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Global symmetries are expected to be violated by gravity, which may cause a serious problem to models
based on these symmetries. A famous example is the Peccei-Quinn solution to the strong CP problem in
QCD axion models; it requires a global U(1) symmetry to be respected with high quality, and even the
Planck-scale suppressed operators that violate the U(1) symmetry would spoil this solution. Indeed, it is
known that gravitational instantons do break the U(1) Peccei-Quinn symmetry and induce the U(1)-
violating operators, bringing back the strong CP problem to the axion models. This conclusion is, however,
highly dependent on the structure of the theory around the Planck scale and, therefore, may be evaded if we
go beyond the minimal setup. In this paper, we study the effect of a nonminimal coupling of the Peccei-
Quinn field to gravity, £, on the gravitational instanton effect. This setup is frequently considered in
cosmology as it can realize a successful inflation if & < 103. We find that the U(1)-breaking effect of the
gravitational instantons can sufficiently be suppressed for &> 2 x 103, which suggests that the U(1)
symmetry may be maintained with high quality even in the presence of gravity. Our result thus points to a

new way to avoid the quality problem of global symmetries.

DOI: 10.1103/PhysRevD.105.076008

I. INTRODUCTION

Global symmetries play crucial roles in many models
beyond the Standard Model. A prominent example is the
Peccei-Quinn model [1,2], where an anomalous global
U(1) symmetry is introduced to solve the strong CP
problem. After this U(l) symmetry is spontaneously
broken, a Nambu-Goldstone boson, called axion [3.,4],
appears in the low-energy effective theory. Once QCD is
confined, a periodic scalar potential for the axion field is
generated nonperturbatively and the axion field relaxes to a
CP-preserving vacuum, solving the strong CP problem.
See Refs. [5-7] for recent reviews on axion models.

For the Peccei-Quinn mechanism to solve the strong CP
problem, any effect that explicitly violates the U(1)
symmetry should be smaller than the nonperturbative
QCD effect; otherwise, the minimum of the axion potential
in general deviates from the CP-conserving points. On the
other hand, any global symmetries are expected to be
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violated by gravity [8—11], and hence there exists some
amount of explicit violation of the Peccei-Quinn symmetry.
To make matters worse, it is discussed based on the
effective theoretical approach in Refs. [12-17] that this
U(1)-violating effect is generically too large to solve the
strong CP problem due to the high sensitivity of the Peccei-
Quinn mechanism to the U(1)-breaking effect—this is
dubbed as the axion quality problem. This observation
stimulated a variety of works to construct axion models that
evade the quality problem, such as those utilizing additional
gauge symmetries [18-36], heavy axion models [37-50],
composite axion models [51-59], and so on [60-68].

It is rather difficult to explicitly evaluate the extent of the
gravitational U(1)-breaking, since this is essentially a
nonperturbative quantum effect. There is, however, a class
of processes which we can analyze quantitatively—gravi-
tational instantons or, in other words, Euclidean worm-
holes. Euclidean wormholes are configurations of gravi-
tational fields in the Euclidean spacetime that connect two
asymptotically flat spacetime regions through a throat.
In Ref. [69], S.B. Giddings and A. Strominger found
Euclidean wormhole solutions in the dual version of the
axion theory described by a two-form gauge field. This
setup corresponds to the model that contains only the axion
degree of freedom, not a radial component as in the Peccei-
Quinn model. Later, it was demonstrated in Ref. [70] that
such wormhole solutions also exist in theories with a
complex scalar field that possess a U(l) symmetry, as in
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standard axion models. These wormholes indeed induce the
U(1)-violating effects, and these effects can be expressed
in terms of effective local operators that break the U(1)
symmetry [71-73]. For recent studies on axionic worm-
holes, see Refs. [74-77].

The coefficients of the U(1)-violating effective operators
induced by wormholes turn out to be highly model-
dependent [78]; since they are generated in nonperturbative
processes, the coefficients are proportional to the factor
e~5, where S denotes the wormhole action, and thus a
sizable value of § can considerably suppress these oper-
ators. In fact, it is found that in the case of the Giddings-
Strominger wormholes [69], the wormhole action is large
enough to sufficiently suppress the U(1)-violating operators
if the axion decay constant is f, < 10'® GeV [75]. The
situation, however, drastically changes if the axion is a part
of a complex scalar field and couples minimally to gravity;
in this case, the wormhole action reduces due to the
presence of the radial component of the scalar field and,
as a consequence, the wormhole contribution to the U(1)
violation is sizable and spoils the Peccei-Quinn solution to
the strong CP problem for any allowed values of f,
[77,78]. These two examples imply that the extent of the
gravitational U(1)-breaking effect strongly depends on the
ultraviolet completion of the axion degree of freedom,
which motivates us to explore models beyond the mini-
mal setup.

In this work, we consider the case where the Peccei-
Quinn complex scalar field has a nonminimal coupling to
gravity, £. A similar setup has, in fact, been suggested in
cosmology [79-89], as it can realize a successful inflation if
£<10°. See Refs. [90-96] for recent studies on inflation
models with a nonminimal coupling to gravity. We study
the wormhole solution in the presence of this nonminimal
coupling [97,98], and the effect of it on the wormhole
action. Our main finding is that the resultant U(1)-breaking
effect can sufficiently be suppressed for £ > 2 x 10°. This
model can thus offer an inflation that is compatible with the
observed CMB data [99], while saving the axion from
dangerous U(1)-violating effects.

II. MODEL

We consider a theory of a complex scalar field ®(x) in
the Euclidean spacetime. We assume that the metric has
the spherically symmetric form: ds*> = dr? + a(r)?d*Qs,
where a(r) is the scale factor and d>Q; is the line element
on the three-dimensional sphere. The complex scalar field
®(x) is expressed in terms of two real scalar fields, f(x)
and 6(x), as ®(x) = f(x)e®/\/2. These fields are
assumed to depend only on r in accordance with the
spherically symmetric metric.

The field @ is supposed to have a nonminimal coupling
to the Ricci scalar R, as described by the following action:
St = S + Sy, with

- /d4x\/§[_M72R—§|d>|2R+ 10,P|* + V(d>)], (1)

viw) = 4(jo - 2" o)

where g = det(g), & is the nonminimal coupling, and f, is
the axion decay constant. In the asymptotically flat space-
time regions, the field @ develops a vacuum expectation
value, (|®|) = f,/+/2. The mass parameter in Eq. (1), M,
is determined from the condition M% = M? + £f2, with
Mp = (87G)~"/? the reduced Planck mass. We require
M? > 0 so that the kinetic term of the gravitational field has
the correct sign for arbitrary values of the field ®; this
means & < M2/f2." For later use, we define

2 2
(@) =145 (jop L), @)
Schy is the Gibbons-Hawking-York (GHY) term [109,110]:

Seuy = —Mp - dx\/9Q(®)(K - Ko).  (4)

where K is the extrinsic curvature for the boundary OV,
K is that for the boundary embedded into the flat space-
time, and § is the determinant of the induced metric on 9V.
The GHY term is added to make the variational problem
well-defined. Since this is a surface term, it does not affect
the equations of motion, though it does modify the value of
the action. K is subtracted from K to make the action finite.

We compute the transition amplitudes for gravitational
instanton processes using the FEuclidean path-integral
formalism in the semiclassical approximation. As discussed
in Ref. [73], there is a subtlety in this calculation; reflecting
the invariance of the action under the global U(1) trans-
formations, ®(x) — ¢/*®(x), the path integral is subject to
the constraint of the form 9, J# = 0 with J# =  /g¢"* f 20,0,
where ¢ is the inverse of the metric g,,. We must take
account of this constraint when we search for stationary
points. In practice, we can find correct stationary solutions
by minimizing the following action with respect to J,,, f,
and g,,:

o foni

) Jﬂ}, 5
NG (5)

Q(fIR+5 ( PV

1
MR

'The case with M = 0, i.e., &f2 = M3, is sometimes called
the induced-gravity model and has been studied in, e.g.,
Refs. [80,85,100-108].
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where 6 is introduced as a Lagrange multiplier, and the
variation with respect to J* leads to the expression of J#
mentioned above. From the condition 0,J* = 0, we then
find that the spatial integral of J° is constant, i.e.,

2720’ (r)f2(r)¢(r) = n, (6)

where the prime represents the derivative with respect to r.
Moreover, it turns out that n is an integer; this follows from
the periodicity of 0: 0 = 0 + 2zk for k € z?

On the other hand, the variation with respect to f gives

fl/+3 f/_

dv n2 6 a’ a/z
df “arpa @

- aer @

while for the variations of the metric, we obtain

Q(f) (@~ 1) + ;—éaaffff
2 1 2
:—;@[—Ef’zw(fww"—w} (8)
( )(2aa//+a/2_1)+ Aiz |:f // f/2+2%/ff/:|
n2
i [ it VU )

where we have used Eq. (6) to eliminate ¢'. It turns out that
Eq. (9) follows from the other two equations, and therefore
only Eq. (7) and Eq. (8) are the independent equations to be
solved. Since Eq. (7) and Eq. (8) are second- and first-order
differential equations, respectively, we need three boundary
conditions in total, for which we use’

f0)=0. f(eo) = far

Namely, we search for a “half-wormhole” configura-
tion with a “throat” at p~0. To that end, we numeri-
cally solve the differential equations with the boundary
conditions (10).

a(0) =0. (10)

III. RESULT

Following Ref. [72], we define the dimensionless

quantities
= V3Mpr,  A=B3Mpa,  F=—1-— (11
P P P V3M, (11)

See for instance, Ref. [75].

As pointed out in Ref. [75], in practice, it is more convenient
to use a second-order differential equation for a” obtained from
Eq. (8) and Eq. (9). In this case, an additional boundary condition
for a(0) is determined as a function of f(0) from Eq. (8).

n=1,A=0.1,f,=10" GeV

F(p)
100}

10"

1072

1073

1078 10" 10" 10°

FIG. 1. F(p) for several values of ¢.

n=1,A=0.1,f,=10" GeV
A(p)

103 1072 10" 10° 10° 102

FIG. 2. A(p) for several values of &.

In Fig. 1 and Fig. 2, we show F(p) and A(p) for several
values of &, respectively, where we set n = 1, 4 = 0.1, and
fa = 10" GeV. As we see, the effect of the nonminimal
coupling on the field configurations is considerable; the
radial field F(p) [scale factor A(p)] at p =0 decreases
(increases) as & gets larger. In the asymptotic regions
p — o0, A(p) = p, which corresponds to the flat metric.

In terms of the variables in Eq. (11), the action is
expressed as

2 o
= % dp[Q2(F)A’A" —6EA’A'FF + A3F?),  (12)
0
272 ) )
Seny = _TA (0)Q*(F(0)), (13)

where the prime denotes the derivative with respect to p. As
we see, the contribution of the GHY term comes only from
the boundary at p = 0 and always reduces the total action.
It is, however, not clear if we should really need to include
this term [78]. For instance, if we consider a “full-
wormhole” configuration connecting two asymptotically-
free regions, there is no boundary at the throat and thus the
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n=1,A=0.1
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100 1 1 1 L 1 5
1073 107" 10' 103 10° 107
FIG. 3. The values of the action without and with the GHY term

as functions of £ in the solid and dashed lines, respectively. The
horizontal gray line indicates the border to solve the quality
problem, S = 190 [78].

GHY contribution is absent. In addition, the contribution in
Eq. (13) originates solely from K, in Eq. (4) since K =
3a’/a vanishes at r = 0; however, there is no need to
subtract K, from K on this boundary as there is no dive-
rgence of the action at r = 0. If we just use K here instead of
K — K, in Eq. (4), we obtain S, = S. Considering this
ambiguity, in the following analysis, we show both the cases
with and without the GHY term and regard the difference
between them as theoretical uncertainty.

In Fig. 3, we plot the values of the action without and
with the GHY term as functions of £ in the solid and dashed
lines, respectively, for several choices of f, with n = 1 and
A =0.1. The range of ¢ is limited to & < M%/f2 as we
mentioned above. This figure shows that the value of the
action significantly increases as £ increases. We also show
in the horizontal gray line the border to solve the quality
problem, S = 190 [78]. As we see, the quality problem can
be avoided for &> 2 x 103, In Fig. 4, we show the region

n=1, A=0.1, without GHY

&> M3/f?
Solved
Lo le2=2x1002 O\
Vo
Unsolved
1031012 1d13 ldl4 1615 1d16 1017
f, (GeV)

FIG.4. Theregioninthe f,—£ plane where the quality problem is
avoided is shown in the blue area for the wormhole action without
the GHY term. The gray region is excluded as & > M3/ f2.

where the quality problem is evaded in the blue area in the
fa—¢ plane; we again set n =1 and A = 0.1. The gray
region is excluded as & > M%/f2. It is found that there
exists a value of & that can solve the quality problem for
fa<25x%x10' GeV. The boundary (the blue curve)
remains almost constant, & ~ 2 x 103, for lower values of
far fa <102 GeV, which is favored in order to avoid an
axion overabundance (see, e.g., a recent work [111]).

It is worth noting that for & = M%/f2, which corre-
sponds to the induced-gravity model, f(r) = f, is found to
be the solution of Egs. (7)(8). With this, Eq. (8) leads to

n? )%’ (14)

247 F2M3,

40
a’zzl—a4) with a(O)z(

which is the same as the equation that determines the
Giddings-Strominger wormhole configuration [69]. In this

case, we have
S—\/S—ﬂanP (15)
V8 f

where S > 190 for n =1 and f, <2.5 x 10'® GeV. This
corresponds to the maximal value of f, in the blue region in
Fig. 4. The parameter ¢, therefore, smoothly connects the
minimal coupling model (¢ = 0), in which axion suffers
from the quality problem, to the Giddings-Strominger
solution (& = M%/f2), where the quality problem is
avoided for f, <2.5 x 10'® GeV.

Intriguingly, the size of £ in the blue region in Fig. 4 is
also motivated by inflation.* Inflation models with an
inflaton field having a nonminimal gravitational coupling
have widely been suggested in the literature [79-96,103—
108,129], and it is known that a successful inflation can be
realized in this setup. In particular, the observed CMB data
[99] can be explained for &2 ~ 2 x 10°4, which is shown in
the pink dashed line in Fig. 4 as an eye guide. The result in
our work may thus motivate the scenarios in which the
Peccei-Quinn field also plays the role of inflaton, as
discussed in Refs. [92-95].

“We, however, note that a large value of £ may indicate that the
cut-off scale of the theory is as low as O(Mp/&) [112-115]; for
example, the perturbative unitarity condition for the tree-level
scattering processes of @ is violated when the center-of-mass
energy is =M p/&. Such a limit imposed by the unitarity condition
may be significantly relaxed if the scalar field has a large field
value [116,117] (see also Refs. [118,119]), though it is con-
troversial [120]. A large £ can also cause a unitarity violation at
the preheating stage [121-123]. Other considerations based on
the renormalization group analysis or the investigation of the
scattering amplitudes of @ suggest that a sizable R~ term should
be induced for a large & [124—127]. This term does modify the
wormhole configuration and thus changes the value of the
wormhole action. We will explore models including the R? term
in a forthcoming paper [128].
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All in all, the nonminimal gravitational coupling may
offer a new, minimal way for axion models to evade the
quality problem.

IV. CONCLUSION AND DISCUSSIONS

We have studied the effect of the nonminimal gravita-
tional coupling of the Peccei-Quinn field on the axionic
wormhole solutions. It is found that the nonminimal
coupling significantly affects the value of the wormhole
action and, in particular, the axion quality problem can
be evaded for ¢>2x 103" and f, <2.5x 106 GeV.
Interestingly, this size of the nonminimal coupling allows
the field @ to play a role of inflaton as well and to explain
the observed CMB data [99].

In the present study, we have focused on obtaining
semiclassical wormhole solutions of the Euclidean func-
tional integral. In this context, it is worth noting that several
previous studies show that the Giddings-Strominger worm-
hole solution is in fact unstable against small fluctuations
[130-133] (see, however, Ref. [75]), indicating that this
wormhole solution does not contribute to the Euclidean
path integral in a conventional manner. It is certainly
worthwhile to investigate the stability of the wormholes

>The choice of £ without any reason may appear to be unna-
tural. The fact that the quality problem and the inflation can be
explained simultaneously may justify such a choice of &.

in our setup. If they are stable, our conclusions do not
change. If unstable, it is not clear whether the quality
problem exists (cf. [133]), and whether the nonminimal
coupling may relax it. We defer these issues to a future
study [128].

We finally note that, although we have focused on the
(QCD) axion in this work, we expect similar consequences
for other models based on a global U(1) symmetry, such as
axionlike particles, Majorons, quintessence models, relax-
ion models, and so on. For instance, we may consider an
axionlike dark matter model in which the dark matter
acquires a mass only via the wormhole effect; in this case,
due to the large value of the wormhole action for a sizable &,
we expect an extremely small dark-matter mass—this
scenario may thus provide a natural candidate for ultralight
dark matter, such as fuzzy dark matter [134]. We will
discuss the implications of the wormhole effect for such
models on another occasion [128].
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