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We present a new analysis to extract pion parton distribution functions (PDFs) within the framework of
the statistical model. Starting from the statistical model first developed for the spin-1=2 nucleon, we extend
this model to describe the spin-0 pion. Based on a combined fit to both the pion-induced Drell-Yan data and
the pion-induced J=Ψ production data, a new set of pion PDFs has been obtained. The inclusion of the J=Ψ
production data in the combined fit has provided additional constraints for better determining the gluon
distribution in the pion. We also compare the pion PDFs obtained in the statistical model with other existing
pion PDFs.
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I. INTRODUCTION

The description of proton parton distribution functions
(PDFs) in terms of a statistical model approach, initiated
20 years ago [1], has provided pertinent insights on the
flavor, spin, and momentum dependencies of the partonic
constituents of the proton. An important feature of the
statistical model is the natural connection between the
valence and the sea quark distributions through the corre-
lations in their Fermi-Dirac momentum distributions. The
proton PDFs obtained in the statistical model can describe
existing deep inelastic scattering (DIS) and Drell-Yan (DY)
data very well. The statistical model approach also led to
many successful predictions [2], including the flavor
asymmetries of d̄ðxÞ > ūðxÞ for the unpolarized sea [3–7]
and ΔūðxÞ > 0 > Δd̄ðxÞ for the polarized sea [8,9]. An
updated overview of the major results obtained in the
statistical model for describing the nucleon parton distri-
butions can be found in [10].
The success of the statistical model for understanding

many characteristics of the proton PDFs naturally suggests
the feasibility of extending this approach to describe the
partonic structures of other hadrons. Of particular impor-
tance are the partonic structures of pion and kaon, which
have attracted much attention recently. As the lightest
quark-antiquark bound state as well as a Goldstone boson
due to the spontaneous breaking of the chiral symmetry, the

pion is a unique hadronic system for exploring nonpertur-
bative aspects of QCD.
The mounting interest in the partonic structure of pion is

reflected in many recent studies under various theoretical
frameworks including the chiral-quark model [11–13],
Nambu-Jona-Lasinio model [14], light-front Hamiltonian
[15,16], holographic QCD [17,18], maximum entropy
method [19], and the continuum functional approach using
Dyson-Schwinger equations (DSE) [20–25]. Moreover, a
major advance in lattice QCD [26] has led several groups to
perform calculations of the momentum (x) dependence of
pion partonic distributions [27–34]. While the majority of
these theoretical studies is focused on the pion valence
quark distributions, recent DSE approach has also calcu-
lated the sea-quark and gluon distributions of pion [25].
On the experimental side, new information on the pion

PDFs has been obtained in the COMPASS experiment with
pion-induced dimuon production [35,36]. Additional mea-
surements aiming at improved accuracy are planned for the
future AMBER experiment at CERN [37]. Another exper-
imental approach for probing pion PDFs is the tagged deep-
inelastic scattering (TDIS) involving the DIS off the pion
cloud via the Sullivan process [38]. The TDIS approach is
being pursued at the Jefferson Laboratory [39] and planned
for the future Electron-Ion Collider (EIC) [40]. The interest
in pion partonic structure has also led to several recent
extractions of pion PDFs via global fits to various existing
data [41–45]. Until recently, knowledge of the pion PDFs
was limited to global analyses performed more than two
decades ago: OW [46], ABFKW [47], SMRS [48], GRV
[49], and GRS [50]. These analyses were based mostly on
pion-induced Drell-Yan and prompt-photon production
data. New global analyses were performed recently, using
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Drell-Yan data in BS [42] as well as both the Drell-Yan and
direct-photon data in xFitter [51]. The analysis of JAM [41]
included both the Drell-Yan data and the leading-neutron
tagged electroproduction data.
The first extraction of the pion’s PDFs based on the

statistical model approach was reported in [42]. This work
was followed by another recent analysis performed by BBP
[44] which significantly reduced the number of parameters
by imposing some constraints based on symmetry princi-
ples. This new analysis shows that a good description of the
existing π−-induced Drell-Yan data can be obtained in the
statistical model approach with a reduced number of
parameters.
As the pion-induced Drell-Yan cross sections are domi-

nated by q̄ − q annihilation, they essentially probe the
valence quark distribution in the pion, but leave the sea and
the gluon distributions largely unconstrained. Two recent
studies [52,53] showed that the existing pion-induced J=Ψ
production data can impose useful additional constraints on
the pion PDFs. Utilizing the theoretical frameworks of the
color evaporation model (CEM) as well as the nonrelativ-
istic QCD (NRQCD), it was found that existing pion-
induced J=Ψ production data are sensitive to pion gluon
distribution at relatively large x region. This result suggests
the importance of including existing pion-induced J=Ψ
production data in a global fit to extract the pion PDFs. In
this paper, we present a new extraction of pion PDFs in the
framework of statistical model via a global fit to both the
Drell-Yan and the J=Ψ production data with pion beam.

II. PARAMETRIZATIONS OF MESON PDFS
IN THE STATISTICAL MODEL

We begin by defining the notations of the various parton
distribution functions for pions. After imposing the par-
ticle-antiparticle charge-conjugation (C) symmetry for the
parton distributions in charged pions, we can define the
PDFs of πþ and π− as follows:

UðxÞ≡uπþðxÞ¼ ūπ−ðxÞ; DðxÞ≡ d̄πþðxÞ¼ dπ−ðxÞ: ð1Þ

ŪðxÞ≡ ūπþðxÞ¼ d̄π−ðxÞ; D̄ðxÞ≡dπþðxÞ¼ uπ−ðxÞ: ð2Þ

SðxÞ≡ sπþðxÞ ¼ s̄π−ðxÞ; S̄ðxÞ≡ s̄πþðxÞ ¼ sπ−ðxÞ: ð3Þ

GðxÞ≡ gπþðxÞ ¼ gπ−ðxÞ: ð4Þ

The requirements of charge-conjugation (C) and charge
symmetry (CS) invariance would significantly reduce the
number of independent parton distributions of pion. As
shown in Eq. (1), C symmetry leads to uπþðxÞ ¼ ūπ−ðxÞ.
Invariance under the rotation in the isospin space by 180°,
i.e., CS invariance [54], would give ūπ−ðxÞ ¼ d̄πþðxÞ.
Therefore, invariance under the combined operations of
C and CS implies UðxÞ ¼ DðxÞ. In a similar fashion, it

can be readily shown that ŪðxÞ ¼ D̄ðxÞ and SðxÞ ¼
S̄ðxÞ [44].
Based on the framework of the statistical model, the four

independent pion parton distributions are expressed in the
following parametric forms:

xUðxÞ ¼ xDðxÞ ¼ AUXUxbU

exp½ðx − XUÞ=x̄� þ 1
þ ÃUxb̃U

expðx=x̄Þ þ 1
:

ð5Þ

xŪðxÞ ¼ xD̄ðxÞ ¼ AUðXUÞ−1xbU
exp½ðxþ XUÞ=x̄� þ 1

þ ÃUxb̃U

expðx=x̄Þ þ 1
:

ð6Þ

xSðxÞ ¼ xS̄ðxÞ ¼ ÃUxb̃U

2½expðx=x̄Þ þ 1� : ð7Þ

xGðxÞ ¼ AGxbG

expðx=x̄Þ − 1
; bG ¼ 1þ b̃U: ð8Þ

Following the formulation developed for proton’s PDFs,
the x distributions for fermions (quark and antiquark) have
Fermi-Dirac parametric form, while gluon has a Bose-
Einstein x distribution [1,2]. The two terms for xUðxÞ and
xŪðxÞ in Eqs. (5) and (6) refer to the nondiffractive and
diffractive contribution, respectively [1,2]. As shown in the
analysis of proton PDFs in the statistical model [2], the
presence of the diffractive term is important for describing
the data at the low x region.
A key feature of the statistical model is that the chemical

potential, XU, for the quark distribution UðxÞ becomes
−XU for the antiquark distribution ŪðxÞ. The parameter x̄
plays the role of the effective “temperature.” For the
strange-quark distribution SðxÞ, the requirement that
SðxÞ and S̄ðxÞ have identical x distribution implies that
the chemical potential in the nondiffractive term must
vanish. Hence, the nondiffractive and diffractive terms
for SðxÞ have the same parametric form, and we make
the simple assumption that SðxÞ is equal to half of the
diffractive part of ŪðxÞ due to the heavier strange quark
mass. The expression bG ¼ 1þ b̃U in Eq. (8) has the
interesting consequence that GðxÞ has an identical x
dependence as the diffractive part of the quark distributions
when x → 0. The dominance of the gluon and sea-quark
distributions at x → 0 and the strong interplay between
them make this a very reasonable assumption.
Equations (5)–(8) contain a total of 7 parameters,

namely, AU, XU, bU, x̄, ÃU, b̃U, and AG. These parameters
are also constrained by two sum rules, namely, the valence-
quark number sum rule and the momentum sum rule:
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Z
1

0

½UðxÞ − ŪðxÞ�dx ¼ 1;
Z

1

0

x½2UðxÞ þ 2ŪðxÞ þ 2SðxÞ þ GðxÞ�dx ¼ 1: ð9Þ

III. GLOBAL FIT PROCEDURE

In order to obtain the parameters for pion PDFs accord-
ing to the parametrizations listed in Eqs. (7)–(10), we have
fitted both the Drell-Yan and the J=Ψ production data. For
the Drell-Yan data, we have performed next-to-leading-
order (NLO) QCD calculation to fit π−-induced dimuon
production data on tungsten targets from E615 at 252 GeV
[55], E326 at 225 GeV [56], and NA10 at 194 GeV and
286 GeV [57]. Detailed expressions for the NLO Drell-Yan
cross sections were presented in [42]. The nucleon PDFs
used in the calculation were taken from the BS15 PDFs
[10], obtained from a global fit to existing data in the
framework of the statistical model. The QCD evolution was
performed using the HOPPET program [58], and the CERN
MINUIT program [59] was utilized for the χ2 minimization.
Since the Drell-Yan data in this analysis were all collected
using nuclear targets (tungsten), it is necessary to take into
account the nuclear modification of the nucleon PDFs,
described in [44].
For the analysis of the J=Ψ production data, we follow

the recent study [53] on the comparison between pion-
induced J=ψ production data with theoretical model
calculations using the nonrelativistic QCD (NRQCD)
[60] approach. The NRQCD approach is based on the
factorization of the heavy-quarkQQ̄ pair production and its
subsequent hadronization. The production of the QQ̄ pair
involves short-distance partonic interaction, calculated
using perturbative QCD. The probability of a QQ̄ pair
hadronizing into a quarkonium bound state is described by
the long-distance matrix elements (LDMEs). The LDMEs,
assumed to be universal, are determined from the exper-
imental data [53,61].
We briefly describe the NRQCD framework used in this

study as formulated in Ref. [61,62]. The differential cross
section with respect to Feynman x (xF), dσ=dxF, for a
charmonium state H (H ¼ J=ψ , ψð2SÞ, or χcJ) from the
hN collisions, where h is the beam hadron and N the target
nucleon, is [62]

dσH

dxF
¼

X
i;j¼q;q̄;G

Z
1

0

dx1dx2δðxF − x1 þ x2Þ

× fhi ðx1; μFÞfNj ðx2; μFÞσ̂½ij → H�; ð10Þ

where i and j label the type of interacting partons (gluons,
quarks and antiquarks), fh and fN are the incoming hadron
and the target nucleon parton distribution functions,

evaluated for their respective Bjorken-x values, x1 and
x2 at the factorization scale μF. σ̂ is given as

σ̂½ij → H� ¼
X
n

Cij
cc̄½n�ðx1Ph; x2PN; μF; μR;mcÞ

× hOH
n ½2Sþ1LJ�i; ð11Þ

where Cij
cc̄½n� denotes the hard-process cross section for

producing a cc̄ pair with color (n), spin (S), orbital angular
momentum (L) and total angular momentum (J). The
hadronization probability is specified by the LDMEs,
hOH

n ½2Sþ1LJ�i. Here mc and Mcc̄ are the charm quark
and cc̄ pair masses, and μR is the renormalization scale.
The LDMEs used in the NRQCD calculation were taken

from a recent study [53], which extracts these matrix elements
by performed a fit to the energy dependence of the xF-
integrated J=Ψ production cross sections induced by proton
and pion beams at fixed-target energies. Several sets of the
LDMEs were obtained in this work, and we select the “Fit-2”
solution for the LDMEs [53]. Using this set of LDMEs, the
direct production cross sections of J=Ψ, Ψð2SÞ and the three
χcJ states are calculated using Eq. (10). Furthermore, both the
direct production of J=ψ and the feed-down from hadronic
decays of ψð2SÞ and radiative decays of three χcJ states have
been included for calculating the total J=ψ cross section.More
details on the NRQCD calculation can be found in [53]. We
found that the results of the present analysis are not sensitive to
the choice of the specific LDME set obtained in [53], since
they were all constrained by the same J=Ψ production data.
While there exist a significant number of measurements

for pion-induced J=Ψ production cross sections as
tabulated in [52], a large fraction of these data were
collected using nuclear targets. Since large nuclear effects
for J=Ψ production were found with both the proton and
pion beams, we only select π− þ p → J=Ψ data in our
global fit. This eliminates the uncertainties associated
with the nuclear effects in J=Ψ production. The two
π− þ p → J=Ψ experiments are the CERN WA39 experi-
ment at 39.5 GeV [63], and the CERN NA3 experiment at
150, 200, and 280 GeV [64,65].
The CERN WA39 Collaboration measured the J=Ψ

production cross section with 39.5 GeV hadron beams
[63]. Data for the liquid H2 target were taken with negative
and positive hadron beams (π�, K�, p and p̄). The
differential cross sections in xF for π− þ p → J=Ψ cover
the region 0.05 ≤ xF ≤ 0.85. The normalization uncer-
tainty on the cross sections is 15%.
The CERN NA3 experiment [64], has the largest pion-

induced J=Ψ production statistics available to date. Data
were collected at three different incident momenta, 150,
200, and 280 GeV. For all three beam energies, the cross
sections have a normalization uncertainty of 13%.
Although the numerical values of the cross sections were
not listed in the NA3 publication, they can be retrieved
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from the figures in the published paper [64] and an
unpublished thesis [65].

IV. RESULTS OF THE GLOBAL FIT

Before presenting the results of the global fit, it is
instructive to compare the J=Ψ production data with
calculations using the recent pion PDFs obtained in the
statistical model [44]. These pion PDFs were capable of
reproducing the pion-induced Drell-Yan data very well.
Since these Drell-Yan data are mostly sensitive to the
valence-quark distributions, the gluon distribution in pion
is only loosely constrained from the momentum sum rule
[44]. Figure 1 shows the comparison between the data and
the NRQCD calculation. While the agreement between data

and calculation is acceptable for the WA39 data at
39.5 GeV (χ2=ndp ¼ 1.16, where ndp is the number of
data points), a much larger value of χ2=ndp ¼ 3.11 is
obtained for the NA3 data at higher pion beam energies.
The J=Ψ production at 39.5 GeV is dominated by the qq̄
annihilation process and is only sensitive to the valence-
quark distribution in the pion [52,53]. As the valence-quark
distribution is rather well determined from the BBP fit to
the Drell-Yan data [44], it is reassuring that the J=Ψ data at
39.5 GeV is well described by the NRQCD calculation. In
contrast, the gluon-gluon fusion process has increasing

FIG. 1. J=ψ production data from the WA39 and NA3 experi-
ment π−H2 at Pπ

lab ¼ 39.5; 150; 200; 280 GeV for dσ=dxF (blue
circles) compared with the calculation of the BBP pion PDFs [44]
(dashed blue curves). The solid red curves are results using the
new pion PDFs.

TABLE I. Values of the K factor, χ2 and χ2=ndp (where ndp is
the number of data points) for each dataset obtained from a global
fit. P is the beam momentum, K the normalization factor to be
multiplied by the calculation for the Drell-Yan and J=Ψ cross
sections, Ndata the number of data points, χ2 and the χ2=ndp.

Experiment P(GeV) K Ndata χ2 χ2=ndp

E615 252 0.94 91 125 1.37
E326 225 1.07 50 77 1.53
NA10 286 1.12 23 10 0.44
NA10 194 1.14 44 22 0.49
WA39 J=ψ 39 0.63 9 11 1.22
NA3 J=ψ 150 1.13 18 9.6 0.53
NA3 J=ψ 200 0.92 9 14 1.56
NA3 J=ψ 280 1.00 17 17 1.0
Total 261 284 1.09

FIG. 2. Drell-Yan data from the NA10 experiment π−W at
Pπ
lab ¼ 194 GeV [57]. d2σ=d

ffiffiffi
τ

p
dxF versus xF for several

ffiffiffi
τ

p
intervals, where τ ¼ m2=s, are compared with the results of the
new fit (solid curves).

FIG. 3. Drell-Yan data from the E326 experiment π−W at
Pπ
lab ¼ 225 GeV [56]. d2σ=d

ffiffiffi
τ

p
dxF versus xF for several

ffiffiffi
τ

p
intervals are compared with the results of the new fit (solid
curves).
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important contributions as the pion beam energy increases
[52,53]. The poor agreement between the calculation and
the NA3 data at higher beam energies clearly indicates that
the gluon distribution obtained from the fit to Drell-Yan
data alone is not adequate. Combining the Drell-Yan and
J=Ψ data in the global fit, as shown later, could lead to an
improved extraction of both the gluon and the valence-
quark distributions in the pion.
Following the procedure described in Secs. II and III, the

best-fit values for the various parameters in the statistical
model are obtained. Table I lists the number of data points
and the values of χ2 for the best fit to these datasets. Note
that the normalizations for the absolute cross sections from
various experiments contain systematic uncertainties on the
order of ∼15 percents. In the global fit, the normalizations

for various datasets are allowed to vary, as listed in Table I,
in order to achieve improved consistency among various
datasets. The result of the calculation is multiplied by the K

FIG. 4. Drell-Yan data from the E615 experiment π−W at
Pπ
lab ¼ 252 GeV [55]. d2σ=d

ffiffiffi
τ

p
dxF versus xF for several

ffiffiffi
τ

p
intervals are compared with the results of the new fit (solid
curves).

FIG. 6. Different π− parton distributions, xU, xŪ, xS, and xG,
versus x, after NLO QCD evolution at Q2 ¼ 10 GeV2. Present
statistical model (solid, red), BBP PDF from Ref. [44] (dotted-
dashed, violet), SMRS PDFs from Ref. [48] (dashed, blue), JAM
PDFs from Ref. [45] (long-dashed, black) are shown. For SMRS
xS̄ðxÞ ¼ xŪðxÞ.

FIG. 5. Drell-Yan data from the NA10 experiment π−W at
Pπ
lab ¼ 286 GeV [57]. d2σ=d

ffiffiffi
τ

p
dxF versus xF for several

ffiffiffi
τ

p
intervals are compared with the results of the new fit (solid
curves).
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factor when compared with the data. We find that the K
factors for the fit to Drell-Yan data are within 10% of unity,
consistent with the normalization uncertainties of the
experiments. For the J=Ψ data, the values of K factors
are also found to be close to 1 for the NA3 data at three
beam energies. However, the K factor for the WA39
experiment at 39 GeV is quite small, 0.63. A very similar
finding was reported in the comparison between NRQCD
calculation using previous pion PDFs with the J=Ψ
production data [52]. This might reflect a slight under-
estimate of the normalization uncertainties from this experi-
ment. It could also suggest that further improvement in the
NRQCD model is warranted.
The χ2 values listed in Table I shows that a simultaneous

fit to the Drell-Yan and J=Ψ data in the statistical model
with a small number of parameters can be obtained. In
particular, the χ2=ndp values are significantly smaller than
that obtained with the previous pion PDFs [44]. Figure 1
shows the good agreement between the J=Ψ production
data and the calculation with the new pion PDFs. In
Figs. 2–5, the fits to the Drell-Yan data using the current
result on pion’s PDFs are displayed. We note that the Drell-
Yan data remain well described by the statistical model,
while much better agreement with the J=Ψ data is obtained
with the new set of pion PDFs.
The best-fit parameters of the pion PDFs, obtained at an

initial scale Q2
0 ¼ 1 GeV2, are

AU ¼ 1.11� 0.05 bU ¼ 0.64� 0.02

XU ¼ 0.72� 0.01 x̄ ¼ 0.119� 0.002

ÃU ¼ 2.68� 0.16 b̃U ¼ bG − 1.

AG ¼ 48.5� 1.3 bG ¼ 1.88� 0.04: ð12Þ

It is worth noting that the temperature, x̄ ¼ 0.119, found
for pion is very close to that obtained for proton, x̄ ¼ 0.090
[10], indicating a common feature for the statistical
description for baryons and mesons. On the other hand,
the chemical potential of the valence quark for pion,

XU ¼ 0.72, is significantly large than that for proton,
Xþ
U ¼ 0.475, X−

U ¼ 0.307 [10].
Figure 6 displays xUðxÞ, xŪðxÞ, xSðxÞ ¼ xS̄ðxÞ, and

xGðxÞ at Q2 ¼ 10 GeV2 obtained in the present analysis.
Comparisons with the distributions from the previous
analysis in the statistical model [44] and global fits of
SMRS [48] and the more recent JAM [41] are also shown in
Fig. 6. The shape and magnitude of the pion PDFs obtained
in the statistical model analysis are different from that of
SMRS and JAM. This reflects the very different parametric
forms for the PDFs in the statistical model compared with
that of the conventional global fits. We note that the gluon
distribution of the new pion PDFs from this analysis is
significantly larger than that of the JAM PDFs for the
x > 0.1 region. Since the J=Ψ production data from NA3 is
sensitive to the gluon distributions at the large x region, an
improved determination of the gluon content in the pion is
expected for the x > 0.1 region. Table II lists the momen-
tum fractions carried by the quark, antiquark, and gluon in
the pion for the new PDFs obtained in this work at
Q2 ¼ 10 GeV2. The corresponding momentum fractions
for other pion PDFs are also shown for comparison.
Figure 7 shows the extraction of the xUvalðxÞ from the
E615 Drell-Yan data [55] covering a very broad range of x.
The E615 result is compared with the new pion PDF
obtained in this analysis. Good agreement between the
E615 data and the present pion PDFs is observed.

V. CONCLUSION AND FUTURE PROSPECTS

We have performed a new analysis to extract pion’s
PDFs in the statistical model via a global fit to existing π−-
induced Drell-Yan data as well as the π− þ p → J=Ψ data.
Using a parametrization of pion PDFs containing only a

FIG. 7. The pion valence quark distribution xUvalðxÞ deduced
from the E615 Drell-Yan data [55] compared with the distribution
obtained in the present analysis.

TABLE II. Momentum fractions of valence quarks, sea quarks
and gluons of various pion PDFs for π− at the scale
Q2 ¼ 10 GeV2.

PDF
R
1
0 xūvalðxÞdx

R
1
0 xūseaðxÞdx

R
1
0 xGðxÞdx

OW 0.176 0.026 0.488
ABFKW 0.178 0.026 0.468
SMRS 0.219 0.026 0.395
GRV 0.179 0.020 0.513
JAMa

0.222� 0.005 0.028� 0.002 0.367� 0.016
xFittera 0.230� 0.008 0.036� 0.014 0.309� 0.065
BCP 0.242� 0.004 0.035� 0.002 0.326� 0.015

aUncertainties estimated from the member PDF sets. BCP
refers to the present work.
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few parameters, a good description of the Drell-Yan and
J=Ψ production data can be obtained. The J=Ψ production
data at the lowest pion beam energy, 39.5 GeV, are sensitive
to the pion valence-quark distribution, analogous to the
Drell-Yan data. At higher beam energies, the pion-induced
J=Ψ production data probe the gluon distribution of pion. A
combined analysis of the Drell-Yan and J=Ψ production
data has provided an improved determination of both the
valence-quark and the gluon distributions of pion compared
with earlier studies.
From the new analysis, we confirm the previous result

[44] that the statistical model approach gives very similar
values for the temperature parameters for proton and pion,
suggesting the consistency of this approach for different
hadronic systems. A larger value of the valence-quark
chemical potential for pion than for the proton is also
found. New pion-induced Drell-Yan and J=Ψ production
data anticipated from COMPASS and AMBER [37] would
provide further tests of the pion PDFs obtained in the
statistical approach.

The finding that both the Drell-Yan and J=Ψ production
data can be well described with the statistical model
approach suggests that this approach could be extended
to extract the kaon PDFs [66]. While only a single low-
statistics measurement of the kaon-induced Drell-Yan cross
section is available [67], there exist additional kaon-
induced J=Ψ production data at 39.5 GeV [63] and
200 GeV [64]. A combined analysis of these kaon-induced
Drell-Yan and J=Ψ production might lead to a first
extraction of the valence-quark and gluon distributions
of kaon. The proposed RF separated kaon beam [37] at
CERNwould be extremely valuable for measuring the kaon
PDFs in the future.
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