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In this work we derive simple closed-form expressions for the dynamical friction acting on black holes
moving through ultralight (scalar field) dark matter, covering both nonrelativistic and relativistic black hole
speeds. Our derivation is based on long known scattering amplitudes in black hole spacetimes, it includes
the effect of black hole spin and can be easily extended to vector and tensor light fields. Our results cover
and complement recent numerical and previous nonrelativistic treatments of dynamical friction in ultralight

dark matter.
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I. INTRODUCTION

The search for new interactions has been a vibrant field
for decades, the importance of which is hard to over-
emphasize. New axionic degrees of freedom, for example,
have been predicted to arise in extensions of the Standard
Model [1-5]. In fact, a variety of new scalars could
populate the Universe [6]. If such new degrees of freedom
are ultralight, they would also be a natural component of
dark matter (DM) [7-9]. These are often referred to as
fuzzy DM models and require ultralight bosonic fields (we
refer the reader to Refs. [10-18]). Such extensions are not
restricted to scalars or axions: models of minicharged dark
matter predict the existence of new fermions which possess
a fractional electric charge or are charged under a hidden
U(1) symmetry [19-24]. These minicharged particles are a
viable candidate for cold DM and their properties have
been constrained by several cosmological observations and
direct-detection experiments [23,25-33]. In some other
models, dark fermions do not possess (fractional) electric
charge but interact among each other only through the
exchange of dark photons, the latter being the mediators of
a long-range gauge interaction with no coupling to
Standard Model particles [34].

With the above as motivation, a substantial amount
of work has been dedicated to understand the physics of
extended scalar structures. For example, the structure of
composite stars containing boson stars in their interior is
important to understand how dark matter could pile up
and change the composition of neutron stars [35-37].
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For compact configurations, it is important to understand
possible gravitational-wave signatures upon coalescence
with black holes or other boson stars [38,39]. When the
configuration is dilute, however, numerical simulations
become extremely challenging or impossible to perform,
as the physical effects of interest act on much longer
timescales. Of particular importance is dynamical friction
(DF) and energy loss via scalar emission, which control
the motion of objects moving within extended scalar
structures [11,16,40-44].

To overcome the different and disparate length scales in
any astrophysical scenario, recent numerical simulations
modeled the spacetime as a fixed Schwarzschild black hole
(BH) geometry, moving at constant velocity through a
scalar field environment of infinite extent and extracted
numerically the DF [41]. Here, we show that in this setup
the DF can be obtained analytically. We derive simple
expressions, valid both for nonrelativistic and relativistic
BH speeds, from scattering amplitudes in BH spacetimes.
We focus on stationary regimes and extend the Newtonian
expressions in Refs. [11,40]. Our results complement the
recent numerical work of Ref. [41].

In this work we follow the conventions of Ref. [45]; in
particular, we adopt the mostly positive metric signature
and use geometrized units (c = G = 1).

II. FRAMEWORK

Ultralight bosons produced through the misalignment
mechanism are described by a coherent state [18,46], for
which the relative quantum field fluctuations are sup-
pressed with 1/4/N, where N is the (average) occupancy
number of the state [47]. From observations we know that
the local DM density in the Solar System’s neighborhood is

© 2022 American Physical Society
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~1 GeV/cm?® [48-50]. On the other hand, virialized ultra-
light particles in the Galaxy have a de Broglie wavelength

Agp ~ kpe(10eV eV)(%k\m/s). So, if these ultralight bosons

are all the DM the typical occupancy number is
N ~ 1096(10*22 eV)4(250 km/5)3
mg v

. Thus, this system can be

completely described in terms of a classical field [18].
In this work we model the scalar particles through a
massive complex scalar field described by the action

R
= [ @y (- oner-pler). )

where mg = Ay is the mass of the scalar. Therefore, the
scalar field satisfies the Klein-Gordon (KG) equation

Od = @, (2)
and the spacetime metric satisfies the Einstein equations
G = 8aT, (3)

where G = R% — 1 Rg* is the Einstein tensor, and the
scalar’s energy-momentum tensor is

1
T% = VeV — 3 g (D5D° + 12| D). (4)

For most situations of interest, the scalar is not very
dense and can be studied in a fixed spacetime geometry—
the so-called “test field” approximation. So, let us
consider a fixed background metric describing a stationary
spinning (Kerr) BH with line element, in Boyer-Lindquist
coordinates,

A 2
ds? = == (dt — asin? 0dg)? + 27 dr?
Pr A
29
4 2d6? + 2 % adi — (P + @@)d), (5)

r

where p2 = r? +a*cos’ @ and A = r* + a*> — 2Mr, with
0<a<M. Here, M is the BH mass and J = Ma its
angular momentum (pointing along 6 = 0).

III. SCALAR FIELD SCATTERING OFF
A BLACK HOLE AT REST

A BH moving through an infinite homogeneous scalar
field medium is equivalent (by applying a Lorentz boost to
the BH frame) to a plane wave scattering off a BH at rest.
So, we start by considering the classical problem of a
monochromatic plane wave scattering off a Kerr BH in its
proper frame. This scattering problem was studied pre-
viously in, e.g., Refs. [51-58].

Let us consider the multipolar decomposition of a
monochromatic scalar field of frequency w,

O = Ze‘i(“’"mWPS:ﬂ(cos 0.y*)R2(r), (6)
¢.m

where Ps” (cos 0, y?) are (oblate) angular spheroidal wave
functions of the first kind satisfying the ordinary differ-
ential equation (ODE) [59]

1 d dPs m?
——— |sinf— A 4 y?sin?0 — Ps=0, (7
sin0 do [Sm d&] * [ ¢ Trsin sinze] > ™

with regular conditions at @ = {0, 7z}, where

y = ikga, ke =1/ @0* — u2. (8)
The eigenvalues A)" (£ > |m|) are not known in analytic
form; asymptotically (£ — o) they are 12 = £(£ + 1) +
1 (kea)? + O(£72) [60]. The above decomposition reduces

the KG equation to a radial ordinary differential equation
for the functions R}" [52],

dR 20,2 1 2)2
Adr[ dr}—i—[w (r* 4+ a*)* — 4aMmawr

+ (ma)* — (A + p*(r* + a*))AJR = 0. 9)

Performing the change of variables

dr A
d—)(:m7 —00 <y < +o00, (10)
- f
e o

we can rewrite the radial Eq. (9) in the form of a (time-
independent) Schrodinger-like equation

—=+ k2 (y)f =0, (12a)

with

Ci)= (o) e {0+ )
—2amw+ m [T)W} } (12b)

The regular solutions to the above equation satisfy the
boundary condition [53]

f()(—>+00) Ie™ i[koyr—nlog(2ke, ]+R€ ilker—110g(2ky, 1)) (13)

at spatial infinity, and [52]

fly = —o0) = Te~il@m (14)
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at the BH event horizon r, = M + VM? — a? (the largest
real root of A), where Q, = a/(ri 4+ a?) is the angular
velocity of the BH event horizon. All the above amplitudes
are also functions of the angular numbers, R = R}, [ = I}
and T = T7}. We occasionally omit such dependence when-
ever it is obvious. Above we defined the useful parameter

(IR o

(5]

Its absolute value is the ratio of the characteristic (gravita-
tional) deflection radius ~M (w?* + k%) /k2, [as can be read
from Eq. (A11)] to the de Broglie wavelength 1/k,. For
n? > 1 the scalar field behaves as a beam of classical
particles1 (particle limit), whereas for > < 1 the wave
effects are at their strongest (wave limit).

Note that we must consider only frequencies @ > p,
which can arrive to spatial infinity and, so, that allow us to
define a scattering problem (alternatively, this is enforced
by the Lorentz boost from the scalar’s proper frame to the
BH frame). The ratios R/I and T /I are fixed by Egs. (12)
[or, equivalently, by (9)] and can always be obtained
numerically, e.g., by solving Eq. (9) with boundary con-
dition (14) (where one can put 7 = 1, using the linearity of
the ODE) and comparing the numerical solution with (13).
It is easy to show—through the conservation of the
Wronskian—that the amplitudes satisfy the relation

) (16)

A monochromatic plane wave of frequency @ and
wave vector ko, = k& where &€= —cos 0, + sin ﬁay?
deformed by a long-range gravitational potential #/r can
be written in the form [51,56]

T|>? ke ! R
I|  o—mQ, 1

e—i[kw r—nlog(2ky,r)](cos B cos 6+sin fsin 0 sin ¢)

L2+ 1 -—m)! (e
2 (f+m)'(

—ilkgor—nlog(2ke,r)]
koot )

X Z i)™ 1P (cos B, y*)Psk (cos 0, 7?)
‘.m
+ (outgoing wave). (17)

So, choosing the incident amplitude

2041 [an (€ —m)! (=)™ 'Ps (cos B.7?) 18
2 u (£ 4 m)! koo - (8)

'More precisely, as we shall see only the modes > 1
describe classical particles with impact parameter b =

keo/\/Z(Z 1 1).

*Without loss of generality, due to the axial symmetry with
respect to the BH’s rotation axis 0,.

the solution (6) describes a beam of scalar particles with
proper number density n and momentum %k, scattering off
a Kerr BH. Note that we need to include the amplitude
\/hn/u, so that the energy density current of the plane
wave i8 1im,_, o (—7,E%) = (nky/p)(hw), i.e., the product
of the number density current nk,,/u and the energy of
each particle Aw.

A. Energy absorption

The energy of the scalar field contained in a spacelike
hypersurface S, = {t = 7'} extending from the horizon to
infinity is

E(¢) = / VTN, (19)
Sy

r

where Ny = —5;/1/—¢" is the unit normal covector and
dV5 is the volume form induced in the hypersurface.
Because we are considering the scattering of monochro-
matic waves @ « ¢!, which results in a time-invariant
energy-momentum tensor 7%, and since the background
metric is stationary, one has

dE
7 / Ly,(dV3T*N,) =0, (20)
Sy

where Ly (-) is the Lie derivative with respect to (9,)".
Then, by applying the divergence theorem it follows that
Egy, the energy crossing the event horizon per unit time ¢
(the proper time of a stationary observer at infinity), is
equal to the flux through a 2-sphere at spatial infinity

EBH = / durT,, (21)

with the element of area dQ, = sin 8d0dg.

Plugging the decomposition (6) with the asymptotic
solution (13) in the scalar field’s energy-momentum tensor
(4) and using the orthogonality relations of the oblate
angular spheroidal wave functions [59]

'
/ d0 sin OPsyPsy, = (bﬂ+m)'5f,t” (22)

it is straightforward to show that

wszz i -

IR[?).  (23)

For the case of an incident monochromatic beam described
by the amplitude (18), the last expression becomes
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EBH:ﬂ:;wnZ(2f+l)M(Ps?)z(l—’fr). (24)

®© m (

As a consistency check, note that in a flat spacetime (i.e.,
M = 0) the plane wave propagates freely and it is easy to
show that R/I = (—1)’*!, which implies Egy =0 as
expected (since there is no BH at all); moreover, in the
case of a static BH, due to spherical symmetry, one can
choose f# = 0 without loss of generality, which results in
Ps} « 6,,¢ and the above expression reduces then to the
one found in, e.g., Refs. [53,61].

To obtain the BH absorption cross section we just need to
take the ratio of the energy absorbed by the BH per unit of
time Egy to the energy density current of the incident plane

wave (nky/u)(hw),
R 2). (25)

Cubs = 13- > et ; (Ps)2 <1_'7

oofm

1. Low-frequency limit (oM <« 1)

For sufficiently low frequencies @M < 1 one can use
matched asymptotic expansions to obtain analytical expres-
sions for the scattering amplitudes (worked out in the
Appendix A). So, using the reflection amplitude (A26), at
leading order in wM, the energy absorbed by the BH is

haw’nA, e ™n

Epp——mm———, 26
BH u  sinh(zn) (26)

and the BH’s absorption cross section is
dbs w e_jmﬂ']’[ (27)

Ay k sinh(zn)’

where A, = 4x(r + a?) is the event horizon area. To get
this result, we used the fact that at leading order in @M only
the / = 0 mode contributes to both EBH and o,,, and the
spheroidal wave functions become then Ps)(cos 8, y?) ~ 1.
We also made use of the property |I'(1+in)]>=
zin/ sinh(zn). The particle and wave limits of the factor
e ™nn/ sinh(zn) are shown in Table L.

Note that in the limit @ > u we recover the famous result
Oans = Ay, derived for massless scalar fields in the low-
frequency oM < 1 limit® [52,62]. For Schwarzschild BHs
(a = 0) the expressions of this section reduce to the ones
obtained decades ago by Unruh [53]. At leading order, the
spin dependence of the BH’s absorption cross section is
encoded solely in the event horizon area.

We verified that the analytical approximation obtained
in Appendix A through matched asymptotic expansions
describes perfectly (with an error < 1%) the numerical
values of 1 —|R,/I,)* for wM/(¢+ 1) < 0.0l

*The condition @ > u is in the wave regime, since we are in
the low-frequency limit oM < 1 [cf. (15)].

TABLE L. The factor e~ x5/ sinh(zn) in the particle and wave
limits [cf. Egs. (26) and (27)].

Particle (7> > 1) Wave (> < 1)

2z(—n) 1

Unfortunately, this approximation rapidly breaks down
for larger frequencies; e.g., for oM /(£ + 1) ~0.05 our
approximation underestimates in ~15% the true numerical
value of 1 — |R,/1,|>.

2. High-frequency limit (oM > 1)

For high frequencies @M > 1 one can use the Wentzel-
Kramers-Brillouin (WKB) approximation to obtain analyti-
cal expressions for the scattering amplitudes (as done in
Appendix A). Using the approximation (B8) for the reflection
amplitude we can directly evaluate Egs. (24) and (25); this
approximation assumes additionally that w>u (which is
necessarily true for scalars with uM<1). For a general
incident angle f# and spin parameter « it is difficult to proceed
analytically and one is forced to evaluate these expressions
numerically. However, if we restrict to the particular case of
small incident angles one can still do a semianalytical
treatment; so, we will focus on this particular case.

Small incident angles (oM < 1).—From this
assumption one has Ps”(cos 8, y?) = 8,,0Ps(0, y?) and that
most of the contribution to the summation in £ comes from
large £ wM, in which case Ps%(0, y?) =~ 1. Approximating
the sum by an integral (an excellent approximation at
large £) we find

. 2 M)? [ (t/oM),
B = 2N [ d(i)i
0

u oM ) oM
1) M)2(¢ ) wM)>
— T n(w ) ( /w )cr , (28)
U
(¢/oM),, 4 4
e A EA
0 oM | oM
2 \2
= 7M? 2
=z <a)M> (29)

Here, the critical impact parameter (¢/wM),, is evaluated
at / = 0 and can be obtained numerically as a function of
the dimensionless spin parameter & = a/M through the
procedure described in Appendix B; the result is well fitted
by the expression

£
(_> ~3+v/3 —0.28a% — 0.087a*, (30)

oM ) .

which is accurate to 0.08% in the whole range of a. For a
nonspinning BH (& = 0) we recover the well-known result
Caps = 277M? [63]. We find that the BH spin leads to a
decrease in the energy absorption; in the particular case of

083008-4



DYNAMICAL FRICTION OF BLACK HOLES IN ULTRALIGHT ...

PHYS. REV. D 105, 083008 (2022)

small incident angles, the spin can suppress the absorption
by up to 13.6%.

B. Transfer of momentum

In the scattering process there will be a transfer of
momentum from the scalar field to the BH, and so the latter
will feel a force. Consider the spatial components of the
Arnowitt-Deser-Misner (ADM) momentum P’ computed
using a 2-sphere with a sufficiently large radius. These
components can be decomposed into the sum of curvature
and scalar field contributions P’ = Ph, + P%, where P is

PL() = / AVST9N,,. (31)
The rate of change of P is
dpP! .
- / QP T, (32)

and, because we are considering a stationary regime, we
have

Pty = [ Lo(@viTony =0,  (33)

Sy

Thus, the force acting on the BH is
Fi=Piy =P =— / dQriTr. (34)
r—00

Strictly, in the test field approximation one has I"ng =0 (at
first order in the scalar field) and P £0 (at second order in
the scalar field). This is not inconsistent with the last
equation, which holds at each order in the scalar field. In
other words, would we compute the backreaction of the
scalar field on the metric, we would obtain a second order
correction to PEH which must be equal to P’ (at the same
order). For a more thorough discussion, which also covers
the case where the steady state is attained dynamically,
see Ref. [64].

In asymptotic Cartesian coordinates (x,y,z), defined
such that the BH angular momentum is J = J0, and the
direction of incidence is § = —cos 0, + sin 0, we have

: 27rx 2 o
lim r*T™ ~ r- sin @ cos T ,,

r—00
. Pl
- <Pl—lez(p _ _1€—l(p Trrv
2

lim 27" =~ r? sin @ sin ¢ T ,,
r—o0

(35a)

. P
= —ir’ <P1" e + 716"‘/’) T,., (35b)

lim 27" ~ r? cos 0T, = r*PT,,, (35¢)

r—00

where the P/'(cos @) are associated Legendre polynomials
[59]. To evaluate the integrals (34) we will make use of the
identity

/ dQe=i(mtma=ms)p P pr

A \/(f%+m3) \/(f1+m1)'(f2+m2)!
S 205+ 1\ (5 —my)! | (61— my)! (63— my)!

x (£106,0(£50) (€ ym€3my|E3ms), (36)

where (£ym£,m;|¢3m3) are Clebsch-Gordan coefficients;
the last identity is a direct consequence of the Wigner-
Eckart theorem. Plugging the decomposition (6) with the
asymptotic form (13) in the scalar field’s energy-momentum
tensor (4) we find

fim T, = ke 3 PP
Zm m'
x (I 4 R7*R™). (37)

1. Low-frequency limit (oM <« 1)

In this limit it is useful to consider the power expansion
of the (oblate) angular spheroidal wave functions in y (since
7] ~ Ok M) << 1)* [65]

Psy =Py — (ayPy, + BYPEL)y* + O(r%).  (38a)
(-m+1)(¢-m+2)
= , 38b
T TR0+ 1)(2f +3)° (38)
4 - D(Z

T 2020-1220+1)

Then, substituting the power expansion (38) in (37) and
using Egs. (35) and (36) it is straightforward to show (here,
N, J denote real and imaginary part of the argument,
respectively)

whn (£—m+2)! R\ *Ru}
=" Pum—]m e f+l
S | (3) 75

H oo i
+(f—m> PumHQ |:<RZL> R?:ll:| }+(9(|J/2) (39)
(C+m)r o ry) ’
mhn (£—m+2)! [ <R’”) R77|
FP=— 7PmP’” T1+ +
e T e+ ()
_(Z=m)! 1 [ (Rm> R'ﬁf]}
——=PIP N |1+
( ) +1 Vi Ir;tj:ll
+O(|r?), (40)

“There is a global sign mistake in the coefficient of y? in Eq. (4)
of [65].
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e 2 O o1 (B2) K]

H m (Z+m)! o Iy ) Iy,
+O(lrP), (41)

where the associated Legendre polynomials in the last
expressions are evaluated at cos . Using Eq. (A26) one can
see that at linear order in wM the products of reflection
amplitudes in the last expressions are independent of m.
Using the identity

me[zf m+2)! pr-l 4 (¢ -

m) 1
Fxmy o on T Pf:lli| =0, (42)

(¢ +m)!

and [by the scattering amplitude (A26)]

R R
9‘[1 + ( "ﬂ> —"ql} ~ 2sin? <%>
Iy ) Iy 2

2z sinh(zn)’

(43)

with the deflection angle

. n
a,=2arg(f + 1+ in) = 2arctan<f+ 1), (44)

the force components become (at leading order in wM)

F* 0, (45)
drhn~— (£ —m)!
FY ~ Pum+1
U £ (f 4 ) 7+1

wk A, e Man
1) —, (46
x {sm ) o 4r sinh(my)} (46)

m+

mpm
P Pf+1

wk Ay, e Man
1) —. (47
. {sm ( )+ 0 4z smh(m;)} (47)

In the Cartesian frame (0,0, 0, ) obtained by rotating
(0y. 0y, 0) by an angle $ around 0, (so that the direction of
incidence is € = —3d_) the components of the force acting
on the BH are F* = F*, F¥ = cosfF’ + sinF* and

F? = cos fF* — sin fF*. Now using the identities

me [—_

Ft o 4ﬂhn; (¢ -

(€—m+1)!

P2 cos f+ Cm)

Py sinf| =0,

(48)

(¢ - 1 4
ZP’"[ m+ ) P cosf} — ﬂP’”*] sin 8

(¢ +m)!
=7+1, (49)
we obtain
F¥ ~ FY ~0, (50)
F _4zhn {Zfsin2 (af_1> n wk Ay .e—mmn }
e~ 2 4z sinh(zn)
4ﬂhn a)kooA e Mxn
= {232 R }. (51)
S+ 7 sinh(zn)

We see that at leading order in @M the force acting on the
BH does not depend on the BH spin nor on its angle with
respect to the direction of incidence, and it is directed along
the direction of incidence €. This can be interpreted as a
consequence of the fact that in the limit wM < 1 the force
acting on the BH is imparted mostly by scalar field probing
the weak (gravitational) field, which is not sensitive to a.
Actually, the £ = 0 mode probes the strong field and is
substantially absorbed by the BH, being responsible for the
extra term in the above expression, but this contribution is
also independent of a because of its spherical symmetry.
On the other hand, it is easily seen that the force diverges
logarithmically in #—which is to be expected due to the
long-range 1/r nature of the gravitational potential. So, we
proceed by introducing a cutoff #,,, which is associated
with the size of the incident beam; the maximum impact
parameter is roughly b, = /Cmax(Cmax + 1)/ko (this
cutoff scheme is discussed in more detail in Sec. V). The
truncated sum can be written in terms of the digamma
function W [59], after which the force becomes

’ 47Thn
F* ~—

{#mwa+fmfum—wa+mﬂ

wk Ay e My
4z sinh(zn) |°

(52)

It is easy to show that in the particle and wave limits the
finite sum is excellently approximated by the closed-form
expressions in Table II.

It is worth noting that, in the eikonal limit Z > 1, a, is
indeed the deflection angle of a particle scattering off a
weak gravitational field with impact parameter b ~ ¢/ k,
and angular momentum #Z.° In particular, in the non-
relativistic limit (w ~ u) one finds

>The eikonal limit can be seen as a manifestation of Bohr’s
correspondence principle. For an interesting discussion about the
correspondence between wave and particle scattering see
Ref. [66].
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TABLE II.  The term R[¥(1 + &y + in) — ¥(1 + in)] in the
particle and wave limits [cf. Eq. (52)]; yg = 0.5772... is Euler’s
constant [59].

Particle (72 > 1)
(1/2)log (1 + k& baan /1)

Wave (7> < 1)
log(koobmax) + YE

M 2
ay ~ =2 arctan (ﬁ) , (53)

which is exactly the Newtonian deflection angle; and in the
ultrarelativistic limit (w > p) one gets

2M 4M
ay ~ =2 arctan (7) == (54)

which is the deflection angle of light rays obtained by
Einstein using his general theory of relativity [67]. If we
compute then the force that would act on a source of such
weak gravitational field due to a beam of particles coming
with momentum %k, and impact parameters between b and
b + ob and being deflected by an angle a, we find

SFY  4mhn L (a
iob . a (ksob) sin <2) (55)

which matches the first term of Eq. (51) in the eikonal limit;
the extra term is due to accretion as explained above.

We verified that the analytic approximation derived
in Appendix A and employed here describes quite
well (with an error <5%) the numerical values of
Eﬂ[l + (Rf/lf)*(Rf+1/If+1)] for wM < 0.01. As for the
energy absorption, the analytic approximation breaks down
for larger frequencies; e.g., for @M /(l+ 1) ~0.05 our
expression underestimates in ~20% the true numerical
value of R[1 + (Ry/17)"(Rey1/1p41)]-

2. High-frequency limit (oM > 1)

To proceed with a semianalytical treatment we focus
again on the case of small incident angles.

Small incident angles (BwM < 1).—In this case we can
consider only m = 0 modes in the scalar’s decomposition
(6) (due to the approximate axial symmetry) and we note
that most of the contribution to the summation in £ comes
from large # > @M, in which case Ps? (cos,y?) ~P%(cos0).
So, using Eqgs. (35)—(37) it is straightforward to show

F*~F ~0, (56)

oo 270 D% |1+ L (57)
1 )
‘ 4 7+1

where the reflection amplitudes can be approximated by
(B8). Here the accretion of scalar field gives an important

contribution to the force acting on the BH, which is
contained in the terms of (57) with 7 < £, for which
R/I~0. In the high-frequency limit the summation is
dominated by the large azimuthal numbers Z > 1 and so
can be approximated by an integral. Thus, the accretion of
scalar is responsible for the contribution —zAn£?,/u to the
force (which, naturally, matches EBH in absolute value,
since we are considering the ultrarelativistic regime
@ > p). The remaining contribution from larger £’s can
be obtained by using the eikonal approximation (where
¢ ~ wb) and rewriting the summation as

RO\ *RY %
+D)N |1+ ~2w sin? ,
£H1R|1 —EH | 2g? dbbsin®
bt 0 e/ T bl 2

(58)
where
d © r? + a? k
a—ﬁ'—Z% [)((rtp) +/r,p dr( X ) <1 —5>}
o d
— -2 / S — (59)
’ [(r’+a*)?
tp e A
with ry, being the larger real number satisfying
po— 2t o) (60)

1/rt2p +a? —2Mrtp

Remarkably, the angle a matches exactly the deflection
angle of a null particle in a Schwarzschild spacetime when
a = 0 [68-70]; and, although we did not check it, in the
case a # 0, it is natural to expect a to be the deflection
angle of a null particle in a Kerr spacetime for on-axis
scattering. It is easy to check that for large impact
parameters b > M we recover again Einstein’s deflection
angle [67]

a~—— (61)

For a beam of scalar particles with maximum impact
parameter b,,,, > 20M (remember that the integral in b
diverges logarithmically and we need to truncate it) we find

Dimax a b
dbbsin? | = | = 4M? | A% + 1 T (62
ot (5) = a5

where the function A can be obtained numerically by
performing the integration between £ /@ and 20M. This
function is well fitted (accurate to 0.1%) by

A ~1.91+0.0565a° + 0.0165a*. (63)
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Finally, putting all together (including accretion) we find
that the force applied to the BH is

Az’ hn Dma %
Froo log | omax ) 4 2oy A2 (64
u {Og(20M> 16" (64)

The quantity #2./16 + A? has a very mild dependence on &,

it is strictly increasing and takes values in [5.31, 5.37]. Here
we have > = (2wM)? > 1, which is clearly in the particle
limit; this is to be expected, since high-frequency modes are
known to be well described by ‘“geometrical optics” (i.e.,
geodesics).

IV. BLACK HOLE MOVING THROUGH
A SCALAR FIELD

Now we know the rate at which energy and linear
momentum is imparted to a Kerr BH by a scalar field
scattering it off, from the point of view of a distant observer
stationary with respect to the BH (“BH frame*). We would
like to use this information to find out what are these rates,
now from the point of view of a distant observer stationary
with respect to the asymptotic scalar field (“scalar field
frame”). The latter observer perceives the BH moving with
constant velocity v = —€k, /@ with respect to the asymp-
totic scalar field, which is perceived at rest (by definition).
While at rest (and neglecting quantum effects) the BH is a
perfect absorber, but when moving it may transfer some of
its kinetic energy to the scalar field, with the interesting
possibility of, globally, losing energy. The deposition of the
BH’s kinetic energy on the scalar field environment is
intrinsically connected with the phenomenon of DF
Knowing the rate at which energy is accreted and linear
momentum is imparted to the moving BH allows us to
compute how its relative motion with respect to the scalar
field will evolve in time due to DF.°

The scalar field frame is related to the BH frame through
a Lorentz boost with velocity —v. Noting that the curvature
ADM four-momentum Pg;,; transforms as Lorentz four-
vector [71], it is trivial to find the rates in the scalar field
frame (primed quantities)

Epy = Egy +v - F, (65)
F/ = F + EBHV, (66)

®In nonrelativistic treatments, DF (as standing for the gravi-
tational interaction of a perturber with its wake) and accretion of
momentum are distinct effects, both contributing to the dynamics
of gravitational systems; in relativistic treatments the separation
into these two effects is not absolute, but gauge-dependent
instead [41,64] [see, e.g., Eq. (36) and subsequent discussion
in Ref. [64]]. In this work we (abusively) call DF to the total
effect, which includes also the accretion of momentum.

where we used df = dt/V'1 — v* and F||v. In the general
case, the force does not need to point along v (e.g., Magnus
effect), but as seen in the previous section the force does
oppose the velocity in the low-frequency limit or for
sufficiently small incident angles—the cases we focused
on in this work. The wave effects are controlled by the

parameter (15), which, after substituting @ = p/Vv'1 — v?
and ko, = pv/V'1 — 2, reads

uM(1 + v?)

=" wWil=v2 (€7)

A. Weak field regime

For BH velocities satisfying 1 — v? > y?>M? the scalar
field is perceived with low frequency (wM < 1) in the BH
frame and so only probes the weak (Newtonian) gravita-
tional field, as shown in Sec. III. This limit is possible only
for light fields uM << 1. On the other hand, for light fields
all relevant astrophysical velocities are in this regime; in
other words, light fields are not expected to probe the
strong gravitational field of BHs, because their de Broglie
wavelength is too large.

In the scalar field frame the rate of change of the BH’s
energy is

Eou _ Ay
p 1 —v?sinh(zn)

e "rn

dantv . .
- :2 RIP(1 + o + i) —P(1 +in)],  (68)

and the DF is

4zn’py

F = RIW(1 + Cge + i) —W(1 + )], (69)

W

where we have defined the scalar’s proper mass density
p = nmg and the medium size is

bmax _ \/I’ﬂmax(fmax + 1)(1 - 1}2) ) (70)

uv

We remark that, as discussed in the previous section, the
analytic approximations that we are using here can only be

trusted (with an error < 5%) for uM /v/'1 — v < 0.01.

In the particle limit #? > 1, which corresponds to
nonrelativistic velocities v << uM, the above expressions
reduce to

2
b max

1 +W)} (71)

s
EBH_

— —log

4xM?p (uA,
M

and
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2
bmax

HW)' (72)

For an extended medium b, > M/v?> we recover
Chandrasekhar’s result for DF in collisionless media [72].

In the wave limit #?> < 1, which corresponds to BH
velocities v > uM, the rate of change of the BH’s energy
becomes

4 M?
F = - 7rU3pV10g<

. AzM?p
Eggy=——>+
B (1=4?)

« {%—(1 o2y [log (%) —|—7/E] } (73)

and the DF

P _47rM2p(1 +v%)%p {1 ( VD pax

s o o) R )

We see that the force on the BH is indeed a friction (i.e., it
acts to decrease the absolute value of its velocity) in the
entire range of v. For nonrelativistic velocities this force
reduces to

AzM?py

P = = og (vmby) 76, (79

which for an extended medium b, > 1/vu coincides
with the result derived in [11,40] and extracted numerically
in [41] (up to an additive constant, which is due to a
different cutoff scheme, to be discussed in Sec. V).7

In Fig. 1 we show the energy density T',/p of the scalar
field in the weak field regime, obtained using the far-region
solution (A13) with coefficients (A20) and (A21) [in which
we substitute (A23) and (18)]. This wake is in the wave
limit (7> < 1) and its wave structure (interference fringes)
of characteristic length ~Agg/2M = z(1 4+ v72)/|n| is
clearly seen. Our figure should be compared with the
steady wake attained dynamically in the numerical evolu-
tion performed in Ref. [41] (shown in the second row of
their Fig. 2 for the same set of parameters); the resemblance
between the two images is remarkable. Going away from
the wave limit into the particle limit, the fringes disappear
and the wake becomes concentrated in a single tail with
much greater energy density (as it was seen in [41]).

B. Strong field regime

For velocities 1 — v? < y>M? the scalar field is per-
ceived with high frequency (wM > 1) in the BH frame and
so it is able to probe the strong gravity region of the BH.

7Upon the identification r = b,,,, /2 between the cutoff radius
r employed in [11,41] and our impact parameter b,,,.

300}

2501

200}
=
~

& 1501

1001

501

ol ‘
-150 -100 -50 0 50 100 150
z/M
| — ]
0.9 1.0 1.1 1.2 1.3 14 1.5
FIG. 1. Scalar field energy density 7,,/p (in the BH frame) in

the weak field regime, obtained using the far-region solution
(A13) with coefficients (A20) and (A21) [in which we substitute
(A23) and (18)]. The BH is at the origin moving from left to right
with velocity v = 0.8c. The scalars have mass yM = 0.05 and
bmax/ M ~ 396. For these parameters the scalar field is close to the
wave limit (57> =~ 0.016) as can be clearly seen by the interference
fringes with characteristic length ~Aqgz/2M.

Here we restrict to the special case in which the BH motion
is along the direction of its spin and we consider light
scalars with mass uM < 1. In this case, the condition
1 — 0?2 < u*M? is satisfied only at ultrarelativistic speeds
v~ 1 and the scalar field behaves as particles (> > 1).

In the scalar field frame the rate of change of the BH’s
energy is

. 162M?p b
By = —— 2L og [ 2max ) 4 A2 76
BH = T2 [Og<20M>Jr ] (76)

and the DF is
162M2py B
F = —m |:10g (ﬁ) + A2:| N (77)

where we recall that A ~ 1.91 + 0.0565a> + 0.0165a* and
that these expressions are valid only for b,,,, < 20M; for
smaller b, we need to perform a numerical integration.

V. DISCUSSION

In this work we derived simple closed-form expressions
for the dynamical friction acting on BHs moving through
an ultralight scalar field, covering both nonrelativistic and
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FIG. 2. Comparison between the numerical results of Traykova
et al. [41] and our framework based on the scattering amplitudes
with the R/I obtained numerically (F/  .icq) and with the
analytic approximation of Eq. (69) (F, ;i) Top: uM = 0.05.

Bottom: uM = 0.2. Here, the analytical approximation (69) does

not describe very well F/ . = because uM/v1—v* is not
sufficiently small.

relativistic speeds, and including the effect of BH spin. We
showed that for velocities 1 — v? > p>M? the scalar has too
large a de Broglie wavelength to probe the strong gravity
region of the spacetime (we called it weak field regime).
In this case, for low nonrelativistic velocities v << uM the
scalars behave as particles and the force on the BH (in the
scalar’s frame) is

My ( Do )

03 I+ (M]1?)?

Still in the weak field regime, the wave effects grow with
the BH velocity and are at their greatest for v > uM, in
which case

4zM?p(1 + v?)?y vub
— _VHDmax_
"= v (1—?) [10g<v1 —v2> +yE}

For light scalar masses uM <1 and astrophysical BH
velocities all systems are expected to be in the weak field
regime (even for the possibly relativistic velocities found in
BH mergers). We verified that these analytic expressions
describe very well the numerical results (obtained using the
numerical values for the scattering amplitudes) for

uM /N1 —v? <0.01. For the sake of curiosity, for ultra-
relativistic BH velocities (v ~ 1) satisfying 1 — v? < u>M?
the scalars are able to probe the strong field region of
spacetime (since their de Broglie wavelength becomes
much smaller than the event horizon radius) and behave
again as particles; here the DF is

16z2M?py b
F'=——— |log( 2% ) + A2
(=) ["g(zozw) " }

Additionally, we derived simple expressions for the rate of
change of the BH’s energy, which allows us to do an energy
balance between the kinetic energy deposited in the
environment and the accreted mass; we also extended
these expressions to the case of massless (scalar) radiation,
covering the numerical results of Ref. [73].

Due to the 1/r falloff of the gravitational potential, the
DF in an unbounded homogeneous scalar field medium
diverges and a cutoff is needed (in practice this is not a
problem, because these scalar environments have a finite
size, e.g., DM halos). In previous studies (e.g., [11,40,64])
an ad hoc cutoff scheme was employed, consisting of
neglecting the contribution to DF of scalar field from a
region outside a ball of radius r centered at the BH. This is
clearly not self-consistent, since the wake is computed for a
medium of infinite extension. In this work we use a cutoff
scheme more similar to the one employed in the original
Chandrasekhar’s treatment [72], which consists of consid-
ering a maximal impact parameter for the unperturbed
medium. This approach is self-consistent since the wake is
computed for the truncated medium. But, actually, there is
also a subtlety with our cutoff scheme. In the BH frame, our
truncated medium is in a superposition of eigenstates
of the operator L? with maximum eigenvalue A7, and
with coefficients such that the expectation value of the
asymptotic scalar’s momentum satisfies lim, _ o (fo) =

—mgv/V1—1v% So, we note that the interpretation of
a BH moving with velocity v with respect to the scalars
is only correct for /., > 1; in particular, in our description
there is an inherent velocity dispersion |Av|/v 2
(1 = 1%)/\/Cmax(€max + 1), by the uncertainty principle.
Interestingly, a velocity dispersion of the scalars in a DM
halo is actually expected and can be modeled through a
random phase distribution, e.g., [18,40] (in principle, our
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framework can also be applied to such setup, but we
postpone the study of this issue to future work).

For nonrelativistic BH velocities in an extended
medium of size by, > max{l/vu, M/1v*} we recover
the Newtonian expressions derived in [11,40] (up to an
additive constant, which comes from the different cutoff
scheme used there) and we find that the ratio of the wave to
the particle DF expressions is

F(}vave o 10g (koobmax) +7E
Fi)artic]e log (koobmax) - log |7]

, (78)

which is smaller than unity in the wave limit || < 1.
Remarkably, the above ratio is unchanged for relativistic

velocities if for F, . we use the expression derived in

Ref. [74] describing the relativistic DF in a collisionless
medium. So, we find that the wave effects of light scalars
suppress DF in an extended medium, both for nonrelativ-
istic and relativistic velocities. This fact, as remarked
previously in Ref. [11], can alleviate substantially the
timing problem of the five globular clusters in the
Fornax dwarf spheroidal [75] and similar issues in faint
dwarfs in several nearby galaxy clusters® [80,81].

As inferred in the numerical treatment of Ref. [41], we
find that the relativistic corrections to DF introduce a factor
(1 +v*)?/(1 — v?); the same correction was found in [74]
for collisionless and in [82] for collisional media. But we
argue here that (at least in the weak field regime
1 — v? > u>M?) this sole factor encodes the entire correc-
tion to DF and that the extra corrections introduced in [41]
are slightly misguided. When boosting from their
simulation frame to the BHs, the authors neglected the
contribution of accretion [their Eq. (10)]; actually, this
contribution is important and it cannot be neglected.
Because of that, their results for the DF are valid in their
simulation coordinates—and not in the BH’s frame. It is
easy to show that the force in their simulation frame is equal
to the force F’ in the scalar’s frame. As we have shown the
accretion of momentum cancels out of F’ [cf. (66)] So, we
argue here that both their “pressure correction” (depending
on a parameter k) and Bondi’s momentum accretion are
actually describing strong gravity corrections to the DF;
remember that the weak field analytic expressions
that we derived are a good approximation only for

UM /1 —v* <0.01, for larger uM strong gravity effects
start to kick in. We predict that these corrections will not be

needed to fit their results for uM/v1— 1> <0.01.
Our suspicions are supported by the fact that using
our framework to compute the force F’' with the

$However, the dominant effect suppressing DF seems to be the
cored density profile [76,77] of the Fornax (e.g., Fig. 6 of [78]).
These cores can arise naturally in alternative models to the
standard cold DM (like fuzzy DM [16,18], but not only [76]) or
can develop due to baryonic feedback in cold DM halos [79].

scattering amplitudes R/I obtained numerically gives
results in remarkable agreement with Ref. [41]9 (as can
be seen in Fig. 2). The main difference between that
numerical procedure and the analytic expression (69) are
strong gravity corrections (which are suppressed for

uM /1 —v* <0.01). Summarizing, we conclude that in
the scalar field frame and in the weak field regime the
relativistic corrections to DF are encoded solely in the
factor (1+ v%)2/(1 —v?).

For simplicity, in this work we considered complex
scalars, which can arise in simple extensions of the
Standard Model [5], but this framework can also be applied
to (the more physically motivated) real scalars. In that case,
looking at the form of the energy-momentum tensor (4), it
is easy to conclude that the scalar’s energy (momentum)
density cannot reach a stationary state, but instead it will be
left oscillating with frequency 2oM = 2uM/v/1 — v*. The
DF will also oscillate with the same frequency and it is
straightforward to show that its average is half of the value
of DF in the complex case. The same conclusion was also
obtained using numerical simulations in [41].

In this work we included also the effect of BH spin in DF.
In the weak field regime (the most relevant for astrophysical
applications) the spin does not affect DF in the scalar field
frame and affects accretion only mildly by changing the
event horizon area. In the particular case of a BH moving at
ultrarelativistic speeds with its spin aligned with the direction
of motion, the DF is also almost not affected by the BH spin.
The strong field regime with a BH spin not aligned with its
direction of motion was not studied here; this is the case in
which we expect the BH spin to affect the most DF. In
particular, DF will not be in general aligned with the
direction of motion and there will be a Magnus effect
bending the BH’s trajectory. We postpone the study of this
and other interesting phenomena to future work.
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APPENDIX A: SCATTERING AMPLITUDES IN
THE LOW-FREQUENCY LIMIT (wM « 1)

Here we use the method of matched asymptotic expan-
sions to find an approximate analytic expressions for the
amplitudes R/I and T /I of massive scalar waves scattering
off spinning BHs in the low-frequency limit oM < 1. This
is an extension of the treatment in Refs. [52,53,83].

Note that the spheroidal eigenvalues have a power
expansion [59]

(ke [, , (2m=1)2m+ 1)

=L +1)+ ) (2¢ —1)(2¢ + 3)

+ Ol(koa)*]

and so in the low-frequency limit oM < 1, the eigenvalues
are A ~£(¢ + 1) at leading order.

(A1)

1. Region I
Let us consider first the region
- £+1
x=l"Tn R (A2)
m—re  o(ry=r)

where r, = M —VM? — a? is the radius of the Cauchy
horizon (the smallest real root of A). In this region Eq. (9)
reduces to [52]

x(x-l—l)di;c {x(xﬂ)‘;iﬂ Q2= (£ + Dx(x+1)|R =0,
(A3)
where
242
= rl;t y (m&y, — w). (A4)
The general solution of this equation is [59]
R = (1 4+ x){c;xCF(=£,¢ + 1;1 — 0; —x)
+ X 9F(—C+ Q.+ 14+ 0;1+ 0;—x)},  (A5)

with Q = 2iQ and where F(a, b; c; z) is the hypergeometric
function [59]. The physical boundary conditions (14) at the
event horizon (x — 07) imply that

= 0, (A6)

T
Ch=—+ . A7
? (r +a®): (A7)

Note that the tortoise coordinate y in (14) is defined up to

an additive constant that we have fixed here through the
condition y(r) = (;‘2‘;%‘;2) log(;=%) for r ~ ry,.

In the limit x > 1 one finds that the above solution has
the form [83]

R <2fdi 1)"_“’ (A8)
with
_ (2¢)!
. Lﬂ’(l +0)(ri + a2)%]’ (A9)
dy = (_1)f+lT|:%:|, (A10)

where (z), =z(z+1)---(z+n—1) is the Pochhammer
symbol.

2. Region II

Now we focus on the region r > r, (which implies
x> 1), where Eq. (9) reduces to

ke £(€+1
W—Fk%o— . (r2 )](\/ER):O. (A11)

To obtain the last equation we neglected terms of order
(rn/r)3, used the low-frequency condition @M < 1, and
defined the parameter

2 k2
= —M(‘” + °°). (A12)
ko
This equation admits the solution
_9Brc €4 ~c
R_7Ff(’7’ koor)+7Gf<rl’koor)’ (A13)

where FS and G¢ are the Coulomb wave functions [59].
At ko r < [ the solution has the polynomial form [59]

k;ofr—f—]

R~ c.C kf+1 4 )

(A14)

with
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20D + 1 + i)
a 27+ 1)!

(A15)

At spatial infinity k., r — oo it has the asymptotic form

R:C—:Sin[ﬁf(n,koor)] +C—:cos[«9f(i7,kmr)], (A16)
where
0, = ko, r—nlog(2kyr) —f%+argF(f+ 1+ip),  (A17)

with arg(z) the principal argument of z. The physical
boundary conditions (13) imply that

I <C4 —; iCS) ei[é’n/Z—argl"(erlHn)]’ (Alg)

3. Matching the two regions

Finally, we just need to match the solutions in the two
regions. Matching (A14) with (A8) at r, < r < 1/ky
gives

— (2¢)1(M? —az)—g
3 = T|:2ff'(1 + Q)[(rﬁ + az)l/chkio+l:| ’ (AZO)
27610 = &)y (M? - “z)f_;l
—_ (_1\¢/+1 +
el T[ QAR+ a)2C S ] (A21)

So, using Eqgs. (A18) and (A19) we find the following
scattering amplitudes:

! [(2))? -

T

R_ (—1)f+1eziargr(f+1+m>{[(20”)!]2 + Q(2)*C(1 + 2iQ) [ (2k VM? — a?) ! }
Q£ CEl(1 +2iQ),|* (2ke VM — a?)**!

(A22)

2/[01£1(21)1C (1 + 2iQ) 2k VM — a2)

1

- (_i)f+leiargF(f+l+ir,)< Koo )%{
o —m&y|) | [(22)1]?

- Q(2)*C3|(1 +2iQ),)? (zkw\/m)m,}- (A23)

It is easy to verify that the last expressions satisfy the conservation of the Wronskian (16).
For a static (Schwarzschild) BH we have a =0, r, = 2M and Q = 2wM < 1, the last expressions simplify to

5:( l)erl 2iarg T f+l+m{
1

2( l)erl 2iarg [(£+1+1in)

22k M (] ke >}
A C2 2k M) (0] k)

Z _ (_i)f+leiargf(f+l+m){
1

- (?2(2)' 2) <k(”) C2(2k M) <f+1>}, (A24)
)2(21)1C (2k o M)/ !

[(20)1? + (f!)4C§(2kooM)2(f“>(w/koo)}

221 (A25)

which agrees with previous calculations [53,61].

- (_l-)f+1eiargr(f+1+m) < (25)') ¢(2ke M)Hl

Note that this method does not assume Q < 1 in the case of a spinning BH, and the expressions for the amplitudes hold
for any Q (as long as @M < 1). Since the derivation assumes oM < 1, the expressions (A22) and (A23) can be written in

the simpler form

2
? — (_1)f+162iargr(f+l+in){1 + <[?2(;;)']2> QC§|(1 + 2iQ)f|2(2koo’ /Mz _ a2)2f+1}, (A26)
§= (i) e ae (o) <(§Li;!> <|w ore |> V10IC,(1+2i0) 2k VM? — a?) 2. (A27)
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To see this one should note that (i) when |Q| — oo,
0|(1 4+ 2iQ),> ~O[1/(M? = a*)?*3], and (ii) when
n — —00, C2 ~ O[(Mp?/ky)***!], which can be seen more
easily through the alternative form of C, [59],

c 2{2an/ (e = DITT, (1 + 2)}'2
a 27+ 1)! ‘

(A28)

APPENDIX B: SCATTERING AMPLITUDES IN
THE HIGH-FREQUENCY LIMIT (oM > 1)

In the high-frequency limit we will focus only on the
ultrarelativistic regime @ > p (which, in particular, is the
only possibility for scalars with yM < 1). This limit in
frequency was studied for instance in Refs. [56,63,84]. For
very large azimuthal numbers ¢ > oM using a WKB
approximation to solve Eq. (12), with the physical boun-
dary conditions (13) and (14), one finds that [85]

§: iexp{—2iw [x(rtp) + /w dr<r2 Zd2> <1 _§>] }

(B1)

where

0= [(o-¥a) - rap ()

and rg, is the largest classical turning point satisfying
k(ry) = 0, with the tortoise coordinate fixed by the con-
dition y(r) =~ r + 2M log(2wr) for r > ry; in particular,

(B2)

r: +a?
)((rtp) =Typ— (I"(;—r >10g[2w(rtp_rc)]
c

+ (’ﬁ + “2> log [20(ry, — ru)]-

B3
hy — I ( )

For large azimuthal numbers £ ~ @wM it is also possible
to use a WKB approximation to compute the absolute
value [85]

R|? 1
= B4
where
k2
€= ——=m (B5)
Z(Wk )Zmin

with ki = k(¥min) and where ;(min(ﬁ,%) is the largest
(real) root of

(B6)

(e) -o
dX Xmin

Note that, in the large £ limit, y;, is indeed only a function
of the ratios £/wM and m/¢. Although not easy to show
explicitly for a general a, in the high-frequency limit
@M > 1 we expect € to be a monotonic rapidly decreasing
function of #/wM, crossing zero at a critical (¢/wM),,
which is a function of m/¢ and a/M. This expectation is
motivated by what happens for a =0, in which case

(¢/owM),, = 3+/3 and

=T - )

and was confirmed by our numerics. Thus, one concludes
that in the high-frequency limit the reflectivity |R/I|* is
well approximated by a very steep function of £/wM
that vanishes for ¢/wM < (¢/wM), and is unity for
(¢/wM) > (¢/wM).,. One is then led to the (geometrical
optics) approximation [66]

(B7)

R <y

0’
== , . B3
I { j 2 re) [ a0 (B8)

£> 4t

Note that (£/wM)., is a root of the discriminant of k> (r).
This discriminant is a polynomial of degree 8 in wM /I with

2 4 6 8

FIG. 3.
m/t.

Numerical result of (¢/wM)., as function of a/M and
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a/M
[
2 4 6 8

FIG. 4. Numerical result of (£/wM),, as function of a/M and
m/wM. In the (unbounded) white region of parameter space there
exists no (¢/wM), and expression (B1) can be used for any
¢/wM (as long as |m| < 1).

a double root at zero, two complex roots, two negative and
two positive roots (this was established by our numerics for
the physical parameters 0 < a/M < 1 and -1 <m/l < 1).
We have shown numerically that (£/wM),, is always the
largest real #/wM that is a root of k*(r). This gives us a
very efficient way to compute numerically (£/wM),, as
function of m/¢ and a/M (shown in Fig. 3). Alternatively,
one can use an analogous procedure to compute numeri-
cally (£/wM),, as function of m/wM and a/M (shown
in Fig. 4).

cr

APPENDIX C: BLACK HOLE MOVING
THROUGH A MASSLESS SCALAR FIELD

The problem of obtaining the rate of change of the BH’s
energy as it moves through a massless radiation (scalar)
field was solved numerically in Ref. [73]. There, it was
concluded that, depending on the medium size, there is a
critical velocity above which the BH deposits kinetic
energy in its environment at a greater rate than it accretes.
In this Appendix, we show that, when moving through
a massless scalar field, both the rate of change of the
BH’s energy and the DF acting on it can be computed
analytically.

In the case of a massless scalar field we cannot go to its
proper frame. So, we consider here a “lab frame” with
respect to which the BH moves at velocity v and the
massless scalar has momentum —#w'v/v. So, we have

® = \/120 and k = — /*20'v /v in the BH frame.'’ The

factor n@'/u is not well defined here (remember that 7 is
the number density far from the BH in the scalar’s proper
frame); this factor must be replaced by the number density
in the lab frame n’ (as can be readily seen by continuity,
taking the limit mg — 0).

1. Weak field regime

For BH velocities satisfying 1—v>> «o?M? the
scalar field only probes the weak (Newtonian) gravita-
tional field. In this regime the rate of change of the BH’s
energy is

16zM?n' ha (14 v)v

Epy = =
Ah 1 1+’U ,
{10 e )
(C1)
and the DF is
16zM*n'ha’ (1 + )y
F), ~—
( )lab (1 _ 1))1}
1+ An(1 =)
1 ——a'b — .
X{Og< 1—1]60 max>+yEM+ 16ﬂ'M2
(€2)

2. Strong field regime

For velocities 1 — v < @?M? the scalar field is per-
ceived with high frequency (wM > 1) in the BH frame,
and thus it probes the strong gravity region of the
spacetime. We consider the special case in which the
BH velocity is along its spin axis. Here the rate of change
of the BH’s energy is

., 16zM*n'he’ (1 4 v)v
Epy = >

l’ﬂgr 1 bmax 2
X{1_6(;_1)_10g(2OM)_A }, (C3)

and the force acting on the moving BH is

We could also consider a more general setup in which the BH
is not moving head-on against the scalar field. But this particular
setup is specially interesting, because when the BH moves at
ultrarelativistic speeds (v ~ 1), due to relativistic beaming, even
isotropic radiation is perceived as countermoving in the BH frame
[73]. However, we do not expect to find BHs moving at
ultrarelativistic speeds in our Universe.
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_16aM?n'ho’ (1 + v)v
(I—v)v

bmax 2 5(2:1'
x{log<m> +A +E(1 v)} (C4)

F' ~

These expressions are valid for media with b, >20M
and the function A(a) is fitted by (63). These analytical
expressions describe excellently the numerical results
of [73].
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