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We derive a quantum kinetic theory for QED based on Kadanoff-Baym equations for Wigner functions.
By assuming parity invariance and considering a complete set of self-energy diagrams, we find that the
resulting kinetic theory expanded to lowest order in ℏ generalizes the well-known classical kinetic theory to
the massive case. It contains elastic and inelastic collision terms and integrates a screening effect naturally.
For a given solution to the classical kinetic theory, we find at next order in ℏ a nondynamical quantum
correction to Wigner functions for both fermions and photons, which gives rise to spin polarization for
fermions and photons, respectively. The approach allows us to study the nondynamical part of the
collisional effect on the spin polarization phenomenon.
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I. INTRODUCTION AND SUMMARY

Spin polarization phenomena have been observed in a
variety of experiments in particle physics [1–3] and
condensed matter physics [4,5]. It can be induced by
different sources such as electromagnetic field [6,7] and
vorticity [8–11]. In order to describe spin transports in a
nonequilibrium setting, two complementary frameworks
have been developed. One is spin kinetic theory [12–16],
which generalizes the chiral kinetic theory [17–35] to the
massive case. Spin kinetic theory is organized as a
systematic expansion in ℏ, where the zeroth order gives
the classical kinetic theory, and the spin effect appears from
the first order. Recently, much progress has been made
toward realistic collision terms for spin kinetic theory
[22,36–47]. However a complete derivation of the realistic
collision term for QCD has yet to be performed.
The other framework is spin hydrodynamics [48–60],

which includes spin density as an additional degree of
freedom in conventional hydrodynamics. It is assumed that
the spin density relaxes much slower than the other non-
hydrodynamic modes. The assumption clearly depends on
particular microscopic theory. It is desirable to confirm that
such an assumption is indeed satisfied in systems of our
interest.
In this paper, we derive quantum kinetic equations for

quantum electrodynamics (QED) based on Kadanoff-Baym
(KB) equations. This approach allows us to incorporate

complete collision term for fermions and photons. By
performing an expansion in ℏ of the resulting kinetic
equations, we obtain at the lowest order a classical kinetic
theory. On general grounds, one expects classical kinetic
theory to agree with the classical Boltzmann equations
written by Arnold, Moore, and Yaffe (AMY) [61–63] for
quantum chromodynamics (QCD), which is essentially
spin-averaged kinetic equations. The agreement is achieved
by assumption of parity invariance. It is known that for
massive fermions, the kinetic theory contains the following
degrees of freedom: feV=f

e
A and aμ, being vector/axial

charge distribution functions and spin direction, respec-
tively [12]. By assuming the system is parity invariant, we
are left with feV (to be denoted as fe) as the only degree of
freedom. A similar reduction applies to the photonic sector
of kinetic theory, leaving only the distribution function of
unpolarized photon fγ as the degree of freedom. With these
simplifications, we find the resulting classical kinetic
theory generalizes the classical Boltzmann equation by
AMY [61–63] to the massive case for QED. The gener-
alization to the massive case is crucial for the phenom-
enology of spin polarization.
The classical kinetic equation serves as a background on

which we can study quantum correction by systematic
expansion in ℏ within our approach. As we show in Sec. V,
the quantum correction at next order gives rise to spin
polarization of both fermions and photons. Our approach
bridges the gap between realistic classic kinetic theory and
formal development of quantum kinetic theory, thus
allowing us to study the collisional contribution to spin
polarization phenomena in a realistic system. It is also
worth mentioning that in early studies of transport coef-
ficients in classical kinetic theory [61–63] gradient expan-
sion is employed, while ℏ is set to unity. In fact, we clarify
the relation between two expansions in Sec. V. From our
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approach, it is manifest that gradient expansion in classical
kinetic theory already includes a partial contribution of ℏ
expansion, which does not lead to spin polarization. We
still use the terminology of classical and quantum kinetic
theory as a separation between spin unpolarized and
polarized sectors of the kinetic theory.
It is informative to compare the classical kinetic theories

for QED and QCD. On one hand, they share similar scales:
characteristic momentum of quasiparticles Λ, thermal/
screening mass eΛðgΛÞ, and damping rate of quasiparticles
e2Λðg2ΛÞ. One the other hand, they differ in one funda-
mental aspect: QED does not possess a nonpertubative
scale, while QCD does. The nonperturbative scale for QCD
cuts off long range fluctuation of chromoelectromagnetic
fields, allowing for omission fluctuation of chromoelec-
tromagnetic fields beyond the scale 1

g2Λ. However, such a

mechanism is not present in QED. We instead choose a
larger coarse-graining scale 1

e4Λ for the kinetic theory and
restrict ourselves to the situation without background
electromagnetic fields. We show that electromagnetic fields
generated by fluctuations at the scale 1

e4Λ have a subleading
effect as compared to that of spacetime gradients.
The paper is organized as follows: in Sec. II, we derive

the Kadanoff-Baym equations for fermions and photons.
By the assumption of parity invariance, the degrees of
freedom are identified as unpolarized fermion/photon
distribution functions. We also discuss regimes of validity
of the kinetic theory. In Secs. III and IV, we elaborate on the
self-energies of fermions and photons, which gives rise to
the elastic and inelastic collision terms. In order to
incorporate the interference term in the 2 ↔ 2 process
and 1 ↔ 2 process, it is crucial to include vertex correction
in the self-energies. The resulting kinetic equations to
lowest order in ℏ show a clear resemblance to the
Boltzmann equations by AMY. In Sec. V, we consider
the next order expansion in ℏ. After enumerating possible ℏ
corrections, we focus on a nondynamical type of correc-
tion, which gives rise to spin polarization and is entirely
fixed by solution of the classical kinetic equation. We
provide an outlook in Sec. IV.

II. KADANOFF-BAYM EQUATIONS FOR QED

A. Fermionic Kadanoff-Baym equations

We begin by writing the fermionic part of the
Lagrangian,

L
ℏ
¼ ψ̄

�
i∂ − e=A −

m
ℏ

�
ψ þ η̄ψ þ ψ̄η; ð1Þ

where η̄ and η are sources coupled to ψ and ψ ; respectively.
We first write the Dyson-Schwinger equation on the
Schwinger-Keldysh (SK) contour,

�
i∂x −

m
ℏ

�
ψðxÞ ¼ ηðxÞ þ ηindðxÞ; ð2Þ

ψ̄ðyÞ
�
−i⃖∂y −

m
ℏ

�
¼ η̄ðyÞ þ η̄indðyÞ; ð3Þ

with ηind ¼ e=Aψ and η̄ind ¼ eψ̄=A.1 For simplicity, we have
assumed the absence of background gauge field. Following
[64], we take the derivative i δ

δηðyÞ on (2) to obtain

�
i∂x −

m
ℏ

�
Scðx; yÞ ¼ iδcðx − yÞ þ i

ηindðxÞ
ηðyÞ ; ð4Þ

where the subscript indicates the quantity being contour-
time ordered. The matrix form of Scðx; yÞ in 12 basis is
given by

Sc;αβðx; yÞ ¼
� S11αβðx; yÞ S<αβðx; yÞ
S>αβðx; yÞ S22αβðx; yÞ

�

¼
� hTψαðxÞψ̄βðyÞi −hψ̄βðyÞψαðxÞi

hψαðxÞψ̄βðyÞi hT̄ψαðxÞψ̄βðyÞi

�
: ð5Þ

We have also kept explicit Dirac indices αβ in (5). T and T̄
correspond to time ordering and antitime ordering. The last
term of (4) can be evaluated as

δ

δηðyÞ ηindðxÞ ¼
Z

d4z

�
−i

δ

δψðzÞ ηindðxÞ
��

i
δ

δηðyÞ δψðzÞ
�

¼
Z

d4zΣcðx; zÞScðz; yÞ; ð6Þ

with Σcðx; yÞ ¼ −i δ
δψðyÞ ηindðxÞ ¼ hηindðxÞη̄indðyÞic. Taking

x and y on the forward and backward contours, respec-
tively, we obtain

�
i∂x −

m
ℏ

�
S<ðx; yÞ ¼ i

Z
d4zΣFðx; zÞS<ðz; yÞ

− i
Z

d4zΣ<ðx; zÞSF̄ðz; yÞ: ð7Þ

We can eliminate the time ordered self-energy ΣF and
antitime ordered correlator SF̄ in favor of a retarded/
advanced correlator defined as

SRðx; yÞ ¼ iθðx0 − y0ÞðS>ðx; yÞ − S<ðx; yÞÞ;
SAðx; yÞ ¼ −iθðy0 − x0ÞðS>ðx; yÞ − S<ðx; yÞÞ;

and similar definitions for ΣR=A. Using the following
relations:

1Recall the dimensions of fields: ψ ∼ length−3=2, A ∼ length−1.
By writing the vertex in (1), we have redefined the coupling
constant e such that it contains no factor of ℏ.
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ΣFðx; zÞ ¼ −iΣRðx; zÞ þ Σ<ðx; zÞ;
SF̄ðz; yÞ ¼ S<ðz; yÞ þ iSAðz; yÞ; ð8Þ

we arrive at the standard form of KB equations for
fermions,

�
i∂x −

m
ℏ

�
S<ðx; yÞ

¼
Z

d4zðΣRðx; zÞS<ðz; yÞ þ Σ<ðx; zÞSAðz; yÞÞ: ð9Þ

We rewrite (9) in terms of a Wigner transformed lesser
propagator,

S̃<
�
X ¼ xþ y

2
; P

�

¼
Z

d4ðx − yÞeiP·ðx−yÞ=ℏhS<ðx; yÞi: ð10Þ

The rhs can be expressed using S̃<ðX;PÞ and the counter-
part for self-energy by the following expansion:

Z
d4zAðx; zÞBðz; yÞ ¼

Z
K
e−iK·ðx−yÞ

�
Ã B̃þ iℏ

2
fÃ; B̃gPB

�

þOðℏ2Þ; ð11Þ

where the Poisson bracket is defined as

fÃ; B̃g ¼ ∂kÃ · ∂XB̃ − ∂XÃ · ∂kB̃; ð12Þ

and
R
K ≡ R

d4K
ð2πÞ4. The Wigner transform of (9) then reads

i
2
∂S<þP−m

ℏ
S< ¼ðΣRS<þΣ<SAÞ

þ iℏ
2
ðfΣR;S<gPBþfΣ<;SAgPBÞ: ð13Þ

We have dropped the tildes and the common arguments
ðX;PÞ for propagators and self-energies for notational
simplicity.
To proceed further, we use the quasiparticle approxima-

tion [64], in which the spectral density is given by

ρðX;PÞ¼ S>ðX;PÞ−S<ðX;PÞ
¼ 2πℏϵðp0ÞðPþmÞδðP2−m2−2PμReΣR

μ Þ; ð14Þ

where ϵðp0Þ is the sign function, and ΣR
μ ¼ 1

4
tr½γμΣR�. The

structure of (14) indicates that the quasiparticle has a
momentum shifted by ReΣR

μ and has a vanishing damping
rate ΓðX;PÞ. For a system with characteristic momenta Λ,
ReΣR ∼ eΛ and damping rate ∼e2Λ. We can indeed ignore

ReΣR
μ next to Pμ and Γ. We can use the following

representations to further simplify (13)2:

ΣR ¼ ReΣR þ i
2
ðΣ> − Σ<Þ;

SA ¼ ReSR −
i
2
ðS> − S<Þ;

and ignore ReΣR and ReSR ∝ Γ as reasoned above to
arrive at

i
2
∂S<þP−m

ℏ
S<

¼ i
2
ðΣ>S<−Σ<S>Þ−ℏ

4
ðfΣ>;S<gPB−fΣ<;S>gPBÞ: ð15Þ

Equation (15) can be solved order by order in ℏ,

S< ¼ S<ð0Þ þ ℏS<ð1Þ þ ℏ2S<ð2Þ þ � � � ; ð16Þ

with the lowest order solution given by [12],3

S<ð0Þ ¼ −2πℏϵðP · uÞδðP2 −m2Þ
�
ðPþmÞfeV þ γ5=afeA

−
σμν

2

ϵμνρσPρaσ

m
feA

�
: ð17Þ

Note that we have introduced an observer’s frame vector u
in the sign function, which separates particles and anti-
particles. Despite the appearance of u, it is actually frame
independent at this order because boosts do not change a
particle into antiparticle. feV=f

e
A and aμ correspond to

vector/axial distributions and spin direction vectors, respec-
tively. We assume that the system is parity invariant, which
means feA ¼ 0, leaving feV as the only degree of freedom.4

This is identified as a fermion distribution function in
classical kinetic theory. We denote feV as fe below. The
lowest order solution can be written as

S<ð0ÞðX;PÞ ¼ −2πℏϵðP · uÞδðP2 −m2ÞðPþmÞ
× feðX;PÞ; ð18Þ

which is nothing but the equilibrium fermion propagator
with Fermi-Dirac distribution promoted to spacetime-
dependent distribution fe.

2The real part is formally defined with a Hermitian conjugate
as ReA ¼ 1

2
ðAþ γ0A†γ0Þ.

3The overall factor of ℏ can be removed by a redefinition of the
Wigner function. We give a more detailed account of the formal
expansion in Sec. V.

4It is parity invariant in the sense that there is no difference
between distributions of opposite chiral components and sim-
ilarly for photons. However, in an out-of-equilibrium setting,
parity can be broken by sources, such as spacetime gradient of
temperature and fluid velocity, etc.
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In fact,fe satisfies the constraintfeðX;PÞþfeðX;−PÞ¼1,
like a Fermi-Dirac distribution. To see the origin of the
constraint, we can show from the definition (5) that
tr½S<ðx; yÞ� ¼ −tr½S>ðy; xÞ�, which gives tr½S<ðX;PÞ� ¼
−tr½S>ðX;−PÞ�. Combining with (18), we easily arrive
at the constraint. Furthermore, we have the following
property:

S>ð0ÞðX;−P;mÞ ¼ S<ð0ÞðX;P;−mÞ: ð19Þ

Defining

S̄>=<ð0ÞðX;P;mÞ ¼ S>=<ð0ÞðX;P;−mÞ; ð20Þ

we can then write the following useful relations:

S̄<ð0ÞðX;P;mÞ ¼ S>ð0ÞðX;−P;mÞ; ð21Þ

and a similar onewith>↔<. Below, S and S̄ always contain
the argument m, which we omit from now. Equation (21)
suggests the interpretation of S̄>=<ð0Þ as a charge-conjugated
Wigner function. To arrive at the classical kinetic theory, we
always deal with fermions with positive energy. For
P · u > 0, we use S<ð0ÞðX;PÞ to describes particles, while
for P · u < 0, we use S̄>ð0ÞðX;−PÞ instead to switch to an
antiparticle description.

B. Photonic Kadanoff-Baym equations

We now turn to the photonic counterpart starting with the
following relevant part of the Lagrangian:

L
ℏ
¼ −

1

4
F2
μν þ ψ̄ð−e=AμÞψ − Aμjμ −

1

2ξ
ðPαβ∂αAβÞ2; ð22Þ

where jμ is the source to Aμ. The last term is the gauge
fixing term for Coulomb gauge, with the projector Pαβ

defined with an observer’s frame vector nα as
Pαβ ¼ nαnβ − gαβ. We take nμ to be the same frame vector
as the fermionic one uμ. It projects out the temporal
component of a vector. The Coulomb gauge singles out
a transversely polarized photon as the physical degrees of
freedom, offering a quick path to kinetic theory.
The Dyson-Schwinger equation for a photon is given by

ð∂2gμν − ∂μ∂νÞAνðxÞ þ
1

ξ
ðPμν∂νPαβ∂αAβðxÞÞ

¼ jμðxÞ þ jμindðxÞ; ð23Þ

where jμind ¼ ψ̄γμψ . Taking the derivative i δ
δjρðyÞ on the SK-

contour, we obtain

�
∂2gμν − ∂μ∂ν þ 1

ξ
PμαPνβ∂α∂β

�
x
Dc

νρðx; yÞ

¼ iδμρδcðx − yÞ þ i
Z

d4zΠμν
c ðx; zÞDc

νρðz; yÞ; ð24Þ

where Dc
νρðx; yÞ ¼ hAνðxÞAρðyÞic and Πμν

c ðx; yÞ ¼
hjμindðxÞjνindðyÞic. The subscript x indicates the derivatives
acting on x. The usual Coulomb gauge is recovered in the
limit ξ → 0,

Pμα∂x
αD<

μνðx; yÞ ¼ 0: ð25Þ

Following similar procedures as the fermionic case for the
Wigner transform and quasiparticle approximation, we
arrive at

�
1

ℏ2

�
−P2gμν þ PμPν −

1

ξ
PμαPνβPαPβ

�
þ i
2ℏ

�
−2P · ∂gμν þ ð∂μPν þ ∂νPμÞ − 1

ξ
PμαPνβð∂αPβ þ ∂βPαÞ

�

þ 1

4

�
∂2gμν − ∂μ∂ν þ 1

4ξ
PμαPνβ∂a∂β

��
D<

νρ ¼
i
2
ðΠμν>D<

νρ − Πμν<D>
νρÞ þ

ℏ
4
fΠμν>;D<

νρg −
ℏ
4
fΠμν<;D>

νρg; ð26Þ

with the Coulomb gauge condition,

Pμα

�
ℏ
2
∂α − iPα

�
D<

μν ¼ 0: ð27Þ

We seek solutions to (26) and (27) order by order in ℏ,

D<
μν ¼ D<ð0Þ

μν þ ℏD<ð1Þ
μν þ � � � ; ð28Þ

with the lowest order solution given by [65–67]

D<ð0Þ
μν ¼ 2πℏ2ϵðP · uÞδðP2ÞðPT

μνf
γ
V − iSμνf

γ
AÞ; ð29Þ

where PT
μν ¼ Pμν −

PμαPνβPαPβ

−P2þðP·uÞ2 and Sμν ¼ ϵμνρσPρuσ

P·u are parity

even and odd projectors perpendicular to PμαPα, respec-
tively. With these projectors, the Coulomb gauge condition
(27) is automatically satisfied. Similar to the fermionic case,
in a parity invariant system, fγA ¼ 0, and we denote fγV as fγ ,
which is to be identified as a photon distribution function.We
have then a simplified the Wigner function for photons,

D<ð0Þ
μν ðX;PÞ ¼ 2πℏ2ϵðP · uÞδðP2ÞPT

μνfγðX;PÞ; ð30Þ

which is nothing but the equilibrium photon propagator in
Coulomb gaugewith Bose-Einstein distribution promoted to
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spacetime-dependent distribution fγ . Similar to the fer-
mionic case, the distribution satisfies the constraint
fγðX;−PÞ ¼ −1 − fγðX;PÞ. It follows from

D<
μνðx; yÞ ¼ D>

νμðy; xÞ
⇒ D<ð0Þ

μν ðX;PÞ ¼ D>ð0Þ
νμ ðX;−PÞ ¼ D>ð0Þ

μν ðX;−PÞ; ð31Þ

upon using (30).

C. Classical kinetic equations and regime of validity

Now we determine the dynamics of fe and fγ. For the
former, it is known that S<ð1Þ contains only axial and tensor
components [12,39]. Taking the trace of (15), we find
tr½ðP −mÞS<ð1Þ� ¼ 0, and we arrive at

tr½∂S<ð0Þ� ¼ tr½Σ>ð0ÞS<ð0Þ − Σ<ð0ÞS>ð0Þ�; ð32Þ

where S<ð0Þ is given by (18).
For the latter, we assumeD<ð1Þ

νρ is on shell. The dynamics
of fγ can be derived by contracting (26) with P

T;ρ
μ . We find

PT;ρ
μ ð−P2gμνþPμPν−1

ξP
μαPνβPαPβÞD<ð1Þ

νρ ¼0 at Oðℏ−1Þ.
The remaining terms give the dynamical equation for fγ,

−2P · ∂gμνD<ð0Þ
νμ ¼ ℏðΠμν>ð0ÞD<ð0Þ

νμ − Πμν<ð0ÞD>ð0Þ
νμ Þ: ð33Þ

The presence of ℏ in the classical kinetic equation is
consistent with the dimension of photon self-ener-
gies Πμν>=<ðX;PÞ ∼ length−2.
Let us express the lhs of (32) and (33) in terms of

distributions fe and fγ. Taking p0 > 0, we have

tr½∂S<ð0ÞðX;PÞ�¼ð−2πℏÞ4P ·∂δðP2−m2ÞfeðX;PÞ

¼ð−2πℏÞ 2

Ep
P ·∂feðX;PÞδðp0−EpÞ;

−2P ·∂gμνD<ð0Þ
νμ ðX;PÞ¼ð2πℏ2Þ4P ·∂δðP2ÞfγðX;PÞ

¼ð2πℏ2Þ2
p
P ·∂fγðX;PÞδðp0−pÞ;

ð34Þ

with Ep ¼ ðp2 þm2Þ1=2. Dividing out the xfactor 2 con-
verts the spin-summed collision term to the spin-averaged
one for either fermions or photons. We have only kept the
particle contributions in (34). The kinetic equation for
antiparticles can be obtained from the corresponding

equations for S<ð0ÞðX;−PÞ and D<ð0Þ
νρ ðX;−PÞ. Note that

photon is its own antiparticle, so the resulting equation is
expected to be equivalent. For fermions, we obtain

tr½∂S<ð0ÞðX;−PÞ� ¼ ð2πℏÞ4P · ∂δðP2 −m2ÞfeðX;−PÞ

¼ ð−2πℏÞ 2

Ep
P · ∂fēðX;PÞδðp0 − EpÞ;

ð35Þ

with fēðX;PÞ≡ 1 − feðX;−PÞ identified as a distribution
function for antiparticles. Note that feðX;PÞ, fēðX;PÞ, and
fγðX;PÞ all have positive energies, so we may also denote
them as feðX; p⃗Þ, fēðX; p⃗Þ and fγðX; p⃗Þ.
In order to close the equations, we need to express

Σ<=>ð0Þ andΠμν>=<ð0Þ on the rhs of (32) and (33) in terms of
fe and fγ as well. This is the subject of the next two
sections. As we see, the self-energies consistently incor-
porate elastic and inelastic collisions in the known classical
kinetic theory. The final expressions for the elastic and
inelastic contributions can be found in (49), (50) and (102),
(88) respectively. We set ℏ ¼ 1 in the next two sections,
with the understanding that factors of ℏ can always be
reinstated by dimension in the classical collision term. We
retain ℏ in Sec. V when we discuss quantum corrections.
Before presenting details on the self-energies, we discuss

the regime of validity of the kinetic theory. The key
conditions to be satisfied are the following:

(i) There is a separation of scales between quasiparticle
momentaΛ, thermal mass eΛ, and damping rate e2Λ.

(ii) The physical observable of our interest is dominated
by the dynamics of quasiparticles, which are
described by the kinetic theory.

(iii) The coordinate in the kinetic theory is coarse grained
within the scale 1=e4Λ. Collisions are local on every
coarse-grained spacetime point. The coarse-graining
scale is also crucial for condition v below.

(iv) The distributions can only be weakly anisotropic
such that instability associated with electromagnetic
fields does not affect the dynamics of quasiparticles.

(v) A background electromagnetic field is excluded by
assumption. The effect of electromagnetic fields
from thermal fluctuations is also neglected com-
pared to spacetime derivatives of distributions
ejAj ≪ ∂Xf=f. This is possible if we assume
e6Λ ≪ ∂Xf=f ≲ e4Λ. As we show below, the large
conductivity of the medium suppresses the fluc-
tuation of electromagnetic fields ejAj ∼ e6Λ so that
our assumption on the gradient of distribution al-
ways dominates over electromagnetic fields from
fluctuations.

(vi) Since the equations and solutions are organized by
expansion in ℏ, we need to have the quantum
correction small compared to the classical counter-
part. This is guaranteed by ℏ∂Xf ≪ Λ.

We do not elaborate on iv through vi below:
(iv) It is known that an anisotropic distribution in

momentum can lead to filamentation instability, in
which electromagnetic field draws energy from
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quasiparticles and grows exponentially [68],
see Ref. [69] for a recent review. The scale of
the instability can be estimated following [70].
For a given class of anisotropic distributions
fisoð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ξðp · nÞ2

p
Þ, with ξ and n corresponding

to magnitude and axis of anisotropy respectively, the
unstable modes for a weakly anisotropic case ξ ≪ 1

is found to have a characteristic frequency ξ3=2e2T
[70]. In order for the unstable mode not to invalidate
the kinetic theory, we require that the instability
occurs more slowly than the characteristic timescale
of the kinetic theory ξ3=2e2T ≪ e4T, which leads
to ξ3=2 ≪ e2.

(v) Now we justify the omission of electromagnetic
fields. While we exclude background electromag-
netic fields by assumption, the latter can still be
generated by thermal fluctuations. We show that
their effect is subleading compared to that of
spacetime derivatives. The magnitude of the fluc-
tuation depends on the property of the medium and
the timescale of the fluctuation. For simplicity, we
probe the medium in equilibrium, which is expected
to give the correct parametric estimate. We probe the
medium with an external current ðρex; j⃗exÞ. The
electromagnetic fields satisfy Maxwell equations,

∇ × E⃗ ¼ −∂tB⃗; ∇ · B⃗ ¼ 0;

∇ × H⃗ ¼ j⃗ex þ ∂tD⃗; ∇ · D⃗ ¼ ρex: ð36Þ

The difference between H⃗ and B⃗ is supposed to
come from the spin of charge carriers, which comes
from next order in ℏ, so we ignore them. The electric
displacement and electric field are related by
D⃗ ¼ ϵE⃗, with ϵ being the dielectric constant char-
acterizing the property of the medium.We may solve
E⃗ in momentum space as

i
q⃗ × ðq⃗ × E⃗Þ

q0
¼ j⃗ex − iq0ϵE⃗: ð37Þ

Equation (37) encodes the response of E⃗ to j⃗ex. In
the gauge A0 ¼ 0, (37) gives rise to the following
retarded correlator:

hAiðq0; q⃗ÞAiðq00; q⃗0ÞiR
∼

1

q20ϵ − q2
δðq0 þ q00Þδ3ðq⃗þ q⃗0Þ q⃗⊥ A⃗;

hAiðq0; q⃗ÞAiðq00; q⃗0ÞiR
∼

1

q20ϵ
δðq0 þ q00Þδ3ðq⃗þ q⃗0Þ q⃗ k A⃗: ð38Þ

On the coarse-graining scale of the coordinate, the
medium is known to be a very good conductor, so
that we can parametrize the dielectric constant as

ϵ ≃ 1þ iσ
q0

; ð39Þ

with σ ∼ T
e2 [62,63]. For the purpose of a parametric

estimation, we regard q ∼ q0 and not distinguish
between longitudinal and transverse cases in (38).
The retarded correlator in (38) dictates the sym-
metrized correlator of electromagnetic fields by the
fluctuation-dissipation theorem [71],

hAiðq0; q⃗ÞAiðq00; q⃗0Þisym
¼ 2T

q0
ImhAiðq0; q⃗ÞAiðq00; q⃗0ÞiR

∼
T
q0

Im
1

q20 þ iσq0
δðq0 þ q00Þδ3ðq⃗þ q⃗0Þ: ð40Þ

Noting that σ ≫ q0, we obtain the following esti-
mate for fluctuation of electromagnetic gauge fields
in coordinate space:

jAiðt; xÞj ∼
�

T
q20σ

q0q3
�

1=2
∼ e5T; ð41Þ

where we have Fourier transformed to coordinate
space and taken q0 ∼ q ∼ e4T since we are con-
cerned with the fluctuation of the electromagnetic
field over the coarse-graining distance. It follows
that the effect of fluctuating electromagnetic fields
can be ignored because the spacetime derivatives are
much larger than the mean fluctuation of electro-
magnetic fields e4T ≳ ∂Xf=f ≫ ejAij ∼ e6T by our
assumption. The origin of the small fluctuation can
be attributed to large conductivity, which disfavors
fluctuation of electromagnetic fields.
While the electromagnetic field can be neglected

over the coarse-graining scale, it does play a role
within the scale 1=eΛ in the form of exchanged
virtual photons in fermion scatterings. The corre-
sponding resummed propagator for a virtual photon
is fully determined by the distribution of real
fermions in kinetic theory, see details at the end
of Sec. III. Similarly, the virtual fermion relevant for
scattering between a real fermion and photon is also
fully determined by the on-shell degree of freedoms
in the kinetic theory.

(vi) For the ℏ expansion to be valid, we require the
quantum correction to be small. We obtain in Sec. V
that ℏS<ð1Þ ∼ ℏ2∂Xf, which is to be compared with
S<ð0Þ ∼ ℏΛf. This condition is clearly satisfied by
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ℏ∂Xf ≪ Λ; i.e., the spacetime gradient needs to be
small enough.

III. ELASTIC COLLISIONS

We begin with the 2 → 2 elastic collisions. These can be
obtained from two-loop contributions to self-energies. As
we see, there are both corrections to propagators and
vertices. The former gives squares of amplitude in separate
channels, and the latter gives interference terms between
different channels.
In this section and the next one,wework solelywith zeroth

order quantities: S<=>ð0Þ, Σ<=>ð0Þ, D<=>ð0Þ
νρ , Πμν<=>ð0Þ. To

ease notations, we suppress the superscript (0).

A. Propagator corrections

To be specific, we focus on the term Σ>ðPÞS<ðPÞ. Σ>

has the following representation:

Σ>ðPÞ ¼ e2
Z
K
γμS>ðK þ PÞγνD<

νμðKÞ: ð42Þ

SinceP is on shell, we cannot have both fermionmomentum
and photonmomentum in the loop on shell. Indeed, the one-
loop contribution does not capture dissipation effects, for
which two-loop diagrams are needed. The two-loop dia-
grams containing propagator corrections are shown in Fig. 1,
in which the left/right diagrams have one fermion/photon
momentum off shell. Note that the 12 labels are uniquely
determined by the requirement that three propagators
attached to a vertex cannot be simultaneously on shell.
The left panel of Fig. 1 gives

Σ>ðPÞS<ðPÞ ¼ e4
Z
K;K0

γμS22ðK þ PÞγρS>ðP0Þ

× γσS11ðK þ PÞγνD<
νμðKÞD>

ρσðK0ÞS<ðPÞ:
ð43Þ

Σ<ðPÞS>ðPÞ can be obtained from (43) by the replace-
ments >↔< and 1 ↔ 2. The dependences of S>=<ðPÞ on

fe suggest that Σ>ðPÞS<ðPÞ and Σ<ðPÞS>ðPÞ correspond
to loss and gain terms, respectively. It is sufficient to focus
on one term only. We show in the Appendix A that (43)
gives rise to squares of s-channel Compton scattering,
u-channel Compton scattering, and t-channel annihilation.
The right panel of Fig. 1 gives

Σ>ðPÞS<ðPÞ ¼ −e4
Z
P0;K0

γμS>ðKÞγνD22
μβðP − KÞ

×D11
ανðP − KÞtr½γαS<ðP0ÞγβS>ðK0Þ�

× S<ðPÞ: ð44Þ

Again, the replacements >↔< and 1 ↔ 2 in the above
lead to Σ<ðPÞS>ðPÞ. We show in Appendix A that (44)
gives rise to squares of t-channel Coulomb scattering
(between fermions), s-channel Coulomb scattering
(between fermion and antifermion), and t-channel
Coulomb scattering (between fermion and antifermion).
Next, we turn to Πμν>ðPÞD<

νμðPÞ − Πμν<ðPÞD>
νμðPÞ. We

focus on the term Πμν>ðPÞD<
νρðPÞ. Similar to the fermionic

case, we look at two-loop photon self-energy diagrams
containing propagator corrections. There is only one
such diagram shown in Fig. 2. It gives the following
contribution:

Πμν>ðPÞD<
νμðPÞ ¼ −e4

Z
K;K0

tr½γνS<ðKÞγμS22ðK þ PÞ

× γρS>ðP0ÞS11ðK þ PÞ�
×D>

ρσðK0ÞD<
νμðPÞ; ð45Þ

and a counterpart from >↔< and 1 ↔ 2 of the above.
We show in Appendix A that (45) give rise to squares of
s-channel Compton scattering, u-channel Compton scatter-
ing, and t-channel annihilation.
To compare with the spin-averaged Boltzmann equations

by AMY [61–63], we note that square of u-channel
annihilation and u-channel Coulomb (between fermions)
are not present in our analysis. In fact, upon integration
over phase space, they give identical contributions as
their t-channel counterparts. The extra contributions in

FIG. 2. Two-loop diagrams for photon self-energy containing
propagator corrections. The 12 labels are uniquely determined by
the requirement that three propagators attached to a vertex cannot
be simultaneously on shell. The on-shell particles are indicated by
a cut (dashed line) through the corresponding propagators.

FIG. 1. Two-loop diagrams for fermion self-energy containing
propagator corrections. The 12 labels are uniquely determined by
the requirement that three propagators attached to a vertex cannot
be simultaneously on shell. The on shell particles are indicated by
a cut (dashed line) through the corresponding propagators.

QUANTUM KINETIC THEORY FOR QUANTUM … PHYS. REV. D 105, 076017 (2022)

076017-7



Boltzmann equations are precisely taken care of by the
symmetry factor 1

2
for identical particles in final states

applicable for annihilation and Coulomb between fermions.
Therefore, we find agreement on the square of amplitudes
in all channels for the collision term.

B. Vertex corrections

The propagator corrections give square of amplitudes
only. The interference between amplitudes arises from
vertex corrections, which we discuss in the following.
We begin with the simpler case of vertex correction in
photon self-energy. In this case, only one diagram con-
tributes, shown in Fig. 3. Its contribution to the collision
term can be written as

Πμν>ðPÞD<
νμðPÞ ¼ −e4

Z
K;K0

tr½γμS>ðKÞγσS11ðK þ K0Þ

× γνS<ðP0ÞγρS22ðK − PÞ�
×D>

ρσðK0ÞD<
νμðPÞ; ð46Þ

and Πμν<ðPÞD>
νμðPÞ obtainable from the above by >↔<

and 1 ↔ 2. In Appendix A, we show this give rise to half of

the interference terms of s=u channels of Compton scatter-
ing and interference terms of t=u channels of annihilation.
Now, we move to the vertex correction in fermion self-

energy. We have two labelings for the vertex correction
diagram shown in Fig. 4. For the labeling on the left, we
have the following contribution to the collision term:

Σ>ðPÞS<ðPÞ¼
Z
K;K0

γμS22ðP−KÞγνS>ð−P0ÞγρS11ðP−K0Þ

× γσD>
νσðK0ÞD>

μρðKÞS<ðPÞ: ð47Þ

We show in Appendix A that it gives rise to the following
interference terms: half of the t=u channels for annihilation
and s=t channels for Compton scattering.
For the other labeling on the right of Fig. 4, we have the

following contribution to collision term:

Σ>ðPÞS<ðPÞ¼
Z
K;K0

γμS>ðP−KÞγνS<ð−P0ÞγρS>ðP−K0Þ

× γσD22
μρðKÞD11

νσðK0ÞS<ðPÞ: ð48Þ
It leads to the following interference terms: half of t=u
channels for Coulomb scattering (between fermions) and
s=t channels for Coulomb scattering (between fermion and
antifermion).
Note that we have only half of the interference terms for

annihilation and Coulomb scattering (between fermions).
In fact, in these cases, the two interference terms are both
real. Therefore, they again agree with the counterpart in the
Boltzmann equation when the symmetry factor 1

2
for

annihilation and Coulomb scattering (between fermions)
is taken into account.
To sum up, we write the elastic contribution to the loss

terms on the rhs of (32) and (33) as

tr½Σ>ð0ÞðPÞS<ð0ÞðPÞ� ¼ 1

2

Z
P0;K0;K0

ð2πÞ8δð4ÞðPþK−P0 −K0ÞδðP2−m2Þ 1

16EpEp0EkEk0

× ½jMðP;K;P0;K0Þj2ee→eefeðPÞfeðKÞð1−feðP0ÞÞð1−feðK0ÞÞδðK2−m2ÞδðP02 −m2ÞδðK02 −m2Þ
þ 2jMðP;K;P0;K0Þj2eē→eēfeðPÞfēðKÞð1−feðP0ÞÞð1−fēðK0ÞÞδðK2−m2ÞδðP02−m2ÞδðK02−m2Þ
þ jMðP;K;P0;K0Þj2eē→γγfeðPÞfēðKÞð1þ fγðP0ÞÞð1þfγðK0ÞÞδðK2 −m2ÞδðP02ÞδðK02Þ
þ 2jMðP;K;P0;K0Þj2eγ→eγfeðPÞfγðKÞð1−feðP0ÞÞð1þfγðK0ÞÞδðK2ÞδðP02 −m2ÞδðK02Þ�; ð49Þ

FIG. 3. Two-loop diagrams for photon self-energy containing
vertex corrections. The on-shell particles are indicated by a cut
(dashed line) through the corresponding propagators.

FIG. 4. Two-loop diagrams for fermion self-energy containing vertex correction. There are two possible labelings of 12. The on-shell
particles are indicated by a cut (dashed line) through the corresponding propagators.
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and

Πμν>ð0ÞðPÞD<ð0Þ
νμ ðPÞ¼−

1

2

Z
P0;K0;K0

ð2πÞ8δð4ÞðPþK−P0−K0ÞδðP2Þ 1

16EpEp0EkEk0

× ½jMðP;K;P0;K0Þj2γγ→eēfγðPÞfγðKÞð1−feðP0ÞÞð1−fēðK0ÞÞδðK2ÞδðP02−m2ÞδðK02−m2Þ
þ2jMðP;K;P0;K0Þj2eγ→eγfγðPÞfeðKÞð1þfγðP0ÞÞð1−feðK0ÞÞδðK2−m2ÞδðP02ÞδðK02−m2Þ
þ2jMðP;K;P0;K0Þj2ēγ→ēγfγðPÞfēðKÞð1þfγðP0ÞÞð1−fēðK0ÞÞδðK2−m2ÞδðP02ÞδðK02−m2Þ�; ð50Þ

respectively. By simply exchanging the initial and final
states, we can obtain the corresponding gain terms, which
are not shown explicitly.

C. Screening effect

The elastic collisions occur either by exchanging off-
shell photons (Coulomb scattering) or by exchanging off-
shell fermions (Compton scattering and annihilation).
Potential IR divergences exist when the exchange particles
have soft momenta. It is known that the IR divergence
can be rendered finite by the screening effect. Essentially,
the particles gain self-energy by interaction with the off-
equilibrium medium described by kinetic theory, which
effectively cuts off the divergence. The self-energy scales
as eΛ for both fermions and photons with Λ being a
characteristic scale of particle energies. Whenm ≫ eΛ, the
screening effect on Compton and annihilation is negligible:
the bare mass of the fermion plays the role of the cutoff.
When m≲ eΛ, the screening effect is non-negligible. The
case of Coulomb is special. Since the photon is strictly
massless, the screening effect provides the only cutoff.5 We
discuss two representative scenarios:m ≫ eΛ andm≲ eΛ.
For the former, we only need the self-energy of the photon.
For the latter, we need self-energies of both the fermion and
photon. All the quantities studied in this subsection are
local in X; below, we suppress the dependence on X for
simplicity.
Now, we work out the medium-dependent self-energy.

We begin with the fermionic case. In elastic collisions, the
exchanged off-shell fermion propagators S11=S22 can be
effectively replaced by SR=SA by using

S22ðPÞ ¼ iSAðPÞ þ S<ðPÞ;
S11ðPÞ ¼ −iSRðPÞ þ S<ðPÞ; ð51Þ

and the on-shell condition enforced by S<=>. Note that at
the lowest order in ℏ, the retarded and advanced propa-
gators are related by a “Hermitian conjugate” for fermions
and a complex conjugate for photons,

SAðPÞ ¼ γ0SRðPÞ†γ0; DA
μνðPÞ ¼ DR�

νμ ðPÞ: ð52Þ

So it is sufficient to consider a medium modification to
retarded propagators only. Let us consider the fermionic
retarded self-energy, which satisfies the following equation:

i∂xSRðx; yÞ −mSRðx; yÞ

¼ −δðx − yÞ þ
Z

d4zΣRðx; zÞSRðz; yÞ; ð53Þ

which can be derived by taking both x and y in the upper
branch in (4) and subtracting the resulting equation from
(7). The Wigner transform of (53) to lowest order in ℏ
satisfies

ð=Q −m − ΣRðQÞÞSRðQÞ ¼ −1; ð54Þ

from which we can solve for the resummed propagator,

SRðQÞ ¼ −ð=Q −m − ΣRðQÞÞ−1: ð55Þ

ΣR is evaluated in Appendix B. We quote the result here,

ΣRðQÞ ¼ e2
Z

d3p
ð2πÞ3

1

2p
P

P ·Q
ð2fγðp⃗Þ þ feðp⃗Þ þ fēðp⃗ÞÞ:

ð56Þ

Note that this result assumesm≲ eΛ, and we have dropped
the correction to ΣRðQÞ of order e3Λ2=Q from including
the fermion mass in the loop. This is justified because the
correction is maximized at Q ∼ eΛ, for which Q ∼m ≫
e3Λ2=Q so that the correction can be neglected in (54).
The photonic case is in parallel. The retarded propagator

in the Coulomb gauge satisfies

�
−Q2gμν þQμQν −

1

ξ
PμαPνβQαQβ

�
DR

νρðQÞ−Πμν
R DR

νρðQÞ

¼ −δμρ: ð57Þ

This can be solved by

5In fact, the screening alone is not sufficient to cut off the
divergence in Coulomb. A cancellation between loss and gain
terms is needed to render the corresponding collision term finite.
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DR
μνðQÞ ¼ −1

Q2 − ΠR
T
PT
μν þ

−1
q2 þ ΠR

L
uμuν þ ξ

QμQν

q4
; ð58Þ

where ΠR
T and ΠR

L are transverse and longitudinal compo-
nents of the retarded photon self-energy defined as

ΠR
μν ¼ PT

μνΠR
T −

Q2

q2
PL
μνΠR

L: ð59Þ

We have introduced the longitudinal projector PL
μν ¼

−gμν þ QμQν

Q2 − PT
μν and q2 ¼ −Q2 þ ðQ · uÞ2. We again

set ξ ¼ 0 for the Coulomb gauge. ΠR
μν is evaluated in

Appendix B. We quote the result here,6

ΠR
μνðQÞ ¼ 2e2

Z
d3p
ð2πÞ3

1

Ep
ðfeðp⃗Þ þ fēðp⃗ÞÞ

×

�
PμQν þPνQμ − gμνP ·Q

P ·Q
−
PμPνQ2

ðP ·QÞ2
�
; ð60Þ

which is applicable for both scenarios with mass depend-
ence implicit in Ep ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. We iterate that the

following replacements with resummed propagators are
to be used in the evaluation of self-energies when
exchanged particles have soft momenta,

S22ðPÞ → iSAðPÞ; S11ðPÞ → −iSRðPÞ;
Dμν

22ðPÞ → iDμν
A ðPÞ; Dμν

11ðPÞ → −iDμν
R ðPÞ: ð61Þ

We also need the asymptotic thermal mass for hard on-
shell fermions and transverse photons in inelastic collisions
in the next section, which we determine below.
Equation (54) determines the fermion dispersion relation by

=Q −m − ΣRðQÞ ¼ 0: ð62Þ

Following [72], we decompose the self-energy as
ΣR ¼ ΣR

μ γ
μ þ ΣR

m1, which allows us to convert the matrix
equation (62) into a scalar equation,

ðQμ − ΣR
μ Þ2 − ðΣR

m þmÞ2 ¼ 0: ð63Þ

From (56), we have ΣR
μ ∼ e2Λ and ΣR

m ¼ 0. The thermal
mass is identified as

δm2
e ¼ 2QμΣR

μ

¼ e2
Z

d3p
ð2πÞ3

2

p
ð2fγðp⃗Þ þ feðp⃗Þ þ fēðp⃗ÞÞ: ð64Þ

The only change from the resummed propagator in equi-
librium is that the thermal mass depends on the off-
equilibrium distributions for fermions and photons.
The photon thermal mass is determined from the pole of

the transverse component of the propagator as

m2
γ ¼ ΠR

T ¼ 1

2
PT
μνΠ

μν
R : ð65Þ

The term PμQν þ PνQμ in (60) is eliminated upon con-
traction with PT

μν, and the term containing Q2 vanishes by
the on-shell condition, leaving the following Q-indepen-
dent expression:

m2
γ ¼ e2

Z
d3p
ð2πÞ3

2

Ep
ðfeðp⃗Þ þ fēðp⃗ÞÞ: ð66Þ

Summarizing this section, by considering propagator and
vertex corrections, we have captured the full 2 → 2 elastic
collision including the screening effect in the Boltzmann
equation for QED.

IV. INELASTIC COLLISIONS

In the analysis of elastic scattering, we have excluded
one-loop contributions to self-energies, which require all
three particles to be exactly collinear, leaving a vanishing
phase space. In fact, it is not entirely excluded; when we
take into account medium modification of energy of on-
shell degree of freedoms, the energy conservation can be
slightly violated, opening up a small phase space. It is
known that in equilibrium medium both fermions and
photons gain thermal mass and damping rate, which
modifies the energy by an amount of order e2Λ. Such a
modification can also be realized by transverse momenta of
order eΛ. It implies that medium modification to energy
allows for deviation of collinearity with transverse

FIG. 5. Photon self-energy containing vertex corrections from
multiple scatterings. An arbitrary number of soft photon ex-
changes is possible. For illustration purposes, we show two
photon exchanges. The black dots indicate resummed photon
propagators.

6For an anisotropic medium, for example, a medium with shear
gradient, the gradient correction to fe=ē can give rise to additional
structures not present in (59). These corrections introduce a
subleading effect on screening, which is suppressed by the factor
∂Xf
Λ ≪ 1. We can ignore such a correction in screening as long as
we are concerned with leading order effect of the gradient.
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momenta of order eΛ, which gives rise to a phase space
d2p⊥ dp k

Ep
∼ e2Λ2. Combining this with e2 from vertices in a

one-loop diagram, we have an overall e4Λ2, which is the
same as the two-loop diagrams. In fact, fermions can have
multiple soft scatterings with the medium, which by a
pinching mechanism all contribute at the same order and
need to be added coherently, known as the Landau-
Pomeranchuk-Migdal effect. The multiple scatterings are
encoded in another type of vertex corrections in self-
energies diagrams, shown in Fig. 5. It involves multiple
insertions of soft photon propagators. When there is no
insertion of a photon propagator, it reduces to a one-loop
diagram, for which the power counting is done above.
Below, we confirm that the power counting is not affected
by insertions of photon propagators.

A. Resummed vertex

Let us illustrate the pinching mechanism by looking at
the resummed vertex. Following [73], the evaluation is
most conveniently done in the ra basis, in which only one
inequivalent labeling is allowed.7 The resummed vertex
satisfies the diagrammatic equation in Fig. 6. The pinching
mechanism can be seen by inspecting the energy integra-
tion of two side rails,

Z
dp0

2π
SraðPÞð� � �ÞSarðK þ PÞ; ð67Þ

with Sra ¼ DraðPÞðPþmÞ and Sar ¼ DarðK þ PÞ×
ð=K þ PþmÞ. Dra and Dar are the same as scalar propa-
gators given by8

DraðPÞ ¼
i

ðp0 þ i
2
ΓpÞ2 − E2

p
;

DarðK þ PÞ ¼ i
ðp0 þ k0 − i

2
ΓpþkÞ2 − E2

pþk

: ð68Þ

To be specific, we take k0 > 0. Let us evaluate the
following by residue theorem,

Z
dp0

2π
DraðPÞDarðK þ PÞ: ð69Þ

The poles are located at p0 ¼ �Ep − i
2
Γp, p0 ¼

−k0 � Epþk þ i
2
Γpþk. Here, P is allowed to have transverse

component p⊥ ∼ eΛ. Here, the energies of both fermions
and photons receive corrections from deviation of colli-
nearity and thermal/bare mass. Note that the photon
momentum is used to define longitudinal direction, so it
has no deviation from collinearity,

Ep ¼ pþ p2⊥ þ δm2
e þm2

2p
;

Epþk ¼ jpþ kj þ p2⊥ þ δm2
e þm2

2jpþ kj ;

k0 ¼ kþm2
γ

2k
: ð70Þ

Denoting p k ¼ p⃗ · k̂, we can rewrite the poles as
p0 ¼ �p k − i

2
Γp, p0 ¼ −k0 � ðp k þ kÞ þ i

2
Γpþk. The

pinching mechanism is at work when two of the poles
nearly pinch. Ignoring the thermal masses and damping
rate, we find the poles at p0 ¼ p k and p0 ¼ −k0 þ p k þ k
coincide. The thermal masses and damping rates provide
necessary regularization to the divergence. Closing the
contour and picking up one of the pinching poles, we obtain

Z
dp0

2π
DraðPÞDarðKþPÞ¼ −1

4pk ðpk þkÞðiδEþΓÞ ; ð71Þ

with

δE ¼ k0 þ Epϵðp k Þ − Epþkϵðp k þ kÞ

≃
kðp2⊥ þ δm2

e þm2Þ
2p k ðp k þ kÞ þm2

γ

2k
;

Γ ¼ 1

2
ðΓp þ ΓpþkÞ: ð72Þ

In addition, each pair of pinching propagators (side rails) is
accompanied by a soft photon propagator (rung). The
power counting for the latter is done as follows: note that
the momentum Q of the off-shell photon is space-like, and

a r

a rP

P + K

=

P

P + Ka

a

r

r

+

a P

a P + K

Q

r a

r

r

r
a

FIG. 6. Diagrammatic equation satisfied by the resummed vertex. We consider a spin-dependent vertex, where the fermions with
momenta Pþ K and P carry spin labels s and t.

7The other one is related by interchanging r and a. All other
labelings can be related to the two.

8Γ
2
is defined as the damping rate here.
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its time component fixed the pinching conditions asR
dq0δðp0−pkÞδðp0−q0−pk−qkÞ¼δðp0−pkÞ, so that

the phase space for Q counts as e3. The power counting
for the relevant propagator DrrðQÞ can be done using its
equilibrium form DrrðQÞ ¼ ð1

2
þ fðq0ÞÞρðQÞ. Using the

spectral density ρðQÞ ∼Q−2 ∼ e−2 and the Bose enhance-
ment factor fðq0Þ ∼ q−10 ∼ e−1, we have DrrðQÞ ∼ e−3.
Combining pieces together with an e2 from extra vertices,
we obtain for each one pair of side rails and one rung,

1

iδEþ Γ
e3e−3e2 ∼

e2

iδEþ Γ
: ð73Þ

In the scenario m≲ eΛ, δE ∼ e2Λ and Γ are evaluated in
Appendix C to be at the same order. Thus, we have from
(73) an overall factor e0; thus, the arbitrary number of
insertions are allowed, corresponding to multiple soft
scatterings of hard fermions with the medium fermions.
However, in the scenariom ≫ eΛ, the pinching mechanism
is suppressed by a factor of e2Λ2

m2 . It follows that inelastic
scattering is irrelevant in this scenario to the order of our
interest. Below, we proceed with the scenario m≲ eΛ.
We denote the resummed vertex in Fig. 6 as

Γμ
stðPþ K;PÞ, with s, t labeling the spinors in the

outermost propagators carrying momenta Pþ K and P,
respectively. This is a polarization-dependent vertex
between two on-shell fermions with spin s, t and one
on-shell photon. We can take the Lorentz index μ to be
transverse, since the resulting self-energy will be contracted
with a projector in (33). Below, we denote μ by M for
transverse indices. Below, we first consider the case
p0 > 0, for which ΓM

st can be interpreted as the amplitude
of a fermion (with momentum Pþ K and spin s) splitting
into a fermion (with momentum P and spin t) and a photon
(with momentum K and polarization εM). We can express
the diagrammatic equation as9

ΓM
st ðPþK;PÞ
¼DraðPÞDarðPþKÞusðPþKÞūsðPþKÞγMutðPÞūtðPÞ

þ
Z
Q
DraðPÞDarðPþKÞððPþ=KÞð−ieγμÞ

×ΓM
st ðPþKþQ;PþQÞð−ieγνÞPÞDrr

νμðQÞ; ð74Þ

where the structures usðPþ KÞūsðPþ KÞ and utðPÞūtðPÞ
come from Pþ =K and P projected onto given spin states,
respectively. Note that we have dropped the subleading
masses in the numerators of fermion propagators. We use
the following representation for spinors:

usðPÞ ¼
ffiffiffiffiffi
p0

2

r � ð1 − σ · p⃗=p0Þξs
ð1þ σ · p⃗=p0Þξs

�
; ð75Þ

with ξþ ¼ ð1; 0ÞT and ξ− ¼ ð0; 1ÞT . In this representation,
the spin label s ¼ � corresponds to spin being parallel/
antiparallel to momentum. We can derive the following
relations as valid to leading order in e:

ūsðPþKÞγμus0 ðPþQþKÞ≃ δss02ðPþKÞμ;
ūt0 ðPþQÞγνutðPÞ≃ δtt02Pν;

ūsðPþKÞγMutðPÞ≃ ðpk ðpk þ kÞÞ−1=2
× ððpk þ kÞpM

k þpkpM
−sÞδst;
ð76Þ

with pM
� ¼ pM � iϵMNpN , and we have used the pinching

condition p0 ≃ p k . We easily deduce that the spin direction
of the fermion along the upper/lower rails is not changed.
We can parametrize the vertex by

ΓM
st ðPþ K;PÞ ¼ δstusðPþ KÞūtðPÞðp k ðp k þ kÞÞ−1=2

× ððp k þ kÞpM
s þ p kpM

−sÞΓsðPÞ: ð77Þ
By rotational invariance, ΓðPÞ is a function of p k , p2⊥ . It
follows then that

ððp k þ kÞpM
s þ p kpM

−sÞΓsðPÞ
¼ ððp k þ kÞpM

s þ p kpM
−sÞDraðPÞDarðPþ KÞ

− e2
Z
Q
DraðPÞDarðPþ KÞððp k þ kÞðpþ qÞMs

þ p k ðpþ qÞM−sÞΓsðPþQÞ4p k ðp k þ kÞ
× K̂μK̂νDrr

νμðQÞ: ð78Þ

By the pinching mechanism, the vertex should have support
localized on the pole p0 ¼ p k . The same kinematic
restriction should apply to the bare vertex in the diagram-
matic equation in Fig. 6. It is then convenient to defineZ

dp0

2π
ΓsðPÞ ¼ −

1

4p k ðp k þ kÞ χsðPÞ: ð79Þ

In terms of χs, (78) becomes

− ððp k þ kÞpM
s þ p kpM

−sÞχsðPÞðiδEþ ΓÞ
¼ −ððp k þ kÞpM

s þ p kpM
−sÞ

− e2
Z

d3q
ð2πÞ3 ððp k þ kÞðpþ qÞMs

þ p k ðpþ qÞM−sÞχsðPþQÞK̂μK̂νDrr
νμðQÞ: ð80Þ

Equation (80) can be further simplified by using the
following representation of Γ:9An overall −ie is factored out from the vertex.
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Γ ¼ e2
Z

d3q
ð2πÞ3 K̂

μK̂νDrr
νμðQÞ: ð81Þ

It contains the same soft photon propagator as in (80). A
derivation of the representation can be found in
Appendix C. Using (81), we can rewrite (80) as

ððpk þkÞpM
s þpkpM

−sÞ
¼ ððpk þkÞpM

s þpkpM
−sÞχsðPÞiδE

þe2
Z

d3q
ð2πÞ3 K̂

μK̂νDrr
νμðQÞ

× ½ððpk þkÞpM
s þpkpM

−sÞχsðPþQÞ
− ððpk þkÞðpþqÞMs þpk ðpþqÞM−sÞχsðPþQÞ�: ð82Þ

The structure ðp k þ kÞpM
s þ p kpM

−s encodes the spin
dependence of the vertex. It is more transparent to switch to
circular polarizations for the photon εM� ¼ 1ffiffi

2
p ð0; 1;�i; 0Þ.

The corresponding coordinates andmomenta are defined by
x� ¼ 1ffiffi

2
p ðx� iyÞ and p� ¼ 1ffiffi

2
p ðpx � ipyÞ, with M ¼ � in

the circular basis. UsingpMþ ¼ð ffiffiffi
2

p
pþ;0Þ,pM

− ¼ ð0; ffiffiffi
2

p
p−Þ,

we find (82) splits into two cases s ¼ �M, which satisfy a
unified equation

pM ¼ pMχsðPÞiδEþ e2
Z

d3q
ð2πÞ3 K̂

μK̂νDrr
νμðQÞ

× ½pMχsðPþQÞ − ðpþ qÞMχsðPþQÞ�: ð83Þ

Recall in our ℏ expansion that fe is spin independent. It
follows from (B13) and (B15) that the kernel K̂μK̂νDrr

νμðQÞ
is also spin independent. A spin-independent χs ¼ χ is
expected from (83). Furthermore, (83) is manifestly rota-
tional invariant, which is equally valid in the orthogonal
basis. Equation (83) in the orthogonal basis is in agreement
with Eqs. (2.2) and (2.6) of [61], with the identifica-
tion χ ¼ 1

2
χAMY .

Although spin information is averaged out in the resulting
kinetic theory, the spin dependence of thevertex is instructive
on its own. The structure ðp k þ kÞpM

s þ p kpM
−s in a circular

basis indicates that a fermionwith spin in either direction can
radiate a right-/left- handed photonwithout changing its spin.
Clearly spin angular momentum is not conserved. Since
collision is local, orbital angular momentum is zero before
and after the collision. The change of the spin angular
momentum comes from spin exchange between the fermion/
photon in the resummed vertex and fermions in the medium,
whose spin information is averaged out.

B. Photon self-energy

From Fig. 6, the resummed vertex ΓM
st contains the four

fermi correlators GaarrðPþ K;P; Pþ K þQ;PþQÞ with
Pþ K and P labeled by a and Pþ K þQ and PþQ

labeled by r as in Fig. 6. In the pinching kinematical region,
Q ≪ P& K. To convert to photon self-energy, we need
G1122ðPþ K;P; Pþ K þQ;PþQÞ. The conversion
involves an off-equilibrium generalization of the Kubo-
Martin-Schwinger (KMS) relation. We give a diagrammatic
derivation of the relation in the pinching kinematical region
in Appendix D. The off-equilibrium relation simply repla-
ces the equilibrium distribution by the off-equilibrium
counterpart as

G1122ðPþ K;P; Pþ K þQ;PþQÞ
¼ feðp k þ kÞð1 − feðp k ÞÞ
× 2ReGaarrðPþ K;P; Pþ K þQ;PþQÞ: ð84Þ

Accordingly, to obtain the photon self-energy Π<ðKÞ ¼R
P;Q G1122ðPþ K;P; Pþ K þQ;PþQÞ, we should use
feðp k þ kÞð1 − feðp k ÞÞ2Re½ΓM

st � as the correct resummed
vertex. Now, we can trace −ieΓM

st ðPþ K;PÞ with −ieγN ,
include −1 from the fermion loop, sum over spins, and
integrate over momentum to obtain

Π<MNðKÞ¼
Z
P
ð−1Þð−ieÞ2

X
s;t

tr½ΓM
st ðPþK;PÞγN �

¼e2
X
s

Z
d3p
ð2πÞ3

1

4ðpkðpk þkÞÞ3=2
×ððpk þkÞpM

s þpkpM
−sÞfeðpk þkÞð1−feðpkÞÞ

×2Re½χðPÞ�tr½usðPþKÞūsðPÞγN �: ð85Þ

Recall in (33), Π<MN is contracted with D>
MNðKÞ ∝

PT
MNfγðkÞ. We can use the following for the trace:

tr½usðPþ KÞūsðPÞγN �
¼ ðp k ðp k þ kÞÞ−1=2ððp k þ kÞpN

−s þ p kpN
s Þ: ð86Þ

By the s-independent identity,

X
M

pM
s pM

−s ¼ 2p2⊥ ;
X
M

pM
s pM

s þ pM
−spM

−s ¼ 0; ð87Þ

we can see that the spin sum simply gives a factor of 2. In
the end, we arrive at

Π<MND>
MN ¼e2

Z
d3p
ð2πÞ3feðpk þkÞð1−feðpkÞÞð1þfγðkÞÞ

×2Re½χðPÞ�
ððpk þkÞ2þp2

kÞp2⊥
ðpkðpk þkÞÞ2 : ð88Þ

The other collision term Π>MND<
MN is obtainable from (88)

by the replacement of the distribution functions feðpkþ
kÞð1−feðpkÞÞð1þfγðkÞÞ→ð1−feðpkþkÞÞfeðpkÞfγðkÞ.
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So far, we have focused on the kinematical region with
p0 > 0 and k0 > 0. Let us first lift p0 > 0. Other possible
kinematical regions are p0 þ k < 0 corresponding to anti-
fermion bremsstrahlung and −k < p0 < 0 corresponding
to inelastic annihilation. For p0 þ k < 0, we use the
following projections for spin states:

Pþ =K → −usð−P − KÞūsð−P − KÞ;
P → −utð−PÞūtð−PÞ: ð89Þ

The contraction of vertices is modified slightly from (76) as

ūsð−P−KÞγμus0 ð−P−Q−KÞ≃−δss02ðPþKÞμ;
ūt0 ð−PÞγνutð−P−QÞ≃−δtt02Pν;

ūsð−P−KÞγMutð−PÞ≃ðpkðpk þkÞÞ−1=2
×ððpk þkÞpM

k þpkpM
−sÞδst:
ð90Þ

With these, we easily confirm that (88) is also applicable
for p0 < −k. The analysis for −k < p0 < 0 is similar, with
p k ðp k þ kÞ replaced by −p k ðp k þ kÞ, which leaves (88)
unchanged. This justifies extending the integration domain
of p k to ð−∞;∞Þ.
Finally, we comment on the case k0 < 0. This case

would be needed for the dynamics of photon’s antiparticle.
Since the photon’s antiparticle is itself, we expect it to give
an equivalent equation.

C. Fermion self-energy

Unlike the photonic case, the fermion self-energy arises
from two diagrams shown in Fig. 7. To be specific, let us
consider p0 > 0 corresponding to a fermion. We consider
the term Σ>S<ðΣ<S>Þ and focus on the second diagram
first. It is convenient to include the contribution
Σ22S22ðΣ11S11Þ. Upon taking the trace, we have from the
diagrammatic identity in Fig. 8 that

tr½Σ>ðPÞS<ðPÞ þΣ22ðPÞS22ðPÞ�

¼
Z
K
½Gμν>ðPþK;PÞD<

νμðKÞ þGμν
22ðPþK;PÞD22

νμðKÞ�;

tr½Σ<ðPÞS>ðPÞ þΣ11ðPÞS11ðPÞ�

¼
Z
K
½Gμν<ðPþK;PÞD<

νμðKÞ þGμν
11ðPþK;PÞD11

νμðKÞ�;

ð91Þ

where GμνðPþ K;PÞ are partially integrated photon self-
energies defined as

Gμν>ðPþ K;PÞ ¼
Z
Q
tr½ð−ieγμÞG2211ðPþ K;P; Pþ K þQ;PþQÞð−ieγνÞ�;

Gμν<ðPþ K;PÞ ¼
Z
Q
tr½ð−ieγμÞG1122ðPþ K;P; Pþ K þQ;PþQÞð−ieγνÞ�;

Gμν
22ðPþ K;PÞ ¼

Z
Q
tr½ð−ieγμÞG2222ðPþ K;P; Pþ K þQ;PþQÞð−ieγνÞ�;

Gμν
11ðPþ K;PÞ ¼

Z
Q
tr½ð−ieγμÞG1111ðPþ K;P; Pþ K þQ;PþQÞð−ieγνÞ�:

P + K P

K

2 21&2

=
P + K P

K

2 2

1&2

FIG. 8. The lhs and rhs have one-to-one correspondence with the first line of (91). The symbol 1&2 indicates the vertex can be labeled
by either 1 or 2, giving rise to two terms. The dashed line corresponds to the trace in the left diagram and the contraction in the right
diagram. Replacing the outermost labels 2 by 1 leads to the second line of (91).

FIG. 7. Fermion self-energy containing vertex corrections from
multiple scatterings. An arbitrary number of soft photon ex-
changes is possible. Unlike the photonic case, there are two
inequivalent vertex corrections.
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Taking the difference of the two lines in (91), we obtain
(with arguments suppressed)

tr½Σ>S< − Σ<S> þ Σ22S22 − Σ11S11�

¼
Z
K
½Gμν>D>

νμ −Gμν<D<
νμ þ Gμν

22D
22
νμ −Gμν

11D
11
νμ�: ð92Þ

Using that Σ>=< and S>=< are “Hermitian”, we can easily
show that tr½Σ>S< − Σ<S>� is real. Further using the
following Hermitian properties,

Σ22 ¼ γ0Σ†
11γ

0; S22 ¼ γ0S†11γ
0;

Gμν
22 ¼ Gνμ�

11 ; Dμν
22 ¼ Dνμ�

11 ; ð93Þ
we obtain from (92)

tr½Σ>ðPÞS<ðPÞ−Σ<ðPÞS>ðPÞ�
¼Reðtr½Σ>ðPÞS<ðPÞ−Σ<ðPÞS>ðPÞ�Þ

¼
Z
K
½Gμν>ðPþK;PÞD<

νμðKÞ−Gμν<ðPþK;PÞD>
νμðKÞ�:

ð94Þ

The evaluation of the first diagram proceeds similarly.
We have instead

tr½Σ>ðPÞS<ðPÞ−Σ<ðPÞS>ðPÞ�

¼
Z
K
½Gμν<ðP;PþKÞD<

νμðKÞ−Gμν>ðP;PþKÞD>
νμðKÞ�:

ð95Þ
Note that the momenta arguments in (94) and (95) differ.
UsingGμν<ðP;Pþ KÞ ¼ Gνμ>ðPþ K;PÞ and the fact that
D<=>

νμ is symmetric in μν, we easily see that the two
diagrams give identical contributions. One may wonder
about the contribution when both vertices are resummed.
We show by enumeration in Appendix E that such a
contribution is not allowed.
Note that p0 ¼ p with our choice. It is useful to

rearrange our results above. Using the reciprocal relations
(21) and (31), we can deduce that a diagrammatically
analogous relation holds for fermion self-energy from the
pinching kinematical region,

Σ>ðPÞ ¼ Σ̄<ð−PÞ ¼ Σ<ð−PÞ: ð96Þ
In the second equality, we have removed the overline
because we have dropped the subleading mass next to P,
and the mass always appears in squares elsewhere. We can
then rewrite

tr½Σ>ðPÞS<ðPÞ�j2nd ¼ tr½Σ<ð−PÞS>ð−PÞ�j1st;
tr½Σ<ðPÞS>ðPÞ�j2nd ¼ tr½Σ>ð−PÞS<ð−PÞ�j1st; ð97Þ

where the subscripts 1st and 2nd denote contributions from
the first and second diagrams in Fig. 7, respectively.
This allows us to reexpress the contributions in the region
p0 ¼ p from two diagrams to the counterpart in the region
p0 ¼ �p from a single diagram,

tr½Σ>ðPÞS<ðPÞ − Σ<ðPÞS>ðPÞ�1stþ2nd

¼ tr½Σ>ðPÞS<ðPÞ − Σ<ðPÞS>ðPÞ − Σ>ð−PÞS<ð−PÞ
þ Σ<ð−PÞS>ð−PÞ�1st: ð98Þ

In fact, the rhs of (98) is closely related to (88). Note that
ΠMN<=>ðKÞ ¼ R

P G
MN<=>ðPþ K;PÞ. We would have the

collision term of the photon if the momentum integration is
done over P instead of K. To establish the relation, we first
integrate GMN<=> over transverse components of momen-
tum so that the resulting collision term has a natural
interpretation as collinear 1 ↔ 2 processes. This can be
conveniently done by converting d2k⊥ to d2p⊥ . The key
observation is that the geometrically invariant quantity here
is the opening angle θ between p⃗ and k⃗, which is bounded
by the integrand as θ ≲ mγ

p ∼OðeÞ. Using spherical coor-
dinates, we can easily show

Z
d2k⊥
ð2πÞ2 ¼

k2

p2

Z
d2p⊥
ð2πÞ2 : ð99Þ

The remaining complication is in the integration of k0.
On one hand,GMN<=> contains δðp0 − p k ϵðk0ÞÞ according
to the pinching mechanism. On the other hand, δðK2Þ from
D<=>

MN ¼ 1
2k ðδðk0 − kÞ þ δðk0 þ kÞÞ receives contributions

from two poles. For k0 ¼ k, it gives the following con-
tribution:
Z
K
GMN>D<

MN¼
Z

∞

0

dk
2π

Z
d2p⊥
ð2πÞ2

k
2p2

feðpkÞð1−feðpk þkÞÞ

×2Re½χðPÞ�2πδðp0−pkÞ

×
ððpk þkÞ2þp2

kÞp2⊥
ðpkðpk þkÞÞ2 2πð1þfγðKÞÞ: ð100Þ

For k0 < −k, we have instead
Z
K
GMN>D<

MN ¼
Z

∞

0

dk
2π

Z
d2p⊥
ð2πÞ2

k
2p2

× feð−p k Þð1 − feð−p k − kÞÞ
× 2Re½χðPÞ�2πδðp0 þ p k Þ

×
ðð−p k − kÞ2 þ p2

k Þp2⊥
ð−p k ð−p k − kÞÞ2 2πð1þ fγðKÞÞ:

ð101Þ
Note that we need to have p k > 0ðp k < 0Þ for
k0 > 0ðk0 < 0Þ, respectively, in order to give the pole
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contribution at p0 ¼ p for fermion. We can then combine
(100) and (101) to write

tr½Σ>ðPÞS<ðPÞ − Σ<ðPÞS>ðPÞ�

¼
Z

dk k
2π

Z
d2p⊥
ð2πÞ2

k
2p2

feðpÞð1 − feðpþ k k ÞÞ

× 2Re½χðPÞ�2πδðp0 − pÞ ððpþ k k Þ2 þ p2Þp2⊥
ðpðpþ k k ÞÞ2

× 2πð1þ fγðKÞÞ: ð102Þ

Equation (102) is in agreement with Eq. (5.3) of [61] when
specialized to the Uð1Þ gauge group.

V. QUANTUM CORRECTION

Now, we proceed to the quantum correction, which
captures dynamics of spin polarization. We first consider
the quantum correction to the fermion Wigner function
S<ð1Þ, which enters two equations from the expansion in ℏ
at different orders,

i
2
∂S<ð0Þ þ P −m

ℏ
S<ð1Þ ¼ i

2
ðΣ>ð0ÞS<ð0Þ − Σ<ð0ÞS>ð0ÞÞ;

i
2
∂S<ð1Þ þ P −m

ℏ
S<ð2Þ ¼ i

2
ðΣ>ð1ÞS<ð0Þ − Σ<ð1ÞS>ð0Þ

þ Σ>ð0ÞS<ð1Þ − Σ<ð0ÞS>ð1ÞÞ

−
ℏ
4
ðfΣ>ð0Þ; S<ð0ÞgPB

− fΣ<ð0Þ; S>ð0ÞgPBÞ: ð103Þ

Recall that the trace of the first equation has been used to
derive the classical kinetic equation. The off-diagonal
components serve as a constraint equation for S<ð1Þ. It
determines the nondynamical part of S<ð1Þ. The second
equation is dynamical for S<ð1Þ. Its role is similar to that of
the first equation to S<ð0Þ. We expect that the second
equation would give rise to an additional axial component
of S<ð1Þ in the form aμfA with fA ∼Oðℏ∂XfΛ Þ. Note that
although fA is excluded by the parity invariant assumption
at lowest order in ℏ, it is inevitable at the next order for
restoring frame independence of the Wigner function
[22,74]. This is a massive generalization of the side-jump
effect in the chiral limit [75,76], see also Refs. [39,77]. We
note that while it is possible to determine the dynamical
part of the axial component of the Wigner function in
global equilibrium by principle of frame independence
[78], the generalization to the local equilibrium case can be
nontrivial. In this paper, we focus on the nondynamical part
of the axial component and leave the dynamical part for
separate studies.

By solving the constraint equation in (103), we
obtain the nondynamical part of both axial and tensor
components,

S<ð1ÞðPÞ ¼ γ5γμAμ þ i½γμ; γν�
4

Sμν; ð104Þ

where

Aμ ¼ −2πℏϵðP · uÞ ϵ
μνρσPρuσDνfe
2ðP · uþmÞ δðP2 −m2Þ;

Sμν ¼ −2πℏϵðP · uÞD½μPν�fe −mu½μDν�fe − P½μuν�Dm

2ðP · uþmÞ
× δðP2 −m2Þ: ð105Þ

The collisional effect is taken into account in the definitions
Dν ¼ ∂ν − Σ>

ν − Σ<
ν

1−fe
fe

and Dm ¼ Σ>
m þ Σ<

m
1−fe
fe

with

Σ>=<
ν ¼ 1

4
tr½Σ>=<γν� and Σ>=<

m ¼ 1
4
tr½Σ>=<�. SinceAμ gives

rise to spin polarization upon frequency integration, see, for
example, Ref. [79], the collisional contribution to spin
polarization naturally can be readily studied for any given
solution to classical kinetic theory.
Let us elaborate on the nature of the ℏ expansion. Recall

that in early studies of transport coefficients, ℏ is set to
unity, and gradient expansion is used in solving the
classical kinetic equation. The gradient expansion of the
distribution f reads f ¼ fð0Þ þ fð1Þ þ � � �. Restoring ℏ by

dimension, we have fð0Þ ∼Oð1Þ, fð1Þ ∼ ℏ∂Xfð0Þ
Λ . It is clear

that the gradient always comes with ℏ; therefore, partial
corrections at higher order in ℏ are already present in
solution to classical kinetic theory. This type of ℏ correction
distinguishes from the one discussed above in that the
former does not contribute to spin polarization, while the
latter does. We still use the terminology classical and
quantum as a separation between spin unpolarized and
polarized sectors of kinetic theory.
We move on from the quantum correction to the photon

Wigner function D<ð1Þ
νρ with the same logic in mind.

Keeping only the nondynamical equation, we have

�
−P2gμν þ PμPν −

1

ξ
PμαPνβPαPβ

�
D<ð1Þ

νρ

þ i
2

�
−2P · ∂gμν þ ∂μPν þ ∂νPμ

−
1

ξ
PμαPνβð∂αPβ þ ∂βPαÞ

�
D<ð0Þ

νρ

¼ iℏ
2
ðΠμν>ð0ÞD<ð0Þ

νρ − Πμν<ð0ÞD>ð0Þ
νρ Þ: ð106Þ

With the help of the gauge fixing term, we can solve (106)
by the following inversion:
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�
uμuλ
p2

þPT
μλ

P2
−ξ

PμPλ

p4

��
−P2gμνþPμPν−

1

ξ
PμαPνβPαPβ

�

¼ δνλ; ð107Þ

with p2 ¼ −P2 þ ðP · uÞ2. Note that ðuμuλp2 þ PT
μλ

P2 − ξ
PμPλ

p4 Þ
gives the Coulomb gauge propagator at ξ ¼ 0. Multiplying
it to (106), we obtain

D<ð1Þ
λρ ¼ −

�
uμuλ
p2

þ PT
μλ

P2
− ξ

PμPλ

p4

�
i
2

�
−2P · ∂gμν þ ∂μPν

þ ∂νPμ −
1

ξ
PμαPνβð∂αPβ þ ∂βPαÞ

�
D<ð0Þ

νρ

þ
�
uμuλ
p2

þ PT
μλ

P2
− ξ

PμPλ

p4

�
iℏ
2

× ðΠμν>ð0ÞD<ð0Þ
νρ − Πμν<ð0ÞD>ð0Þ

νρ Þ: ð108Þ

We first show terms ∝ PT
μλ vanish by classical kinetic

equations. To see that, we note D<=>ð0Þ
νρ ∝ PT

νρ. The only
remaining terms on the rhs are

PT
μλ

P2

i
2
ð2P · ∂gμνD<ð0Þ

νρ þ ℏΠμν>ð0ÞD<ð0Þ
νρ − ℏΠμν<ð0ÞD>ð0Þ

νρ Þ
∝ PT

λρ: ð109Þ

Since the tensor structure is unique, we can extract its
coefficient function by contracting with Pλρ

T , which van-
ishes by the classical kinetic equation. The other terms give
the following result in the limit ξ → 0:

D<ð1Þ
λρ ¼ −

iuλðP · uÞ∂νD<ð0Þ
νρ

2p2
−
iPλPνβ∂βD

<ð0Þ
νρ

2p2

þ iℏuλuμðΠμν>ð0ÞD<ð0Þ
νρ − Πμν<ð0ÞD>ð0Þ

νρ Þ
2p2

¼ −
iPλαPνβPα∂βD

<ð0Þ
νρ

2p2

þ iℏuλuμðΠμν>ð0ÞD<ð0Þ
νρ − Πμν<ð0ÞD>ð0Þ

νρ Þ
2p2

: ð110Þ

In the second line, we have used ∂νD<ð0Þ
νρ ¼ −Pνβ∂βD

<ð0Þ
νρ .

However, (110) cannot be the correct quantum correction to
the Wigner function. Since D<

νρ is Hermitian, a purely

imaginary D<ð1Þ
νρ in (110) indicates it should be antisym-

metric in indices [65], which is obviously not satisfied by
(110). The resolution is simple; since we consider on-shell
photons, the operator−P2gμν þ PμPν − 1

ξP
μαPνβPαPβ con-

tains a zero mode. Equation (110) can be modified by a
zero mode contribution. We can make (110) Hermitian by
adding its own Hermitian conjugate,

D<ð1Þ
λρ ¼ iPραPνβPα∂βD

<ð0Þ
νλ

2p2

þ iℏuρuμðΠμν>ð0ÞD<ð0Þ
νλ − Πμν<ð0ÞD>ð0Þ

νλ Þ
2p2

: ð111Þ

It turns out (111) is at the same time a zeromode of−P2gμν þ
PμPν − 1

ξP
μαPνβPαPβ using D<ð0Þ

νλ ∝ PT
νλδðP2Þ. Adding up

(110) and (111), we find the quantum correction,10

D<ð1Þ
λρ ¼ −

iPλαPνβPα∂βD
<ð0Þ
νρ

2ð−P2 þ ðP · uÞ2Þ þ
iℏuλuμðΠμν>ð0ÞD<ð0Þ

νρ − Πμν<ð0ÞD>ð0Þ
νρ Þ

2ð−P2 þ ðP · uÞ2Þ − ðλ ↔ ρÞ

¼ −2πϵðP · uÞδðP2Þ iPλαPνβPα∂βPT
νρfγðPÞ

2ð−P2 þ ðP · uÞ2Þ þ 2πϵðP · uÞδðP2ÞPT
νρ

×
iℏuλuμðΠμν>ð0ÞfγðPÞ − Πμν<ð0Þð1þ fγðPÞÞÞ

2ð−P2 þ ðP · uÞ2Þ − ðλ ↔ ρÞ: ð112Þ

In the collisionless limit, (112) agrees with [65]. To see the
equivalence, we note that the counterpart in [65] can be
obtained by replacing PT

νρ in the first term by Pνρ. The
difference from the replacement is proportional to

PλαPαPμPμβ∂βPρσPσ − ðλ ↔ ρÞ; ð113Þ

which vanishes identically by the antisymmetrization in
indices. Equation (112) also contains a collisional contribu-
tion, which has the form of Πμν sandwiched between uλuμ
andPT

νρ. In an isotropic medium,Πμν ¼ Pμν
L ΠL þ Pμν

T ΠT , so
this contribution vanishes identically by the orthogonality
condition of the projectors. In a generic off-equilbrium
medium, for example, one with a shear gradient, more
structures are allowed in the self-energy, so the collisional
contribution is, in general, nonvanishing. Unlike in the case

10The appearance of a factor of ℏ is consistent with the
dimension of photon self-energy ΠμνðPÞ ∼ length−2.
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of screening, the effect of the gradient on the quantum
correction here is leading order.

VI. OUTLOOK

We have derived a quantum kinetic theory for QED by
assuming parity invariance. At lowest order in ℏ, it
generalizes well-known classical kinetic theory to the
massive case. We have also found a nondynamical quantum
correction to the Wigner function at OðℏÞ, which gives the
spin polarization of fermions and photons. Several inter-
esting extensions of this work can be studied.
First of all, relaxing the parity invariant constraint would

introduce more degrees of freedom to kinetic theory. It
makes the distribution functions spin dependent, allowing
us to study the spin evolution within kinetic theory. These
are of particular interest in the physics-like chiral magnetic
effect, in which local parity violation is also present.
Secondly, the notion of locality can be further explored

in kinetic theory. We have different scales for collisions
with 1=e2Λ corresponding to the effective range of inelastic
collisions and 1=eΛ corresponding to the range of elastic
collisions. In our case, both are local because of our larger
coarse-graining scale 1=e4Λ. It would be interesting to look
at other possibilities; for example, choosing 1=eΛ as a
coarse-graining scale would lead to nonlocal inelastic
collisions, allowing us to study the transfer between orbital
and spin angular momenta. With this finer notion of
locality, we also need to take into account the electromag-
netic field from fluctuations.
Finally, it is clearly desirable to extend the present study

to a QCD case and determine the corresponding spin
transport coefficients. This would shed light on the appli-
cability of spin hydrodynamics in the system of spinning
quark-gluon plasma-produced heavy ion collisions.
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APPENDIX A: FROM SELF-ENERGIES TO
COLLISION TERMS

In this Appendix, we show how (43), (44), (45), (46),
(47), and (48) can be reduced to collision terms in the
Boltzmann equation for QED.
We start with (43) and focus on the case p0 > 0, i.e.,

fermion in the initial state. The case p0 < 0 can be deduced
by crossing symmetry. There are in total eight ways in
choosing the sign of k0, k00, and p0

0. Only the following
three are kinematically allowed: k0 > 0, k00 > 0, p0

0 > 0;
k0 < 0, k00 < 0, p0

0 > 0; and k0 < 0, k00 > 0, p0
0 < 0. The

second and third cases are related to the first one by
crossing symmetry. Let us consider the first case. The
kinematical region implies it corresponds to the square of
the s-channel Compton. To see that, we use

PT
νμðKÞ ¼

X
i

ϵiνðKÞϵi�μ ðKÞ; ðA1Þ

and similarly for PT
σρðK0Þ, which relates the projector to

sum over the initial/final states of photons. We can further
use the spin sum formula for Pþm from S<ðPÞ,

Pþm ¼
X
s

usðPÞūsðPÞ; ðA2Þ

and similarly for P0 þm from S>ðP0Þ. Recall in Sec. II that
trace ise taken in deriving the dynamical equation for fe.
With all the rewritings above and cyclic property of the
trace, we have from tr[(33)],11

X
s;t;i;j

tr½ūsðPÞγμS11ðK þ PÞγρutðP0ÞϵiσðK0ÞϵjμðKÞūtðP0Þ

× γσS22ðK þ PÞγνusðPÞϵi�ρ ðK0Þϵj�ν ðKÞ�
× feðPÞfγðKÞð1 − feðP0ÞÞð1þ fγðK0ÞÞδðP2ÞδðP02Þ
× δðK2ÞδðK02Þ; ðA3Þ

which is clearly identified as the square of the s-channel
Compton scattering. By crossing symmetry, we obtain the
square of the t-channel Compton scattering and t-channel
annihilation for the other two cases. The action of crossing
symmetry on distribution functions use the constraints
feðPÞ þ feð−PÞ ¼ 1 and fγðPÞ þ fγð−PÞ ¼ 1 to convert
distribution functions of particles to those of antiparticles.
Equation (44) can be rewritten similarly. For the cases

p0 > 0, k0 > 0, k00 > 0, and p0
0 > 0, we also use (A1) and

(A2) to rewrite tr[(44)] as
X
s;t;i;j

tr½ūsðK0ÞγβutðP0ÞūtðP0ÞγαusðK0Þ�tr½ūiðPÞγμujðKÞ

× ūjðKÞγνuiðPÞ�D11
ναðK − PÞ

×D22
βμðK − PÞfeðPÞfeðP0Þð1 − feðKÞÞð1 − feðK0ÞÞ

× δðP2ÞδðP02ÞδðK2 −m2ÞδðK02 −m2Þ; ðA4Þ
which corresponds to the square of the t-channel Coulomb
scattering between fermions. By crossing symmetry, we
can obtain also the squares of s-/t-channels Coulomb
scattering between fermions and antifermions.
Now, we turn to (45). In fact, tr[(43)] and (45) are simply

related by relabeling of momenta P ↔ K. It follows that
(45) also corresponds to squares of s-/t-channels Compton
scattering and t-channel annihilation.

11An overall numerical factor ð2πÞ4 is suppressed.
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The identification with interference terms proceeds
similarly. For the vertex correction to photon self-energy
(46), we can use the cyclic property of the trace to rewrite
(46) up to overall factors of fγðPÞfeðP0Þð1 − feðKÞÞð1þ
fγðK0ÞÞδðP2ÞδðP02ÞδðK2 −m2ÞδðK02 −m2Þ as
X
s;t;i;j

tr½ūsðKÞγμS22ðP−KÞγρutðP0Þ�ϵiρðQÞϵj�μ ðPÞ

×tr½ūtðP0ÞγνS11ðPþP0ÞγσusðKÞ�ϵi�σ ðQÞϵjνðPÞ
¼

X
s;t;i;j

ðtr½ūtðP0ÞγρS11ðP−KÞγμusðKÞ�ϵi�ρ ðQÞϵjμðPÞÞ�

×tr½ūtðP0ÞγνS11ðPþP0ÞγσusðKÞ�ϵi�σ ðQÞϵjνðPÞ: ðA5Þ
This is the product of the s-channel amplitude with the
complex conjugate of the t-channel amplitude for Compton
scattering, to be abbreviated st� of Compton. By crossing
symmetry, we can easily obtain the s�t of Compton and t�u
of annihilation. Note that we have only half of the
interference terms for annihilation.
For the vertex correction to fermion self-energy, we look

at (47) first. Using (21), we have

S>ð−P0Þ ¼ S̄<ðP0Þ: ðA6Þ
Note that S̄ has the sign of mass flipped. We can represent
the corresponding Dirac structure by the spin sum of
antifermions,

P0 −m ¼
X
s

vsðP0Þv̄sðP0Þ: ðA7Þ

We can then rewrite the trace of (47) up to feðPÞfeðP0Þð1þ
fγðKÞÞð1þ fγðK0ÞÞδðP2 −m2ÞδðP02 −m2ÞδðK2ÞδðK02Þ as

X
s;t;i;j

tr½ūsðPÞγμS22ðP − KÞγνvtðP0Þ�ϵμðKÞϵ�νðK0Þ

× tr½v̄tðP0ÞγρS11ðP − K0ÞγσusðPÞ�ϵ�ρðKÞϵσðK0Þ
¼

X
s;t;i;j

ðtr½v̄tðP0ÞγνS11ðP − KÞγμusðPÞ�ϵ�μðKÞϵνðK0ÞÞ�

× tr½v̄tðP0ÞγρS11ðP − K0ÞγσusðPÞ�ϵ�ρðKÞϵσðK0Þ; ðA8Þ

which corresponds to half of the interference term of
annihilation. By crossing symmetry, we can obtain inter-
ference terms of Compton scattering.
Finally, we turn to (48), which has slightly different

momenta labeling from the other cases, with P, P0, P − K,
and P − K0 on shell instead. We consider the kinematical
region with p0

0<0, p0−k0>0, p0 − k00 > 0. Using the sim-
ilar procedure as before, we rewrite (48) up to overall
factors of feðPÞfeðP0Þð1þfγðP−KÞÞð1þfγðP−K0ÞÞ×
δðP2−m2ÞδðP02−m2ÞδððP−KÞ2−m2ÞδððP−K0Þ2−m2Þ as

X
s;t;i;j

tr½ūsðPÞγμutðP − KÞ�tr½ūið−P0ÞγρujðP − K0Þ�D22
μρðKÞtr½ūtðP − KÞγνuið−P0Þ�tr½ūjðP − K0ÞγσusðPÞ�D11

νσðK0Þ

¼
X
s;t;i;j

ðtr½ūtðP − KÞγμusðPÞ�tr½ūjðP − K0Þγρuið−P0Þ�D11
μρðKÞÞ�tr½ūtðP − KÞγνuið−P0Þ�tr½ūjðP − K0ÞγσusðPÞ�D11

νσðK0Þ:

ðA9Þ

This gives the product of t-channel amplitude with the
complex conjugate of u-channel amplitude of Coulomb
scattering between fermions (tu�). By crossing symmetry,
we can also obtain st� and s�t of Coulomb scattering
between fermions and antifermions.

APPENDIX B: EVALUATION
OF SELF-ENERGIES

In this Appendix, we evaluate the retarded self-energies
of fermions and photons, which are needed for determi-
nation of thermal masses in the main text. The retarded self-
energies have the following representations in ra basis:
SR ¼ iSra and DR

μν ¼ iDra
μν, which allows us to perform the

calculation in ra basis.
We first evaluate the fermion self-energy, which we need

in two different kinematical regions: soft off-shell momenta
(for screening effect in elastic collisions) and hard on-shell
momenta (for inelastic collisions). In both cases, we also

requirem≲ eΛ in order for screening or inelastic collisions
to be relevant. This condition allows us to drop m in the
evaluation of fermion self-energy. It is known from explicit
calculations that the fermion self-energies in equilibrium
are the same in Coulomb gauge [64] and Feynman gauge
[80]. The agreement is expected to hold for the off-
equilibrium case at the lowest order because the structures
of propagators do not change from the equilibrium case to
the off-equilibrium case. Below, we proceed in the
Feynman gauge. Figure 9 shows the self-energy diagrams
in ra basis, which give

P

Q – P

µr

r

a r

r

av v

Q – P

PQ

µr

a

r r

r

a

Q

v

FIG. 9. One-loop fermion self-energy Σra. Vertices can have
labelings rra and aaa.
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ΣraðQÞ ¼ −e2
Z
P
γμSarðQ − PÞγνDrr

νμðPÞ

− e2
Z
P
γμSrrðPÞγνDar

νμðQ − PÞ: ðB1Þ

The relevant propagators in ra basis are given by

SarðPÞ ¼
iðPþmÞ

ðp0 − iϵÞ2 − p2 −m2
;

SrrðPÞ ¼
�
1

2
− feðPÞ

�
ðPþmÞ2πϵðp0ÞδðP2 −m2Þ;

Dar
μνðPÞ ¼

−igμν
ðp0 − iϵÞ2 − p2

;

Drr
μνðPÞ ¼ −gμν

�
1

2
þ fγðPÞ

�
2πϵðp0ÞδðP2Þ:

As we argued above, we can drop m in Sar and Srr.
Furthermore, we can drop Q2 in the denominators of
SarðQ − PÞ and Dar

νμðQ − PÞ, because either Q is soft
off-shell Q2 ≪ Q · P or hard on-shell Q2 ¼ 0. We thus
have

iΣraðQÞ¼−e2
Z
P

−2ð=Q−PÞ
−2P ·Q

�
1

2
þfγðPÞ

�
2πϵðp0ÞδðP2Þ

−e2
Z
P

−2P
−2P ·Q

�
1

2
−feðPÞ

�
2πϵðp0ÞδðP2Þ; ðB2Þ

where we have dropped iϵ in the denominators because
Q − P is of -shell. Separating the cases of particles and
antiparticles, we can expand (B2) as

iΣraðQÞ ¼ −e2
Z

d3p
ð2πÞ3

1

2p

�
−2ð=Q − PÞ
−2P ·Q

�
1

2
þ fγðp⃗Þ

�

−
−2ð=Q − =̄PÞ
−2P̄ ·Q

�
1

2
− fγð−p⃗Þ

��

− e2
Z

d3p
ð2πÞ3

1

2p

�
−2P

−2P ·Q

�
1

2
− feðp⃗Þ

�

−
−2=̄P

−2P̄ ·Q

�
−
1

2
− fēð−p⃗Þ

��
; ðB3Þ

where P̄ ¼ ð−p0; p⃗Þ, and fē is the distribution function of
antifermions defined below (35). We can then use a change
in variable p⃗ → −p⃗ to arrive at

iΣraðQÞ ¼ −e2
Z

d3p
ð2πÞ3

1

2p

�
−2ð=Q − PÞ
−2P ·Q

�
1

2
þ fγðp⃗Þ

�

−
−2ð=Qþ PÞ
2P ·Q

�
−
1

2
− fγðp⃗Þ

��

− e2
Z

d3p
ð2πÞ3

1

2p

�
−2P

−2P ·Q

�
1

2
− feðp⃗Þ

�

−
2P

2P ·Q

�
1

2
þ fēðp⃗Þ

��
: ðB4Þ

Dropping the 1
2
in the brackets, which correspond to the

vacuum contributions, we end up with

iΣraðQÞ ¼ e2
Z

d3p
ð2πÞ3

1

2p
P

P ·Q
ð2fγðp⃗Þ þ feðp⃗Þ þ fēðp⃗ÞÞ:

ðB5Þ

Since we requirem≲ eΛ, andQ can be either hard on shell
or soft off shell, including the mass in the evaluation of
fermion self-energy would only lead to a correction at
order Oðe3Λ2=QÞ.
Next, we turn to the retarded photon self-energy, which

we also need in two different kinematical regions: soft off-
shell momenta (for screening in elastic collisions) and hard
on-shell momenta (for inelastic collisions). However, there
is one small difference from the fermion self-energy. While
in the case of inelastic collisions photon self-energy is
never needed for very massive fermion m ≫ eΛ because
this would make inelastic scattering itself irrelevent, it is
always needed for screening in elastic collisions for
arbitrary fermion mass. So we do not drop m as in the
following evaluation of photon self-energy, since the
photon self-energy at leading order in coupling is gauge
invariant. We can also evaluate it in Feynman gauge. The
corresponding diagrams are shown in Fig. 10, which give

Πra
μν ¼ e2

Z
P
tr½γμSrrðPÞγνSraðP −QÞ�

þ e2
Z
P
tr½γμSarðPÞγνSrrðQ − PÞ�

¼ e2
Z
P
tr½γμSrrðPÞγνSraðP −QÞ�

þ ðQ → −Q; μ ↔ νÞ: ðB6Þ

µ

P

P –

Q r r

a

ar

r
µ

P

P –

Q r a

r

ar

r
Q Q

v v

FIG. 10. One-loop hard photon self-energy Πra. Vertices can
have labelings rra and aaa.
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The contribution from the second diagram is related the
counterpart from the first one by the replacementQ → −Q,
μ ↔ ν. This can be shown by using the property SarðPÞ ¼
SraðPÞ which is valid for off-shell momentum and relabel-
ing of momentum P → Q − P. Keeping fermion mass in
the propagators for the photonic case, we evaluate the
trace as

tr½γμðPþmÞγνðP − =QþmÞ�
¼ 8PμPν − 4ðPμQν þ PνQμÞ þ 4gμνP ·Q: ðB7Þ

Note that them dependence drops by the on-shell condition
of P. It turns out that the leading contribution from the
term PμPν vanishes upon combination of the two diagrams;
thus, we cannot simply drop the Q2 in SraðP −QÞ as
in the fermionic case. Instead, we should approximate
SraðP −QÞ as

SraðP −QÞ ≃ iðP − =QþmÞ
−2P ·Q

�
1þ Q2

2P ·Q

�
: ðB8Þ

The remaining evaluation is similar. In the end, we find two
diagrams contribute equally to give

iΠra
μνðQÞ¼ 2e2

Z
d3p
ð2πÞ3

1

Ep
ðfeðp⃗Þþfēðp⃗ÞÞ

×

�
PμQνþPνQμ−gμνP ·Q

P ·Q
−
PμPνQ2

ðP ·QÞ2
�
; ðB9Þ

with Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. The Ward identity can be verified as

iQμΠra
μνðQÞ ¼ 0: ðB10Þ

Finally, we calculate the self-energy Πaa
μν for the soft

photon, which is used to determine Drr
μν. In this case, we

also have m≲ eΛ so that inelastic collisions are relevant.
Πaa

μν contains contributions from three diagrams in Fig. 11.
Only the last one is medium dependent, which gives

Πaa
μνðQÞ ¼ e2

Z
P;P0

ð2πÞ4δðP − P0 −QÞtr½γμPγνP0�

× 2πϵðp0ÞδðP2Þ
�
1

2
− feðPÞ

�

× 2πϵðp0
0ÞδðP02Þ

�
1

2
− feðP0Þ

�
: ðB11Þ

Note that we have dropped mass in the propagators.
For Q ≪ P; P0, p0 and p0

0 have the same sign; thus,
ϵðp0Þϵðp0

0Þ ¼ 1. We expand the delta functions and
evaluate the trace to obtain

Πaa
μνðQÞ ¼ e2

Z
d3p
ð2πÞ3

1

4pp0 ð2πÞδðp − jp − qj − q0Þ

×

�
ð4PμP0

ν þ 4PνP0
μ − 4gμνP · P0Þ

×

�
1

2
− feðp⃗Þ

��
1

2
− feðp⃗0Þ

�

þ ð4P̄μP̄0
ν þ 4P̄νP̄0

μ − 4gμνP̄ · P̄0Þ

×

�
1

2
− fēð−p⃗Þ

��
1

2
− fēð−p⃗0Þ

��
: ðB12Þ

We further approximate P0
μ ≃ Pμ, P̄0

μ ≃ P̄μ and neglect
P · P0 ¼ −Q2 þ 2m2. Finally, we make a change of vari-
able p⃗ → −p⃗. It amounts to the replacement P̄ → −P and
fēð−p⃗Þ → fēðp⃗Þ, after which we obtain

Πaa
μν ¼ e2

Z
d3p
ð2πÞ3 2P̂μP̂νð2πÞ

× δðp − jp − qj − q0Þðfeðp⃗Þ2 − feðp⃗ÞÞ
þ ðfe → fēÞ; ðB13Þ

with P̂μ ¼ ð1; p̂Þ.
To determine Drr

μν, we use the following identities:

Drr
μν ¼

1

2
ðD>

μν þD<
μνÞ;

Πaa
μν ¼ 1

2
ðΠ>

μν þ Π<
μνÞ: ðB14Þ

Using D<=>
μν ¼ −DR

μαΠαβ<=>DA
βν þOðℏÞ, we obtain

a r

r

aa

a

a a

a

ar

r
µ

P

P

Q a r

r

ar
v
r

FIG. 11. One-loop soft photon self-energyΠaa. Vertices can have labelings rra and aaa. Only the third diagram is medium dependent.
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Drr
μν ¼ −DR

μαΠ
αβ
aaDA

βν; ðB15Þ

where DR is given by (58) and DA determined from (52).

APPENDIX C: DAMPING RATE
OF HARD FERMION

The damping rate Γ is determined from the dispersion
p0 ¼ Ep − iΓ

2
, which is the root of the following

equation:

ðPμ − ΣR
μ Þ2 − ðm − ΣR

mÞ2 ¼ 0; ðC1Þ

with ΣR ¼ ΣR
μ γ

μ þ ΣR
m1. It is the same equation as (63), but

now we need to find out the imaginary part of p0. Note that

ΣR
μ ∼ e2 and ΣR

m ¼ 0 to the order of our interest. From (C1),
we obtain

Γ ¼ −
1

2p0

Imðtr½PΣR�Þ ¼ −
1

2p0

Reðtr½PΣra�Þ: ðC2Þ

We proceed with the following representation from the left
panel of Fig. 9 (with P and Q exchanged):

ΣraðPÞ ¼ −e2
Z
Q
γμSarðP −QÞγνDrr

νμðQÞ: ðC3Þ

Plugging (C3) into (C2) and using that Drr
μν is real, we

obtain

Reðtr½PΣra�Þ ¼ −e2
Z
Q
Re

�
tr½PγμðP − =QÞγν� i

ðp0 − q0 − iϵÞ2 − ðjp − qjÞ2 −m2

�
Drr

νμðQÞ: ðC4Þ

Since Q ≪ P, we can approximate tr½PγμðP − =QÞγν� ≃
8PμPν and take the real part as

Re

�
i

ðp0 − q0 − iϵÞ2 − ðjp − qjÞ2 −m2

�

≃ Re

�
i

2p0q0 − 2p⃗ · q⃗ − p0iϵ

�

¼ δð2p0q0 − 2p⃗ · q⃗Þϵðp0Þ ¼
π

2p0

δðq0 − q k Þ; ðC5Þ

where q k ¼ q⃗ · p̂. In the end, we have

Γ ¼ e2
Z

d3q
ð2πÞ3 P̂

μP̂νDrr
νμðQÞ: ðC6Þ

Since Q is soft, the suppression factor e3 from phase space
d3q is compensated by the Bose enhanced propagator
Drr ∼ e−3, giving Γ ∼ e2. Such an enhancement mecha-
nism is not present in the contribution from the right panel
of Fig. 9, so we ignore it.

APPENDIX D: RELATING FOUR-POINT
CORRELATORS IN 12 AND ra BASIS

The lesser and greater photon self-energies require
knowledge of fermion four-point correlators in the 12
basis, while we calculate in Sec. IV only one particular
correlator in the ra basis. In this Appendix, we establish a
relation between them. The fermion four-point correlator is
defined as

Gijklðx; x0; y; y0Þ ¼ hψ iðxÞψ̄kðyÞψ lðy0Þψ̄ jðx0Þi; ðD1Þ

with labels taking values either in 12 or in ra basis. Using
the basic relation between field in different basis,

ψ r ¼
1

2
ðψ1 þ ψ2Þ; ψa ¼ ψ1 − ψ2; ðD2Þ

and we easily obtain

G1122 ¼ Grrrr þ
1

2
Grarr þ

1

2
Garrr −

1

2
Grrar −

1

2
Grrra

þ 1

4
Gaarr þ

1

4
Grraa þ � � � ; ðD3Þ

with � � � including correlators with at least three a’s in ra
basis. They are not allowed in the pinching kinematical
region.12 Note that we have calculated Gaarr. The other
labelings appearing in (D3) can be simply related to Gaarr
as we now set out to find.
From the diagrammatic representations in Fig. 12, we

easily deduce using Srr ¼ ðSra − SarÞð1
2
− feÞ,

Grarr ¼ −
�
1

2
− feðPþ KÞ

�
Gaarr;

Grrra ¼
�
1

2
− feðPþ KÞ

�
Grraa;

Garrr ¼
�
1

2
− feðPÞ

�
Gaarr;

Grrar ¼ −
�
1

2
− feðPÞ

�
Grraa; ðD4Þ

12This is because in these cases at least one end is labeled by
two a’s; then, the opposite end is forced to have two r’s,
contradicting the assumed number of a’s.
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where we have extracted relevant components of Srr in
arriving at the above. For example, we keep Sar in Grarr
dropping Sra because it is paired with another Sra.Grrrr is a
little complicated. We claim that contributions containing
alternating propagators like ðSraðPþKÞ

SarðPÞ
SarðPþKÞ
SraðPÞ Þ all vanish.

We show below such a contribution cancel among differ-
ent diagrams. Referring to Fig. 13, we see the that
alternating contribution can arise from four possible sub-
diagrams. Extracting the proportionality function of
ðSraðPþKÞ

SarðPÞ
SarðPþKÞ
SraðPÞ Þ, we have

2

�
1

2
− feðPÞ

��
1

2
− feðPþ KÞ

�

− 2

�
1

2
− feðPÞ

��
1

2
− feðPþ KÞ

�
¼ 0: ðD5Þ

Therefore, only nonalternating contributions are
allowed, which are either Gaarr or Grraa. It follows that

Grrrr¼−
�
1

2
−feðPÞ

��
1

2
−feðPþKÞ

�
ðGaarrþGrraaÞ

¼−
�
1

2
−feðPÞ

��
1

2
−feðPþKÞ

�
2ReðGrraaÞ; ðD6Þ

where we have used Grraa ¼ G�
aarr. A similar analysis

gives

G2211 ¼ feðPÞð1 − feðPþ KÞÞ2ReGaarr: ðD7Þ

They are off-equilibrium generalizations of KMS relations
in [81] in the special pinching kinematical region.

APPENDIX E: FERMION SELF-ENERGIES WITH
BOTH VERTICES RESUMMED

In this Appendix, we show that fermion self-energies
with both vertices resummed is not allowed. Wework in the
ra basis. Recall from the previous Appendix that all the
nonvanishing four-point correlators can be generated from
the two basic ones Gaarr and Grraa by flipping labels from
a to r. We show in Fig. 14 three inequivalent diagrams with
two vertices constructed using Gaarr and Grraa. Other
diagrams can be generated from them by flipping labels.
Since labels can only be flipped from a to r, we find
diagrams in the top row, and those with labels flipped
always contain at least an aa propagator for either fermion
or photon and thus are not allowed. In the bottom row, we
do find a possible flipping without aa propagators.
However, this diagram contains the pair of propagators
SarðPþ KÞDμν

arðKÞ ∼DarðPþ KÞDarðKÞ, which vanish
identically upon integration of k0 by closing the contour
properly.

a P

r P + K

r a

r

r

r
a

P

P +

a r

a

r

r
r r

a

K

FIG. 12. Labelings for Grarr and Grrra. With the pinching
mechanism, the labels are uniquely fixed. Garrr and Grrar can be
obtained by exchanging r and a on one end. The shaded
structures correspond to Gaarr (left panel) and Grraa (right panel),
respectively.

r P

r P + K

a r

a

r

r
r r

r r P

r P + K

r a

r

r

r
a r

r r P

r P + K

a r

r

r

r
a r

r

r P

r P + K

r a

a

r

r
r r

r

FIG. 13. Possible subdiagrams contributing to alternating unit ðSraðPþKÞ
SarðPÞ

SarðPþKÞ
SraðPÞ Þ. Note that the labels for the part extending from both

sides of the subdiagrams are uniquely fixed.
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