variations in the noise
power spectral density of each detector [24]. The simulated
sky maps are masked in the same way as the real sky maps.
The smoothed distributions of the mean values of the fitted
dipole components of the parameter 100θMC are shown in
Fig. 6, which are consistent with having no dipole. This
shows that our analysis procedure does not bias the estima-
tion of the parameters. We also added the kinematic dipole
term to the simulated skies, and this does not change the
results.

FIG. 3. Top: binned CMB anisotropy power spectra Dl ≡
lðlþ1Þ

2π Cl of the full-sky and half-skies centering at pixels 8 and
30. Bottom: differences between the power spectra of the half-
skies and the full-sky.

TABLE I. Mean values and 68% C.L. from the fitting results of the directional variations of cosmological
parameters with respect to the full-sky mean in Fig. 2 to the dipole form d · n̂.

Parameter dx dy dz

Ωbh2 0.00017� 0.00023 0.00022� 0.00025 −0.00012� 0.00032
Ωch2 −0.0023þ0.0021

−0.0022 −0.0034� 0.0022 0.0001� 0.0031
ns 0.0087� 0.0055 0.0067þ0.0058

−0.0057 0.0028þ0.0088
−0.0087

H0 1.26� 0.96 1.84þ0.96
−0.94 −0.6� 1.4

100θMC 0.00063� 0.00045 0.00133þ0.00035
−0.00034 −0.00105� 0.00058

Ase−2τ −0.0189� 0.0092 −0.014� 0.011 −0.006� 0.015
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To quantify the alignment of the dipoles of the param-
eters, we consider a modified version of the spherical
variance of the directions of the best-fit dipoles, defined as

S ¼ 1 −
1

N

X
i≠j

ðdi · djÞ2
kdik2kdjk2

; ð4Þ

where the sum is over all N combinations of the dipole
directions. S measures how good the dipole directions align
with each other while ignoring their signs, so that two
vectors pointing in opposite directions are still considered
perfectly aligned. Let the hypothesis that the dipoles align
better (worse) than the standard ΛCDM model be H1 (H0).
We calculate the Bayes factor between H1 and H0. We use
the distributions of the dipoles of the 100 FFP8 simulated
sky maps to estimate the distribution of S in an isotropic
Universe, piðSÞ. The dipoles are considered to have a better
alignment if the corresponding S is smaller than the median
of piðSÞ, S0. Consider pðH1jfDhgÞ:

pðH1jfDhgÞ ∝ pðfDhgjH1ÞpðH1Þ ð5Þ

¼
Z

dSpðfDhgjSÞpðSjH1ÞpðH1Þ ð6Þ

¼
Z

S0

0

dSpDðSÞpðH1Þ; ð7Þ

where pDðSÞ is the distribution of S calculated from the
posteriors of the dipoles. pðH0jfDhgÞ can be calculated
similarly. The Bayes factor is 1.67, which is “barely worth
mentioning.”
The Hubble parameterH0 in units of km s−1Mpc−1 has a

mean of 64.4 and 70.1 and standard deviation of 1.3 and
1.4 in the two extreme directions of pixels 18 and 30,
respectively. The directional dependence of H0 has a
comparable magnitude as the difference between the
CMB and local measurements of H0 [25,26], and our
results may have implications for this famous tension. Our
results may suggest significant deviations from the ΛCDM
model, or previously unknown systematic errors in the
standard CMB analysis to extract cosmological parameters.
The masking procedure and the CMB kinematic dipole
cannot introduce such systematic errors since the analysis
results using simulated skies are consistent with no dipole.

IV. CONCLUSIONS

We performed a statistical analysis of the angular distri-
bution of the cosmological parameters by adding hemispheri-
cal masks in different directions to the CMB data. The
directions were chosen to be the center of the pixels in
the HEALPix pixelization scheme with Nside ¼ 2. We used
the Planck 2018 high-l and low-l temperature and polari-
zation data together with CosmoMC to get the posteriors of
the cosmological parameters by MCMC.

FIG. 6. Smoothed probability distributions of the dipole com-
ponents (x, y, and z in the left, middle, and right panels,
respectively) of the parameter 100θMC from 100 simulated sky
maps, using Nside ¼ 1, or 12 directions. The red vertical lines
represent the mean values from the real sky. The distributions are
smoothed by kernel density estimation using Gaussian kernels and
bandwidths estimated by Scott’s rule.

FIG. 4. Deviations of the means of θMC with respect to the full-
sky value in terms of the full-sky standard deviation σf , fitted
using data on the hemisphere centered in different directions.

FIG. 5. Directions of V (cyan), the dipole of the fine-structure
constant [2] (black), the dipole of galaxy spin asymmetry
(orange) [4], the CMB kinematic dipole (red), the quasar
polarization vector (blue), and the CMB parity asymmetry
(yellow). The latter three are flipped to their opposite directions,
and are taken from Ref. [17]. The dashed line shows the ring 90°
away from the dipole of the fine-structure constant.
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There are 3½2�σ-level directional variations inΩbh2,Ωch2,
ns, 100θMC, and H0 [τ and lnð1010AsÞ]. Furthermore, the
cosmological parameters, to a good approximation, follow a
dipole form, with 100θMC being the most significant. The
dipole axes forΩch2,Ωbh2, 100θMC, ns, and Ase−2τ all align
around pixels 21 and 29, which is about 45° away from the
directions of the CMB kinematic dipole, CMB parity
asymmetry, and polarization of QSOs, and is roughly
perpendicular to the dipole of the variation of the fine-
structure constant. By considering 100θMC only, we calcu-
lated the Bayes factor K between the isotropic hypothesis in
which 100θMC is a constant over the whole sky and the
alternate hypothesis in which 100θMC has a dipole distribu-
tion. We found that K ≈ 0.0041, which means that the
isotropic hypothesis is strongly disfavored. We also per-
formed the analysis using 100 simulated sky maps from
Planck FFP8, which include the lensing, Rayleigh scattering,
and Doppler boosting effects, and are convolved with the
beams. These effects do not give rise to any significant dipole
in the cosmological parameters. Our results also indicate that
the masks used in the Planck CMB analysis and the CMB
kinematic dipole are not the causes of the significant dipoles
in the cosmological parameters we have found. This suggests
that there are significant violations of the cosmological
principle, or previously unknown systematic errors in the
standard CMB analysis that are not considered in the FFP
simulations.
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APPENDIX: FITTINGS OF THE DIPOLE AND
CALCULATIONS OF THE BAYES FACTOR K

To fit the dipole, we need to specify the form of the
likelihood and the prior. From the full-sky MCMC,
themarginalizedmean and standarddeviationof the parameter
p are p̄ and σp;f , respectively. The posterior of the
full-sky MCMC is approximately Gaussian: pðpjDfsÞ≈
gðpjp̄; σp;fÞ. We approximate the covariance matrix Σ
between the half-sky data by the MCMC results of 100
simulated skies in 12 directions of Nside ¼ 1 according to the
method in Ref. [27]. In this method, we place the stationary
processes at the north and south poles. Both the stationary
covariance function and the corresponding weights are of the
form of a squared exponential. The smoothing parameter is
0.5. The joint posterior distribution of p in different directions
is then given bypðpjfDhgÞ ≈ gðpjp̄h;ΣÞ. We assume that the
mean values of p in different directions follow a dipole

distribution pdðn̂Þ ¼ p̄þ n̂ · ðdxx̂þ dyŷþ dzẑÞ. Assuming
the same covariance Σ between different directions, p should
follow the distribution pðpjdÞ ≈ gðpjpd;ΣÞ. The likelihood
term is

pðfDhgjdÞ ¼
Z

dppðfDhgjpÞpðpjdÞ ðA1Þ

∝
Z

dppðpjfDhgÞpðpjdÞ ðA2Þ

≈
Z

dpgðpjp̄h;ΣÞgðpjpd;ΣÞ ðA3Þ

∝ exp
�
−
1

4
ðp̄h − pdÞTΣ−1ðp̄h − pdÞ

�
: ðA4Þ

The priors of the dipole components dx;y;z are uniform
between�4σf .Hence, the posteriors of thedipole components
are three-dimensional normal distribution truncated at �4σf .
We focus on the parameter θMC for the hypothesis

testing. To compute K, we need to calculate pðfDhgjHiÞ
and pðfDhgjHaÞ. In the previous fittings of the dipoles, we
have implicitly assumed the anisotropic hypothesis Ha
where the parameter follows a dipole form. pðfDhgjHaÞ is
given by the marginalization over d:

pðfDhgjHaÞ ¼
Z

ddpðfDhg; djHaÞ ðA5Þ

¼
Z

ddpðfDhgjdÞpðdÞ: ðA6Þ

The calculation of pðfDhgjHiÞ is similar. Instead of d,
we consider a constant A over the whole sky: pðpjAÞ≈
gðpjp̄þ A;ΣÞ. The prior of A is uniform between
�4σf . We choose the same prior for Hi and Ha:
pðHiÞ ¼ pðHaÞ ¼ 0.5. Since Σ may not be accurate,
we use bootstrapping to estimate the reliability of the
calculation. Bootstrapping shows thatK is not biased, and
95% of the samples are smaller than 0.046. The histogram
from bootstrapping is shown in Fig. 7.

FIG. 7. Histogram of K from bootstrapping. The mean value is
0.0041, and 95% of the samples are smaller than 0.046. The red
line indicates the value of K calculated from the empirical Σ.
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