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Peaks of sound velocity in two color dense QCD: Quark saturation effects
and semishort range correlations
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We discuss stiffening of dense matter in two color QCD (QC,D) where hadrons are mesons and diquark
baryons. We study two models which describe a transition of matter from the Bose-Einstein-condensation
regime at low density to the Bardeen-Cooper-Schrieffer regime at high density. The first model is based on
coherent states of diquarks, and the second is the Nambu-Jona-Lasinio model with diquark pairing terms.
We particularly focus on how quark states are occupied as baryon density increases. We find that, due to the
occupied quark levels, the ideal gas picture of diquarks breaks down at density significantly less than the
density where baryon cores overlap. The saturation of quark states at low momenta stiffens equations of
state. We also study the effects of interactions which depend on the quark occupation probability. We argue
that equations of state become very stiff when the bulk part of the quark Fermi sea has the effective
repulsion but the Fermi surface enjoys the attractive correlations. This disparity for different momentum
domains is possible due to the strong channel dependence in gluon exchanges with momentum transfer of
0.2-1 GeV. These concepts can be transferred from QC,D to QCD in any numbers of colors.

DOI: 10.1103/PhysRevD.105.076001

I. INTRODUCTION

The quantum chromodynamics (QCD) with two colors
N. =2 (QC,D) has been a useful laboratory to test
theoretical conceptions in dense matter [1-19]. In this
theory, hadrons are mesons and diquark baryons. At low
baryon density, the dilute matter is dominated by diquark
baryons, and it continuously transforms into a matter
dominated by quarks. In the literatures, this continuous
transformation is often referred as the crossover from
Bose-Einstein-condensation (BEC) phase to Bardeen-
Cooper-Schrieffer (BCS) phase [20-22]. For even flavors,
the path-integral of QC,D has the positive measure so that
the lattice Monte Carlo simulations are doable [23-42]. In
this paper, we use QC,D in two flavors (N; = 2) to discuss
some concepts which have been proposed for QCD to
account for the neutron star (NS) phenomenology.

The quark-hadron continuity realized in QC,D can give
important clues to understand recent findings in NS
observations [43—54]. Recent analyses of NSs, with similar
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radii (~12.4 km) for 2.1 and 1.4 solar mass NSs [52-54],
imply that strong first order phase transitions are disfavored
for a density between nuclear saturation density ny
(~0.16 fm™®) and the core baryon density realized in
two-solar mass NSs, npz = 4-7Tny. For this reason the
quark-hadron continuity (modulo weak first order transi-
tions) can be a useful baseline to describe the QCD
equation of state (EOS) [55], and it is important to
understand how such a continuous transition proceeds
microscopically.

In QCD, early constructions on NS EOS with the
continuity scenario were largely based on phenomenologi-
cal interpolations between hadronic and quark EOS
[56-68]. They found several qualitative trends, such as a
peak in the sound velocity, relatively large strangeness
fraction at np ~ 5n, and the importance of semishort range
correlations. While these trends in QCD remain conjec-
tures, in QC,D one can directly test these concepts on the
lattice. In this paper we use QC,D to discuss how stiffening
of matter takes place in the quark-hadron continuity.

Rapid stiffening of dense matter was discussed by
McLerran and Reddy in a quarkyonic matter model [69].
Quarkyonic matter is basically a quark matter, but with
baryons near the quark Fermi surface [70-80]. In the
presence of the quark Fermi sea, the quark Pauli blocking
effects force baryons to take large momenta, Pz ~ N Aqcp
with Agep =~ 0.2-0.3 GeV, because of N quarks collec-
tively moving in the same direction. Remarkably, these
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baryons are relativistic at relatively low density, np =
1-4ng ~ A%CD, much smaller than naive baryon gas
estimates, ng ~ 100ny ~ P§ ~ (N.Agcp)®. Including this
feature leads to the peak in sound velocity around
ng = 1-4n, [69,81-86].

Inspired by the work of McLerran and Reddy, one of
the authors (T. K.) in this paper introduced a microscopic
model of quark-hadron continuity [87]. Although schematic,
the model manifestly keeps track of the evolution of the
occupation probability for quark states. In dilute baryonic
matter, quarks in isolated baryons are superpositions of
momentum states from 0 to ~Aqcp, and each momentum
state is occupied with a small probability. Those quark states
atlow momenta are progressively occupied as baryon density
increases, and at some density those states are fully occupied
with the probability one. We call it quark saturation. It was
found that, with a reasonable size scale for a quark wave
function, the quark saturation happens at density consider-
ably less than the density where baryon cores overlap.
This may be interpreted as a percolation of low momentum
modes, referred as soft deconfinement in Ref. [88]. After
saturating low momenta, the quark Fermi sea approaches a
usual quark matter description. In this description, the peak
of sound velocity is triggered by the quark saturation effect,
while nuclear interactions tend to smooth out the peak
structure. The description contains the above-mentioned
quarkyonic matter model as a special case [87].

While QC,D differs from QCD with three colors in
descriptions of baryons, QC,D can be used to test the quark
saturation effects; the baryonic matter in the dilute regime is
the BEC of diquarks, but such a picture breaks down as the
quark occupation probability increases. Also, lattice QC,D
studies found that diquark baryons have hard core repul-
sions [89]. For these aspects, whether baryons are fermions
or bosons may not be crucial, and both cases should induce
rapid stiffening associated with the quark saturation. We
delineate QC,D from this point of view' to find out
concepts which are also useful for QCD.

Another important issue is the effects of interactions. In
the context of two solar mass NS, it is important to
understand which interactions can stiffen quark matter
EOS. To get rough insights, it is useful to start with a
simple parametrization of an energy density [60,63]

e(ng) = any” + bng, (1)

where the first term is from the relativistic kinetic energy
for quarks, and the second is from interactions. Taking a
derivative to obtain g, using P = ugng — ¢, and eliminat-
ing the coefficient a, one can write the pressure as

'We note that Ref. [90] also discussed the peak in sound
velocity by focusing on the interplay between chiral and diquark
condensates. Meanwhile, our scenario is not sensitive to the
presence of chiral condensates.

£ 4
P—§+b<a—§>n‘§ (2)

For a > 4/3, repulsive (b > 0) forces stiffen EOS while
attractive forces soften EOS. This trend is seen in low
density nuclear physics. Meanwhile, a less known pos-
sibility is @ < 4/3, for which attractive (b < 0) forces
stiffen EOS. Such attractions with low powers of ng may
happen around the Fermi surface at high density. We argue
that EOS becomes very stiff when the bulk part of the quark
Fermi sea has effective repulsions but the Fermi surface
enjoys the attractive correlations. In QC,D, the latter is
naturally realized as diquark correlations. Taking this
schematic description as our baseline, we examine the
effects of interactions using two models. The first is a
model based on coherent states of diquarks, and the second
is the Nambu-Jona-Lasinio (NJL) model with diquark
pairing terms.

This paper is organized as follows. In Sec. II we discuss
quarks in baryonic matter and the concept of the occupation
probabilities. In Sec. III we compare ideal fermionic and
bosonic baryon gases. In Sec. IV we discuss a model of
coherent states for diquarks. In Sec. V we study the NJL
model. Section VI is devoted to a summary.

II. QUARKS IN BARYONIC MATTER

In this section, we discuss quarks in a dense matter for a
general number of colors. We consider the occupation
probability, f, = f., of a quark state for a given set of
color (c), flavor (g), spin (s) in baryonic matter. We
postulate the form [87] ([, = [d’p/(27)*),

fqlking) = Z[{ BI(KB;nB)Qilg(kKB)' (3)

Here B;(Kg;ng) is the number of baryons in a quantum
state with a momentum Kz and a baryon spin-flavor
(S.8,.F), e.g., AL, s.—3/2- The function 0% is a single
quark momentum distribution with a color-spin-flavor
species ¢ = g5 = (uf, uf,uf,---), specifying the host
baryon with a quantum number “I”. Since f, is the
probability, it must obey the constraint

0< fylksng) <1, (4)

which in turn constrains the form of B [87]. For the
normalization of Qm, we set the spatial probability after
momentum integration to be 1. Then

| QlateK) = (g l1) = 0N, D (5)

where N, is the number operator for a state g5, and
N, Z N, which counts the number of states with a

076001-2



PEAKS OF SOUND VELOCITY IN TWO COLOR DENSE QCD: ...

PHYS. REV. D 105, 076001 (2022)

given spin-flavor (qs).2
computed as

n, = Zqu(k;nB)
:Z[{ B[(KB;nB)Z(<I|NCI§-"|I>
= [ By S 0N, D, ()

The total quark number is

where >, = /N.. We note’

D (N II) = N, ©)

qs

with which Eq. (7) leads to

L= Bi(Kging) =Y nh=nz  (10)

1 JKg 1

as it should.
As the baryon momentum is given by the sum of
quark momenta, Q{g must satisfy the constraint*

Ky =N, / KQU(k.Ky). (11)
k

where we assumed that Qilg is the same for all colors and
simply multiplied a factor N.. We further assume that the
variance of quark momenta is characterized as

/k<k_§_l:> Q5 (k. K g) ~ Adep, (12)

for any K. The scale Agcp is about the inverse of a baryon
size. This constraint is satisfied by taking the following
form,

*For example, at N, = 3, a state |ATE; ) = [uf uf, uf) has
the matrix element,
(A7 550N 1855 )

FE ()

<AI:3/2‘NM};‘A:;:3/2> =1l=

A{ + LIR
and [, ;""" "(k.Kp) = 1 for whatever Kp.
For example, for a proton state |p) ~ |uud) in QCD,

pIZN p) =

*As we integrate out (N, — 1)-quarks in a baryon to get a
single quark distribution Qj,, the relation, Kz = k; + -+ +ky,,
is casted onto a constraint on the average momenta, Kz = N (k).

p| NL¢T+NML+NdT+Nd¢)|p>*3 (8)

Ol (k.Ky) = 0} (k_ﬁc 0) (13)

If |Kp| << NcAgcp, the term with K can be treated as a
small correction of ~1/N..

III. IDEAL BARYON GAS

In this section, we compare fermionic and bosonic
baryon gases. The purpose here is to examine to what
extent the concepts of QC,D can be applied for QCD.

A. Fermionic baryon gas

We first consider baryons as fermions. Let us discuss
the dilute limit, np < A%CD, of baryonic matter where
baryons are supposed to form an ideal gas. For baryons as
fermions, we assumed that the number of spin-flavor states
is gg = >, 1, and they are all degenerated. Then

B ks ny) = 00K ~ 1K), (14)
with
F F
= K0S Wy

1

where K% is the Fermi momentum of baryons defined
through ng. To compute f,, the discussions can be
simplified by applying the 1/N. expansion to Qj/ "1 [see
Eq. (13)]

fqlksng) = Z/ By (Kg; ng)(Q4f (k. 0) + - --)

~ "B ZQ"’ (k,0), (16)

where - - - are 1/N, corrections. At leading order of 1/N,

the function f, has the k dependence as Q"‘f , but its
magnitude grows linearly with ng. Recalling the constraint
fq £ 1, the ideal gas picture must be violated for some large
ng. At leading order of 1/N,, the saturation of the k = 0

mode in a state g, takes place when

pidsat] | — [ ZQ (00] g (17)

01(0,0) ~ Ag

QCD>
ng¥ ~ Adycp. Beyond this critical density, the quark

From the normalization condition,

Fermi sea with the occupation probability ~1 develops.
For simplicity, we estimate the energy density within the
quasiparticle picture,
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e(ng) = Z/

where E, is the single quark energy for states with g = ¢5.
In a dilute limit, the leading order of 1/N, is

Y [ Btk

np
=§ZM2 = npMsp, (19)

fq k nB) (18)

017 (k,0)

8dllute n B

where in the last step we used the degeneracy M4 = M for
all 7. For this energy density the pressure is vanishing

O(edinie/ M)
Py =y Nelt) o o)

The pressure in a dilute limit is vanishing when a constant
energy per particle is insensitive to changes in ng.

This trend of the constant energy per particle must change
when the quark saturation effects set in, because the saturated
levels require quarks to be added at higher momenta at larger
ng. The energy per particle begins to grow just after the
saturation, and the pressure increases rapidly. Especially, if
we naively extrapolate an ideal gas expression to the quark
saturation point, the nz dependence of &/ny changes dis-
continuously at the saturation. This leads to an unphysical
jump in pressure [87]. In more realistic treatments, at low
density &/np increases more gradually mainly due to baryon-
baryon interactions, smearing the unphysical jump.

Throughout this section we have assumed that Q; 1 for
quarks in a baryon does not change. In principle, quark
states in a baryon should be also affected when the low
energy levels are partially filled. This is also expected from
meson exchanges between baryons that can be interpreted
as quark hopping [88]. We see this sort of modification in
the following sections.

B. Bosonic baryon gas

In an ideal gas of elementary bosons, the ground state is
the BEC made of bosons at zero momenta. For an ideal or
noninteracting gas of composite bosons, we suppose that
the BEC description is valid in a dilute regime. Here, we
consider only single bosonic baryon in two flavor theories,
namely a bosonic baryon made of a color-, flavor-,
spin-singlet ud diquarks.” In the BEC the baryon state
distribution should be

5
The quantum number can be expressed as

‘B> - €cc’€qq’€ 4

The normalization factor is included in QF .

Bldedl(K ”B)—"B(zﬂ) 5(Kp), (22)

which satisfies ng = [i B (Kp;np). The probability to
find, e.g., the state ulf state in such a baryon is proportional

to 1/2N¢ where the factor 2N; is from the spin and flavor
N; = 2. Substituting Egs. (22) to (3), we can show

fi]deal(k; nB) = nBQiqn(k’ 0) (23)

which is similar to Eq. (16). The condition on a probability,
fq <1, is applied as before, so the saturation must take
place at some density. For an ideal gas

ng¥t = Q1 (0,0)7" ~ 2N Adcp. (24)
The EOS is soft (P = 0) before reaching the saturation, and

then gets stiffened. This mechanism is the same as in a
fermionic baryon gas.

IV. A MODEL OF COHERENT STATES

From this section we begin to take into account inter-
actions. For diquark baryons in QC,D, relatively simple
descriptions of f, from nuclear to quark matter regime are
possible by referring to theories for the BEC-BCS cross-
over [20-22]. In this section, we assume the presence
of a hamiltonian which drives the formation of diquark
bound states in vacuum. We do not write the Hamiltonian
explicitly, but assume that the resulting ground state can be
described by the coherent states with which the creation
and annihilation operators of (composite) bosons have the
nonzero expectation values, (d'),{(d)# 0. With these
expectation values, the BEC in this section differs from
the BEC of noninteracting bosons; the latter is the eigen-
state of the number operator d'd leading to the zero
expectation values of boson operators (e.g., {(d) = 0).
Hence, intrinsically the BEC in this section is made of
interacting bosons. For the stability of uniform Bose gas in
dilute regime (no clustering), the boson-boson interactions
should be repulsive here. The pressure is nonzero from the
dilute regime.

A. Occupation probability

In a dilute regime of interacting bosons, the BEC state
can be described as a coherent state (', C: constants to be
fixed later)

|®) = N exp[Ch}]|0). (25)

We keep this form to the BCS regime. Here b;(s is a
creation operator of bosons with Kz, made of quark
creation operators (a; Y as (N, = Ny = 2)
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b;fg - N Nf/¢k k+KB/2) ( —k+K /2)T- (26)

The function ¢y, is a wave function for a relative momentum
between two quarks, normalized as [, |¢|*> = 1. The form
of ¢, may be density dependent in principle, but we use the
same ¢, during the BEC-BCS crossover. (In this section we
neglect hole and antiparticle contributions for simplicity.)

Since the boson operator b(T) is made of fermions, we can
rewrite the coherent state as (&, = C¢y)

€ /6{,'{,'/ qc q/(./
= Mo 05 af a0

Hi% (@AD)"0) (27)
n=0

where

t €qq'€cc’ , 44 s
A =15 (o) (a2 ) (28)

In the product of Al, the products of the same fermionic
creation operators automatically drop off. For given
(k 1;—k|) levels, we have superposition of an empty
state |0;0), a diquark state (e.g., |u§;df>), a tetraquark
state (e.g., |”T u9: deG>), a hexaquark state, (e.g.,

|ufu§df; quRdG>) and an octaquark state, |ufufdfdy;

u’fufd‘f di;> In the octaquark state all color-flavor-spin are
filled for a given k; states are saturated and no more states
are available. For our coherent states, all of these states
have finite probabilities; the ground state changes from the
BEC to BCS regime smoothly with changes in the weight
factor @y,

In a dilute matter,
states are dominant. In a dense matter, there are both dense
and dilute levels in momentum space. At low k, the
octaquark states or filled quark Fermi sea are dominant
with |®@;| > 1. But levels at sufficiently high k have the
small weight factors, |®;| < 1, leading to a smeared Fermi
surface as in the BCS state.

Let us confirm the above-mentioned behaviors. The
normalization condition is

4 2n
1 = (®|d) = |N|2HZA |(D"| (29)
k n=0 !

with the expectation values for each k,
= (0|} (A;)"[0). (30)

The list is

9

3
.A() .A] —] .AQZE, .A3 .A4 4 (31)

Thus, the normalization constant A is determined for a
given set of @, at various k. The other constant C is fixed
by the condition (n, = 2ng)

n= Y [ (@)
qs

=3 [t 32

where n* = (al*)Taf*. Explicit calculations lead to

fallng) = sz i Hz““ ol

l#k m=

4 2n
ZB|‘Dk| / A |ch| ’ (33)

with the expectation values for each k,

= (0|A}n} (A})"[0). (34)
The list is
1 3 27 9
BI_Z’ Bz—z, B3—1—6, B4—Z (35)

The constant C is determined for a given set of the bound
state wave functions ¢ at various k.
In a dilute matter, |®;|> < 1 for all k, and we have

n,=2np~ Zﬂ B,|®|? =
qs

(36)

where we have used [, |¢|> = 1. Now we found |C|*> =~ np
with which

|¢k|2
4

folking) ~ (dilute matter)  (37)

The occupation probability is proportional to ng. The factor
1/4 = 1/2N; reflects the probability to find specific spin-
flavor quantum numbers (e.g., u’Te ) from a spin- and flavor-
singlet baryon.

Meanwhile, in a dense matter, there are low momentum
modes with |®|?> > 1 and high momentum modes with
|®;|> < 1. For low momentum modes, the expression of f, q
is dominated with the |®|3-terms. Here all color-flavor-
spin quanta are saturated. Including up to 1/|®|* correc-
tion, one finds (reminder: ®; = C¢y)
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4

fqlking) ~1 —W. (38)

Thus f, approaches 1 from below, as it should.
Finally, we derive the expression for the amplitudes of
diquark operators. It is given by

A, |20
i = (@/A]) = wmcbkz%

_ o |‘Dk|
<1>kz nin =] Z . (39)

Here d, is a dimensionless quantity. Diquark condensates
are obtained after integrating d; over the phase space, fk

Now, we try to gain the analytic insights. For dilute
levels (|@|> < 1),

dk ~ (I)k' (40)

In particular, if all levels are dilute, we may further use
|C|*> ~ ng [Eq. (36)] to get dj =~ \/ngdy. On the other hand,
for dense levels (|@|> > 1),

dy = 4—F

52 D[l — fy (ks np)]. (41)

|k|

In the last step we used Eq. (38). Thus, the diquark
amplitudes are small for occupied levels.

B. A model of Gaussian wave functions

We now take a specific spatial wave function for
composite bosons, and use them together with the formulas
in Sec. IVA. We postulate the form

2\/m\3 2
ol = (CnP = IcP(2F) e @

where A characterizes the size of diquarks. Taking the
Fourier transform of ¢, and then squaring it, we obtain the
probability of two quarks to have a relative distance |r|,

|¢h,|> = const x e™", (43)

from which one can calculate the average distance of two
quarks in a baryon as

dx x2e™ 3
2\ = 3[\_2 7‘[ = —F. 44
<r > f dx e_xz A2 ( )

Thus, the average distance from the center is

A[GeV] =

0.4 e—

0.3 numm

ng/ng
w

IC1?/no

FIG. 1. |C|* vs ng, each normalized by ny = 0.16 fm~>. The
value of |C|? corresponds to ny in the ideal Bose gas limit in
which the composite nature is neglected or A is taken to be
infinity.

R =

2
;’ ) 20,612 fm x <w>. (45)

This defines our baryon core radius in this paper. We
estimate the density where baryon cores overlap as

A 3
104 tm () (46
m (0.197 GeV) (46)

For A~02GeV, we find n)™ ~6.5n,. It is also
convenient to evaluate the density for the quark saturation
at k =0. Our measure is [see Egs. (24) or (37) for

fq(k =0 nB)]

st~ oy (21} 2000 () 47
pidsat = 2N ~0.09 fm=3 (),
f(zﬁ) m <o.197 GeV> (47)

For A ~0.2 GeV, we find nid*d ~ (0.56n,. This density is
much smaller than that for baryons to overlap.

Now, we first examine to what extent the ideal Bose gas
expressions in Sec. III B are valid. We recall that, in the
ideal gas limit, the parameter |C|> equals to ngy [see
Eq. (36)]. This equality is violated when the composite
natures of baryons become important. Shown in Fig. 1 is
the |C|? vs ng, each normalized by ny = 0.16 fm=3. The
relations are naturally sensitive to A or the baryon size. The
limit A — oo corresponds to the point particle limit, and
|C|> = ng. This simple relation does not hold for a smaller
A; boson-boson interactions’ as well as the composite

nature of bosons make n less than |C|?>. Remarkably, these
overlap

overlap __ 1

B T 4zR3/3

effects are substantial at density much smaller than n

SThe effects of interactions are implicitly included by saying
that the ground state is given by a coherent state with nonzero
diquark amplitudes.
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1 T T T

nB/”O = 0.5 —

(—
W”rllmu”,,””” 1.0 wuminn
iy,
08 | w, 2.0 wwmmmm
uunu,,,ll' 4.0
. .
""'/,
v,
2,
06 | - A=02GeV

FIG. 2. The occupation probability f,(k) as a function of
momentum k. The cases ng/ny = 0.5, 1.0, 2.0, and 4.0 cases
are shown.

and n}?sat. For instance, for A = 0.2 GeV, the deviation
from the ideal gas limit is significant around ng ~ 0.5n,.
The coherent state is substantially different from the ideal
Bose gas limit already at rather low density.

Next, we examine the occupation probability of quark
states, see Fig. 2 for the A = 0.2 GeV case. One can readily
see that ~50% of the k=0 states are occupied at
ng = 0.5ny, and ~100% at ng = 4ny. At ny = 0.5n,,
one can see the Gaussian shape, but at higher density
the shape is deformed. The growth rate of the occupation
probability becomes smaller for low momentum states,
and then states with higher momenta grow more substan-
tially instead. To see this trend more clearly, we examine
the ratio

fak)/ £ (k). (48)

where fidel js estimated by the expression of Eq. (37).
The result is shown in Fig. 3. If we neglect the composite
nature of baryons, the ratio remains 1 for all momenta. As
density increases, the low momentum part of the ratio drops
as the quark Pauli blocking effect tempers the growth in f;,
and instead the higher momentum part in f, is increased
more than in fiqdeal, leaving substantial enhancement in the
ratio f,/ i at high momenta. At ng ~ 0.5n,, the occu-
pation probability is considerably modified from the ideal
gas limit.

Finally we examine a diquark amplitude d; which is
dimensionless (Fig. 4). From Egs. (40) and (41), its size is
determined by the product of ®; and 1 — f,. For a large &,
®; becomes small but 1 — f, ~ 1. For a small k, @ is large
but 1 — f, can be small at large ng. Hence, di should take
the maximum near the Fermi surface, as clearly seen
in Fig. 4.

10 : : : : :
nB/no = 0.5 —
1.0 v
8 | 2.0 4
40
=
so6t |
i A=02GCeV
=
= o4l |
l a————————————"—y
2r \\\\\\\“\\\\IIII|I||||||IIIIllllll|I|||||||||_
0 01 02 03 04 05 06
k [GeV]

FIG. 3. The f,(k)/f4! (k) ratio for various np. The ratio
measures how the quark Fermi sea differs from naive extrapo-
lation of the ideal gas estimate.

14 | np/ng = 0.5 —
1.0 v

1.2 + 2
4.0

Wy, (W,
Y %,

e
e
e

A =0.20GeV
0.8

d

W
0.6 f "
04 |

0.2 |

0 01 02 03 04 05 06 07 08
k [GeV]

FIG. 4. The (dimensionless) diquark amplitude dj as a function
of momentum k. The cases nz/ny = 0.5, 1.0, 2.0, and 4.0 cases
are shown.

C. A model of single quark energy for EOS

So far we have assumed the presence of a Hamiltonian
which favors the coherent states as ground states at
given density, but have not discussed the energies
explicitly. Here, we assume some form of average
single particle energies and calculate the EOS within a
quasiparticle picture. We postulate the parametrization

#>0)

Ecqu(k) = /Mg + K = Cs + Cs[f, (k). (49)

where M, is the constituent quark mass, and C, and Cg
are two-body semishort range correlations where A
and S stand for color-singlet (antisymmetric) and triplet
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(symmetric) channels.” In a baryon or in a dilute matter, any
two quarks are in the color-antisymmetric combination.
Meanwhile, color-symmetric interactions occur only when
two baryons are close and quarks from different baryons
interact. These pictures are reflected in our parametrization.
In average, a quark has the energy reduction by Cjy,
while Cy is suppressed by factors [f,(k)]’ < 1. At a large
density, quarks have more chance to interact with quarks in
a color symmetric channel. For occupied levels with
f4(k) ~ 1, the repulsive energy grows up.

With this single particle energy, the baryon mass is
computed as the sum of average quark energy,

My = N, A Ecom(®)ldel?

([ e -c). oo

Below we set M, =0.3 GeV and A =0.2 GeV. For
C, =0, the baryon mass is Mp~0.77 GeV with
0.60 GeV from the quark rest masses and 0.17 GeV from
the quark kinetic energy. We examine C, = 0.085, 0.185,
and 0.285 GeV which give Mg = 0.6, 0.4, and 0.2 GeV,
respectively.

For computations of EOS, we first set Cy = 0. We use
the measures

8idsat = MBnilglsat’ (51)

to estimate the energy density which the ideal gas picture
would yield at the density of quark saturation. For C,’s to
yield Mgz = 0.6, 0.4, and 0.2 GeV, the corresponding !¢
are 0.054,0.036, and 0.018 GeV m~3, respectively. The
corresponding pressure is zero because &/ng is constant
with respect to changes in np.

For these sets of parameters, the ¢ vs P is shown in Fig. 5.
First of all, all these curves suggest that the pressure at
ng = nid% is not close to the ideal Bose gas limit, P = 0.
Rather, the results of the coherent state smoothly approach
the quark matter behaviors with the slope dP/de = c?
close to 1/3. In particular, the speed of sound is already
substantial before reaching n%‘sm, and no peaks are found
(Fig. 6). We note EOS is stiffer for a larger C,. This is
because (with a given kinetic energy) a quark in attractive
correlations can appear with the smaller energies.

Now, we turn on interactions in the color-symmetric
channels, Cg, for C4, =0.285 GeV (Mp = 0.2 GeV).
We set Cy = C, for simplicity and vary the powers f

"A more reasonable modeling should also distinguish spin-
flavor channels. For a scalar diquark as discussed here, both
color-electric and magnetic interactions act as attractions between
two quarks, as in the case for pions in constituent quark models
[91]. In this context, the values of C4 should be interpreted as the
sum of these two interactions.

0.5 . . . :
Cp [GeV] = 0.085 s
0,185 mnnn
04 - 0285 H———————" ]
e=3P -
03 i
& A=02GeV
% M, = 0.3GeV
o
A,
FIG. 5. & vs P for various C4. We set A =0.2 GeV,

M, =0.3 GeV, and Cg = 0. The arrows indicate the location
of 9% = Mpni¢sat. For A =0.2 GeV, the ideal gas picture
should have the quark saturation at nid s ~ 0.56n,.

[see Eq. (49)]. The interaction part of a quark energy
behaves as

—Ca+ Cslfy () ~ =Ca(1 = [fo(O)F).  (52)

For a larger f, the contrast between the filled and empty
levels is sharper. Also, the effect of the repulsion is more
suppressed ([f,(k)}’ < 1) at low density.

Shown in Fig. 7 is e vs P, and, in Fig. 8, ng/n, vs c2. The
color-symmetric repulsion with > 1 stiffens the EOS. For
a smaller f, the stiffening takes place at low density. For a
larger f3, the repulsion sets in only when f, is very close to
1. The location of stiffening can be most clearly identified

1 . | : |
C4[GeV] = 0.085 s
0.185 i
0.8 - 0.285  wmmmmmmmn
A =0.2GeV
My =0.3GeV
0.6 CS =0 i
NU"J
04 | _
e e e LML
0.2 " |
0 ! . ) .

ng/no

FIG. 6. The square of sound velocity c2 as a function of ng.
We set A =02 GeV, M, =0.3 GeV, and Cg = 0. The con-

formal value ¢2 = 1/3 is also shown as a guide.
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0.5 T T T
B=1 m— A =0.2GeV
2 ' Mq =0.3GeV

0.4 + Y/ R—— Cs=Ca i
— 16 wnuun
?s 03 1 =3P wunnn \““»"“"':
[
o
a8

0 0.1 0.2 0.3 0.4 0.5
£ [MeVim™3]
FIG. 7. & vs P for various C4. We set A=0.2 GeV,

M, =03 GeV, and Cg =0. For A =0.2 GeV, the ideal gas
picture should have the quark saturation at & ~0.018 GeV fm™3
(nids2 = 0.56m,).

1 T T T T
ﬂ = 1 —
0.8 - 4 LT -1
8
16 mopoann
0.6 | ]
K] .....
04 hrag sy,
I N T teree Pt it
0.2 i
S A =0.2GeV Cs=Cau
s M, =0.3GeV
0 1 1 1 L
0 2 4 6 8 10
np/no
FIG. 8. The square of sound velocity c? as a function of n5. We

set A =0.2 GeV, M, = 0.3 GeV, and Cg = C,. The conformal
value ¢2 = 1/3 is also shown as a guide.

by peaks in ¢? (Fig. 8). Next, we examine why a larger j
leads to a stiffer EOS at high density. For modes with
fq(k) =1, the powers § no longer matter. On the other
hand, the correlations near the Fermi surface are sensitive to
how much the repulsion is suppressed by the factor
[f4(k)]P. For C4 > Csf,(k))’, the attractive correlations
dominate over the repulsive one, and the attractive corre-
lations near the Fermi surface stiffens EOS, as advertised
in Eq. (2).

V. THE NJL MODEL

In this section, we discuss stiffening of matter in the two
color and two flavor NJL model [92]. The model can

describe the chiral symmetry breaking/restoration, diquark
condensations, the strucutral changes in hadrons, and
so on [5,7-11]. Although the model does not include
confining effects, baryons appear as composite particles
whose masses in a dilute limit equal to the pion mass. Thus,
we expect that the stiffening mechanism in the previous
sections has some validity. We further elucidate various
dynamical effects.

We consider light doublet fields ¢ = (u, d)”. Our model
Lagrangian is

Ly = q(id —m 4 uyo)q + La, (53)

where m = m, = m, is the current quark masses, and £,
describes the chiral and diquark correlations among (u, d)
quarks,

Ly = Gl(qraq)* + (girs7aq)’]
+ H[|giyst2029c ) + [q7202qc ) (54)
This part of the Lagrangian is symmetric under U(N;), ®

U(Ni)p ® SU(N,) transformations. To check the sym-
metry for the last diquark terms, it is convenient to rewrite

|Giyst202qc + qm2029c )
= 2|g,720245 |* + 2|qrr2029% |- (55)
In the last expression, each term is singlet in the U(Ny), ®
U(N¢)r ® SU(N,.) group. Note that the (¢q); (g )r type
cross terms are canceled so that the Lagrangian is U(1),

symmetric. In this work we neglect the determinant
interaction which breaks the U(1), symmetry [8,92].

A. Mean field thermodynamics

In the mean field approximation,

LYF =4Go,(qq);—2Go;
—Hd'(Gcyst202q) +Hd(Gyst200qc) — H|d

2. (56)

where the mean fields are given by

or = ((39) ) d = (Gcr57202q). (57)
The effective mass and diquark gap are given by

Below we assume M = M, = M,. Using the Nambu-

Gor’kov  bases, ¥ =(q,q.)/ V2, the mean-field
Lagrangian can be written as
Lye = P(=iS)¥ — 2G0'} — H|d|?, (59)
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where § is the Nambu-Gor’kov propagator,

A757202 ) (60)
19— M —pyy )

The mean field thermodynamic potential is (7: temper-
ature, y: quark chemical potential)

_is—l — <lﬁ -M + uyo
—A*stzﬁz

Quip = NeNp Y / [—€5 —2TIn (1 4 ¢=/T)]
t=pa’k

+2Go} + H|d|*. (61)

with the quasiparticle energies

& = \/(Ex—new) + AP (62)

where we introduced 7, = +1 and 7, = -1 and E; =

VK> + M?. As measures of occupation probability, it is
common to use the functions

1 Ey —nep
etk =3 (1+41),

€k
1 E, —
oo = 5 (1- 1), (63)
2 ei
which satisfy
us(k))> + oK) =1, ug(k)vg(k) —— (64)
¢ ¢ ¢ ¢ 2€§(k)

The baryon number density n)* = n}¥/N, with n}F =
—3QMF/8/4 is

=2V [ - ATw). (69
where fg’faF is the quark and antiquark occupation proba-
bilities,

Y () = (k) P(1 = 2m) + . (66)
with the Ferm-Dirac distribution function

1

¢ _
n, =

In the zero temperature limit, ni - 0.

B. Numerical analyses

We now numerically examine the mean field EOS.
We use the following set of parameters:

A=10GeV, GA?=28,  m,=5MeV, (68)

which yield the vacuum pion mass m, ~ 0.17 GeV and the
vacuum constituent quark mass M ~ 0.31 GeV. We restrict
ourselves to the T = 0 case. We first present the bulk results
for EOS and then analyze the microscopic aspects.

Shown in Fig. 9 are the Dirac mass (M), diquark gap (A),
and normalized baryon number density (ng/ny) where
no = 0.16 fm™3 for H = G (bold lines) and H = 0 (thin
lines). The onset of baryon density is sensitive to the
parameter H. For H = G, the baryon density is brought by
the diquark baryon with the mass m,, and the correspond-
ing quark chemical potential is y, = pp/2 = m,/2. For
H = 0, there are no composite baryons, and the baryon
density becomes nonzero at p, = M.

Shown in Fig. 10 is € vs P, which measures the stiffness
of EOS. As guidelines, we also show EOS with ¢ = 3P and
e = P for which ¢? = 1/3 and 1, respectively. For H = G,
the pressure is substantial at relatively small ¢. This is in
sharp contrast with the H =0 case where the pressure
develops very slowly with increasing e. With diquark
attractions, quarks can appear with small energies at a
given pressure, as discussed in Sec. IV C.

The rapid stiffening can be characterized by the behavior
of the sound velocity, ng/n, vs c2, as shown in Fig. 11. The
sound velocity for H = G exceeds the conformal limit at
relatively low density, ny/ny ~ 1.2, reaches the maximum
at ng/ny ~ 4, and gradually decreases. In contrast, for H =
0 the sound velocity very slowly grows with density and
approach the conformal value ¢? = 1/3 from below.

As we have seen in our model of coherent states, the
states with high momenta are occupied substantially even
before the saturation of low momentum states is completed.
The behavior of f}* (k) is shown in Fig. 12. For example,

1

M [GeV] e '
A[GeV] RO
08 0.1 x ’n,B/nO wnmmnn - & i
0.6 | i
04 F SRR T |
0.2 | i
0 : —
0 0.4 0.5 0.6

p[GeV]

FIG. 9. The Dirac mass (M), diquark gap (A), and normalized
baryon number density ny/n, with ny = 0.16 fm=3. The thin
lines are the results for H = 0 with which A = 0.
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0.5

0.4

0.3

0.2

P[GeVim™?

0.1

FIG. 10. The ¢ vs P for H/G = 1.0 and 0.0. The results for
e =3P and P are also shown as guide lines.
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FIG. 11. The ng/ny vs ¢2 for H/G = 1.0 and 0.0.
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np/ng = 0.5 =—
. 1.0
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FIG. 12. The occupation probability of particle states, fMF(k),
for various ng/ny.
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FIG. 13. The occupation probability of antiparticle states,
FME(k), for various ng/n.

from ng/ny = 0.5 to 1.0, the occupation probability of the
k = 0O state already does not scale as ~ng. With increasing
np, the states at high momenta are occupied more rapidly
than in the ideal gas case, and accordingly &/np and hence
P grow.

Finally we take a look at the occupation probability for
antiparticle states (Fig. 13). In the NJL model, the gap A is
common for particle and antiparticle states. As a conse-
quence the impacts of A on antiparticle states are not small.
The occupation probability initially increases as A does,
but at ng/ng~3 the antiparticle suppression by large u
eventually dominates over the effects from A.

VI. SUMMARY

We have discussed stiffening of matter in QC,D within
the coherent state model and NJL model. In both models
diquark baryons appear as composite particles. A dense
matter of composite objects observes quarks as their
constituents, and is subject to the quark saturation effects
that stiffen EOS. Here, we summarize our findings, their
implications for QCD, and future works.

(i) The quark saturation effects affect diquark baryons
at density significantly lower than the overlapping
density of baryon cores. For diquarks with the radii
~0.6 fm, the saturation effects are substantial al-
ready at ng ~ 0.5-1ny. In three color QCD, this
density range is regarded as the territory of conven-
tional nuclear physics where the matter properties
depend on intricate balance among various nuclear
forces. It is interesting to ask whether using quark
descriptions simplifies some part of the nuclear
matter descriptions at ng ~ ny.

(i) In the coherent state model, a baryonic matter
quickly gets stiffened and approaches the quark
matter regime at low density. With this small
disparity between baryonic and quark matter re-
gimes, the quark saturation effects alone lead to only
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a rather mild peak in the sound velocity. The peak
becomes more prominent when baryonic matter
stays soft before the quark saturation effects set in
(Fig. 14). In QCD, nuclear matter at ng ~ n; is soft,
and in this quantitative aspect the three color case
somewhat differs from baryonic matter in QC,D.

(iii) In a dilute regime, attractive correlations inside a
baryon, which reduces the baryon mass, stiffens
EOS. This is simply because the energy density
tends to be smaller for a smaller baryon mass. In
terms of the parameterized EOS in Eq. (1) of Sec. I,
here we are considering the case with b < 0 and
a = 1. The same feature was also found in the three
color case [87].

(iv) In a dense regime, attractive correlations near the
Fermi surface stiffens EOS. This has been discussed
in models for QCD [60-64], and we also reassure its
impact in QC,D.

(v) The best combination to stiffen EOS is to have
attractive correlations near the Fermi surface but
repulsive correlations in the bulk part of the Fermi
sea, as demonstrated in this work and also in the
three color studies [87]. This surface-bulk disparity
on the sign of interactions may be explained by
perturbative gluon exchanges; they lead to the color
electric interactions, which overall reduces the en-
ergy of color-singlet states, and magnetic inter-
actions, which reduces the energy for color- and
spin-singlet states [91]. In a dilute regime, a matter is
dominated by states in attractive correlations, but in
a denser regime repulsive channels are also unavoid-
able. This channel dependence leads to the above-
mentioned disparity.

We believe that many aspects discussed in this paper,
except the quantative details of baryonic matter, are
common for QC,D and QCD. This work is largely based
on effective models and focus on the transition regime.
Meanwhile, it is also interesting to study the high density
regime where weak coupling methods may be appli-
cable [93—-102]. There QC,D and QCD may be similar

P .
,/
i
//
f.q v
hadron -, quark
I *
// g
¢
k
1/3 |~~~ R
s €

FIG. 14. The relations among f, (k) and EOS. When £, evolves
as in an ideal baryon gas picture, then the quark saturation
radically stiffens EOS and makes a peak in the sound velocity
¢2 = dP/de. If the baryon gas picture breaks down at lower
density, stiffening mildly occurs from low density and the peak
structure is modest or absent.

and it may be possible to derive a constraint on QCD EOS
from the high density side.

Finally, we close this paper by mentioning a significant
advantage to use a single framework from baryonic to
quark matter regimes. While implicit, our descriptions did
not allow the liberty to add a bag constant by hand. In a
single model, there are no questions about the normaliza-
tions of EOS for baryonic and quark matter, or no subtleties
about the subtraction of the vacuum or Dirac sea contri-
butions [103]. In QC,D, a single model description was
possible as baryons are just two particles. The same
program should be carried out for QCD by handling three
particle correlations from nuclear to quark matter regime.
Attempts toward this goal are in progress.
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