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We present a relativistic and model-independent method to derive structure-dependent electromagnetic
finite-size effects. This is a systematic procedure, particularly well-suited for automation, which works at
arbitrarily high orders in the large-volume expansion. Structure-dependent coefficients appear as zero-
momentum derivatives of physical form factors which can be obtained through experimental measurements
or auxiliary lattice calculations. As an application we derive the electromagnetic finite-size effects on the
pseudoscalar meson mass and leptonic decay amplitude, through orders O(1/L*) and O(1/L?),
respectively. The structure dependence appears at this order through the meson charge radius and the

real radiative leptonic amplitude, which are known experimentally.
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I. INTRODUCTION

Lattice quantum chromodynamics (QCD) makes it
possible to perform precision tests of the Standard
Model (SM) using observables for which nonperturbative
physics plays an important role. In recent years, for
example, it has been used to determine hadronic corrections
to the muon anomalous magnetic moment [1] and, in the
flavor physics sector, decay rates needed for the extraction
of Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
[2], in particular |V, | and |V,4|, including radiative
corrections [3-6].

Among other sources of systematic uncertainty in lattice
QCD calculations, it is important to quantify the role of the
finite volume (FV). This is particularly important when
quantum electrodynamics (QED) is included, since the
long-range nature of the interaction leads to powerlike
rather than exponentially suppressed finite-volume effects
(FVEs), even in simple quantities such as masses and
leptonic decay rates. The powerlike FVEs can be estimated
numerically either by fitting functional forms to simulation
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results at various volumes or by deriving the volume
scaling using analytic techniques; see Refs. [7-11].

In order to reach subpercent precision in lattice calcu-
lations, isospin breaking (IB) effects are essential. This
means including strong effects coming from the quark mass
difference m, —m,; # 0 as well as electromagnetic (EM)
effects by considering QCD coupled to QED. The latter
effects are particularly complicated for several reasons.
Because QED does not have a mass gap, zero-momentum
photon modes lead to new infrared divergences and diffi-
culties in defining charged particles in a FV. The problem
can also be understood via Gauss’ law, which predicts a flux
through a surface containing a charged particle that contra-
dicts naive periodic boundary conditions [7,10,12].
However, it is still possible to define QED in a finite volume
in ways that remove or modify the problematic zero modes.
Many prescriptions have been defined, including QED;,
[12], the most commonly used approach nowadays, but also
QED¢ [13-17], QEDy; [18,19], QEDyy, [20,21], and the
infinite-volume reconstruction method [22-24].

In QED; the photon zero modes are subtracted on each
energy slice, providing a straightforward regularization of
zero-mode singularities in finite-volume QED. This
approach breaks the locality of the theory but still admits
a transfer matrix, preserving its quantum mechanical
interpretation [7,10]. In this paper, we consider QEDy
on a spacetime with an infinite time direction, but compact,
periodic space directions of length L. We expect that the
formalism developed here can be generalized to different
formulations of finite-volume QED.

Published by the American Physical Society
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As mentioned above, electromagnetic FVEs are particu-
larly significant as they can scale with inverse powers of the
spatial extent L. These are potentially larger than the
exponentially suppressed effects from QCD alone, so an
analytic knowledge of EM FVEs is of great interest for
precision calculations in lattice QCD + QED. In a given
hadronic process, the EM FVEs will in principle depend on
the structure of the hadrons involved, although it was
proven [7,9] that, due to gauge invariance, some of the
leading-order coefficients are universal.' For example, in
the pseudoscalar finite-volume mass shift, the first non-
universal (structure dependent) contribution occurs at order
O(1/L%) [8] and is encoded in the EM charge radius of the
particle as well as a contribution dictated by the branch cut
of the forward Compton amplitude, described below. At
higher orders, other physical quantities appear, e.g. the EM
polarizabilities. For leptonic decays, it is known that
structure dependence occurs at order 1/L2. The pointlike
EM FVE:s for these decays were derived through order 1/L
in Ref. [9] and the pointlike limit through order 1/L? was
also considered in Ref. [25].

In this paper, we develop a relativistic and model-
independent approach to derive EM FVEs beyond the
pointlike approximation. Strongly inspired by pioneering
work on multihadron states in a finite volume [26-28], and
following the general proofs of universality of EM FVEs
[7,9], the main approach here is to relate the 1/L expansion
of amplitudes to momentum singularities of FV Feynman
integrands. The hadronic structure is introduced through
generic, relativistic expansions of the vertex functions into
hadronic form factors. Our method for deriving FVEs is
systematic and well-suited for automation. In this vein,
most of the analytic results presented in this work are
collected in a supplementary Mathematica notebook that
we have also made available [29]. Together with the
notebook FVE_CALCULATION.NB we also provide the pack-
age FVTOOLS.WL that allows the user to compute a variety
of different finite-volume coefficients entering EM FVEs.
This more automated approach differs from similar calcu-
lations, e.g. Ref. [9], where focus is put on separately
studying master integrals specific to a given process. We
demonstrate the efficiency of our approach by computing
the leading structure-dependent EM FVEs on the pseudo-
scalar mass and leptonic decay rate. An important result
herein is the derivation of summation formulaa, which
generalize those of Refs. [8,10,11] by also including
infrared (IR) divergent cases needed for leptonic decays.

In Sec. II we derive the summation formulas which act in
later sections as generic building blocks to calculate EM
FVEs. Following this, in Sec. I1I we study the finite-volume
effects on pseudoscalar masses up to and including order
O(1/L3). Next, leptonic decays are studied in Sec. IV.

'Universal is understood as independent of the hadron’s
structure, i.e. equivalent with the pointlike limit.

In particular, we first introduce the structure-dependent
matrix elements needed and derive the finite-size scaling up
to and including order O(1/L?). After this, we numerically
study the effects in Sec. V. Conclusions and an outlook are
given in Sec. VI. In the Appendix we provide further
mathematical details on summation formulas, and an
exponentially fast method to evaluate FV coefficients
numerically, generalizing the algorithm proposed in
Ref. [10] to the case of IR-divergent coefficients.

II. SUMMATION FORMULAS

In this section we summarize the derivation of the core
mathematical identities used in the calculations of EM FVEs
presented in the next sections. These identities allow one to
compute the asymptotic behavior in the spatial extent L of
general classes of sums over quantized momenta, converging
to momentum integrals in the L — +oo limit. This asymp-
totic behavior is known to be deeply related to the regularity
of the integrand, and the formulas presented here can be seen
as a direct generalization for IR-divergent integrals of similar
identities presented in Ref. [10].

As derived in the next sections, electromagnetic first-
order corrections to QCD + QED correlation functions are
related to generic sums/integrals of functions of the form

f(ki;{p})

9-(kz; {p}) = o (k)

(1)
where k is the photon 3-momentum to be summed/
integrated, {p} is an arbitrary set of external momenta,
and 1 is a photon mass IR regulator. Additionally we
define the 4-vector k; = (1,k) and the energy function
w,(k) = Vk? + 12. We also consider the spherical coor-
dinates associated with &,
k;

k| = wy(k) and &, =%, (2a)
[kl

with the spatial part

. _L: k| -
b= o® o™ (20)

In these coordinates, we assume that f(k;; {p}) is analytic
in w;(k) in the vicinity of w,;(k) = 0 and nonzero in the
w;(k) = 0 limit. EM FVEs are then given by the sum-
integral difference

R 0] = (52 - [ o Jrths oD

kel?

where T2 is the set of all vectors taking the form k = 2L—”n
where n has integer components, and the “primed” sum
means that the null vector O is excluded, implementing the
QEDy [10,12] prescription. For later use we introduce the
shorthand notation
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R &’k
SopX G @
We next define the limit
f(k:{p}) = lim f(ky; {p}), (5)

which is uniformly convergent in the vicinity of |k| = 0.
We also write the radial expansions

[k {p}) = Zf, fis {p})w;(k)! and

k: {p}) = Zf,

in the vicinity of w,;(1) =0 and |k| =0, respectively.
Because of the analyticity assumption made above, one has

filks {p}) =1lim f;(k;: {p}) (7)

(6)

uniformly. Substituting the expansion in Eq. (6) into Eq. (3)

and using the substitution k = F*n leads to
. _ yr—i,i({p}; 5) 1
Fr[f(k/1> {p})] - : (Zﬂ)r_i L3_r+i . (8)
Here
: , [fi(fe, {p})
FUOCEPAEE o O
LA L
§=5_ me=5_k=(n)
we(n) = [ng| = v/n* + &, (10)

and A} is the sum-integral difference operator over n,

/d3 (11)

In Eq. (9), the sum over n is regulated in the IR by
removing the zero mode. It does not require additional
infrared regularization and can be considered directly at
¢ = 0. The integral is infrared divergent for r —i > 3 and
£ — 0. Both the sum and the integral are ultraviolet
divergent for r —i < 3. Below, we derive formulas for
arbitrary values of i.

nez3

A. Infrared-finite terms

We begin with terms in Eq. (8) with r — i < 3. These
terms can be computed directly at £ = 0,

realtod) = 24 MOV )

One notices that for £ =0 the integrand/summand is
factorizable in the spherical coordinates (|n|,fi) of the
3-vector n, simplifying the evaluation of y,_;;({p}) for a
given explicit numerator f;(f, p).

B. Infrared power divergences

We next consider terms in Eq. (8) with » — i > 3. In that
case both the sum and the integral are ultraviolet finite and
can be evaluated separately. The sum can be evaluated
directly at £ = 0,

pratte)) = X POHRE g

nez’

Regarding the integral, we first express it in spherical
coordinates (n = |n|)

f: ”5’{1’} / /Szdzﬂw, (14)

r—i

and then we change the radial integration variable to én
obtaining

wé( )r i §r—i—3 ’

with

¢r-ii({p}) = / dnlzd”

il (1) 03

(1+n )%
(16)
Finally we obtain
1roid((01:8) = 71oas((p}) 22 gz,'(,{?” )

Both the sum 7,_; ;({p}) and the integral ¢,_; ;({p}) have
to be evaluated explicitly for a given Feyman integrand.
However, they are independent of £, whose contribution
appears explicitly in Eq. (17) as a power infrared diver-
gence &7 as expected from power counting.

C. Logarithmic infrared divergences

Finally we turn to the special case of Eq. (8) with
r — i = 3. This case is the most challenging as the integral
is both infrared and ultraviolet divergent. However, from
counting the superficial degree of divergence we know that
the sum and integral each diverge at most logarithmically,
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so capturing only leading divergences is enough. In the
following we separately consider the sum and integral, and
we regulate them in the ultraviolet by imposing a hard
cutoff R on the norm |n|. As in the previous case, the sum
can safely be evaluated at £ = 0 and is expected to have the
asymptotic behavior

imé({p})log(m+CSS><{P}>+O<§>‘

(18)

Regarding the integral, as in the previous case we can
change the radial integration variable to én,

/ d3nfi<ﬁ§’{p})
[n|<R

605( )3

/dn/dZA
S2

So the integral is only a function of R/&, which enters as the
upper bound of the radial integral. The R — +o0 leading
behavior of the sum, i.e. the coefficient £;({p}), has to be
identical in the case of the integral. In summary the R/& —
400 asymptotic behavior of the integral has the form

iy Jilie {P}) oo R 0
/|n X (P g( 5) LN ((p).

0)5(1’1)3 R—:roo

A (1.ni). {p}
(1—|—n )2 '

(19)

(20)

Now, defining r = R/¢, the coefficient ¢;({p}) can be
obtained as the logarithmic derivative in r of Eq. (19) in the
r — +oo limit. Let us start by computing the logarithmic
derivative

Y AL

"or w(n)?

r3
_m/szd2ﬁfi[\/1:_—r2(l,rﬁ),{p}:|' (21)

Then we have the limit

3
. r
lim

1
e

<1,rﬁ>,{p}] —f i (p}). (22)

Since the remaining integral in Eq. (21) is operating on a
continuous function over a compact manifold, the limit
above can be interchanged with the integral (bounded
convergence theorem) to give Z;({p}),

L9 /(e (p)
aten) = Jim g [ en

— [ @arita o)) (23)

Then the coefficients C ({p}) and C 2 ({p}) are given as
the finite limits

(S)({P}) hm |:Z f(n {p}

e WP

,~<{p}>log<R>]

(24)

c({p}) _rkg_noo{/ dnAZdzA \/I(Il"n”:;;‘:‘) {P}}

—f,-<{p}>log<r>}, (25)

finally yielding

y3.({p}: &) = ¥ —c"({p}) + £:({p}) log ().

(26)

'({p})

The integral limit in Eq. (25) can be put in a somewhat
more convenient form for explicit evaluations. Combining
the identity

r n2
dn—— = log(r) +log(2) -1, 27
[ s e rlee) -1 27)

with Eq. (25), one can show

c({p})
(1 nn), {p}|—fi(h.{p})
/ dl’l/ ﬁ 1+n - 3} }
5 (14+n*)?
—[1-1og(2)]Z;({p})- (28)

These identities will be used in the Appendix for deriving
finite-volume coefficients appearing in the physical calcu-
lations presented below.

III. SELF-ENERGY OF PSEUDOSCALAR MESONS

In this section we consider the FVEs in the pseudoscalar
mass at leading order in QED. Most of the results presented
here have been derived previously and already used in
lattice calculations, where they play a crucial role in the
determination of physical quark masses in lattice QCD +
QED calculations. In particular, we determine the leading
structure-dependent corrections, which starts at order 1/ L3,
and establish some of the concepts needed to handle the
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leptonic decays in the next section. One key result
described in detail in this work is the contribution of a
term at 1/L> dictated by an integral along the branch cut of
the forward Compton amplitude.

A. The electromagnetic self-energy
and its finite-size effects

We consider an interpolating operator ¢ which couples
to a charged, spin-0, stable hadronic state P (e.g. a pion or
kaon) with mass mp in the full QCD + QED theory. We
define the infinite-volume (IV) and finite-volume (FV)
Euclidean momentum-space two-point functions of ¢ as

CP(p) = / d*x (0[T[ep(x) " (0)]]0)e P, (29)

Chp) = [ an [ ExOTp@# )]0, 30

where the expectation value is understood to be in QCD +
QED and in the FV case this is implemented via QEDy . As
indicated, the FV quantity is defined with periodic boun-
dary conditions on the three-torus T> and the spatial
integral runs over this domain, whereas the spatial integral
defining C(p) runs over R®. We work throughout in a
continuum theory and also take the temporal extent to be
infinite.

While C only depends on p? = p3 +p?, for Ck
separate dependence on p, and p is induced by the reduced
symmetry. In this work we consider both the IV and FV
two-point functions in the complex p, plane, but only in the
neighborhood of the on-shell point, py = iy/m% + p*. In
this region, C5° contains a pole corresponding to P together
with a branch cut, running from this pole up the imaginary
axis and corresponding to multiparticle states involving any
number of photons together with P. Here we are interested
in the pole position, from which one can define the physical
mass mp and the operator-state overlap via

lim (p? +m3)CS(p) = Zp.

Zp = (0[¢(0)|P. p). (31)

Without loss of generality we choose the phase in ¢(0) and
the states such that Zp is real and positive. Similarly, the
finite-volume two-point function, CL, contains a tower of
poles along imaginary p,. For p = 0, the lowest lying of
these is denoted by py = imp(L) where mp(L) is referred
to as the FV mass since it satisfies

limmp(L) = mp. (32)

L—

The difference Am3(L) = mp(L)> —m3 is known to
satisfy a series expansion in 1/L to which all positive

integer powers contribute [7]. The main aim of this section
is to review the determination of the 1/L, 1/L?, and 1/L?
terms in QED; , while setting up the formalism for the next
section. In the following paragraphs we first focus on QED
corrections in the IV theory before returning to C%(p) at the
end of the subsection.

1. Electromagnetic self-energy

Because of the perturbative nature of QED, we will work
at the leading order O(e?) in the elementary electric charge
e. To define this expansion it is necessary to make reference
to QCD-only quantities, which is inherently ambiguous.
We assume a suitable separation scheme has been used to
set the quark mass values m, # m, in the theory without
photons, and a review of the schemes used in lattice
QCD + QED calculations can be found in Ref. [2]. The
two-point function in the QCD-only setup has a shifted
pole position with the location denoted by mp, i.e.

_lim (p*+ m%’O)C?(p)eZO = Z%,o»

22

Zpo = (0[¢(0)

P.p)e—o (33)

where again we take Zp to be real and positive.
More generally, the QCD-only correlator can be
written as
1

p* +mpy — Zocp(P?)

CP(P)e=o = ; (34)

where Zocp ( p?) is the renormalized self-energy of P from
the strong interaction. Here we have chosen the convention
of setting Zocp (—m3 ) = 0 such that there is no distinc-
tion between the renormalized mass and the pole mass.
Matching Eqgs. (33) and (34) then further gives

_ 0Zqc
ZP,20 =1- ﬁ(—m%,o)v (35)

which encodes a second conventional freedom in the
theory; e.g. one can set the derivative to vanish such that
Zpo = 1. We choose to keep Zp general to show that it
has no effect on physical quantities. We further find it
convenient to define

=%o(p?) = —Zqcp(p?) — (Z;,zo = 1)(p? +m3,), (36)

which simply amounts to removing the O[(p* 4+ m3 )]
term so that X,(p?) = O[(p* + m},)?] near the pole.
Substituting this into Eq. (34) gives

CS(P)e=0 = Zpo - Do(p) - Zpy, (37)

with
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1
PP miy—Zo(p?)

Dy(p) (38)

This simple factorization into overlaps and the fully dressed
QCD propagator with unit residue can be represented
diagrammatically as

(b0)——%0) = C5°(p)e=0 » (39)

where the line is Dy(p) and the circles are the two overlap
factors. One can also introduce Zy(p?) as a (trivial)
alternative to Xy(p?),

- % (p?) }_1’ (40)

2 2
P+ mp

2(p7) = |1

such that

Zy(p?)
p*+mp

Dy(p) = (41)

Returning to the full QCD + QED theory, the two-point
function can be represented diagrammatically as

C5°(p) = , (42)

and expanding to leading order in the elementary charge
squared gives

* (43)
+0t0 (@)@ +oe".

We will implicitly neglect relative O(e*) corrections to
observables throughout this work. In Eq. (43), the gray blob
labeled C represents the Compton scattering kernel. In the
limit that the external pseudoscalar legs are on-shell, this
becomes the forward Compton scattering amplitude

@ = C,uzz(p7 ka) ) (44)

lim C,(p.k —k)

2,2
p my

= / d*x e (P, p|T{J,(x)J,(0)}

P,p), (45)

where J,, is the Euclidean quark electromagnetic current.
We absorbed the electric charge factor e within the current.

Here we have chosen the on-shell point in the full theory,|

O—® = @—® + @@

i.e. m} rather than m3 ,. The difference between these two

choices within the Compton amplitude leads to a O(e*)
effect that is beyond the order we control. In general, the
off-shell continuation of C,, is ambiguous and depends on
the arbitrary choice of ¢:

Cou(P: k. q) = ZpuDo(p) ™' Do(p + k + q)7"
X /d4x d4y d4Z eipz+ikx+iqy

< (0[T[¢p(0)7,(x)],(»)" (2)]|0). ~ (46)

However, any such operator dependence must cancel in any
spectral quantity, including mp, mp(L), and, in particular,
any coefficient multiplying a power of 1/L in the latter.

In order to relate the electromagnetic corrections in the
two-point function to those in the mass of P, one must sum
the usual infinite subset of diagrams

ee:

@)+

(47)

+®
@
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where the self-contracted kernel defines the O(e?) self-
energy function

(48)
S(p?) =

Performing the summation in Eq. (47), one obtains

Z3y
7(p) p*+mp o —Zo(p?) — Z(p?) (49)

The value of X(—m3) and its derivative is specified by the
chosen scheme for defining the ¢ — 0 limit of QCD + QED.
The full QCD + QED mass is given by solving

p2 + m%’,O - 20(172) - Z(p2)|p2:—m2 =0, (50)

P

which reduces to
Am} =m} —mp = —Z(-m}) + O(e*).  (51)

Here we have used that Xo(p*) = O[(p* + mj,)*] (by

construction) and thus only contributes at O(e*).
Following Eq. (37) above, we also define

C(p) =Zp - D(p) - Zp, (52)

where Zp is already defined in Eq. (31) and

Z(p?)
D(p) =——7, 53
(=il (53)
with Z(p?) = 1 + O[(p? + m3%)]. A particularly important
quantity in the following section will be the ratio between
operator overlaps in the QCD-only and full QCD + QED
theories. We parametrize this via

Zp =Zpo(l + 0z,). (54)

One can readily show

b1, = 5 Bh(-mp) + () (59

In contrast to the pole shift, both Zy(p?) and X(p?)

contribute to the overlap at the order we work. |

Returning to the finite-volume system, an identical
argument can be applied to reach a finite-volume version
of Eq. (49) in which C$® — Ck and the two self-energies on
the right-hand side both receive L dependence. As was
shown in Ref. [30], the finite-volume QCD-only self-
energy, call it =5(p3, p = 0), vanishes as e~"*oL when
evaluated at p§j = —mj . Therefore, the leading finite-
volume effects are given by the difference between the FV
and IV QED contributions:

Am3 (L) = mp(L)? — m3
= —[ZL(-m},0) = Z(-m3})],  (56)

where the second argument of ¥ indicates that we focus on
P at rest in the FV frame. The rest of this section could be
derived in an arbitrary FV frame as done in Ref. [10];
however, for the sake of simplicity we will only consider
the rest frame.

The powerlike 1/L scaling within X (—m3,0) is due
only to the fact that the spatial part of the photon
momentum k is summed over the discrete modes satisfying
the periodic boundary conditions, with k = 0 removed. In
particular, one can take the IV definition of C,, within XX
as the difference from the FV quantity is again exponen-
tially suppressed. One finds

e dkyC,,.(p.k,—k)

—m?2
py——mp

. (57)
p=0

where A} is defined in Eq. (4) above. This implies that the
FV effects on the mass, including structure-dependent
contributions, can be related to the physical properties of
the Compton scattering amplitude. In particular, it is clear
that the finite-size effects on the physical mass cannot
depend on the arbitrary choice of the interpolating operator
¢, and we expect any term depending on ¢ to cancel in the
final result. To obtain the large-volume expansion of
Eq. (57), one can use the summation formulas derived in
the previous section. This requires one to discuss the
reduction of the Compton kernel which is the purpose of
the next section.

2. Irreducible electromagnetic vertex functions

It is now useful to decompose the Compton kernel in
irreducible diagrams as

§-O0O-F6-8 -
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where the white blobs, labeled I'y and T, correspond to I',,

and I',,, the P — Py* and P — Py*y* irreducible electro-

magnetic vertex functions, respectively,

L,(p,k)Do(p + k)T, (p + k., q)
+T,(p,q)Do(p + @)l (p + g, k)
+Tu(p. k. q). (59)

Cu(p.k.q) =

The subscripts in the diagrammatic notation indicate the
number of photon currents and thus also the number of
Lorentz indices. As the precise definition of the off-shell
C,(p.k.q) is given in Eq. (46), we only require a
definition of I',(p.k) to give a complete specification.
The latter is defined as

T, (p.k) = Zz3Do(p + k) "' Dy(p)~! /d4xd4yeipx+iky
< (0| T(p(0)7,(v)¢" (x)]0). (60)

Following the conventions of Refs. [31,32], this off-shell
vertex function can be decomposed into form factors

L, (p.k) = 2p+k),F(k, (p+k)*, p?)

+ k,G(K*, (p + k), p?). (61)

Through gauge invariance and Eq. (60), one can show that
I',(p. k) must satisfy the Ward-Takahashi identity (WTI)

k,*(p.k) = Do(p + k)™ = Dy(p)~'.  (62)

This implies relations for the off-shell form factors:

F(0,p*, —mp ) = F(0,—m} . p*) = Zo(p*)™'.  (63)
G(kz, (p + k)Z,pQ) _ DO(p + k);:z_ Do(p)_l
- (14225 e, (o 022,

(64)

and these results combine to give a particularly useful form
in the case that pz, within G, is set to its on-shell value

G(K*. (p + k), —mp )
(p+k)?+m3
= PO TR (0, (p 4 ki)

= F(k?, (p + k)*. —mj)]. (65)

Analogous identities can be derived for the oft-shell two-

photon vertex, I, which is defined through Eq. (59). This

satisfies its own WTI

KTy (p.k.q) =T,(p.q) =Tu(p + k.q).  (66)
and, setting ¢ = —k, one can expand the vertex in powers of
k, to show

Fm/(p’k’_k) 25;wF(07p27p2)_Spﬂqu(O’Oyl)(O’pzapz)
+O(k). (67)

To reach this expression one makes use of the fact that
transverse terms, i.e. those not constrained by the WTI, do
not appear at leading order.

B. Large-volume expansion and cancellation
of off-shell contributions

We now have all required expressions to start reducing
the sum-integral difference in Eq. (57). To do so, one first
substitutes Eq. (59) into Eq. (57), to express the finite-
volume shift to the pseudoscalar mass in terms of the
irreducible vertex functions

where p = 0 is understood. Here we have used the k — —k
invariance of the integrand to combine the two one-particle
reducible terms into one. The next step is to substitute the
decompositions of the single-photon functions in terms of
the form factors F and G to reach

lim A’ /dko k,p), (69)

Am3(L) = — ,
mp(L) P 27 I

where we have introduced

1
Z(k.p) = 5Tulp. k. k)

+ (2p — k)’ Do(p — k)F (K, p*. (p — k)*)*

+2k- (2p — k)Do(p — k)G (K, p*. (p — k)?)
x F(K*, p.(p — k)?)
+k2Do(p = K)G(K*, p*, (p = k)*)?, (70)

and have used that F is symmetric and G is antisymmetric
with respect to the interchange of the last two arguments.
As known from the summation formulas discussed in
Sec. II, the leading behavior in the 1/L expansion will
be driven by the singularities of the integrand in Eq. (69) for
k — 0. These can be captured by studying the k£ — 0
behavior of Z(k, p). Sending p* — —m3} , within Z(k, p)
and expanding about k = 0, one obtains

074509-8



RELATIVISTIC, MODEL-INDEPENDENT DETERMINATION OF ...

PHYS. REV. D 105, 074509 (2022)

lim  Z(k,p)=—4-+4mp o FOOV(0,~mp o, ~m5p )

25
pr==ip

—k)?
R, 0
o
x[(p—k)*+ m%,o]F(O’O’I) (0,—mp g, —mp)
+0O(k), (71)

where we have set everywhere F(0,—m3 ., —m3 ) = 1,
which is just the electric charge of P in units of e. The first
line here arises from the expansion of I',, while the second
and third lines follow from the one-particle reducible term
proportional to 2. Though we have set p> — —m3 , in all
terms, the off-shell form factors still contribute.

To see that all unphysical contributions explicitly cancel,
note that Eq. (63) implies

9Zy(p*)~!
6p2 22

P 7—Wva0

F(0.0.1) (0’ _m%),Ov _m%)’o) = =2 (72)

The last line here is a definition that will be extended to
higher orders in Sec. IV B. Using this last identity and
continuing the expansion in k of Eq. (71), one finally
reaches

: _ 2
Aim  T(k, p) = —4 4 4mp oz

pm==Mpy

1—z[(p—k)?*+ m%.o] )
TR Ta

+2(2p)%z; + O(k), (73)

where the first two terms arise from I',, and the third and
fourth give the leading self-energy and off-shell form factor
corrections, respectively, from the contribution propor-
tional to F2. The key point is that the z; factors cancel,
since 4m3 0z — 2(2p)* +2(2p)?zy = 0 for p* = —mj,,
and the result is therefore independent from the choice
for ¢.

Now using Eq. (73) and performing the k; integral in
Eq. (69) gives

m 1
m3(L) = A} |[—0 + — .
Amy (L) Al [|k|2+|k Jr(/)(l)] (74)

Using the summation formula Eq. (8) then directly leads
to the well-known [7-10] universal FVEs to the EM
self-energy

where we have used the zero velocity IR-finite finite-size
coefficients for j < 3,

As is shown in the Appendix, the numerical values of
the two appearing above are ¢y ~—-2.83730 and
¢y = ey ~ —8.91363.

Demonstrating the explicit cancellation of unphysical
contributions in Am%(L) for the leading universal FVEs
was the main aim of this subsection. These contributions are
expected to cancel at all orders since the EM self-energy
cannot possibly depend on the choice of interpolating
operator. In fact, one also expects the FVand IV self-energies
to be individually independent from it. Therefore in order to
work to higher orders in 1/L more easily, we turn now to an
alternative approach where the decomposition of the
Compton amplitude from the start does not depend on the
choice of the pseudoscalar interpolating operator.

C. Manifestly on-shell derivation and
structure-dependent finite-size effects
We now demonstrate how one can use freedom in the
decomposition of C,,, in order to remove all off-shell
dependence at the beginning of the calculation. To achieve
this we first define the forward, on-shell Compton ampli-
tude, with vector indices contracted,

T(K,k-p)= lim Cp(p.k,—k). (77)

2 .2
pT——my

The key idea then, is to define an alternative decomposition
to Eq. (59) in which Dy(p) is replaced with the simple
1/(p* + m3,) factor and all off-shellness is absorbed into
redefinitions of the I' functions. We write

_ M (p, T (p + k, —k)
(p+k)?*+ms
o (p, k)T (p = k. k)
(p—k)* + mp

T(k*, k- p)

where the four-vector p, is understood to be on-shell but,
for now, at generic spatial momentum p, = (iwp(p).p)
with wp(p) = \/p?> + m3. Here we have also replaced
mp o with mp as the difference enters the mass at O(e*), i.e.
beyond the order we control.

Next decompose I';" in direct analog to Eq. (61) above, as

2 (p.k) = (2p +k), F (k) +k,G" (k. (p+ k). p*). (79)

where here F(k?) is the physical, on-shell electromagnetic
form factor of P,
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(P.p+Kkl[J,(0)

P.p) = (2p, +k,)F(K*). (80)

The second form factor, G°", is defined by

Gon(k27 (p +k)27p2) :W[l —F(kz)], (81)
|
— k)2
k2 — k)2 = p22
T [(p 1)64 P’] - FeRR).

now with p, = (imp,0) and k, = (k. k). Here the origin
of the terms can easily be read off from the dependence on
F(k*). We stress that this result holds to all orders in 1/L.
See also Ref. [17] for similar expressions in the context of
finite-volume QED with C* boundary conditions.

To complete the derivation one evaluates the k integral
by closing in the upper half of the complex plane. Doing so
leads to three terms, as illustrated in Fig. 1. This first arises
from encircling the pole at ko = i[k|, call it Ampy(L),
where pp stands for photon pole. The second term
arises from encircling the pseudoscalar pole at
(p—k)>+m3% =0, equivalently at ko = imp + iwp(k)
where wp(k) = \/k? + m3. Refer to this contribution as
Amig, (L), where psp stands for pseudoscalar pole. The
final term then arises from the remaining analytic structure,
in the upper half of the complex k, plane, and is denoted by
Am?,(L). In short,

cut

Amp(L) = Amgy (L) + Amgep (L) + AmZ,(L).  (83)

cut

Beginning with the photon pole, the integral readily
evaluates to

Im[ko]

cut

psp

pp

Relko]

FIG. 1. Analytic structure of the integrand defining Am%(L).
Closing the k, integral in the upper-half plane leads to three
contributions: the photon pole (pp), the pseudoscalar pole (psp),
and the remaining contribution including both the branch cut and
the arc at infinity (cut).

where we used F(0) = 1, which completes the specification
of I';" and, through Eq. (78), the definition of I';]} as well.

This decomposition leads to a new, manifestly
on-shell expression for the finite-volume mass shift
Am%(L):

, 2k-(2p—k) (p—k?-p’

L e T B

(82)

Am%p(L)
1 Am? —4mp|k
_eZAi(m +§m7|k1|)|+4|k|mPF/(0)+O(k2) .
P

(84)

Here the zero momentum derivative of the EM form factor
F'(0) appears due to the term proportional to F(0) — F(k?),
ultimately arising from the contribution linear in G°". Tt is
through this term that the finite-volume mass shift inherits
its first structure-dependent piece, proportional to the
squared charge radius (r3) of the meson P, via the standard
definition

2
F’(O):—%. (85)

The result simplifies to

mp 1 mp(r3) 1
Am,(L)=é* 472'2LC2+271'L2C1_ e co+0O |
(86)

where ¢y = A, (1) = —1. Note that the structure-dependent
1/L3 term derived here within a relativistic approach is the
same as in nonrelativistic scalar QED [8]. Itis satisfying to see
the same quantity arises in the general model-independent
context of this work, via the constraints of the Ward-
Takahashi identity. As expected, the pointlike and universal
contributions agree with the previous section. The numerical
effect of the structure-dependent term in Eq. (87) is inves-
tigated in Sec. V.

Continuing the exercise, one can show that for the p = 0
case considered here, the pseudoscalar-pole term contrib-
utes beyond the order we keep: Amgs,(L) = O(1/L%),
although it is known to contribute at O(1/L?) when P has
nonzero spatial momentum in the FV frame [10]. It
therefore remains only to consider the contribution from
all additional analytic structures within the integrand.
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This, in fact, leads to an additional 1/L?> term, expressed as
an integral of the discontinuity across the branch cut within
T(k*, k- p), as we describe in the next subsection.

The branch-cut term will prove challenging to predict in
practice, meaning that the primarily useful terms in the
mass shift have already been identified. We therefore
summarize the full result here, before moving to the details
of the final contribution,

2 ) Cy Cl <r%’>
Amp(L) = e mP{4ﬂ2mpL + 2m(mpL)?  3mpL?
C 1
ol 87
Ty " O[(mpL)“} } 7

where

C = Jim £3™7 Ay (1) (88)
is the O(1/L%) contribution from the branch cut. This
structure-dependent term is only present in the 1/L
expansion because of the spatial nonlocality of the
QED;, theory. It is contained in the residual O(1/L%)
FV effect Eq. (S35) of Ref. [7], and is also described in
Eq. (2.13) of Ref. [25]. The focus in the next subsection is
to describe more precisely this contribution from the
physical properties of the Compton amplitude.

D. Branch-cut contribution to the finite-size effects

To describe the contribution to Am?3(L) arising from the
branch cut, it is most straightforward to revert to an
expression similar to Eq. (57), in which the decomposition
into vertex functions has not been performed,

e’ dko T(k*, k- p)
Amgy(L) = ——5 Ok /Cuth

, (89)
p=0

where the label cut can be understood, for now, as the
original k integral with the contours around the photon and
pseudoscalar poles removed. After k, integration, this
contribution contains only non-negative powers of |k,
and thus the only contribution at 1/L* arises from the
subtracted zero mode. Applying the definition of C in
Eq. (88), one finds

2 Jout 2@ k3

In Fig. 1, we illustrate the analytic structure of
T(k3,impky)/k3 in the complex plane and highlight the
integration contour leading to this contribution.
Physically, the cut corresponds to all multihadron states
formed when the pseudoscalar at rest collides with an off-
shell photon, with zero spatial momentum, and with energy

E, where ko = iE,. The contribution from a multiparticle
state with energy \/E starts at E, = /s — mp and, since the
lowest lying coupled state has energy /s = mp + 2m,,
the cut runs from k, = 2im,. As indicated in the figure, the
pole at kg = 2imp, has already been considered above as
Amdsn(L) and is therefore not included here.

We now prove that C > 0. This is significant as it implies
that the radius term in Eq. (87) contributes with the same
sign as the branch-cut term and thus that (a) they cannot
cancel and (b) subtracting the former will reduce the
volume effects. First substitute the definition of the forward
Compton amplitude, T'(k3, impky), to write

mP dko / _ik
C = dx 1koXo
Lut 2w k2 ¢

x (P.0|T{J,(x0.0)J,(0)}|P.0), ©on

7 I3
where J,(x0.0) = [d*x J,(x).
Separating the two time orderings and inserting a
complete set of states between the currents, one finds

o mp/ dko /
2 Jout 27 k() 2m +mp 20)
X |:/ d)CO e_ikﬂxO_MaX0+”1Px0
0

+ /O d.)C() e_ik0x0+Max0—me0:| , (92)

oo

where we have introduced

= Z/daé(a) -M,)
x (P,0[J,(0)|e.0){a,0]J,(0)|P,0) (93)

= / dad(w—M,)

x{|<a,0|fo<o>|P,0>|2—Z<a,0|Jk<o>|P,0>|2}.

k
(94)

Here the integral over a runs over all internal degrees of
freedom.” In the first line we have used the momentum

*This can be made explicit as follows (though these details are
not required for the derivation):

d3k’ d3k§v.
d i (27)3
/ “= Z / (27)2w; (k1) (2n>3zw,-N,.<klN,)(”)
x P (ki + -+ ki), (95)

where the sum over i runs over all multiparticle channels with the
relevant quantum numbers. Here S; is the channel’s symmetry
factor, N; is the number of particles, and w;, (k) = \/m?, + Kk is
the relativistic energy for the nth particle in channel i.
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projection on the current to project to zero momentum on
the inserted states, and we have introduced M, as the
center-of-mass energy of the state a. In the second line we
use that J,(0) = Jo(0)" and J,(0) = —J,(0)". Next note
that J,(0) is proportional to the charge operator when
sandwiched between zero-momentum states and, since we
only require p(w) for @ > mp+2m,, this leads to
(@,0]J¢(0)|P,0) & {(a,0|P,0) =0 and thus

) == [ dad(o- M)l 00RO (56)
k

The key point is that p(w) is nonpositive. Finally, evalu-
ating the x, and k, integrals in Eq. (92), we reach
mp [ 1 p(w)
¢ 2 Jomgtmp o (@—mp)* 20 20 67)
This concludes the demonstration that C > 0.

Giving detailed predictions of this term is challenging
considering it depends on all possible hadronic scales
coupling to P via scattering with a virtual photon. This
fact in principle appears as a limitation of QED; for
quantitative predictions compared to local approaches,
since O(1/L%) FVEs will in general be very challenging
to predict because of the systematic presence of such
nonlocal effects. However, it is not clear if this is an issue
in practice. Indeed, current lattice simulations are generally
performed with mpL Z 4. On the one hand, for small
volumes in that range O[1/(mpL)?] corrections may well
be of a comparable size to unknown exponentially sup-
pressed finite-size effects, and, on the other hand, for larger
volumes O[1/(mpL)?] corrections are expected to be at the
percent level where higher-order QED contributions
become relevant. Finally, this term can also be determined
by directly fitting lattice data across several volumes.

This completes our discussion of the finite-volume mass
shift in QED;, and we turn now to the main focus of this
work, the 1/L expansion of the finite-volume matrix
elements defining the leptonic decay rate.

IV. PSEUDOSCALAR MESONS LEPTONIC
DECAY RATE

In this section we compute the EM finite-volume effects
on radiative corrections to meson leptonic decay rates.
These decays are of the form P~ — ¢~ v, (as well as the
conjugated decay) for a given pseudoscalar meson P,
lepton 7, and corresponding neutrino v,. Theoretical
knowledge of these amplitudes allows one to extract
CKM matrix elements by comparing to the experimentally
measured decay rates. In the isospin symmetric limit, the
lepton-neutrino pair contribution factorizes and leptonic
decay rates can simply be expressed in terms of the meson
decay constant fp. In the case of light mesons, decay

constants are now predicted from lattice QCD to subpercent
accuracy [2], and the inclusion of isospin breaking effects is
necessary. Once electromagnetic interactions are present,
the lepton can interact with the meson and the factorization
of the amplitude is not possible anymore. A method to
overcome this issue was developed and successfully
applied in a lattice calculation in Refs. [3—6,9].

Beyond precision considerations, EM finite-size correc-
tions on radiative corrections to leptonic decays are
particularly important as the volume acts as an IR regulator
for the virtual amplitude. In this section we focus on
predicting higher-order IR finite and structure-dependent
contributions which will allow one to reduce the systematic
uncertainty associated with finite-volume effects for a given
set of numerical data.

We restrict attention to the case that P~ has zero spatial
momentum in the finite-volume frame and denote by m,
and p, the mass and the momentum of the lepton #~,
respectively. With p and p, the 4-momenta of P~ and £,
respectively, the neutrino has momentum p,, = p — pg.

We also define the lepton energy w, = y/m?% + p/% the

lepton velocity v, = p,/w,, and the ratio r, = m,/mp.
Using momentum and energy conservation, one then
obtains the useful kinematical relations

mp

ol =" (1= 7). (98)

w,f:%(l + r2), (99)
1—7r2

v == (100)
1+7r2

A. General strategy

The purely virtual O(a)-corrected leptonic decay rate
Iy =T(P~ - ¢ v,) is IR divergent. However, in a stan-
dard fashion these divergences can be canceled by studying
instead the inclusive decay rate

L(P™ = 7vely]) = To + T (AE)). (101)
where AE, is an upper limit on the photon energy in the real
radiative decay rate I') (AE,) = I'(P~ — ¢~ v,y). The sub-
scripts here refer to the number of photons in the final state
and the quantity in Eq. (101) is IR finite.

In a finite volume, both terms in Eq. (101) acquire
dependence on L. A strategy to calculate these EM-
corrected quantities on the lattice was first laid out in
Ref. [3], which eventually leads to the calculation of I, in
Ref. [4] and ", (AE, ) in Ref. [5]. As the cancellation of IR
divergences has to occur numerically, it was realized in
Ref. [3] that one may add and subtract the universal FV
decay rate. To explain this in some detail we temporarily
work with two IR regulators: both the QED; volume
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regulator and a photon mass 1. We then denote the doubly
regulated zero-photon rate, in the pointlike approximation,
by I'4"i(L, 2). This can be calculated in perturbation theory
and has the same IR divergences as the full zero-photon
rate ['y(L, A). The universal rate will therefore also addi-
tively cancel the divergence in the real-emission rate
r(L,2, AEy). As a consequence, one can split the right-
hand side of Eq. (101) into

Ty + ' (AE,) = lim lim [[o(L, 2) = T§"(L. 2)

+ llma Lhm [Tem(L, ) + Ty (L, A, AE,)],

(102)

where now each of the two bracketed terms is separately IR
finite. Note that the L — oo and 4 — 0 limits commute in
this case, since each parameter regulates the IR divergences
in isolation.

At O(e?) in QED, the photon only appears in the real
radiative decay as an external state and therefore
Iy (L, A, AE,) is purely a QCD matrix element without
photon loops. In addition, if I';(L, 4, AE,) is calculated
within a pointlike approximation as suggested in Ref. [3],
then the second term in brackets can be evaluated com-
pletely analytically and both limits can be taken. In practice
one analytically calculates T'§"(co0, 1) and I'j(co0, A, AE,)
separately, and then evaluates the 4 — O limit of the sum.
By contrast, in the first term in brackets in Eq. (102), one
works at 4 = 0 for each of the individual contributions and
then aims to numerically extrapolate or otherwise estimate
the limit L — o0.’ Putting this all together, the strategy is
summarized as follows:

Lo+ (AE,) = Lll_{lgo [To(L.0) =T§™(L.0)]

+1im [[%(00,2) +T' (o0, 4. AE,)].  (103)

This work is focused on improving the L — oo approach of
the first term. In the following we will drop the redundant
2 = 0 label, abbreviating I'y(L, 0) and T3"(L, 0) as ['y(L)
and g™ (L), respectively.

As was shown in Ref. [9], the universal decay rate
[§M(L) only includes FV corrections up to O(1/L). The
difference I'y(L) — ['§™ (L) scales then as 1/L?, but at this
level the pointlike approximation is no longer valid and the
structure of the decaying meson starts playing a role.
Our goal is to extend the formalism from the previous
section to systematically compute the finite-size scaling
in Ty(L) —TM(L) order by order in 1/L, including

One can alternatively choose to keep A nonzero and also
include the photon zero mode. This then defines the QEDy
approach described in Refs. [18,19].

structure-dependent corrections. We therefore generalize
Eq. (103) by subtracting )" (L) defined through

+ZAF

Here AF(()j ) (L) are the effects of order 1/L/ with j > 2. As
the latter extra terms vanish in the infinite-volume limit,
Eq. (103) can be rewritten as

(L) = Twni(L (104)

[y +T1(AE,) = lim [[y(L) - Ty (L)]

+ }11_{13 [Teni(2) + Iy (4, AE,)], (105)
now with residual higher-order FVEs starting from
To(L) =T (L) ~ 0(%) (106)
By next writing the tree-level decay rate as
s = CE VL om0 - 2R, (107)

where V;; is the CKM matrix element relevant for P~, mp
and m, the physical masses of meson and lepton, respec-
tively, and fp the QCD decay constant, we may write

(L) as

ré”@):rgee[uz% YO (L )} +0(Ln1+1) (108)

The above equation, together with Eq. (104), defines
Y (L). In the following our aim is to derive Y?)(L) in
Eq. (108), but our method in principle allows one to
determine Y")(L) to an arbitrarily high order in 1/L.
An important check will be to reproduce the pointlike
results from Refs. [9,25]. Note that in Eq. (107) we choose
fp to be the decay constant of the meson in QCD, i.e.
including the SU(2)-breaking corrections and assuming a
suitable separation scheme has been chosen to separate
such effects from the electromagnetic corrections. In
principle, one could similarly choose I'j* to be defined

in terms of the decay constant f 530) computed in the isospin-
symmetric theory; however, this does not have any impact
on the final result for the FV effects when working at first
order in the isospin-breaking corrections.

The inclusion of QED corrections at O(a) also generates
new UV divergences. These are removed in the infinite
volume by using the W-regularization scheme to define the
Fermi constant G [33]. In this paper we are interested in
computing FV corrections to the decay rate that, as explained
in Sec. II, appear from the 1/L expansion of sum-integral
differences which are UV finite. The W-regularization of the
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IV integrals will not be discussed here, and we refer to
Refs. [3,9] for further details.

In the following we assume that the lepton mass m, has
been renormalized perturbatively following a usual on-shell
scheme introducing an appropriate counterterm in the
infinite-volume QCD + QED Lagrangian. Moreover, since
the lepton self-energy contribution can be factorized and
treated analytically in infinite volume, we will not consider
it in the FV calculation. We will assume in the rest of the
section that the Euclidean lepton propagator is given by

my — ipy

S =—F. 109
f(pf) p%+m§ ( )

B. Electromagnetic corrections to the decay width

In this section we perform the analytic calculation of the
FVEs on leptonic decay rates. We start by defining the
kernels of interest, and then proceed to the separation into
irreducible vertices and discuss their structure, both point-
like and structure dependent. Finally, we present and
discuss the result for Y(>)(L).

1. Formal description of the leptonic decay amplitude

As in the previous discussion of pseudoscalar mesons
EM self-energy, we will use Euclidean spacetime. For the
specific process of leptonic decays, Euclidean amplitudes
can be trivially continued to the Minkowski ones through a
multiplicative factor of i. In the following we study the
Euclidean correlation function

C%(IL Pf)

= /d“z ePULT Py il Py, S

T[Ow (0)#(2)]10).

(110)
|

Cit (0. pe) = Ciiolp.pe) + Cita(pp0) = @— (M) + @—0) -

where the correlation functions Cyo(p, ps) and
Cy 1(p. ps) can be obtained from the one in Eq. (114) as

wo(p.pe) = Ci(p.Pe)le=o (116)
and
2 P
Cia(p.pe) = 552 CWlp.pe)| (117)

The QCD correlation function Cy;,(p, p,) takes the form

where r and s are the polarizations of the lepton and
neutrino, respectively, and Oy (0) is the four-fermion
operator entering the effective weak Hamiltonian density
responsible for the decay P — £7, i.e.

_Gr

Gr _ -
= 7§Vij[‘h7/p(l ~75)q)] [f}’p(l =75l (111)
The correlation function C}(p, p,) is understood to be in
the full QCD + QED theory. The polarized matrix element
M of the P~ — £~ 1, decay is then given by the reduction
formula

M’ = 2lim QZI_)ID(P)_]Cﬁ?(p, o), (112)

p —=—mp

with Zp and D(p) defined in Egs. (31) and (53), respec-
tively, and assuming the external lepton and neutrino
propagators to be already amputated. The matrix element
M’* can be written in terms of external state spinors iz, =
i (ps) and v, = v*(p,,) as follows:

M = @, M3, (113)
where now M is a 4 x 4 spin matrix. The full correlator

Ciy(p,ps) in Eq. (112) can then be expressed in the
diagrammatic language defined in Sec. III as

Cii(p.pe) = @—() -

(114)

Up to order O(e*) corrections, it can be expanded as

(115)

Ciro(p.pe) = @—(Mg) = Clia®) L0 12)
(118)
where

Ly (p,pe) =" (pe)y,(1 =ys)v*(py,),  (119)

and CY, o(p) corresponds to the correlation function
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Cw(p) = / d*z e (0| T3, (0)¢" (2)]|0).  (120)
evaluated at e = 0, i.e. C, o(p) = [Cyy(p)],—o. Here Jy, =
G17”(1 —y°)q, is the V —A quark current entering the
weak Hamiltonian of Eq. (111). The QCD + QED corre-
lator C,(p) has the following spectral decomposition in
the vicinity of p? = —m3:

Cy(p)

=ZpD(p)W*(p), (121)

and through Lorentz covariance we can define the weak
vertex as

WP (p) = —p’Fy(p?). (122)

where the generic off-shell function Fy(p?) is such that in
QCD one gets Fy(—m} ) = fp.
The reducible O(e?) kernel W in Eq. (115) can be

decomposed as follows:

- @al- i@i@f

+ crossings,

# ()

where the Compton kernel C and electromagnetic kernel I
have been introduced in Sec. III, while W; and W, are two
new weak irreducible kernels for P~ — £~ v,y* and P~ —
Cvgy*y* decays, respectively.4 Finally, once the photon
lines are contracted in Eq. (123), the last diagram in the
expansion of W becomes the self-energy of the charged
lepton that, as discussed above, we do not consider in this
calculation. The multiplicity from photon crossings of each
diagram in Eq. (123) is understood. From the decompo-
sition of the kernel W in Eq. (123) it is clear that the

correlation function Cyj | takes the form
’ |

(124)

Cﬁsu(l’a pe) = Cy p(p. Pe) + C(as/,f(l% Pe)s

where Cyj p(p. ps) includes contributions where a
photon is emitted and reabsorbed by the meson P, while
Cy ,(p.ps) denotes the correlation function where a
photon is exchanged between the meson and the
lepton. We will refer to these as factorizable and non-
factorizable contributions, respectively. The correlation
functions defined in Eq. (124) can be represented diagram-
matically as

C;;,P(papf): @ g @ + @ @*@ i ’ (125)

(126)

Let us now turn to the O(e?) contributions to the reduction formula Eq. (112) and define

Note that this decomposition generalizes the pointlike one studied in Ref. [3].
Tt is interesting to note that Cyjp corresponds to the sum of diagrams in Figs. 5(a), 5(b), 5(c) and Figs. 6(a), 6(b),
6(d), 6(e) of Ref. [3], and Cyj , to Figs. 5(¢),5(f) and Fig. 6(c) of the same reference.
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M = M + M+ O(e*). (127)

We consider first the contribution to M}* coming from
the meson self-energy, namely M5 This is given by
|

() + @) —(g) = Zro Do) [1+ S(*)Do(o)] WP ()5 (0,

where X(p?) is defined in terms of the Compton amplitude
C,.(p.k,—k) in Eq. (45) as

Hpt

1 [ d* Cyuu(p.k.—k)
> 2y — = HH )
(P7) 2/(271)4 2

(129)

Inserting Eq. (128) into the reduction formula of Eq. (112)
requires the evaluation about the on-shell point p? = —m?

of the following quantity:

Zp'D(p)™" - ZpoDo(p)[1 + Z(p*)Do(p)|Fw (p?).

The leptonic tensor —p”L*(p, p,) in Eq. (128) is factor-
ized here to simplify the discussion. By rewriting Zp o =
Zp(1-5,) and mp,=mj — Am?, the evaluation of
Eq. (130) at O(e?) and at the on-shell point p? = —m?3
gives

(130)

Foll + Q2= f)Am3 =5, + Z(=n3)].  (131)

where the quantities z; and f; are unphysical off-shell
contributions related to the meson propagator and to the
weak vertex function, respectively, as

"Zy(p*)™!
in =" ’
8(p) pZ:—m;O
1 3"FW(P2)
= , 132
/ fe o) e (132)

)

(My) = LI (0)|P~,p) £ (p.p0) = =" fr £ (0. p0).

Note that in Ref. [9] the proof of the universality of FVEs
up to O(1/L) relies on the cancellation of the unphysical
terms f and z;. However, similar to what was discussed in
Sec. III B, the final result for physical observables cannot

picking from the correction Cy; »(p, p,) only the contri-
bution Cjy . :(p.p,) given by the Compton kernel C.
Adding C}j ¢(p. ps) to the tree-level correlation function
we get

(128)

|
matching the notation of Ref. [9]. The overlap shift 5,
entering Eq. (131) was obtained in Eq. (55) and depends on
¥, (—m3%). This quantity can be rewritten in terms of z,, and
the mass shift Am?% by using the relation

Sy (~m}) = —Am3y(~mbo) £, (133)
and by solving
Z (pZ)—l — 1 _ Zo(pz) (134)
’ p* +mpg

for X,(p?). Together with the definition of the z, in
Eq. (132) one then finds the overlap shift

1 0%(p?

(135)

2_ 2
pr=—mp

Combining all previous equations we get the following
correction to the matrix element:

MG+ Mg = [L+32,] < «(Mg) » (130

where SZP =06z,—f 1Am% and the (on-shell) tree-level
matrix element is given by

(137)

|
depend on such terms since they are related to the meson
interpolating operator ¢(x). Therefore, z, and f, must
cancel at all orders in 1/L. One could in principle perform
the whole calculation that follows with the simplification
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D008 Ol
(a) (b)+(c) (d) (e) (f) (g)

FIG. 2. The various diagrams contributing to the leptonic decay width at order O(e?). The labeling (a)-(g) of the diagrams has been

chosen to match the one used in Ref. [9].

z, = f, = 0 without loss of generality. However, we found
that keeping those terms and expecting their cancellation is
a useful way of controlling the correctness of the final
result.

All the O(e?) corrections other than the self-energy are
simply obtained by amputating the P~ propagator and wave
function in Eq. (115) from the correlation function
Cy1(p.pe) = Cy se(ps Pr). In summary, all the ampli-
tudes to consider are listed in Fig. 2, using a notation
matching Ref. [9].

Let us conclude this part by relating all the diagrams to
the FV decay width F(()")(L) in Eq. (104). The decay
rate is related to the squared matrix element

|M|2 _ Z|Mrs|2
=) IMEP+ D IMP(M)T +Hel] + O(e?)

= @) +2[(b) + (c) + (d) + (e) + (F) + ()] x (a)°
+0O(e*), (138)

and therefore the electromagnetic finite-size effects A| M |?
are given by the following sum-integral differences:

A[MP?=24[(b) + (c) + (d) + (e) + (F) + ()] x (). (139)

Finally, the quantity Y(")(L) defined in Eq. (108) can be
obtained by adding the universal IV contribution evaluated
in the pointlike theory to the FV corrections computed up to
terms of O(1/L"), namely

YO(L) = AYM(L, 2) + Y83 (4). (140)

The infinite volume contribution Y% (1) computed in the
W-regularization scheme can be found in Ref. [9] and is
reported in Eq. (180) below. Here A plays the role of a
photon mass to regulate in the IR the IV integrals.
The quantity Y¥i(1) cancels the dependence on A in
AY(L, ), thus leaving the size L as the IR regulator
of the FV quantity Y")(L). The FV correction AY") (L, 1)
can then be expressed in terms of A|M|? as

(141)

— 2
AYO(L, 1) = <2 “) HAIM|

dn) Mo

with |Mof2 = 3, , [ME R = dmdm (1 - 2)f3.

2. The irreducible weak vertex functions

We must now discuss the various irreducible vertex
functions entering into the calculation extending what was
done in Sec. III A 2, which follows a procedure similar to
the one outlined in the appendix of Ref. [9]. Here we extend
the calculation by including higher order terms in the
photon momentum k that are relevant for the 1/L> FV
corrections.

(a) Electromagnetic vertices: Here we use the general
off-shell definition for the electromagnetic vertex I',(p, k)
introduced above in Eq. (61). Applying simple power-
counting arguments to the diagram (b) + (c), where the
vertex [ (p, k, —k) appears, we deduce that only terms of
O(1) in the photon momentum contribute to the FV
corrections at O(1/L?). Therefore we can use directly
the expression in Eq. (67) obtained from the WTI up
to O(k).

(b) Weak vertex: The off-shell weak vertex W”(p) for a
pseudoscalar of incoming momentum p has been intro-
duced in Eq. (122) above. It is obtained from the ampu-
tation of the correlation function Cj,(p) in Eq. (121),
namely

Wo(p) = Z5' D(p) ' Cy(p) = —pFu(p?).  (142)
In QCD and on-shell it reduces to W”(p) = —p”fp, asin a
pointlike theory.

(c) Weak vertex + one photon: The irreducible kernel
W, in Eq. (123), for a pseudoscalar and photon of incoming
respective momenta p and k, is defined in terms of the
correlation function

C/;{/l(p, k) — i/d4Z d4x eipz+ikx

x (0| T[75,(0)J%(x)¢" (2)]|0).  (143)
When evaluated on-shell, this is strictly related to the
amplitude of radiative decays P — £vy* that was studied in
e.g. Refs. [5,34]. The weak vertex can be defined by
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amputating C}//(p, k) and removing the pole associated
with the so-called “inner bremsstrahlung”

WP (p.k) = Z5'D(p)~' Cy (p. k)

—TH(p,k)D(p+ k)WP(p + k). (144)
This procedure to define W, is equivalent to how I', was
defined as the regular part of C above. This leads to the
expression of the irreducible vertex function W, from the
contraction with y,(1 —s)

k
)y Do
; = W(p, k) (1 =) (149
Py,
The vertex W*#(p, k) satisfies the following WTI:
kW (p, k) = WP(p) =Wr(p + k) (146)

that can be exploited to determine the functional form of the
vertex up to transverse terms. The W; kernel enters
diagrams (e) and (f) in Fig. 2 and, by applying again
finite-volume power-counting arguments, one can show
that in order to extract the FVEs at O(1/L?) it is sufficient
to know the vertex W*#(p,k) at O(k). Therefore, by
expanding Eq. (146) at O(k?) we get

WPt (p.k) =6 Fy(p?) 4 [2k° p* + k¥ p* + 2 p# p?| Fyy (p?)

+2(p-k)p’ p*Fiy(p?)
V(& (p+k)?) .

mp /,t/)aﬁkapﬂ
A, (K2, k)?
AAECLO D 51 1) —ho o]
mp
+O(k?), (147)

where the form factors V (k*,(p+k)?) and A, (k*,(p+k)?)
are not constrained by the WTI in Eq. (146). Some
comments can be made here. The form factors relevant
for the O(1/L?) FVEs are those entering real decays with
on-shell photons, i.e. A(p?) =A,(0,p?) and V(p?) =
V,1(0, p?). When evaluated on-shell, these quantities reduce
to F{ = A(-=m3%) and F§ = V(—m3) for P — £vy decays.
Additionally, the derivatives of these form factors have
been estimated in chiral perturbation theory (ChPT) and
measured in experiment [35], but they only contribute to
higher orders than O(1/L?), together with additional form
factors. Notice that at O(a) the derivatives Fiy(p?) and
F},(p*) reduce, respectively, to f, and f, defined in
Eq. (132) when evaluated on-shell. However, we stress
that it is important to define the vertex W?#(p, k) in terms

of the off-shell form factor Fy,(p?) (and its derivatives)
and to take the on-shell limit only after computing the
diagrams.

(d) Weak vertex+ two photons: The irreducible vertex
function W, is in an analogous fashion formally defined as
the regular part of a correlation function Cy,*(p,k,q)
related to the decay P — Zvy*y*,

C/‘j(,w(p, k, q) — _ / d4Z d4x d4y eipz+ikx+iqy

T (v)$*(2)]]0).
(148)

< (0] T(7%(0)* (x)

Here the pseudoscalar and two photons are incoming,
with momenta p, k, and ¢, respectively. We may thus
write

b 7 pe

= W (p,k, q)yp(1 — ), (149
Pv,

with

Wor(p.k,q) = Zp' D(p)~' CY* (p. k. q)
—C*(p,k,q)D(p+k+q)W(p+k+q)
—T¥(p.k)D(p + k)W (p + k. q)

—I"(p.¢)D(p+q)W"(p+q.k) (150)
and C"(p, k, q) defined above in Eq. (59).
From the Ward-Takahashi identity
kW (p.k,q) = W*(p.q) — W (p + k. q), (151)

one can deduce the form of the vertex as done for
WPH(p, k). Through power counting applied to diagram
(g) of Fig. 2 we see that only O(1) terms in WP (p, k, q)
contribute at order 1/L? and no O(1/L) corrections are
produced. Therefore, by inserting Eq. (148) into Eq. (151)
and expanding at O(k) we get

WPk (p.k, q) = =2(8" p# + ¥ p* + 8 p* ) Fiy(p*)

—4p’ pt pYFiy(p?) + O(k. q). (152)

which respects the crossing symmetry WP (p,k,q) =
WP (p, q, k), as expected. Moreover, we notice that only
unphysical off-shell terms contribute to this diagram.
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3. Final expressions for individual Feynman diagrams

Having defined the irreducible vertex functions contributing at order @, we may now write down the integrals for the
diagrams in Fig. 2. The respective diagrams, evaluated choosing the Feynman gauge for the photon propagator and in units

of €2, are

(a): WP(p)LY (P, pe)s

2
|- rpamg + 2D

v
pr=—mp

@ [ e p Do+ W+ 5. e ).

27)

4
(e): / TK T o (p. k)23 (. po- ),

(2 )4 k2

4
0 [ oD p-BDop + W (p + k.~ (p. o).

27)*

(2): / (‘”‘ I o,k k) L3 (o po).

27 K22

where the leptonic tensor £ (p, p,) is defined in Eq. (119)
and L} (p., ps. k) is given by

Ly (p.pe k) =i (pe)y,Se(pe + k)y,(1=75)v°(p,,).

(154)

Note that due to the appearance of three propagators in
diagrams (d) and (b) + (c), arising from the derivative in
the latter case, we will have here IR-divergent finite-size
coefficients containing logarithms of L, as explained in
Sec. II and the Appendix. Having defined all the diagrams,
we next turn to the calculation of the FVEs in Y?)(L).

C. Electromagnetic finite-size effects

Here we consider the diagrams (b) + (c), (d), (e), (f), and
(g) in turn to obtain the finite-volume effects to the square
matrix element A|M|? defined in Eq. (139). The contrac-
tion with diagram (a)’ in Eq. (139) and the sum over the
final-state spins require the completeness relations for
spinors in Euclidean space. These are straightforward
to derive from the Euclidean Dirac equation and are
given by

ZM pe)ii

= —ipy + my, (155)

sz (pu)@S/(pu) = _iﬂw

5,8

(156)

and can be used to compute the following spinor traces
entering Eq. (153):

(153)
|
T,(p.pe) = Y LF(MGY)
= imgfpTr[(=ipy 4+ my)y,(1 = ys)
x (=ip,)(1 +7s)]. (157)
Tpu(p-pesk) = D Lo(MG™)
ros,r.s'

= —myfpTr[(=ip, +ms)y,Se(ps + k)
X ¥,(1 =ys)(=ip,) (1 +7s)], (158)

where we have used the equations of motion for the leptons

i (pe)pe = imyu'(ps) and p,v*(p,) = 0.

Letting (i) refer to any of the diagrams in Fig. 2 [i.e.
(i) € {(a). (b). (c). (d). (¢). (£). (9)}]. denote the intc-
grand of the corresponding expression in Eq. (153) as
17} (k). Then the associated FV correction to A|M|? is
obtained according to Eq. (139) by computing the follow-
ing sum-integral difference:

dk
A T_ZA//_OIH ko, k

rsr s

JMEY (159)

with A} the sum-integral difference operator defined in
Sec. III. In the following sections we use the shorthand:

(i): 2A[())] x (a)".

The FVEs will be expressed in terms of physical quantities
and finite volume coefficients, and some of them depend on
the velocity v, = p,/w, of the lepton in the rest frame of
the pseudoscalar meson. These will be discussed case by

(160)

074509-19



M. DI CARLO et al.

PHYS. REV. D 105, 074509 (2022)

case below using the notation defined in the Appendix. For
their calculation we make use of an accelerated numerical
algorithm presented in the Appendix.

1. Diagram ((b)+ (c))
The contribution of this diagram to the FV correction

A|M|?, with the inclusion of the off-shell terms z,, and f,,,
is obtained from
pz—m2:|

(161)

b) + (c): [2<zl - FARRL) + 0 83()

x W2(p)T,(p, pe),

where Am3(L) is the FV correction to the squared mass of
the meson obtained in Eq. (87) and AX(p?) is given by

dk, 1
AZ(p?) = A} /T;P {Fﬂ(p, k)Do(p + k)T, (p + k., —k)

1
+ Eryy(pﬂ k, _k):| s (162)
with I',(p. k) and T, (p. k, —k) defined above in Egs. (61)
and (67), respectively. Note that the calculation of the
derivative is simplified in the rest frame of the meson
p = (po,0), namely

1 0

= AY(p? 163
p2=—mf, 2]70 apO ( ) ( )

Po=imp

By using the procedure outlined above, together with
Eq. (141), we obtain the following FV correction to Y(?) (L):

AV, o (L.2) = 32~ Bmpfici
—i—% [—%t(r%)cl —87rflcl}, (164)
where the IR divergent coefficient b5 is given by
by = c;3 +47z[log<§j) —log2 + 1], (165)

as obtained in the Appendix together with the coefficients c ;.
Here we see the logarithmic dependence on L and the
structure dependence appears via the charge radius (r3).
Moreover, we notice that the term 2z; Am3 (L) in Eq. (161) is
canceled exactly by equal and opposite terms obtained from
the derivative of AZ(p?), at both O(1/L) and O(1/L?).

2. Diagram (d)

The contribution to A|M |? from this diagram is given by

dko 1
5 Ok2 T,(p. k)Dy(p + k)W (p + k)

X Tpﬂ(p’ Pes k)7

(d): 24,
(166)

which yields the following correction to Y (L):

2
AY (L, 4) =
<d)( ) L mp(1 —7r%)
1 2rnc;  2rm
R Rt

Here the IR divergence is encoded in the FV coefficient

b3(vy) = c3(vy) +4nA(v,)log (%) - B(v,)  (168)

that depends this time on the velocity of the lepton v,. The
functions A, (v,) and B, (v,) are defined in the Appendix,
together with the finite volume coefficients c;(v,). Notice
that there is no contribution of z,, terms in this diagram and
the structure dependence, appearing at O(1/L?), is com-
pletely determined by the charge radius of the meson (r3).

3. Diagram (e)

The contribution to A|M|? from this diagram is obtained
from

_ bs(vy) +l {(1 +13)(1 =3r7)c; +4e;(vy)

— 8amp frei (V) +

- 4mPf102(Vf)}

dafi[(1+r7)(1 =3r7)c; +4ci(ve)]
l—rf

(e):zA;/?k—W (p

The finite-size effects contributing to Y
O(1/L) and are given by

} (167)

k)TW(p,pf,k). (169)

)(L) starts at

AY((L)

:% { 402 Vf +4mpf1 C2(Vf):|
1 {8n[(1 + rf)ﬁ = 2¢y(v/)]
L2 mp(1 = r})

_ Fiaz[(14r2)%c) = 4rzei(ve)]
fp mP(1 - r‘})

_dafi[(1+)(1=3r2)e, +4cl<vf>1}
1-r ‘

+ 8wmpfrci(vy)

(170)
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Here the structure dependence comes at O(1/L?) from the
axial form factor F%. The vector form factor F¥, instead,
does not contribute because of the antisymmetric properties
of the Levi-Civita tensor in W*#(p, k); see Eq. (148). As in
the case of diagram (d), here we have FV coefficients
c;(v,) that depend on the lepton velocity, and we observe
that the dependence on z,, is absent also in this case.

4. Diagram (f)
For this diagram we have to compute
(f): 2A;(/ik° 2P, K)Do(p + k)W (p + k. —k)
xT,(p,pe)- (171)
This leads to

) 1 2c
AYEf))(L) =7 [—m—2+ 4mpf102}
1 {2
2 [ el —16xf,c, +87rmpf2c1} (172)

As for diagram (e), here the FV corrections start at O(1/L),
but no physical structure-dependent terms contribute in this
case. The FVEs depend on the coefficients c; defined in the
Appendix.

5. Diagram (g)

Finally, for diagram (g) we need to compute

' dkg 1

©): & [ SR WH k0T, (. pr). (17)
This diagram starts contributing at O(1/L?), and the FV
correction to Y?)(L) only depends on the off-shell quan-

tities f,, as expected from the definition of the vertex
WPH(p, k, q) in Eq. (152). We obtain

AY()(L)

1
g — 2 24xfc; = 8amp frcy).

(174)

6. Total finite-size effects

Here we present our final result for the finite-size effects in

Y®)(L) up to and including order 1/L? terms for the leptonic
|

c3 —2(c3(vy)

decay of a pseudoscalar meson P~. This is obtained by
summing the contributions from all the diagrams above.
Rewriting the FV correction AY?)(L, 1) as

1 b

Li
we get
Vi = 2(1 = 24, (1)) (176)
) -B
Y, =3 (c3(ve) = By (vy)) +2(1-1log2), (177)
2z
O G ) 4:§Cz(vf) , (178)
mp(1—ry)
v _ _FRan[(1 4+ 2P, —4rei(vo)]
T mp(1 = 17)
8x[(1 + Z;)cl _4201("/)] (179)
mp(1—ry)

As discussed at the end of Sec. IV B 1, in order to compute

2)(L) we also need the infinite volume contribution
Y¥i(2) computed in the pointlike approximation. This
can be found in Ref. [9] and reads

) 5 2 m2
YW(A) = Z+210g( ) +log<12)
miy

() ()]

where we have used the relations

1—7r2
Vel = 5.
1472
tanh 1+ rZlog(r?
A,(v,) = arctanh(|v[) 14717 og(rf)' (181)

|Vf| 1—1‘% 2

It is easy to show that the coefficient of log(4) in Eq. (180)
is equal and opposite to Y),,, and therefore the FV quantity

()(L) only depends on the IR regulator L. We obtain

= Bi(vs))

L
Y(z)(L)=§+4log( )+210g< 4V;/r>+
ny

—2A,(v )[Iog( 2L> +lo g(mz—ﬂL

FA 47Tmp[(1 + r?)zcl

2

1l = 1 (1 + r§)2C2 — 47%62("/)
mpL 1-r}

— drjei(ve)]

i <mPlL> { Tr

4
1-r;

8z[(1 +r)c; — 2¢; (Vf)q ‘ (182)

(1=r7)
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Several comments can be made here. We observe the
expected and complete cancellation of off-shell contribu-
tions proportional to z,, and f,. This property must be true
at all orders, and the calculation could have been done
assuming z, = f, = 0, although conserving these terms is
a practical way to detect mistakes in the construction of the
final result. These terms arise from the skeleton expansion
of the full QCD + QED correlator C};(p, p,) of Eq. (110)
into one-particle irreducible (1PI) subdiagrams up to O(e?)
corrections. Although such a separation is arbitrary, it is
likely possible to redefine vertex functions to achieve a
manifestly on-shell derivation of the FVEs similar to what
was done for the simpler self-energy case in Sec. III C. It is
interesting to notice that there is a perfect cancellation of
off-shell terms separately in the factorizable correlation
function Cyj »(p, p,) [diagrams (b)+(c), (), and (g)] and in
the nonfactorizable correlation function C}j ,(p, p,) [dia-
grams (d) and (e)] where the photon is attached to the
external charged lepton. This can also be expected on
general grounds, as the factorizable correction is the (’)(eé)
correction to the leptonic decay amplitude where e, is the
quark elementary charge, and the nonfactorizable correc-
tion is the O(eye,) correction where e, is the lepton
elementary charge. Although in nature e,=e,=e, in
practice both charges are independent parameters of the
QCD + QED Lagrangian, and therefore the factorizable and
nonfactorizable corrections are both physical amplitudes
which must be independent from off-shell contributions.

Itis also interesting to notice that the structure dependence
in Y?)(L) is only given by the axial form factor F;, while the
charge radius contribution cancels in the final result. This is
related to the conservation of the electric charge in the
process P — £v,. In fact, by keeping the meson and lepton
charge factors explicit in diagrams (b) + (c) and (d), where
(r%) contributes, we find that (r%) gets multiplied by
the factor ep(ep — e,), which vanishes if the charge is
conserved.

The knowledge of Y?)(L) in Eq. (182) allows one to
control the systematic FVEs in lattice calculations of
[o(L). In Sec. V we make a brief study of the size of
the FVEs, in particular by seeing how large structure-
dependent effects are. However, before that we compare
our results with those obtained in the pointlike approxi-
mation in Refs. [9,25].

D. Comparing to known pointlike results

The finite-size effects in Y()(L), i.e. up to and including
order 1/L terms, were studied in Refs. [9,25] assuming the
decaying meson to be a pointlike particle. The method used
by the authors of Ref. [9] to calculate the FV effects is
fundamentally different from ours. In fact, in the pointlike
approximation, only diagrams (b), (d), (e), and (f) contribute
and their evaluation reduces to the calculation of five master
integrals. The master integrals give rise to finite-size

coefficients K;; and Kp, defined as integrals of Jacobi
theta functions. Our result in Eq. (182) is expressed in terms
of the FV coefficients ¢; and c;(v,), and of the known
functions A, (v,) and B,(v,) (see the Appendix). Clearly,
the result for Y(!) (L) must coincide in the two cases, and it
is therefore possible to derive useful relations between the
two sets of finite-size coefficients. The FV corrections to

Y((L) in Ref. [9] are obtained as
AX
AY(D = 1672 <AX1 + AX, + AX3 + TP> (183)
where
2 4 2
160X, = 2 +2(Ks) + K)(1+77)

LA
—2A,(vp) [yE +logz +2log <—>}

2w
1 2(K21+K22)_47r(1+rf—|—r§)
mplL 1-— r? re(1— r‘})
Ky + K =3)(1 =37
+7z( 1+ K2 2)( f)} (184)
I-r;
167T2AX2 = 27 [3 - Kll - KIZ]’ (185)
mpL
4r(1 2
1622AX; = —2(Ka; + Ka) +”(+—””;’”, (186)
re(1417)

Note the presence of the finite-size coefficients K;; and Kp,
and yg as the Euler-Mascheroni constant. Above we have
used the relations in Eq. (181) to better match these
expressions with our results. The correspondence between
the above finite-size effects and the ones calculated in the
previous section is then

162°AX; =AY}y, (188)
162°AX, =AY, (189)
162°AX; = AY|). (190)
162°AXp = 2AY ). (191)

Using these matching conditions we obtain the following
relations among the various FV coefficients:
¢y = n(Ky + Kip = 3), (192)

¢y = —n(4 + Kp — 4logdn), (193)
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1 z(l+r,+r
ca(w) = (Ko +Kan) (147 =) (1o
4z 2
c3(vp) = —3 - 27(K3 + K3)(1+717)
+27A, (Vo) (yg +1logz) + B (vy). (195)

By using the results in Table I of the Appendix for the zero-
velocity FV coefficients ¢; together with the results of
Ky ~0.0765331, K, ~0.0861695, and Kp~4.90754
from Ref. [9] we find a full agreement between the two
calculations. Moreover, using mp=m,=139.57018 MeV,
m,=m,=105.65837MeV, and |p/|=|p,|=29.792MeV
we get

¢ (V7) = —9.14489,

for 9% = (1,1,1)//3,
o) — 301764, TP = (LLD/VE

(196)

and

s (VE) = =9.13932,

for 92 = (0,0, 1).
c3(v2) = 3.92388, »=(0,0.1)

(197)

Taking the values of K,; and Kj3; evaluated at the same
physical point from Ref. [9] and using A, (v,) and B, (v,)
evaluated as in the Appendix, we find an excellent agree-
ment also for these velocity-dependent FV coefficients.

In Ref. [25] the pointlike decay rate was considered up to
order 1/L>, but using a different representation based on
generalized {-functions for the sum-integral differences.
We compare also to these results. We find the following
matching conditions:

0 T
Full
Point-like - - - -
—0.0005
7 —0.001 |
O,
=
ak  —0.0015 -
S
<
—0.002 }
700025 1 1 1 I I
0.05 01 015 02 025 0.3
1
myL
(1)

FIG. 3.
well as the structure-dependent (SD) one.

cy=4nls, (Vo) =4rlE (v,),
cy=4mCa, (V) =167 p(vy),
c3=—4n(1-27%{—log4r),

c3(vp) =8 (vy) +4mlog(2m)A (Vo) + By (ve),  (198)

and observe a complete numerical agreement for both the
FV coefficients as well as for the pointlike FV corrections
to the decay rate at O(1/L) and O(1/L?). The numerical
values for ¢;(v,) at the physical point are

¢ (V) = =2.91210 for ¥% = (1,1,1)/V/3,

¢ (vE) = —2.90736 for ¥% = (0,0, 1). (199)

The O(1/L3) correction to the pointlike decay rate takes a
particularly simple form. Denoting the coefficient of the
1/(mpL)? term in the expansion by ds, we obtain

42+ r%)

dy = — .
oen)

(200)

This matches the corrected result of Ref. [25], which
removes a typo, discovered with the help of this cross-
check, from a previous version.

V. NUMERICAL RESULTS

In this section we discuss numerically the FVEs derived
in Secs. III and IV and estimate the size of the structure-
dependent effects.

0 T
Full
—0.001 F Point-like - - -- ]
L —0.002
2]
2,
g —0.003
c\zg
g —0.004
—0.005 F
—0.006 : ‘ ‘ ‘ ‘
005 01 015 02 025 0.3
1
myL
(2)

The finite-size scaling in the self-energies of (1) pions and (2) kaons, respectively. The two curves show the pointlike result as
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A. Self-energy

Here we consider the FVEs in Eq. (87) for the masses of
both pions and kaons. However, since at present we have no
numerical estimate for the branch-cut contribution C, we
have here explicitly put it to zero. As explained in Sec. III,
the branch-cut contribution is symptomatic of the non-
locality of QED; and will require more investigation in the
future. The numerical values needed are the meson masses
mp and the charge radii (r3) = 6F’(0). The charge radius is
a structure-dependent quantity and can e.g. be measured in

14

6 n=2
n=1 —-—-
167 AX,
4 1 1 1 1 1
0.05 0.1 0.15 0.2 0.25 0.3
1
maqL
(1) Diagram (d)
6 T
n=2
=1 —-—- S
5 r n A
167T2AX2 S ’

0 | | | | |

0.1 0.15

1
magL

(3) Diagram (f)

02 025 03

experiments [36], calculated with the help of dispersion
theory (see e.g. Refs. [37,38]), or computed on the lattice
[2]. Here we use the following experimental values from
the PDG [36]: namely

m,- = 0.13957039(18) GeV,
(r2) = 11.19(0.15) GeV~2,
my- = 0.493677(16) GeV,

(rt) = 8.08(1.13) GeV~2. (201)
=3
=
<
0 | | | | |
005 0.1 015 02 025 0.3
m}rL
(2) Diagram (e)
—6 T
\ n=
-8 f| nel — e
1 |\ 167> AXp
Eong
=2
2 —14 +
[a\]
16
18 L
—20
005 01 015 02 025 0.3
m},L

(4) Diagram (b)+(c)

FIG. 4. The FV scaling of the indicated diagrams for pions, and this is in comparison to the purely pointlike AX; defined in Ref. [9].
Included is also the full 1/L>-contribution derived herein. Note that f, = z, = 0 here.
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In Fig. 3 we show the FVEs to pion and kaon self-energies
as functions of (m,L)~" using only the experimental central
values above and values for the finite-size coefficients
obtained as in the Appendix. We notice that adding the
structure-dependent 1/L3-term (with C = 0) only generates
percent-level deviations from the result through order 1/L2.
These effects are expected to be of the same order of
magnitude as the neglected exponential effects O(e L) in
typical lattice calculations with m L ~4.

B. Leptonic decays

Here we numerically study the FVEs derived in Sec. IV
for the leptonic decay rates of pions and kaons in the muon
channel, i.e. P~ — p~0,. We make a cross-check of our
pointlike results with the previous calculation in Ref. [9],
and in addition compare the relative sizes of Y(?)(L) and
Y (L) for pions and kaons. As an example, we choose the

velocity orientation of the lepton to be ¥, = (1,1,1)/+/3,
but this does not affect the overall conclusions.

1. Pion decays
We here compute the FVEs on pion decays using the data

from the PDG [36] in Eq. (201) together with
m, = 0.1056583745(031) GeV,
fr =0.1307(37) GeV,

Fz =0.0119(1). (202)

The value of the form factor F7 is taken from experimental
measurements, and it is in good agreement with ChPT and

—6
8 +
g —10 ¢
= -12
n
>
@ -14
T 16
y ) (p), F:{:O.oug _—
—18 *,' Y@ (L), FT =0 === =" i
/
f vy (L)
—20 L 1 I | |
0.05 0.1 0.15 0.2 0.25 0.3
1
mayL
(1)

lattice values [5,35]. Uncertainties on these quantities are
sufficiently small to be safely neglected here.

We first perform a cross-check by comparing our results
to Ref. [9]. In particular, we start by comparing the finite-
size scaling in L of the quantities AX; in Egs. (184)—(187)
with our AY E}; using the matching in Egs. (188)—(191) and
setting f, = z, = 0. The results are reported in Fig. 4 and
show a complete agreement. One can notice that the
O(1/L?) term gives sizable contributions already at
m,L ~ 4. Moreover, for diagrams (d) and ((b) + (c))
one clearly sees the presence of the infrared divergence
for m,L — oo.

In Fig. 5(1) we plot Y®)(L) and Y(V)(L). In addition, we
include the pointlike limit ¥ E,%) (L) setting F% =0, and
notice that the structure-dependent contribution at O(1/L?)
is negligible with respect to the pointlike one. In total, there
is a large effect from the 1/L? contributions already at
m,L ~ 4. Again, the infrared divergence is clearly seen. In
Fig. 5(2) we look at the relative size of the 1/L? correction
to that at order 1/L, defined in terms of the measure

(203)

It is clear that the terms at 1/L? are essential already for
moderately sized m L.

2. Kaon decays

We next consider kaon decays. The additional data taken
from the PDG [36] are

0.4 ‘ ‘

035 | o e 1
0.3 .

0.25 i

0.15 - i
0.1 .

0.05 | i

O ! ! ! !
0.15 0.2 025 03

FIG. 5. A comparison of the 1/L2-corrections to those through order 1/L for pions: (1) The structure-dependent function Y® (L)
compared to the purely pointlike Y()(L). (2) The relative correction o5.
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fr- = 0.1550(19) GeV,
quChPT = 0.034,
|F§.Exp + F§,Exp| = 0165(13)’

5 gy = gl = —0.153(33). (204)

The value F§ . pr is the ChPT prediction at order O(p®).
The two combinations Fjp =+ Ffg  are instead the
PDG averages of measurements in muon experiments,
and solving for Fi = we find

FX g = 0.0060(177). (205)

30

5 | | | | |
0.05 01 015 02

1
mqy L

(1) Diagram (d)

(n)
AYy)

0 ! ! ! ! !
0.06 01 015 02 025 0.3

1
mqy L

(3) Diagram (f)

Note that this disagrees with the ChPT prediction [36]. The
form factors FX and F¥ have also recently been calculated
for the first time on the lattice [5], and the result for F f is

FX | = 0.0370(88). (206)

Again there is a discrepancy between theory and experi-
ment. This is thoroughly discussed in Ref. [6], with the
conclusion that future experimental and theoretical efforts
are needed to study the apparent tension. However,
although there are higher order corrections to the ChPT
prediction, the practical prospects of improving the value

(n)
AY,

0 ! ! ! ! !
015 02 025 0.3

1
mxyL

(2) Diagram (e)

(n)
2AY(b)—O—(C)

—20 ! ! ! I
0.05 0.1

(4) Diagram (b)+(c)

FIG. 6. The FV scaling of the indicated diagrams for kaons.
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FIG.7. A comparison of the 1/L? corrections to those at 1/L for kaons: (1) The structure-dependent function ¥®) (L) compared to the
purely pointlike Y()(L). For Y?)(L) we have used values for FX from ChPT, experiments, and the lattice as well as put it to zero.
(2) The relative correction 55 , again for four different values of F f .

from ChPT are very limited, mainly due to the lack of
knowledge of the many low-energy constants at order
O(p®) [39-42]. In the following, we study Y (L) using all
the three values for FX quoted above and compare the
respective impacts on the FVEs.

We start by considering the contributions from the
various diagrams in Fig. 6, using here F§ ;. Note that
we set z, = f, = 0 since these are unknown, unphysical
quantities that cancel in the end in the sum of diagrams. We
see that for diagrams (d) and (b) + (c) the logarithmic
terms are completely dominating, whereas for diagrams (e)
and (f) the 1/L? terms are sizable.

The total FVEs through order 1/L? are shown in
Fig. 7(1) where we compare Y?(L) to the pointlike
YWW(L). Here we use the central values of FX ..
Fl gy and Fip, as well as Fif = 0. Just as for pions,
we see that setting FX = 0 does not change the result and
neither does a variation within errors for FY cypr, Fi gy
and FX .. Comparing to the decays of pions, the effect of
the 1/L? correction is here milder. The relative size of the
1/L? term in Y@ (L) to Y((L) is shown in Fig. 7(2) in
terms of 55, again for different values of FX. The size of the
FX-dependent term in Y(?)(L) is found to be around the
percent level for m L ~ 2, and it decreases for smaller m , L.

VI. CONCLUSION

In this work we have developed a relativistic and
model-independent approach for the determination of
electromagnetic finite-size effects. In particular, the
method presented here can go beyond the pointlike

approximation, which until now has proven to be a major
stumbling block for more complicated observables such as
leptonic decay rates. The defining strategy of the present
approach is to decompose the scattering kernel of interest
into irreducible vertex functions depending only on on-
shell form factors. Similar methods were used in
Refs. [7,9,17] to demonstrate the universality of the
two leading orders in the 1/L expansion of EM FVEs
for scalar and fermion masses and the leptonic decay
width. In Ref. [17] the authors also considered the higher-
order structure-dependent contributions to masses in the
QED, formulation.

In the expressions presented in this article, the structure
dependence enters via physical quantities such as electro-
magnetic charge radii, polarizabilities and other form
factors generally measurable in experiments or on the
lattice. We also identify a branch-cut-induced O(1/L3)
effect for the pseudoscalar mass that can be expressed as a
physical spectral integral of the pseudoscalar’s Compton
amplitude. This contribution is generated directly by the
nonlocality of QEDy, and analogous terms are expected to
contribute to any observable at O(1/L?). In the case of the
pseudoscalar mass, the Compton amplitude contribution
appears together with a second term at O(1/L?), propor-
tional to the charge radius of the hadron that exactly
matches previous determinations using nonrelativistic
effective field theories [8,43]. Regarding leptonic decays,
we find that the leading O(1/L?) structure-dependent
effect is proportional to the constant F4 from real radiative
decays which can be determined directly in lattice
QCD calculations as demonstrated in Ref. [5] and also
experimentally.
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In Sec. V, we have estimated the sizes of these correc-
tions using experimental and phenomenological inputs for
the structure dependence and typical lattice volumes. In the
case of the pseudoscalar mass, the radius correction is
found to be mild for light pseudoscalars. A similar situation
occurs for the structure-dependent effects in leptonic
decays of physical pions and kaons into muons.
Nevertheless, we expect that for other lattice QCD +
QED observables structure dependence might play an
important role. The finite-size effects presented here are
generally expressed in terms of finite-volume coefficients
c¢j, depending on the velocities involved in a given
amplitude, which are similar to generalized zeta functions
used in finite-volume scattering. We have extended the
definition of these coefficients from Ref. [10] to infrared-
divergent finite-volume sums, and provided a numerically
efficient algorithm to evaluate them.

Beyond pseudoscalar masses and leptonic decay rates,
our method is general and systematic and can be applied to
more complicated observables. The method is also par-
ticularly well-suited for automation using a computer
algebra system. We have illustrated this point by releasing
a Mathematica notebook [29] containing most of the
analytic results presented here. Possible future applications
include the self-energy of baryons, radiative corrections to
pseudoscalar meson semileptonic decay rates, and correc-
tions to multihadron scattering.
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APPENDIX: FINITE-VOLUME COEFFICIENTS

What we define as finite-volume coefficients is a class of
special cases of y;,({p}:£) in Eq. (9) which appear
frequently while computing the finite-size effect for typical
Feynman integrands. The IR regulator ¢ = AL/(2z) with 4
being a photon mass. More specifically, these coefficients
are a special case of Eq. (9) with

. . 1

fi(e. {p}) = d(Ag {v}) = HliA (A1)
-V né:

{v}

where {v} is the set of velocities associated with the

external momenta {p} and A is the spatial part of 7

defined in Eq. (10),

. n_ |n|

% ) ) )
We denote these coefficients b;({v}; &),
V) = A d(hg; {v})

p(tvie) = 24 DED]

and we additionally define c;({v}) to be the finite part in
the £ — O limit. This last definition is ambiguous in the
case of log(&) divergences, and we make in this section an
explicit choice for it. In the special case where the set {v} is
defined by k copies of the same velocity v, we denote the
associated coefficients b;(v;&) and c;;(v).

1. Infrared-finite coefficients

These are the coefficients with j < 3. As discussed in
Sec. II these coefficients can be evaluated directly at £ = 0,
giving

b({v}:E=0) = ¢,({¥}) = & [M] (Ad)

I/
These are the coefficients discussed in detail in Ref. [10].

2. Coefficients with power infrared divergences

These are the coefficients with j > 3. Here the finite part
c;({v}) is simply given by the finite sum in Eq. (13),

(i) = 3 A

) (A3)
nez?

which will need to be evaluated numerically, and one also
needs to compute the integral in Eq. (16),
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+0o0 n2
#,({v}) = A dn L i

Let us look explicitly at the case where {v} is containing k
copies of the same velocity v. Under this assumption and
using the definition of d(f;{v}) in Eq. (Al) the integral
above becomes

()
(A6

1
gbjk / dn/dzA " j -
R J
§ n? 2<1— 1 ﬁ-v>

1+n?

(A7)

Here we may freely rotate so that v lies along the z-axis of
the spherical coordinates to obtain

1
$ix(v) 27[/ dn/ dc - T
(L) (1 _n e
V 14+n?
(A8)
Let us follow with the change of variables x = \/1"+7
¢ Z/d/d (-2 (A9)
= 4T X C—————
Y (1 = xc|v])k’

which can be explicitly evaluated to give

T3 k k+1 j
F 2, Al10
rd) 2 ‘(2 2 ’2’V> (A10)

2
where , F'; is a hypergeometric function defined in the usual
way. Putting everything together,

¢j k(v) - ﬂ

i F<§> k k41
2
bja(v:8) = ¢julV) = g7~ o F <§’T;§;V2>.

7

[\S]

3. Coefficients with logarithmic infrared divergences

These are the coefficients with j = 3. Reusing the form
Eq. (26), we define b3({v}) as

ba({v}:6) = e5({v}) +47A({v) ) log(&) ~ B({v}). (Al2)
with
A((v)) = / Cad(h: {v}). (A13)

~[1-Tog(2)]A({¥}). (A14)
ex((vh) = Jim |57 A v tog(®)]
[n|<R
(A15)

In the case where {v} is containing k copies of the same
velocity v, one can evaluate explicitly A;(v) = A({v}) and

Bi(v) = B({v}). Let us start by A;(v)
1 . 1
Ay(v) = 4ﬂ/szd2 e

~senlmw) ~(w) ) @9

which in the £ — 1 limit takes the form

arctanh(|v])
v

Ay(v) = (A17)

Again letting ¥ be along the z-axis one finds that the

(A1) constant term By (V) is given by
|
-k —k
e Sell) " = (1= eV
= 27:/ dn/ dc - —[1 —1log(2)|4nAi(v). (A18)
(1+n?)
The change of variables x = \/ﬂ? can be used again to obtain
[(1- 1- -k
By(v) = 2z / dx / C|V|xl) — U= elVWD™ _ fy _ jog2)ana,(v), (A19)
—x?
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which can be explicitly evaluated

B = [((1 vy

(1)) (o + 2+ logt2iv) )

. -1
(1= )" og(1 = v]) + (1 4+ [v])!~* log(1 + [v]) + e-in¥(1 = |v|>'-'<B<'V' k1 - k)

2|v]

. 1
+(1+ |V|)1_k<iﬂ—e"”"B< 2+|V|V|;k,1—k)>], (A20)
where B(z;a, b) is the incomplete B-function
B(z;a,b) = /Z duu'(1 —u)P, (A21)
0

and H;, =

nl

1/n is the kth harmonic number. Note that the imaginary terms related to the branch cut of the f-functions

always cancel in the end in numerical evaluations. In the kK — 1 limit the last equation becomes

5= (52 -

where Li,(x) is the dilogarithm function. Note that no
imaginary terms appear here. In the zero-momentum limit
of By(v) one finds

‘1i|mOBl(V) = —4x(1 —log2). (A23)
V| —

4. Numerical evaluation

In Ref. [10], a method was developed to compute the c;
coefficients for j < 3 by evaluating sums with a doubly
exponential rate of convergence. In this section we show
that this technique generalizes to j > 3 coefficients. We
define the acceleration function

fn)=1- (tanh{sinh[|n|d(ﬁ; {v})ﬁ}})’“, (A24)

For j <3, as demonstrated in Ref. [10], one has the
relationship

(v} = Zf, : {v})

—4mi R ({V)), (A25)

up to corrections which vanish exponentially for  — 0,

and where
R, - /+°° dr 1- tanh[smh(r)]/*z'
0

ri=2

(A26)

Ly (2
\Jv[+1

) +41log(2)|v|A;(v)], (A22)

|
Equation (A25) is very efficient to evaluate numerically c;
at high precision. The sum converges with a double
exponential rate, and the integral R; is trivial to evaluate
through standard quadrature methods.

Let us consider j = 3 in detail. The definition of c3({v})
in Eq. (A15) can be rewritten as

(b = Jim |

[n|<R

1 {v})[1 — f(ym) + f(m)]

n?

—4zA,({v}) log(R)} . (A27)

We can further separate this expression into

e3({v}) = Z’%}GNH)

In|

i |3

[n|<R

42 ([v)) og(®)]

1 {v})[1 = /()]

n?

(A28)

The first term on the right-hand side is separately UV-finite
so the sum is left unconstrained. Next observe that the
properties of f(nn) allow us to exchange the UV-regulated
sum with 1 — f(ym) in the numerator for a UV-regulated
and IR-finite integral up to exponentially small corrections.
We thus obtain
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FIG. 8. The rest-frame finite-volume coefficients c¢; as a

J
function of j. The isolated dot is c¢; and the inset panel is a

zoom on the small oscillations in the —7 < j < —1 region.

c3({v}) = Z/d(ﬁ{lﬁgﬂm)

In|

| d(; {v})[1 = £()]
s [/| E

4 () og(®)]

(A29)

Finally, since the limit over R is arbitrary we may switch
R — R/n and perform a change of variables in the integral
to give

e5((v}) = Zw T an, ({v)) log(n)

In|

i [ A=)

R/n—o0
—4nA1<{v}>1og<R>]
,d(f: {v})/(m)
-y |n|*

In|

+ 4nA; ({v})log(n) + Q3 ({v}). (A30)

TABLE 1. Values of selected zero-velocity finite-volume co-
efficients and the integrals Eqgs. (A26) and (A33). We also find
05(0) = —0.730289 from Eq. (A31).

j J
-5 —0.02587 —1.45833

-3 0.04118 —0.25447

-1 —0.26660 0.17191

0 -1 0.32289

1 —2.83730 0.52702

2 —8.91363 1.04744

3 3.82192

4 16.53232 0.93684
5 10.37752 0.43505

We here defined

03({v}) = lim {ARR d(ﬁ;{v}ll[é_f(n)]

R/n—o

—4nA1<{v}>log<R>], (A31)

and the expression again holds up to exponential correc-
tions in 7.

For j > 3, the same reasoning as above leads to the
formula

1 fm)
Cj<vl""’vN):Z |n|] d( s V1, 7VN)
+4m S RIAs (v, ... V), (A32)
up to exponential corrections in #, and with
_ +oo  tanh[sinh J+2
R; :/ dr%- (A33)
0 r

Using the method described above, we plot in Fig. 8 the
values of the rest-frame coefficients ¢; for =7 < j < 7. The
singularity at j = 3 is clearly visible. We give in Table I
explicit values of some of the rest frame coefficients and the
constants in Egs. (A26), (A31), and (A33) at zero velocity.
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