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The constructions of the new high-intensity muon beamlines are progressing in facilities around the
world, and new physics searches related to the muons are expected. The facilities can observe the transverse
positron polarization of the polarized u™ decay to test the standard model. The transition of muonium into
antimuonium (Mu-to-Mu transition), which is one of the interesting possibilities in the models beyond the
standard model, can be also tested. An observation of the transition in the near future would have a great
impact since it would indicate that there is an approximate discrete symmetry in the lepton sector. If the
Mu-to-Mu transition operator is generated, a new muon decay operator can exist, and it may interfere with
the standard model muon decay operator to induce the corrections to the transverse positron polarization in
the u* decay. We examine the possibility that the Mu-to-Mu transition and the correction to the transverse
positron polarization are related, and we show that the two are related in the model of a neutral flavor gauge
boson. We also investigate the models to generate the Mu-to-Mu transition, such as an inert SU(2),
doublet, an SU(2), triplet for the type-II seesaw model, a dilepton gauge boson, and a left-right model. The
nonzero value of the transverse polarization for one of the two directions, Pr,, violates the time-reversal
invariance, and the experimental constraint of the electron electric dipole moment can provide a severe

constraint on Pr,, depending on the model.
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I. INTRODUCTION

The operating high-intensity muon beamlines at Japan
Proton Accelerator Research Complex (J-PARC) are being
upgraded [1], and muon fundamental properties, such as
the anomalous magnetic moment (g — 2) and the electric
dipole moment (EDM), will be accurately examined [2].
The high-intensity muon beamlines are being planned [3].
The facilities can produce muonium (a bound state
of ute™), and they will examine the muonium-to-
antimuonium (Mu-to-Mu) transition [4,5], which is an
interesting phenomenological possibility with lepton flavor
violation (LFV) [6-9]. Using the beamline, the transverse
positron polarization in the polarized p™ decay [10-13] will
be also measured to find clues about new physics [14].
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LFV is one of the keys to new physics in the lepton sector
since it directly indicates that there is a new particle and
interaction beyond the standard model (SM) at the TeV
scale. LFV processes such as g — ey and y — 3e decays
and u — e conversion in nuclei have not yet been observed,
and nonobservation only gives severe bounds to the model
parameters at present [15—17]. We remark that the absence
of such AL,, AL, = +1 processes does not necessarily
mean that there is no new physics at the TeV scale. Even if
these processes are absent, there is still plenty of room left
for new physics in the lepton sector. Unlike the quark
sector, the lepton sector may have a high affinity with
discrete symmetry; e.g., the atmospheric neutrino mixing is
nearly maximal. Although it is surely important to search
for AL,, AL, = +1 processes, we need a close examina-
tion of the models beyond the SM so as not to have a
preconception about those processes being dominant in
new physics with LFV. Indeed, if there is an approximate
discrete flavor symmetry, the Mu-to-Mu transition as a
AL,, AL, = +2 process can be important in finding new
physics in the lepton sector while the AL,, AL, = +1
processes are suppressed. Since the constraints from the
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AL,, AL, = £1 processes to obtain the Mu-to-Mu tran-

sition were intensively investigated in Ref. [18], we assume
that the AL,, AL, = +1 processes are absent due to a
discrete symmetry for simplicity in this paper.

Let us suppose that the Mu-to-Mu transition rate is just
below the current experimental bound. We take notice of
the existence of a new muon decay operator, if at least one
of the two muons and one of the two electrons are left-
handed in the transition operator. The coupling strength of
the four-fermion operator is less than O(1073) in the unit of
the Fermi coupling constant of the (V —A) x (V —A)
muon decay in the SM, from the experimental result at
the Paul Scherrer Institute (PSI) [19]. If the new effective
operator for the muon decay is of the type (S — P)x
(S+ P), the interference of the decay amplitudes can
contribute to the transverse polarization of the e* from
the polarized y* decay in the primary order of the new
physics. Although the new coupling is bounded by the
result of the Mu-to-Mu transition, near-future experiments
have the potential to observe the contributions from the new
physics in the transverse positron polarization. Actually, the
high-intensity muon beam facility can examine both the
Mu-to-Mu transition and the transverse positron polariza-
tion in the polarized u* decay.

There are two independent transverse directions, and the
positron polarizations are named Pr, and Pr,. Let k, be the
momentum of the positron, and let P, be the polarization
vector (which specifies the degree and the direction of the
polarization) of 4™ at rest. The direction of P, is defined to
be that of k, X P,,.. A nonzero value of Pr, violates the time-
reversal invariance (namely, CP invariance), and Pr, is
extremely small in the SM. On the other hand, P, is
nonzero even in the SM, and its size is ~m,/m, and
becomes smaller for larger positron energy. Observing the
transverse polarizations serves as a useful test of the
fundamental interaction in the lepton sector.

In this paper, we examine the relation between the Mu-
to-Mu transition and the transverse positron polarization in
the polarized u™ decay. The four-lepton operators (without
right-handed neutrinos) are generated by the tree-level
exchange of the inert SU(2), doublet, SU(2), triplet,
dilepton gauge boson, and neutral flavor gauge boson. We
show that they are related in the case of the neutral flavor
gauge boson, and the model could be tested in a near-future
experiment. The CP phases in the models are severely
bounded by the experimental constraint of the electron
EDM (eEDM). We discuss whether the eEDM can allow a
nonzero Pr, in the models. We also describe the transverse
positron polarization in the left-right model.

This paper is organized as follows: In Sec. II, we review
the formulation of the muon decay and give the formula for
the transverse polarization of the decayed e* in the
polarized u* decay. In Sec. III, we review the expressions
of the Mu-to-Mu transition. In Sec. IV, we describe the

model of the neutral flavor gauge boson and show the
relation between the Mu-to-Mu transition and the trans-
verse positron polarization in the y* decay. In Sec. V, we
consider other models which can generate the transverse
positron polarization through the tree-level exchange of
mediators. Section VI is the conclusion. In Appendix A, we
will give expressions of the Fierz transformation of the
muon decay operators for Majorana neutrinos. In
Appendix B, we comment on the physical background
of the model discussed in Sec. IV. In Appendix C, we
describe the constraints on the heavy-light neutrino mixing
to evaluate the transverse positron polarization from the
muon decay operators with right-handed neutrinos.

II. TRANSVERSE POLARIZATION OF THE
DECAYED e* IN THE p* DECAY

In this section, we review the formalism for the trans-
verse polarizations of the decayed e* in the polarized u*
decay [10,11,13]. We follow the convention given in the
review by the Particle Data Group [20]. In general, we can
write the four-fermion interaction for the y — ev,v, decay
in the Lagrangian [21] as

4G ~ ~
~Lysev,5, = F E : 2 gem (e I70,) (0,0 p,) +Hec.,
\/E y=S,V.Te.m=R.L

(2.1)

where G is the Fermi constant, I'y =1, I'y = y,, and
I'r=o0,/ /2. For simplicity, we refer to the operators
using the dimensionless couplings as gf,. Since the two
operators of g7, and gk, are identically zero, there are ten
independent couplings. The standard model corresponds to
gy; = 1, with the other couplings being zero. We note that
the flavor violating “wrong” muon decay y — ev,r, can
interfere with the y — ev,v, decay if the neutrinos are
Majorana fermions. We list the Fierz transformation of the
operators for the Majorana neutrinos in Appendix A.

When we neglect the radiative correction, the differential
decay rate of u* is given by

d’T G}
drdeos ~ am "W/ ¥ = 56{ i)

£ P,cosOF \s(x)H1 +C-P,(x.0)}  (2.2)

for the emitted e* with its spin parallel to the arbitrary
direction f . Here P, is the magnitude of the u* polarization

vector P, and 6 is the angle between P, and the et
momentum k,. Defining the maximal e* energy as

mz + m>?
w, =+t < 2.3
w= 23)

075024-2



TRANSVERSE POSITRON POLARIZATION IN THE POLARIZED ...

PHYS. REV. D 105, 075024 (2022)

we use the dimensionless variables

X = E. X = ¢
- . 0=
e We;t

(2.4)

instead of the energy E, and the rest energy E, = m,. The
allowed value of x is between x, and 1. We note that G in
Eq. (2.2) includes the new physics effect G = G%A/16.
See below for the parameter A/16 ~ 1. The muon decay
constant determined by the muon lifetime is G . As we will
note in Sec. III, the quadratic corrections from the new
muon decay couplings are bounded from the precision data
relating to the universality of the weak couplings.

The polarization vector P, of e* is defined using the
differential decay rate in Eq. (2.2), and the transverse
components of P, are defined as

Pr

j\Cl'l)e’ PT

%P, (2.5)

1 1

where the following three unit vectors are defined using the
two specific directions k, and P,:

k, ~ k., xP,

X = k, X = X =% x3. (2.6
The transverse components can be written as
Pry(x.0) = 5= (;is i; HfoTs] g;),\s o @7
Pr (1.0) — P, sinOFr, (x) (2.8)

Fis(x) £ P, cos OF g (x)

where the functions Fig, Fas, Fr,, and Fr, depend on the
coefficients g%,,. Instead of using the coefficients directly, it
is practical to define the muon decay parameters for the
spectrum and the transverse polarization [10,22-24]. For
example, the function Fr, is written as

FTz(x):%\/xz— {3A(1 x)—|—2'i/w xo], (2.9)

where

o = 8Im[g)p(gxr. + 69k1) — 9ke (97 + 691%)].  (2.10)

B = Alm(gkrgrs — 911 9hk]- (2.11)

It is important to note that the nonzero value of Pr,
indicates the CP violation in the interaction. See
Refs. [11,13,20] for the definition of the other CP con-
serving parameters (a,da’, b, b’, ¢, c’, a, B, or their recombi-
nation p, 5,n.7', &, &, E”, A) and the functions Fg, F g, and
Fr,. Here we write about the case when there are only the
following relevant operators:

4G _
_[’M—wvﬂbt \/EF [gLL(ey PLI/ )(VuYaPLﬂ)

+ gf?R(éPLVe)(DﬂPRﬂ)
+ ghr(er*Pru, ) (0, (x)7 Prit)

+ g3, (ePgu,)(8,Pp)] + Hec. (2.12)
We obtain
a=d=a=d=c=c=0, (2.13)
b =497+ lggl®) + lgrel* + 1971, (2.14)
b= _4(|9XL|2 - |9XR|2) + |91SeR|2 - |QEL %, (2.15)
P = 4Re[~grpgiL — 9119kR]- (2.16)
P = AIm(gkgl — 971 9kk]- (2.17)

and the parameters for the muon decay spectrum (at the tree
level) are given by

3
p:5:Z, n=n =0, & =1, (2.18)
4p'
—g =7 2.19
o= .19
A=a+4b+6c = 4b. (2.20)

We obtain the following functions for the spectrum and the
transverse polarization of the emitted e™:

1

Fis(x) :g(—2x2 +3x — x3) —%ﬂ(l —x)x9, (2.21)
Fas(x) = é N <2x _24 m> (2.22)
Fr (x) = —éu — %)% +§—A(x —3), (2.23)
Fo, (x) = %\/ (1-2)(2-x3). (224

As can be seen in Eq. (2.16), the gy, operator can
directly interfere with the g}, operator in the SM, and thus
it can provide the primary contribution from the new
physics beyond the SM. The other contributions are all
quadratic (including all the other operators). Since x; in Fig
is small (xg = 9.67 x 107%) due to m, < m,, it is impor-
tant to observe P, and Pr, to extract the primary effect in
the muon decay. An analysis of the current experimental
results at PSI shows that [12,13,25]
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g = (1.1 + 3.5(statistical) + 0.5(systematic)) x 1073,
(2.25)

ﬂ/

e (—1.3 4 3.5(statistical) + 0.6(systematic)) x 1073

(2.26)

if gy is the only source of the new physics. The
experimental accuracy has not yet reached the size of
the SM contribution in Pr,. Although the current exper-
imental bounds for B, f' are still loose, we expect the
hundred-times-intense new muon beamlines in the world to
develop the observation of the transverse positron polari-
zation for /A, ' /A ~ 1073, The sensitivity of the order of
1073 of those values in the near-future experiment at J-
PARC is also expected from the simulation in Ref. [14].

III. MU-TO-Mu TRANSITION

The effective Mu-to-Mu transition operators in the
Lagrangian are given as [26]

4Gy

L = W [gl (ﬂyaPLe)(ﬁyaPLe)

Mu-Mu

+ 9> (fiy* Pre) (fiy o Pre)

+ g3(fiy*Pre)(iyaPre) + ga(Pre) (AP e)

+ gs(iPge)(fiPre)] + H.c. (3.1)
There are four states (F,m) = (0,0), (1,0), and (1,+1) in

the 1S orbital of Mu. The transition amplitudes for the
(F,m) states are

_ 8(Myeg@em)’ 3 1 1
Mo,o——T 91+92—§93—194—195 Gp,
(3.2)

_ 8(’nredaem)3 1 1 1
M, = T g +9+ 593~ 4947 195 Gp,

where m,eq = m,m,/(m, + m,) ~m, is the reduced mass
between the muon and the electron and a.,, is the fine
structure constant.

The external magnetic field mixes the (0,0) and (1,0)
states, and the amplitudes in the magnetic flux density B are
given as [27,28]

1 Moo+ M
MGy = ) <M0.o - Mo+ M)» (3.4)

V14 X2

1 Moo+ M
ME = 5 <—/\/l0.0 + Mo+ M) (3.5)

V14 X?

where X = 6.31 x B/T. On the other hand, the magnetic
field splits the (1,£1) states, and the oscillations of the
(1,£1) states are dropped in the magnetic field for
B> 0.01T.

The time-integrated transition probability at the PSI
experiment is given as

P =22%(|cooPIMGol* +ler o [MTo?).  (3.6)

where |c,,|> gives the population of the Mu states and 7 is
the Mu lifetime. The result from the PSI experiment at the
magnetic flux density B = 0.1 T is [19]

P<83x107!. (3.7)

If g3 = 0, we obtain

64m® ,ar*G? 1 1 2|cool* +]eiof?
p——_red” " UF gy ——qc| 2001 T ITLO0L
2 G192~ 594~ 595 1+ X2
(3.8)
The PSI experimental result is decoded as
1 1 3
gl+g2—1g4—zgs <3.0x107°. (39)
If g3 # 0 and the others are 0, we find that
lgs] < 2.1 x 1073, (3.10)

We use the population of Mu states |cool> =0.32,
|C1,0|2 =0.18.

The Mu-to-Mu transition operators are generated at the
tree level using the following mediators [18]:

(1) Neutral flavor gauge boson (= ¢, 9>, g3)-

(2) Neutral scalar in an inert SU(2), doublet
(= 93. 94, 95)-

(3) Doubly charged scalar in the SU(2), p triplet
(= 91,92)-

(4) Dilepton gauge boson in an SU(3), x U(1)y exten-
sion of electroweak symmetry (— g3).

If the Mu-to-Mu transition is generated, new muon decay
operators are also induced, especially for the g; and g3
terms. For the ¢,, g4, and g5 terms, new muon decays are
induced if the right-handed neutrinos are lighter than muon.
Through the mixings of the left- and right-handed neu-
trinos, muons can also decay to active neutrinos plus an
electron.

We note that the four-fermion operators induced by the
mediators can modify the decay constant G in Eq. (2.2),
and therefore the universality of the decay constants can
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constrain the masses of the mediators and their flavor-
dependent couplings. However, the Mu-to-Mu transition (if
induced) can provide stronger experimental constraints on
the couplings than the electroweak precision and high
energy Bhabha scattering. Corrections to the muon decay
operators to induce the transverse positron polarization in
the u* decay for our target are about 1073, and they can be a
deeper probe than the current experiments. Therefore, we
do not describe the current experimental constraints from
the electroweak precision in this paper. See Refs. [29-33]
for the experimental constraints. We also note that the
contributions to muon and electron g — 2 are too small to
explain their anomalies as a consequence of the 1073 size of
the induced coupling in our context.

In Sec. IV, we consider the model of the neutral flavor
gauge boson, and we show that the Mu-to-Mu transition
and the correction to Pr, in the polarized " decay are
related. In Sec. V, we study the other models.

IV. NEUTRAL FLAVOR GAUGE BOSON

The interactions to the neutral gauge boson X to generate
the Mu-to-Mu transition are written as

L= gX(fyyafe + ZeYafﬂ)Xa

+ agX(e_i(prR}/aeR =+ ei(ﬁQYmuR)Xav (41)

where #, and ¢, are the left-handed lepton doublets,

() ()
er HL
and a is a U(1)" charge for the right-handed charged
leptons. In Appendix B, we give the construction of this
model. Here we mention only that the interactions have a
discrete lepton flavor symmetry, and they do not induce the
AL,, AL, = +1 processes, such as y — ey, p — 3e. See
Ref. [18] for the bound of the AL,, AL, = +1 processes in
the case where the discrete symmetry is not exact. There
can be a physical phase parameter ¢ in the coupling in
general. The phase in the left-handed lepton couplings can
be rotated away without loss of generality.

The Mu-to-Mu transition operators can be generated by
the exchange of the neutral gauge boson, and we obtain

(4.2)

X 9x
9= - g =ate i —=X
4/2M% Gy 4/2M3%Gp
e 9%
g3 =2ae™"? (4.3)

WN2M3Gy'

where My is the mass of the neutral gauge boson.

The interaction can also generate the following eEDM
via a loop diagram with the muon mass insertion in the
internal line:

d, 2ag% sing (m_i)_mﬂGFImgg (m_,%) (4.4)
M%) 8V2Rr M)

=m
e " 64n>M%
where G is a loop function,

~ 4-3x—-x’+6xlnx

G(x) = 4.5
(x) (1 _ X)3 ( )

The experimental bound of the eEDM is [34]
|d,| <1.1x107% ecm. (4.6)

One needs |p| <1073 if we consider the |gs|~2 x 1073
region which is near the current bound from the Mu-to-Mu
transition experiment in Eq. (3.10). Therefore, we suppose
that there is no CP phase in the interaction (¢ = 0).

The exchange of the neutral gauge boson can also induce
the muon decay operators. Using the Fierz transformation

WuLrver) (€rrug) = —2(€rv.) (Vukir), (4.7)

we find that

9152R = —2g;. (4.8)

Similarly, the exchange can induce the correction of g‘L/L,

AQ‘L/L =01 (4.9)

If the neutrinos are Majorana fermions, we also find that

Gkr = =93 i =201 (4.10)
From the definitions of the muon decay parameters f in

Eq. (2.16), we obtain

B =4(+29195 +295(1 + 1)) = 8g3.  (4.11)

The model parameters are constrained by the time-
integrated transition probability (with B = 0.1 T) given
in Eq. (3.6). Since there are no AL,, AL, = &1 processes
in the model in Eq. (4.1) and the Mu-to-Mu transition gives
the strongest constraints, the experimental constraints for
the model parameters gy, My, and a are governed by the
bound of the transition probability in Eq. (3.7). We assume
that the neutral gauge boson is heavier than the muon. In
the future, Belle II (the ILC) can directly search for the
boson with My < 10 GeV (O(100) GeV) if its integrated
luminosity accumulates enough. The transition probability
is proportional to

cool*| = 1.68g5 + g1 + 627 + [c10[*|0.6895 + g1 + 9|
(4.12)
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0.0015
0.0010}
0.0005

S 0.0000f

~0.0005

-0.0010}

-0.00150L——

FIG. 1. Muon decay parameter 3/A plotted as a function of the
model parameter a assuming that the probability of the Mu-to-
Mu transition is at the current experimental bound. The transition
experiment allows a larger magnitude of /A for positive values
than for negative values.

Notice that g; and g, are positive, and that g; can be either
positive and negative. One can find that the magnitude of g;
allowed by the transition experiment depends on the sign of
g;- Indeed, the larger magnitude is allowed for g; > 0. In
Fig. 1, we show a plot of /A as a function of a assuming
that the transition probability is the upper bound from the
PSI experiment.

In Fig. 2, we plot the Py, given in Eq. (2.7). We choose
p/A =0.0012 and /A = —0.0007, which are allowed by
the experimental result of the Mu-to-Mu transition. The
electron mass can induce Pr, in the SM case, /A = 0.
Around the maximal energy of the positron, P, tends to
zero. As can be found in Eq. (2.23), Py, changes its sign for
p > 0 for larger energy. We note that the differential decay
width given in Eq. (2.2) is larger for the larger positron
energy, and near-future experiments may observe the
change of the sign.

— BIA=0 B/A=0.0012 — B/A =-0.0007

0,005:'""""""":

0.000

Pr4

-0.005F

-0.010—*
0.2

FIG. 2. Pr, (0 = x/2) plotted as a function of the reduced
positron energy x = E,/W,, for various f#/A. The SM case
corresponds to /A = 0.

V. OTHER MODELS

As examined in Sec. IV, the flavor neutral gauge boson
can generate both the Mu-to-Mu transition and the trans-
verse positron polarization P, in the muon decay, and the
two are related. In this section, we study other models to
generate the new muon decay operators and see if the
transverse polarizations are related to the Mu-to-Mu
transition.

We first enumerate the interactions to generate the
following new muon decay operators at the tree level:

(a) heerl @+ hy,ugt,® + H.c. (5.1)

(b)  heegl, @ + hy Jigt @ + H.c. (5.2)

(€) K, lSC, AL + Kﬂﬂf;fﬂAL +H.c. (5.3)

(d) &, (5,0 +E5€.AL) + Hee. (5.4)

(e) f(£56,ST—75¢,5")+He. (5.5)

(f)  g3((er)ral Y + W?’afy Y*)+He. (5.6
(@) g3i((er)Val Y + (ug)valY*) + He.  (5.7)
(h) gx(feyaz,”MX" + aegyurX®) + He.  (5.8)

Here @ is an SU(2), inert doublet which does not have a
vacuum expectation value (VEV), A; is an SU(2), triplet
whose VEV can generate the type-II neutrino masses [35—
38], and ST is an SU(2), singlet with the hypercharge
Y = 1. The couplings to A; and S™ are written in terms of
the components as

_ R 1 -
Lol AL = (UaL)CVbLAL - %((VaL)LebL + (eaL)Cl/bL>Azr

+ (eqr) e AL,

(5.9)

£apST = ((var)epr — (ear)vpr)ST.  (5.10)
The vector field Y, = (Y}, Y/ ) denotes a multiplet of the
dilepton gauge boson in a model with gauge extension, and
X, is a flavor neutral gauge boson, which we studied in
Sec. IV. The coexistence of cases (a) and (b) suffers from
the LFV decay constraints if the couplings are sizable. The
same is true for the coexistence of cases (c) and (d), and that
of cases (f) and (g). A discrete flavor symmetry can forbid
their coexistence. For example, we assign the discrete
charges ¢; to the lepton fields and the SM Higgs H as

H:0,
(5.11)

Cor€piCl, Cys MR Ca, ., TR C3,
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TABLE L. List of which muon decay operators are induced from the respective interactions and mediators given in
Egs. (5.1)—(5.8). We assume that the neutrinos are Majorana to make it interfere with the SM decay operator if the
induced operator is for y — D,v.e (see Appendix A). In the fourth column, we put “Im” if the phase of the
coefficient is allowed. The ff mark is attached if the phase is constrained from the existence of the (®H)? term in the
scalar potential (see explanations in the text). If the eEDM constrains the phase, we put “Re (. eEDM).” In the fifth

PHYS. REV. D 105, 075024 (2022)

column, we put the transition operators if they are induced.

Interaction(s) Mediator Operator Phase Mu-to-Mu
(a) o Tk Im

(b) o Ikr Im (f) 93
(© A7 9L Im 91
(d) or (e) A} or St ar; Im

(a) + (c) DA giR,RL Im 9
(b) + [(d) or (e)] Ot —(A} or ST) IR RL Im 93
(b) +(d) DO-AY gi}eT,RL Im 93
(b) + (d) A IIRRL Im 93
§3) Yt Q%R Im 93
(2 Y+ O Re (- éEDM)

(h) X 9RR> 9o Re (- eEDM) 91:92:93

and the ¢;’s are all different. If the charge of @ is 0, case
(a) is obtained. If we assign the discrete charge n to @ under
Z,, symmetry and ¢; — ¢, = n, we obtain case (b). In fact,
® and H should not mix in case (b) to suppress the LFV,
which can be also controlled by the discrete symmetry. For
case (e), it also suffers from the LFV if ST also couples to 7.
These are all the lepton bilinear couplings (without right-
handed neutrinos) that cause muon decays at the tree level.
The muon decay operators from the couplings with the
right-handed neutrinos are suppressed by the heavy-light
neutrino mixings, which will be studied in the context of
the left-right model later.

In Table I, we list the muon decay operators which can be
induced by the interactions in cases (a)—(h). If the induced
muon decay process is 4 — ev,U,, which does not interfere
with u — ev,v,, the Fierz-transformed operator given in
Appendix A is shown by assuming that the neutrinos are
Majorana. One can see that g5, can be induced in cases (a),
(2), and (h), and Py, can be modified from the SM since
/A can be ~1073. Owing to the constraint of the eEDM,
only case (a) can generate /A ~ 1073, and Py, can be
observed in the near-future experiments. Only case (h) can
relate the transverse polarization and the Mu-to-Mu tran-
sition discussed in Sec. IV.

A. Inert Higgs doublet ®

Interaction (a) can directly induce g;% r via @ exchange,

Trp & heehiy. (5.12)

The EDM:s for electrons and muons are obtained with a ®°-
loop diagram, and

d, malmh3a<f(ma’M2Re) _f(mavMIzm))<a = e?/")’
(5.13)

where My, and My, are the masses of the real and
imaginary parts of ®° and f is a loop function. One can
find that g5, can be complex without contradicting EDMs
for electrons and muons if 42, is real or My, = My,,. The
magnitude of the muon EDM (uEDM) for Py, ~ O(107%)
in the case of imaginary h,, and Mg, # My, is estimated to
be O(1072*) ecm, which is far below the current exper-
imental bound [39,40]. The absence of a (®H)(PH) term
(H is a Higgs doublet which acquires a VEV) can make
Mge = My, though discrete symmetries cannot realize it
in nonsupersymmetric models. We note that the size of the
(®H)(DH) term is related with the radiative neutrino mass
with the inert doublet [41]. In any event, g3, can be
complex, and therefore both Py, and Pr, could be observed
in a near-future experiment in this case. The Mu-to-Mu
transition is not induced.

In case (b), the operator which is induced by the charge
scalar @ exchange is

(€xvy) Wettr), (5.14)
which is not gy. If the neutrinos are Majorana, the induced
operator can become gk (instead of g3y). We find that the
relation of the Mu-to-Mu transition is

(5.15)

\ * *
Grr = =G5 % heyhy,.

The eEDM is
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d, o myIm(hyehe, ) (f (my. M) = f(m,. M3,)).  (5.16)
The coupling of the (®H)(®H) term and only one of Py
and h,, can be made real by the redefinition of the lepton
fields and ®@. Therefore, to bring Imgy, # 0 into agreement
with the eEDM, My, = My, is needed in this case. We note
that the eEDM diagram hits the muon mass at the internal
line, while the electron mass is hit for the uEDM, and the
#EDM thus becomes much smaller than the eEDM.

If we take into account the light-heavy neutrino mixings,
Jxr can be induced even in case (b). The current neutrino
state can be written using the mass eigenstates as

V, = Uaiyi+Xa1NI' (517)
See Appendix C for the neutrino mixing matrix. We find
that

{ﬂ’ﬂ/} ~ {Re.937Img3}ZUeiU;iU:jij' (518)
i.j

We suppose that N;’s are heavier than muon. Using the
unitarity relation, we find that

> Ualy = —lexe,X;,-
L

This magnitude is constrained by the u — ey decay
process, and the transverse positron polarizations are
minuscule in case (b).

(5.19)

B. Type-II seesaw

Interactions (c) and (d) are available for type-II seesaw
neutrino masses when the SU(2), triplet A; acquires
a VEV.

In case (c), the g;, muon decay operator is generated
using a A; exchange if the neutrinos are Majorana. The
Mu-to-Mu transition operator (g;) is also generated by a
A} exchange:

giL =29} (5.20)
In case (d), the g}, contribution of the muon decay is
generated, while it does not induce the Mu-to-Mu tran-

sition. The type-II seesaw interactions do not generate the
EDMs, and thus the induced coefficients can be imaginary.

C. Type-1I seesaw +inert doublet ®

The f3, p' parameters for the transverse polarizations in
Egs. (2.16) and (2.17) are not generated from the type-II
seesaw terms alone. If we add the inert doublet @ and there
are multiple contributions (b) + (c), 3, # can be generated
and they relate to the Mu-to-Mu transitions as follows:

{B.8'} = {Re,Im}(8g1g3). (5.21)
These magnitudes are less than O(107°) from the PSI
bound of the Mu-to-Mu transition.

The scalar trilinear term ®HA; is allowed, and it can
induce a ® — A; mixing since the SM Higgs doublet H
acquire a VEV. gi‘RV.'RTL operators can then be generated (see
Table I). Among them, g/ p, can be generated by the

neutral scalar exchange with (®H)(®H) insertion in the
interaction with (b) 4 (d). The generated operators are

G kil

S.T
ep'tues gRL ocKeuh

e

Y p X Ko, (5.22)

\% *
en'lpes IrL & Kephey-

We note that the coupling of ®HA; can be made real by the
phase redefinition of A;. We obtain the CP violating
parameter o in Eq. (2.10) for Pr, as
o o [k, | Im(hy hy,). (5.23)
As explained, the existence of the (®H)(PH) term can
conflict with the eEDM, and 4, and h,, should be real. As

a consequence, the muon decay parameter o is severely
constrained by the eEDM in this model.

D. Dilepton gauge boson

In the dilepton gauge model [42-47] whose gauge
symmetry is SU(3), x SU(3), x U(1)y, the leptons are
unified in one multiplet, 3* representation of SU(3),,
L,=(l,,-v,15). The gauge interaction (in two-
component spinor notation) of the dilepton gauge boson is
given as

E = g3l(l/a6”EY;r - ZHGMEYIJF) + H.c. (524)
The Higgs boson to generate the charged-lepton masses are
3* and 6 under SU(3),. Remember that the coupling matrices
with 3* and 6 are antisymmetric and symmetric, respectively,
under the generation index a. If the Yukawa couplings with
the 3* Higgs boson are absent, the mass matrix is symmetric
and the gauge interaction of the mass eigenstates is given by
case (f). By adopting a discrete flavor symmetry, e.g., L : 1,
L,:2,15:0,3:0, and 6:0 under Zs, the allowed Yukawa
couplings can be

L\L,3" — L,L13" 4+ L{L,6 + L,L16 + L3L36. (5.25)
In this case, the gauge interaction is given by case (g) because
the multiplets are L, = (e,—v,,u), (u,—v,,e°), and
(z.—v,,7¢). To make m, < m,,, one needs a fine-tuning.

In case (f), the Mu-to-Mu transition operator g; is
generated by the Y™ exchange. The gy, muon decay
operator can be generated by the Y™ exchange,
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kr = —G- (5.26)

assuming that the neutrinos are Majorana.

In case (g), the gy, muon decay operator is generated by
the Y* exchange. Therefore, the modification of Py, from
the SM can be sizable enough to detect in the muon decay
experiments. In general, the couplings with ¥ are complex
in the basis where the charged-lepton masses are real.
However, the complex couplings can induce the eEDM via
the Y *-loop diagram. Owing to the eEDM bound, the
phase of gy, has to be minuscule, and Pr, will not be
observed in near-future experiments.

E. Left-right model

The involvement of the right-handed neutrinos also
provides muon decay operators which can interfere with
the SM decay amplitude. Although their contributions are
small due to the heavy-light neutrino mixings, as we
mentioned, we describe the contributions to gy in the
left-right model, SU(2), x SU(2)g x U(1)y_,; gauge
theory as a pedagogical guide.

We introduce an SU(2), triplet A; and consider the
following interaction:

Copl orRAR + Copl g Ag + Hee., (5.27)
where £ is an SU(2), doublet, e.g., £,z = (Nz,er)".
The VEV of the SU(2), triplet breaks SU(2)z x U(1)_,
down to U(1)y, and also generates the Majorana masses of
the right-handed neutrinos. The A} exchange generates
the g, operator of the Mu-to-Mu transition. The A}
exchange generates

(@r(NO) L) ((Np)Lug)- (5.28)
We use the notation of the neutrino mixing matrix given in
Appendix C, and the current neutrino state can be written
using the mass eigenstates as

(Ng)L = Vaivi + YNy (5.29)

‘We obtain

MM—mmm(%ZmnmﬂQ (5.30)

*

We remark that the magnitude of U,;V}; is directly con-
strained by the neutrinoless double beta decay (0v2f3). The
unitarity and the decay universality restrict U WV;l =
XY} (see Appendix C). The induced size of 1] is
estimated to be less than O(1077).
The tree-level Wy gauge boson exchange can generate

the gy operator if the neutrinos are Majorana [48]. Using

(5.31)

(€RYNer)(Nuryur) = 2(er(NG), )((NS) Lpg).

we obtain the muon decay parameter from the Wp
exchange as

() = (Re.tm} (-5 Mo S v 0

WRz/

(5.32)

which is also minuscule due to the W mass bound from
the LHC [49-52] and 01/2ﬁ. For a native estimation of the
quantity | >, ] U.iV,:Uy,; V.l (see Appendix C), we deter-

mine that [g")] is less than 0(107%). Even for a more
conservative estimation of the quantity, |f/)| is less
than O(107%).

VI. CONCLUSION

The new leptonic interactions with a discrete flavor
symmetry can induce the Mu-to-Mu transition and the
transverse polarization of e* in the polarized u* decay,
which can be of a size that will be observable at the
facilities with high-intensity muon beamlines. We have
studied whether the transition rate and the transverse
polarization can be related.

There will be three candidates of mediators to induce the
testable muon decay parameter /3 for the transverse positron
polarization in the near future:

(a) Neutral flavor gauge boson.

(b) Inert doublet.

(c) Dilepton gauge boson.

Among these candidates, in the model of the neutral flavor
gauge boson, the Mu-to-Mu transition and the f parameter
(the correction of the transverse positron polarization Pr,)
are indeed related. A larger contribution is allowed by the
Mu-to-Mu transition experiment for the positive value of /3
than for the negative value (P, changes its sign depending
on the positron energy for positive ). The other direction
of the transverse polarization, Pr,, is constrained by the
nonobservation of the eEDM.

In the model with an inert scalar doublet (which does not
acquire a VEV), either the Mu-to-Mu transition or the
correction to the transverse positron polarization can be
observed. The nonzero value of Py, does not conflict with
the eEDM in this model. In the dilepton gauge boson, either
the Mu-to-Mu transition or the correction to the transverse
positron polarization can be observed. The nonobservation
of the eEDM restricts Pr,. Although the observable size of
the Mu-to-Mu transition can be induced in the model with
SU(2), and SU(2), triplet scalars, the correction to the
transverse polarization is smaller than the three above.
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APPENDIX A: FIERZ TRANSFORMATIONS OF
THE MUON DECAY OPERATORS FOR
MAJORANA NEUTRINOS

The following identical equations hold for the four-
component fermions y and y:

V=XV W =AW W = X oL
(A1)
where ¢ = Cy! and C is a charge conjugation matrix.
Using these, one finds for Majorana neutrinos v = v¢
_ . L .
(erVar) WpLir) = _E(eRVﬂR)(UbLW/aL)
I .
= = (ervur) WarrVir)
2
L _
) (ervvpr) (VarYHR)- (A2)
Similarly,
_ . I .
(eLvar) (VprbL) = B (eryvpr) Warvhe)- (A3)

Here we omit the obvious Lorentz indices of y, for their
contraction. For example, although (ezv,. ) (T, ug) does
not interfere with the usual 4 — ev,v, decay amplitude for
Dirac neutrinos, it can be made an operator to interfere with
it for Majorana neutrinos using the above equation.

One can also obtain, for v = v°,

(@Lrvar) @errug) = (ryvpr) (Warvpr).  (A4)
(€Lvar) @pLhr)
= — 5 (@Te) o) + g (eTovin) (Faome). (A3)
(@zover) Frroms)
= 6(e0r) Faztn) + 5 (ezovs) Tazomn).  (AS)

and the same holds for the exchange of L <> R.

APPENDIX B: THE MODEL WITH THE
NEUTRAL FLAVOR GAUGE BOSON

We describe the construction of the model with the
neutral flavor gauge boson discussed in Sec. IV.

TABLE II. U(l), x U(1), charge assignments of the left-
handed lepton doublets Z;, the right-handed charged leptons
e;r, and the SM singlet scalar fields ¢, ¢, and ¢,. The scalar
field ¢ breaks U(1), x U(1), down to U(1)’. The scalar fields ¢,
and ¢, break the remaining U(1)’ symmetry and can generate the
Yukawa interaction of the first and second generations of the
charged leptons. The U(1) charges of the quark fields are all zero.

Fields Cy O O3 elg e ep p P
U(l), charge +1 -1 0 +1 -1 0 a 1 1
U(1), charge +1 -1 0 -1 +1 0 a 1 -l
U(1) charge +1 -1 0 a —a 0 0 1 a

Table II shows extra U(1)
of the lepton fields. The extra U(1) symmetries do not
cause gauge anomalies: [SU(3) Pu(1),, [SU2),*U(1),,
[U)yPUQ),. [UQ),PUQ)y. [U),P. [U1)JPU1),,
[U(1),]>U(1),, and [gravity]*U(1), (n = 1,2).

The 3 and e3p fields are identified to the third
generation, and the Yukawa interaction to generate the
mass of the tau lepton can be directly written. The Yukawa
interaction to generate the electron and muon masses can be
obtained by introducing the vectorlike fermions L and E as
in the usual flavor models:

charge assignments

—Ly = y1Q{Lgt 1 + yohLrts + yi3eirEL

+ YyprergEr + yELH + M, LL + MgEE. (B1)
By integrating out the vectorlike fermions, one obtains
erl:H

—Ly = (Yf>ij (B2)

and

Y <Y1y/1¢7¢§
M Mg \ y,y\ 0195

We note that the electron is massless (at the tree level) if only
one set of vectorlike fermions is introduced, as given in
Eq. (B1). Introducing one more set of vectorlike fermions,
one obtains a tree-level electron mass, though we do not write
it explicitly to avoid complicating the expression.

We suppose that the U(1), x U(1), symmetry is broken
down to U(1)" by a VEV of a scalar ¢ whose charges are
given in Table II. By redefining the normalization of the
U(1)’ charge, we find that the U(1)’ charge for the right-
handed charged lepton is

Y1y:2¢7¢2 ) (B3)
V220162

_ta (B4)
ay — a '

We note that U(1), (U(1),) is broken if a; = 0 (a, = 0),
and one obtains @ = 1 (a = —1) trivially, which returns us
to the special charge assignments given in Ref. [53]. We
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assume that the VEV of ¢ is much larger than the VEVs of
¢, and ¢, which break U(1)’, and we ignore the con-
tribution from the exchange of the heavier extra gauge
boson in Sec. IV.

If the Lagrangian in Eq. (B1) has an exchange symmetry
under ¢ <> &5, ejg <> eyp, (namely, y; = y,, ¥, = y};
their phases can be different in more general exchange
symmetry), the fields #; and e, can be written in terms the
mass eigenstates £, £, e, and pp as

l,+ et l,—ee,
(=t Bt
ipr — elor
eir _CRT TR ey = R_€ FR (B5)

V2

We remark that the Yukawa couplings can have phases in
general and there can be phases in the linear combinations
in Eq. (B5) in the basis where the electron and muon mass
is real. The gauge interaction is calculated as

L= 9x(£1%/1 - Lﬂ_z)’afz)xa
+ agx(€1rya€1r — C2rVoC2r) X"
= gx(e7L L,y 0 + €Lyl ) X”

+ agx (™" Hgyaer + " egy pr) X", (B6)
Using a phase redefinition, #, — e™t¢, and pugp —
e "Lup, which does not change the phase of the muon
mass, we obtain Eq. (4.1) with one physical phase
P=Pr—PL-

APPENDIX C: HEAVY-LIGHT NEUTRINO
MIXINGS

To evaluate the muon decay operators which contain
right-handed neutrinos, we need to know the size of the
heavy-light neutrino mixings. Here we list information
about it.

Before we study the constraints on the mixings, we
define the neutrino mixing matrix. We work on the basis
where the charged-lepton mass matrix is diagonal. The
neutrino mass term is given as

L= (0% N_R)/\/l<(]\l;f)L>+H.c., (c1)

where v and N are current-basis left- and right-handed
neutrinos, and the 6 x 6 neutrino mass matrix M is

written as
0 m
M= ( . ) (C2)
mp My

The mass eigenstates v/ and N’ are given as

(i) =u(s) )
and
UT MU = diag(M1) = diag(m;, M;). (C4)

We choose phases in U so that the M7’s are real. We use
index i for the light neutrino mass eigenstates, index / for
the “heavy” neutrino mass eigenstates, and index Z for both
states. For the generation index in the current basis, we use
a, b. For convenience, we define

U X
U= . (C5)
V Y
Namely,
Var = Uaiy:'L + XaINIIL’ (C6)
Ngp = Vavip + YNy (C7)

In the following, the mass eigenstates v; and N; are defined
as Majorana fermions, namely, v; =v, + (V/;)¢ and
Ny =N+ (Np)*

Our concern is the constraints of the size of V,, i.e., the
mass eigenstate of the active neutrino in the current basis of
the right-handed neutrino N; . Because of the unitarity of
the mixing matrix /, we obtain

Uaivlti + XaIYZI =0. (CS)
Therefore, let us first enumerate the constraints on
X, [54,55].

(1) The mixings are bounded by electroweak precision

data

(C9)

> IXal2 > Xl 0003
1 1

individually. This obeys the unitarity Y, |U,|> =
1=>",|X4|* and the universality of the four-fer-
mion decays. If the new muon decay operators are
added, the bound can be modified, but the contri-
bution to the muon decay parameters from the new
operators will then be dominant. If N; is lighter than
the Z boson, the new decay modes constrain the
mixing more severely depending on their channels.
(2) The product of |X,,;X,,| is bounded by the u — ey
decay process as follows:
S (i)
- ul“>el M%V

<4x 1073, (C10)
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where

1 —6x + 3x? +2x3 — 6x% Inx)

F(x) = X( (1 _x)4

(C11)

(3) For one generation (2 x 2 neutrino mass matrix), the
light neutrino mass in type-I seesaw is m, = m2,/ M,
and the mixing is (X,)? = m3%/M% = m,/My.
Therefore, the Mu-to-Mu transition is minuscule.
For a three-generation case, there are degrees of
freedom to enlarge the mixings, X,; and X, while
keeping the tree-level active neutrino masses
minuscule.

(4) If the light-heavy neutrino mixing is enlarged, a
sizable active neutrino mass can be generated by the
Z boson loop diagram [56],

3 2

1-loop [25) MI MZ

M 2N Xy Xy In L.
(Mo)a 4rcos’ Oy MY — MY M3
(C12)

The loop-induced neutrino mass can be canceled if
the heavy neutrino masses are degenerate (M; =
—M,, X,; = X,»). If the heavy neutrino masses are
not degenerate and one wants to avoid unnatural
cancellation between the tree-level and one-loop
neutrino masses, we need X, <O(107) for
M; ~ 1 TeV. Therefore, we usually suppose that
there is a mass degeneracy in the heavy neutrino
sector to obtain a size of the mixing X ;.

(5) The neutrinoless double beta decay (0v2f) process
via the heavy neutrinos X2;/M;, which can be
canceled for the degenerate heavy neutrino masses.
If it is not canceled, the current half life gives the
bound

M
X2 1075 x — 1=

C13
1 TeV ( )

Next, let us see the direct constraints on V,; [57,58]. In
the left-right model, the 002§ process can be induced via
W; — W mixing and the Wj coupling to the right-handed
electron, and U,;V?; is bounded as

10°5
U,V < 01074 x 22—

Cl4
9r SLR ( )

where &, is a W; — Wy mixing and g; and gy are the W,
and Wy coupling constants.

One often considers the so-called inverse seesaw by
adding singlet fermions Ng. The 9 x 9 mass matrix for
N = (v, (N). Ng)" is

0 mp 0
0 M§ us

We denote the 9 x 9 unitary matrix to diagonalize the mass
matrix M as

U X
U=1Vv Y|, (C16)

W Z
where U, V, W are 3 x 3 matrices and X, Y, Z are 3 x 6
matrices. The light neutrino mass matrix is

M oy (ME) M5 mly — (C17)

for the small Majorana mass . In the left-right model, the
Dirac mass my, is the naively similar size of the charged-
lepton masses, which is not good for obtaining sub-eV
neutrino masses in the TeV-scale model. In the inverse
seesaw, the minuscule neutrino masses can be explained by
the smallness of ug. The size of X is naively mp /Mg, which
can be sizable. However, the size of V is minuscule,
~mpps/M%~M,/mp, while W can be as large as X.
Therefore, the inverse seesaw is not suitable if one wants a
sizable V,; mixing in the left-right model.

If one wants a sizable V, mixing avoiding unnatural
cancellation of the tree-level and one-loop active neutrino
mass, one needs a special structure of the 6 x 6 neutrino mass
matrix in Eq. (C2) (or a more complicated setup) with the
mass degeneracy in the 3 x 3 Majorana neutrino mass
matrix, although describing this in detail is beyond the
purpose of this Appendix. The structure restricts the
estimation of the quantity J=) U,V;,U; V.=
Y10 XetY3u X, Y ey, which affects the discussion in
Sec. VE. If the sizable mixings are X, = X, for
M, =-M,, the p— ey process bounds X, X, in
Eq. (C10), and therefore the magnitude of the quantity J
is restricted to less than O(1073). Even if one can somehow
evade the y — ey constraint and also make | U, V;;| <
| > U,;V%;| avoid the 0v2f constraint in Eq. (C14), the
bound in Eq. (C9) will restrict |J| to less than O(1073).
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