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An extended two-hadron operator is developed to extract the spectra of irreducible representations
(irreps) in the finite volume. The irreps of the group for the finite volume system are projected using a
coordinate-space operator. The correlation function of this operator is computationally efficient to extract
lattice spectra of the specific irrep. In particular, this new formulation only requires propagators to be
computed from two distinct source locations, at fixed spatial separation. We perform a proof-of-principle
study on a 243 × 48 lattice volume with mπ ≈ 900 MeV by isolating various spectra of the ππ system with
isospin-2 including a range of total momenta and irreps. By applying the Lüscher formalism, the phase
shifts of S- and D-wave ππ scattering with isospin-2 are extracted from the spectra, with a tentative look at
the role and influence of the G-wave.
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I. INTRODUCTION

The numerical simulation of quark and gluon fields on a
finite lattice enables a study of the hadron spectrum and
strong interactions of QCD via first principles. Recently,
there has been tremendous progress in lattice QCD calcu-
lations of the hadron spectrum and interactions (see
Refs. [1–3] for recent reviews). From the energy levels
of lattice QCD, there is a clear strategy for how to extract
scattering information for two-body systems, such as the
ππ system [4–8]. In order to map out the energy depend-
ence of the scattering phase shifts various methods have
been developed to access more finite-volume energy levels,
such as the variational analysis for the excited-energy
eigenvalues [9–12], moving systems [4,6], and twisted
boundary conditions [13,14]. An important requirement to
isolate distinct partial waves is the need to distinguish the
energy levels in different irreducible representations
(irreps), such as done in Ref. [6].

With improved control of orbital motion, there is
potential for lattice QCD to provide insight into the
phenomenology of high-spin systems. For instance,
the relatively narrow dibaryon resonance observed by
WASA at COSY [15,16] suggests significant coupling to
the np G-wave amplitude. There is also potential to shed
light on the nuclear AðyÞ puzzle [17–19] or the dynamics
underlying Regge trajectories [20–22]. While each of these
objectives will (ultimately) also require advances in many-
body systems on the lattice [23,24], the physics of many-
body channels can often be suppressed at large unphysical
quark masses on the lattice—such as the recent high-J
study of Ref. [25].
The study of high angular momentum systems is an

ongoing challenge in lattice QCD. On the cubic finite volume
of a four-dimensional lattice, the relevant symmetry group is a
subgroup of the octahedral group (Oh)—or the relevant little
group when considering systems at finite momenta.
Importantly, the full SO(3) group of the infinite volume
physical theory is broken, and consequently, numerical
investigations are limited to the discrete symmetry of the
lattice. The issue of partial-wave mixing, and influence on
discrete spectra, has been investigated theoretically and
numerically in previous work, e.g., Refs. [26–41].
In this paper, we introduce a novel operator construction,

designed to provide an efficient method to isolate different
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lattice irreps in a two-hadron system. The method relies
upon constructing an operator that corresponds to a “dumb-
bell” in coordinate space, where the two-body operator is the
product of two single particle operators separated by a fixed
distance. The construction shares similarities with the
“cube” source employed in Ref. [37]. In our case, as will
be shown, we sum over the rotations of the dumbbell at the
sink in order to project correlation functions onto the desired
irrep. The two distinguishing features of this method are that
only the total momentum of the two-hadron system is fixed
and only two point-source Dirac matrix inversions are
required. As an exploratory exercise, we study the iso-
spin-2ππ system, forwhich several alternativemethods have
already been explored [5–7]. We demonstrate that we are
able to successfully determine energy levels of the various
representations with different total momenta.
In Sec. II, the two-hadron operator and correlation

functions for specific irreps are constructed. In Sec. III,
a lattice-QCD calculation for isospin-2 π−π− scattering is
presented with lattice size 243 × 48 and the energy levels
for various irreps with different total momentum are
extracted. These energy levels are then used to a determine
the phase shifts of π−π− scattering. Finally, results are
summarized in Sec. IV.

II. FORMALISM

A. Operators in coordinate space

Our goal is to construct extended interpolating operators
which project onto states of both definite momenta and
irreps of the lattice rotation group. To minimize the
numerical cost associated with inversion of Dirac matrices,
we seek a construction which allows our correlation
functions to be constructed from just two conventional
local sources. The projection onto definite Fourier
momenta and rotational irreps are to be performed at the
sink, as depicted in Fig. 1. To construct the appropriate
projections we start from a composite operator of two
hadrons with a separation δ between them,

Φðx; δÞ≡ ϕðxþ δ=2Þϕ0ðx − δ=2Þ; ð1Þ

where time dependence has been suppressed and the
operator ϕ (or ϕ0) denotes a conventional, local single-
hadron operator. For example, in the following calculation,
we consider the standard π− operator given by

ϕðxÞ ¼ ϕ0ðxÞ≡X
a

ūaðxÞγ5daðxÞ; ð2Þ

with a sum over the color index a.
We consider the set of operators, fΦR̂g, which are related

by a lattice rotation, R̂ ∈ Oh. Under such a rotation, the
transformed operators take the form,

ΦR̂ðx; δÞ≡ P̂R̂Φðx; δÞP̂R̂−1 ¼ ΦðR̂−1x; R̂−1δÞ
¼ ϕðR̂−1ðxþ δ=2ÞÞϕ0ðR̂−1ðx − δ=2ÞÞ; ð3Þ

as being represented in the right panel of Fig. 1. To
maximally span the space of lattice irreps, we choose to
work with separation vectors satisfying 0 < δx < δy < δz
such that R̂δ ≠ δ (for R̂ ≠ I). We then have 24 different
operators that are related by a lattice rotation—in the case
of nonidentical particles, there are 48 operators. While the
single-hadron operators must lie on lattice sites, the center
of the composite operator, x, need not be on a lattice site. In
the numerical results presented here, we work with the
choice δ ¼ ð1; 3; 5Þ and x ¼ ð1=2; 1=2; 1=2Þ. We note that
choosing all even values for δ would place the origin of the
extended operator on a lattice site and maintain the same
discrete rotational symmetries. In principle, combinations
of even and odd displacements by δ would be possible, but
it would lead to a (short distance) modification of the
rotational symmetries discussed here.
A Fourier transform with respect to the coordinate x

project onto states of definite momenta,

hΦðP; δÞj ¼ hΩj
X
x

e−iP·xΦðx; δÞ: ð4Þ

In just the same way that the Fourier transform projects
onto states of definite momenta, particular linear combi-
nations of operators related by lattice rotations, Eq. (3), will
project onto particular irreducible representations. In par-
ticular, for ðjpjL=2πÞ2 ¼ 0, 1, 2, and 3, operators are
constructed to project onto the irreps of the groups
commonly denoted Oh, C4ν, C2ν and C3ν, respectively
(see for instance, Ref. [42]). The projection onto these
irreps has been discussed in a number of previous works
[4,31,33,34,43]. For completeness and to set our notation,
we briefly summarize the relevant features here.
The states jΦR̂ðt;x; δÞi where R̂ belong to the corre-

sponding group will transform as vectors of the regular
representation as follows:

FIG. 1. Illustration of the two-hadron “dumbbell” interpolating
operator. Two hadrons named A and B are shown in the cubic box.
A fixed source location is indicated in the left image with x⃗þ δ⃗=2
for particle A and x⃗ − δ⃗=2 for particle B. The right panel indicates
that the sink operator is to be rotated by a lattice rotation,R, with a
weight chosen to project onto the corresponding irrep.
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P̂R̂jΦR̂0 ðx; δÞi ¼
X
R̂00∈Gp

jΦR̂00 ðx; δÞiðB̄ðR̂ÞÞR̂00;R̂0 ; ð5Þ

where ðB̄ðR̂ÞÞR̂00;R̂0 ¼ δR̂R̂0;R̂00 , and Gp denotes the rotation
group for specific total momentum p (see Table VI).
The regular representation of any nontrivial group is

reducible. Thus, B̄ can be made block diagonal according
to the irreps of the symmetry group via a unitary trans-
formation matrix S̄. For example, in the Oh group,

S̄−1B̄ðR̂ÞS̄ ¼ 1Ā�
1 ðR̂Þ ⊕ 1Ā�

2 ðR̂Þ ⊕ 2Ē�ðR̂Þ ⊕ 3T̄�
1 ðR̂Þ

⊕ 3T̄�
2 ðR̂Þ≡ ĀðR̂Þ; ð6Þ

where Γ̄ðR̂Þ denotes the representation matrix of R̂ in the
irrep Γ, and the number before Γ̄ indicates the number of
occurrences of Γ in the regular representation. Using
ði;Γ; nÞ to label the nth vector of the ith occurrence of
an irrep Γ, the matrix Ā takes the block diagonal form,

ĀiΓn;i0Γ0n0 ðR̂Þ ¼ δi0iδΓ0ΓΓ̄n;n0 ðR̂Þ: ð7Þ

With the unitary transformation matrix S̄, one can
construct the states jΨ†

i;Γ;ni as

jΦ†
i;Γ;ni ¼

X
R̂

jΦ†
R̂
iS̄R;iΓn; ð8Þ

which will satisfy

P̂RjΦ†
i;Γ;ni ¼

X
i0;Γ0;n0

jΦ†
i0;Γ0;n0 iðĀðR̂ÞÞi0Γ0n0;iΓn: ð9Þ

Correspondingly, a new type of two-hadron operator can be
defined as in Eq. (A6) as

Φ†
i;Γ;n ¼

X
R̂

Φ†
R̂
S̄R;iΓn: ð10Þ

B. Correlation function

The elementary two-point correlation function is con-
structed from ΦR̂ðt;x; δÞ at the source and sink as follows:

GR̂;R̂0 ðt;p;x; δÞ ¼
X

ðy−xÞ∈Z3

e−ip·ðy−xÞ

× hTðΦR̂ðt; y; δÞ;Φ†
R̂0 ð0;x; δÞÞi;

where the angle brackets denote the ensemble average
across gauge ensembles and T the time-ordered product of
field operators. While this generally involves the full set of
rotations at source and sink, we can exploit the translational
and rotational symmetry of this correlator to obtain,

GR̂;R̂0 ðt;p;x;δÞ¼GR̂R̂0−1;Îðt;p;x;δÞ ∀ R̂;R̂0∈Gp: ð11Þ

The projection of the correlation function onto definite
irreps of the lattice rotation group is then given by

G̃Γðt;p;x; δÞ ¼
X

ðy−xÞ∈Z3

e−ip·ðy−xÞ
X
i

hTðΦi;Γ;nðt; y; δÞ;

×Φ†
i;Γ;nð0;x; δÞÞi ð12Þ

¼
X
R̂

χΓ
R̂
GR̂;Îðt;p;x; δÞ; ð13Þ

where χΓ
R̂
is the character number of element R̂ of the group

in the irrep Γ. See Appendix A for an in depth discussion.
A demonstration of the technique introduced here is

performed in the π−π− system. The individual contribu-
tions, GR̂−1;Î , to the target correlation functions are given in
terms of the Wick contractions shown in Fig. 2, given
explicitly by

GR̂−1;Îðt;p;x; δÞ ¼
X

ðy−xÞ∈Z3

eip·ðy−xÞhfTr½Sdðy−R; t;x−ÞS†uðy−R; t;x−; 0Þ�Tr½SdðyþR ; t;xþ; 0ÞS†uðyþR ; t;xþ; 0Þ�

þ Tr½SdðyþR ; t;x−; 0ÞS†uðyþR ; t;x−; 0Þ�Tr½Sdðy−R; t;xþ; 0ÞS†uðy−R; t;xþ; 0Þ�
− Tr½Sdðy−R; t;x−; 0ÞS†uðyþR ; t;x−; 0ÞSdðyþR ; t;xþ; 0ÞS†uðy−R; t;xþ; 0Þ�
− Tr½SdðyþR ; t;x−; 0ÞS†uðy−R; t;x−ÞSdðy−R; t;xþ; 0ÞS†uðyþR ; t;xþ; 0Þ�gi: ð14Þ

FIG. 2. Diagrams for Wick contractions. Thick and thin lines
are to distinguish d and u propagators, respectively.
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Here we have made use of the notation

x� ¼ 2x� δ
2

; y�R ¼ 2y � R̂δ
2

; ð15Þ

and Sqðy; t;x; 0Þ denotes a conventional point-to-all propa-
gator. The quark flavors, q ¼ u or d, are shown explicitly,
however in the following numerical calculation we assume
isospin symmetry, Su ¼ Sd.
Given the form of the correlator construction, we note

that the correlation function can be efficiently calculated by
only performing Dirac matrix inversions from two distinct
sites x�. Furthermore, in the moving frame, the same
spectra are extracted from the set of G̃Γðt;p;x; δÞ with the
same jpj. One can therefore sum over each direction to
reduce the statistical variance, i.e.,

G̃Γðt;P;x; δÞ ¼
X

p;jpj¼P

X
R̂∈Gp

χΓ
R̂
GR̂;Îðt;p;x; δÞ; ð16Þ

where, as above, Gp denotes the rotation group for specific
total momentum p.
In the following section we present numerical results for

the determination of the ground states in each of the
considered irreps up to P2 ¼ 3P2

0, where P0 defines the
basic momentum unit in the box P0 ≡ 2π=L.

III. NUMERICAL RESULTS

A. Lattice setup

Following the prescription given by Eqs. (14) and (16)
and Tables V and VI, the correlation functions of the π−π−

system are analyzed for various total momenta and irreps
of the lattice rotation group. The present calculation
is performed on an ensemble with two flavors of dynamical
OðaÞ-improved Wilson fermions with β ¼ 5.29, κ ¼
0.13550 on a 243 × 48 volume, corresponding to a ¼
0.071 fm and mπ ≃ 900 MeV, from the QCDSF
Collaboration [44].
Results are collected from 376 configurations using 16

different randomized source locations, totalling Oð6; 000Þ
measurements. With two distinct propagators required for
each source, the comparative computational cost of the
present calculation is Oð12; 000Þ measurements.

B. Spectra

In this study, we consider correlation functions with total
momentum up to three lattice units jpj ≤ ffiffiffi

3
p

P0. The
correlation functions for each irrep are fit with a para-
metrization taking the form,

GðtÞ ¼ Aðe−Et þ e−EðT−tÞÞ þ Bðe−ΔEt þ e−ΔEðT−tÞÞ; ð17Þ

where the fit parameters A and E correspond to the
amplitude and two-point energy of interest. The term

involving B is provided to isolate the leading contribution
arising from thermal states, as is familiar in studies of
multihadron correlators [6,45–50]. For the present study,
this corresponds to one pion propagating forwards and the
other backwards in Euclidean time. The value of the
exponent in the thermal contribution is held fixed to
ΔE ¼ Eπðp − kÞ − EπðkÞ, for single-pion energies Eπ ,
and k chosen to correspond to the lightest single pion
state contributing to the given correlator. At large temporal
extent, the coefficient B should scale according to e−EπðkÞT .
While we don’t have numerical results at different T, we
see that the fitted values of B are always suppressed by this
order of magnitude compared to A.
After subtracting the contributions from thermal states,

Fig. 3 displays the effective mass for different total
momenta and irreducible representation. We see a clear
separation of the energy levels in distinct irreps. As
expected, the low-lying A1 irreps are generally cleaner
statistically, whereas the signal quality degrades for the
irreps corresponding to the resolution of higher-spin
partial waves.
The results for the extracted energy levels are shown by

the black circles in Fig. 4. For comparison, the low-lying
noninteracting energy levels in each system are displayed
by the grey lines. Each of the energy levels isolated are
consistent with some degree of weak repulsion, as expected
for the I ¼ 2 state. For most of the states considered, the
first excited state is expected to be clearly separated, and
hence the ground-state isolation should be reliable (to
within the statistical uncertainties of this work).
However, there are three particular channels where multiple
low-lying states are anticipated, arising from the clustering
of noninteracting two-particle energy levels. These include
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FIG. 3. The effective energies for different total momenta P (in
multiples of 2π=L), and different irreps. The bands display the
two-pion energies fitted to Eq. (17). The horizontal width of the
bands indicates the corresponding fit window.
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A1 at P2 ¼ 2P2
0, 3P

2
0 and B2 at P2 ¼ 2P2

0. In these cases,
we do not expect that our correlation functions are
dominated by a single ground-state energy and hence the
fitted parameters are not representative of eigenenergies of
the system.
Within the operator construction presented, only the total

momentum is specified, whereas the momentum of each
pion is not. In contrast to Refs. [7,37], which involve
momentum-projected hadrons at the sink, we use the same
operators at both the source and sink. While staying within
the paradigm of local sources, this method then lends itself
to a variational analysis [11,51,52], where the operator
basis can be extended by varying jδj.

C. Phase shifts

We use the following Lüscher formula [5,26,31], assum-
ing that exponentially-suppressed corrections can be
neglected, to extract phase shifts from finite-volume
spectra,

det½MΓ;p
ln;l0n0 ðqðΓÞÞ − δl;l0δn;n0 cot δlðqðΓÞÞ� ¼ 0: ð18Þ

The matrix MΓ;p
ln;l0n0 has been discussed extensively in the

literature, see e.g., Refs. [28,31,34]. For completeness, we
provide detail relevant to the present investigation in the
Appendix B.
As encoded by Eq. (18), each energy level determined on

the lattice is constrained by multiple partial waves—see
Table I. This necessitates the use of a parametrization of the
energy dependence of the phase shifts in order to isolate the
individual partial waves. For the purpose of this inves-
tigation, we consider the parametrization of the l-wave
phase shifts by the effective range expansion,

q2lþ1 cot δl ¼ 1

al
þ 1

2
rlq2; ð19Þ

for parameters al and rl—for l ¼ 0 these are familiarly
recognized as the scattering length and effective range,
respectively. Such a parametrization should be reasonable
for the weakly-repulsive interactions anticipated in I ¼ 2
scattering.
As described above, we do not expect that our extracted

energy levels in A1 at P2 ¼ 2P2
0, 3P

2
0, or B2 at P2 ¼ 2P2

0 are
meaningful representations of an energy eigenstate, and
hence these are excluded from any fits. This leaves up to ten
data points for constraining the phase shift parametrization.
We summarize the various fit forms and corresponding
results in Tables II and III, respectively. In the following we
provide a description of each scenario considered:
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FIG. 4. The energy levels of the various systems with different
total momenta and irreps. The black points show the extracted
center-of-momentum (CM) energies. The grey lines display the
locations of the corresponding noninteracting energies. The red
lines show the fitted energies according to fit (iii), as described in
Table II, and the blue lines display further predicted eigenvalues
based upon this fit.

TABLE I. The relationship between angular momentum and
irrep in the various momentum. The total angular momentum
quantum number for exact spherical symmetry are only quoted up
to l ¼ 4.

Group jpL=2πj2 Γ l

Oh 0 Aþ
1 0, 4

Aþ
2 >4

Eþ 2, 4
Tþ
1 4

Tþ
2 2, 4

C4ν 1 A1 0, 2,4
A2 >4
B1 2, 4
B2 2, 4
E 2, 4

C2ν 2 A1 0, 2, 4
A2 2, 4
B1 2, 4
B2 2, 4

C3ν 3 A1 0, 2, 4
A2 >4
E 2, 4

TABLE II. Summary of the various fit strategies that have been
included, as detailed in the text. The first column indicates the
presence of the isolated eigenstate for the E irrep at P2 ¼ 3P2

0.
The second column denotes a truncation of the dataset at center-
of-mass energies of 3m. The corresponding number of data points
is given by Ndata. To the right of the vertical divide line, we show
the included fit parameters from Eq. (19).

Fit f3Eg fE�=m > 3g Ndata a0;2 a4 r0 r2

I ✓ ✓ 10 ✓ ✓ ✗ ✗
II ✗ ✓ 9 ✓ ✓ ✗ ✗
III ✗ ✓ 9 ✓ ✓ ✓ ✗
IV ✗ ✓ 9 ✓ ✓ ✗ ✓
V ✗ ✗ 7 ✓ ✓ ✗ ✗
VI ✗ ✗ 7 ✓ ✗ ✗ ✗
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Fit (i) We include all 10 viable data points with a simple
leading-order parameter al in each partial wave.

Fit (ii) In Fit (i), we find that the E representation at P2 ¼
3P2

0 is incompatible with the fit form, as shown in
Table III, and hence we drop this point from this
and subsequent fits. Dropping this one point
improves the reduced χ2 (χ2r) significantly, yet
still suggests some tension with the data.

Fit (iii) This is as in Fit (ii), with an r0 parameter also
included. The parameter r0 is poorly determined,
and the reduced χ2 increases significantly.

Fit (iv) This is as in Fit (ii), with an r2 parameter included.
Similar to Fit (iii), r2 is poorly determined, and the
reduced χ2 increases significantly.

Fit (v) We further restrict the fits to only consider the
lowest-lying center-of-mass energies, where both
the effective range expansion, and truncation of
partial waves in the quantization condition are
expected to be most reliable. Specifically, we
choose ECM < 3mπ and fit the three parameters
a0;2;4. The fit quality is reasonable, although still
may point to some mild tension with the under-
lying lattice results.

Fit (vi) This is the same as Fit (v), but with just two
parameters, a0;2. Evidently, the removal of a4 does
not appreciably degrade the fit quality.

We consider that Fits (v) and (vi) are equally good fits of
the lattice spectra. We show the parametrizations from each
of these fits in the two panels of Fig. 5. Considering the
negligible difference in the quality of the corresponding χ2,
there is no clear signal for an interaction in the G-wave
channel. However, it is interesting to note that the extracted
l ¼ 2 interaction, by way of the parameter a2, is sensitive
to the inclusion or not of the l ¼ 4 partial wave.
It is interesting to examine the individual point-by-point

extractions of the phase shifts. In particular, if we neglect
the l ≥ 4 interactions, we have a simple one-to-one
mapping between most of the lattice eigenstates and the
corresponding phase shifts. In the left panel of Fig. 5, the
black data points indicate these direct phase shift extrac-
tions, under the assumption of negligible l ¼ 4 inter-
actions. The A1 irrep at jPj2 ¼ P2

0 mixes l ¼ 0 and 2,
as seen in Table I, and hence the eigenvalue equation
ultimately provides a single constraint between the two
corresponding phase shifts. The data points displayed,
shown in open pink symbols, indicate the extraction of
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FIG. 5. The phase shifts from Fits (vi) and (v) are illustrated in (a) and (b), respectively. The solid black, dashed red, and dash-dotted
blue curves are for the S-,D-, andG-wave phase shifts. Each of the black data points display the phase shifts directly solved for from the
individual energy levels, where the G-wave is taken to vanish (a) or given by the corresponding parametrization of Fit (v) (b).
Furthermore, the open pink points are the phase shifts of S- and D-wave for A1 irrep of jPj2 ¼ P2

0 which are determined using the
corresponding fit for δ2 and δ0, respectively.

TABLE III. Best fit parameters for different fits, as described in the text and summarized in Table II. The final two columns indicate the
total and reduced χ2 values, respectively.

Fit a0 r0 a2 r2 × 106 a4 χ2 χ2r

I −0.690ð53Þ ... −0.0111ð84Þ ... −0.0200ð41Þ 36.2 5.2
II −0.691ð65Þ ... −0.0092ð64Þ ... −0.0208ð43Þ 15.5 2.6
III −0.65ð11Þ 0.7(19) −0.0091ð90Þ ... −0.0208ð67Þ 15.4 3.1
IV −0.691ð53Þ ... −0.0092ð96Þ 0.5(51) −0.0208ð67Þ 15.5 3.9
V −0.683ð65Þ ... −0.0602ð58Þ ... −0.0118ð48Þ 7.2 1.8
VI −0.678ð47Þ ... −0.0871ð26Þ ... ... 9.6 1.9
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δ0 (δ2) using the parametrization for δ2 (δ0) from Fit (vi).
The right panel of Fig. 5 shows a similar pointwise
extraction of the phase shifts, where δ0;2 are presented
under the assumption of δ4 from Fit (v). We see that the
S-wave (being at lower energies) is completely insensitive
to the presence of δ4, however the δ2 phase shifts do exhibit
a small realignment.
The sensitivity of the l ¼ 2 phase shifts to the presence

of l ¼ 4 is therefore revealed in both the global para-
metrizations and the pointwise analysis. While evident that
the l ¼ 2 partial wave is dominating the quantization
condition, it is interesting to note that the systematic
uncertainty in δ2 from the partial wave truncation is
dominant over the corresponding statistical uncertainty.
Finally, we note that the a2 parameter is quite small in

Fits (i) to (iv), in exchange for a relatively large a4. Given
that the corresponding fits appear to be a poor representa-
tion of the corresponding energy eigenstates, we do not
attempt an interpretation of these small a2 values.

D. Discussion

We compare the statistical precision obtained with other
calculations of the isospin-2ππ system in lattice QCD. The
level of statistics span a broad range, and the needs can vary
dramatically depending on the complexity of the target
observables. For reference on the scale of the computations,
we compare Oð4; 500Þ fermion-matrix inversions by
NPLQCD to extract the S-wave scattering length [53];
Oð290; 000Þ by NPLQCD [54] for the energy-dependent
S-wave phase shifts [7]; andOð270; 000Þ by Dudek et al. to
isolate S- andD-wave phase shifts [6]. To provide guidance
on the relative precision, we note that our relative error of
scattering length of S-wave is around 10%, while it is ∼2%
in Ref. [6], thus the accuracy could be considered compa-
rable after accounting for a factor of Oð20Þ difference in
counting statistics. We caution taking too much from this
comparison. Systematic effects can evolve as statistical
precision increases, and certainly the calculation of Dudek
et al. was set up to consider systems at different isospin,
which are not available in the present work.
We note that the present method could be extended to

consider systems involving quark propagators from one
time slice back onto itself, such as required for I ¼ 0 and
1 ππ scattering. While the present dumbbell formulation is
envisaged for application in baryon-baryon scattering,
where such diagrams are not present, it could be interesting
to apply this to more general systems, where loop propa-
gators present unique challenges.
In the context of baryon-baryon systems, we note that a

key feature of the construction is that one can make use of
variational techniques—something that is unavailable with
more standard point-to-Fourier correlators. Extending the
operator basis to span a greater range of δ values does
require having more single-site inversions at each source
time slice. In principle, this does come at additional cost in

terms of the number of propagators calculated. In the
present study, we accumulated statistics with 16 random
sources on each configuration, corresponding to 32
single-site inversions. If all these inversions were to be
done from a single time slice, one could design the
locations appropriately to span a range of delta values
without any significant increase in the overall computa-
tional cost. Thus, in future work, there is the possibility
to exploit the combinatorial gain in having (up to)
NðN − 1Þ=2 pairwise separations for N inversion sites.

IV. SUMMARY AND OUTLOOK

In this paper, we introduce a new extended operator to
extract the spectra of irreducible representations at rest and
in moving systems. In coordinate space, the two-particle
operator projects onto an irrep by summing appropriately
over a spherical shell. The method is straightforward to
implement as a generalization of conventional point
sources, and hence offers an alternative for cases where
stochastic momentum sources are impractical.
For the numerical investigation in this work, we studied

the isospin-2ππ system at a range of total momenta, on a
243 × 48 volume with a lattice spacing of a ¼ 0.071 fm
and mπ ≈ 900 MeV. The correlation functions of various
irreps with a total momentum-squared ranging from 0 to 3
have been studied, with 13 plateaus—10 of which were
considered as viable ground-state candidates. These dis-
crete finite volume spectra have then been analyzed with
the Lüscher quantization condition. Using a simple effec-
tive range expansion of the phase shifts, we identify S- and
D-wave interactions, and a tentative first look at G-wave
contributions.
In the future, this method can also be readily extended to

particles with spin, particularly for the two baryon system.
Including a basis of operators at different hadronic sepa-
rations would allow for a variational analysis to be
performed, and thereby allow for a determination of the
excited energy levels on the lattice. This would correspond
to an analog of mapping out the quantum mechanical
coordinate space-wave function.
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APPENDIX A: OCTAHEDRAL GROUP
(Oh) AND ITS LITTLE GROUPS

1. The 48 elements of Oh group

The cubic group (O) has 24 elements indicated as Ri

(i ¼ 1–24) which correspond to 24 rotations, R̂i as listed in
Table IV. Starting with one vector δ1 ≡ ðq1; q2; q3Þ, one can
then construct 23 vectors via R̂i (i ¼ 2–24) (R̂1 is the
identity operator) as follows:

δi ¼ R̂iδ1; ðA1Þ

In Table IV, the 24 vectors δi are all listed. The Oh group
can be recognized as the product of the O group and the
C2 ¼ fe; σ̂g group, i.e., Oh ¼ O ⊗ C2. Then the other 24
operators belonging to Oh group rather than O group will
be R̂iþ24 ¼ σ̂R̂i, and correspondingly, δiþ24 ¼ −δi.

2. The classes and irreps of Oh group

There are 48 elements in the Oh group and they can
be partitioned into ten different classes. There are ten
irreps, A�

1 ð1Þ, A�
2 ð1Þ, E�ð2Þ, T�

1 ð3Þ, and T�
2 ð3Þ, where the

numbers in the parentheses are the dimensions of these
irreps. The character table of the cubic group is shown in
Table V.

3. Regular representation

Using the Oh group, a scalar function ϕðδÞ can be
extended to 48 functions as follows:

ϕRðδÞ ¼ P̂RϕðδÞ ¼ ϕðR̂−1δÞ: ðA2Þ

Under the group action, they should transform as

P̂RϕR0 ðδÞ ¼
X
R00

ϕR00 ðδÞðB̄ðR̂ÞÞR00;R ¼ P̂RP̂R0ϕðδÞ

¼ P̂RR0ϕðδÞ ¼ ϕðR̂0−1R̂−1δÞ ¼ ϕRR0 ðδÞ:

Here BðR̂Þ is the representation matrix of R̂ for the regular
representation. The dimension of the regular representation
is the same as the order of the group.

TABLE IV. For the O group, 24 vectors δi and operators Ri (i ¼ 1–24) are listed. δ⊤1 ≡ ðq1; q2; q3Þ and R1 ≡ E which is the identity.
Ri includes the rotation axis and angle.

Class Ri Axis-angle Euler angle δ⊤i
E R1 Any 0° ð0°; 0°; 0°Þ ðq1; q2; q3Þ
8C0

3 R2 (1, 1, 1) −120° ð90°; 90°; 180°Þ ðq2; q3; q1Þ
R3 (1, 1, 1) þ120° ð0°; 90°; 90°Þ ðq3; q1; q2Þ
R4 ð−1; 1; 1Þ−120° ð180°; 90°; 90°Þ ð−q3;−q1; q2Þ
R5 ð−1; 1; 1Þþ120° ð90°; 90°; 0°Þ ð−q2; q3;−q1Þ
R6 ð−1;−1; 1Þ−120° ð−90°; 90°; 0°Þ ðq2;−q3;−q1Þ
R7 ð−1;−1; 1Þþ120° ð180°; 90°;−90°Þ ð−q3; q1;−q2Þ
R8 ð1;−1; 1Þ − 120° ð0°; 90°;−90°Þ ðq3;−q1;−q2Þ
R9 ð1;−1; 1Þþ120° ð−90°; 90°; 180°Þ ð−q2;−q3; q1Þ

6C4 R10 (1, 0, 0) −90° ð90°; 90°;−90°Þ ðq1; q3;−q2Þ
R11 (1, 0, 0) þ90° ð−90°; 90°; 90°Þ ðq1;−q3; q2Þ
R12 (0, 1, 0) −90° ð180°; 90°; 180°Þ ð−q3; q2; q1Þ
R13 (0, 1, 0) þ90° ð0°; 90°; 0°Þ ðq3; q2;−q1Þ
R14 (0, 0, 1) −90° ð−90°; 0°; 0°Þ ðq2;−q1; q3Þ
R15 (0, 0, 1) þ90° ð90°; 0°; 0°Þ ð−q2; q1; q3Þ

6C00
2 R16 (0, 1, 1) −180° ð90°; 90°; 90°Þ ð−q1; q3; q2Þ

R17 ð0;−1; 1Þ−180° ð−90°; 90°;−90°Þ ð−q1;−q3;−q2Þ
R18 (1, 1, 0) −180° ð−90°; 180°; 0°Þ ðq2; q1;−q3Þ
R19 ð1;−1; 0Þ−180° ð90°; 180°; 0°Þ ð−q2;−q1;−q3Þ
R20 (1, 0, 1) −180° ð0°; 90°; 180°Þ ðq3;−q2; q1Þ
R21 ð−1; 0; 1Þ − 180° ð180°; 90°; 0°Þ ð−q3;−q2;−q1Þ

3C2
4 R22 (1, 0, 0) −180° ð180°; 180°; 0°Þ ðq1;−q2;−q3Þ

R23 (0, 1, 0) −180° ð0°; 180°; 0°Þ ð−q1; q2;−q3Þ
R24 (0, 0, 1) −180° ð180°; 0°; 0°Þ ð−q1;−q2; q3Þ
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4. From regular representation to irreps

The regular representation of any nontrivial group is
reducible. So B̄ can be made block diagonal according to
the irreps of Oh via a unitary transformation matrix S̄ as
follows:

S̄−1B̄ðR̂ÞS̄ ¼ 1Ā�
1 ðR̂Þ ⊕ 1Ā�

2 ðR̂Þ ⊕ 2Ē�ðR̂Þ ⊕ 3T̄�
1 ðR̂Þ

⊕ 3T̄�
2 ðR̂Þ≡ ĀðR̂Þ: ðA3Þ

The number before the irrep indicates the occurrence
of that irrep. At last you will find 48 ¼ 2ð12 þ 12 þ 22 þ
32 þ 32Þ. And the matrix Ā can be written as

ĀiΓn;i0Γ0n0 ðR̂Þ ¼ δi0iδΓ0ΓΓ̄n;n0 ðR̂Þ; ðA4Þ

where Γ is the name of the irrep, and i shows how many
times it appears, for example i ¼ 1, 2, 3 for T�

1 and T�
2 , and

i ¼ 1, 2 for E, and i ¼ 1 for A�
1 and A�

2 ; and n indicates the
order of the irrep Γ. The matrix Γ̄ðR̂Þ is the matrix
representation of element R̂ in the irrep Γ. Because Oh

is a finite group, the matrices Γ̄ can be chosen to be unitary.
As shown in Eq. (A3), the matrices B̄ðR̂Þ show the

rotations of 48 scalar functions ϕ. Then matrices Ā also
have 48 scalar functions satisfying,

P̂RΦi;Γ;nðδÞ ¼
X
i0;Γ0;n0

Φi0;Γ0;n0 ðδÞðĀðR̂ÞÞi0Γ0n0;iΓn: ðA5Þ

The transformation matrix S̄ can connect ΦR and Φi;Γ;n as
follows:

Φi;Γ;n ¼
X
R

ϕRS̄R;iΓn: ðA6Þ

The row index of S̄ is the name of the elements of the cubic
group, and the column index is the same as the indices of
Φ, ði;Γ; nÞ.
On the other hand, from Eqs. (A3), (A5), and (A6), we

have

P̂RΦi;Γ;n ¼
X
n0
Φi;Γ;n0Γn0nðR̂Þ ¼

X
R0

X
n0

ϕR0 S̄R0iΓn0 Γ̄n0nðR̂Þ

¼ P̂R

X
R0

ϕR0SR0;iΓn ¼
X
R0

ϕRR0 S̄R0;iΓn; ðA7Þ

Then we have

X
R0

X
n0

ϕR0 S̄R0iΓn0 Γ̄n0nðR̂Þ ¼
X
R0

ϕRR0 S̄R0;iΓn; ðA8Þ

S̄R;iΓn ¼
X
m

CiΓmΓ̄m;nðR−1Þ; ðA9Þ

CiΓm ¼ S̄I;iΓm: ðA10Þ

The CiΓm satisfy the orthogonality relations,

TABLE V. Character table of Oh, C4ν, C2ν and C3ν for jpL=2πj2 ¼ 0, 1, 2, and 3, respectively.

Oh Γ=Class I 8C0
3 6C4 6C0

4 3C2
4 π̂ 8C0

3 × π̂ 6C4 × π̂ 6C0
4 × π̂ 3C2

4 × π̂

A�
1 1 1 1 1 1 �1 �1 �1 �1 �1

A�
2 1 1 −1 −1 1 �1 �1 ∓1 ∓1 �1

E� 2 −1 0 0 2 �2 ∓1 0 0 �2

T�
1 3 0 −1 1 −1 �3 0 ∓1 �1 ∓1

T�
2 3 0 1 −1 −1 �3 0 �1 ∓1 ∓1

C4ν Γ=Class I 2C4 2C0
2 × π̂ 2C2 × π̂ C2

A1 1 1 1 1 1
A2 1 1 −1 −1 1
B1 1 −1 −1 1 1
B2 1 −1 1 −1 1
E 2 0 0 0 −2

C2ν Γ=Class I C0
2 C0

2 × π̂ C2 × π̂

A1 1 1 1 1
A2 1 1 −1 −1
B1 1 −1 1 −1
B2 1 −1 −1 1

C3ν Γ=Class I 2C3 3C0
2 × π̂

A1 1 1 1
A2 1 1 −1
E 2 −1 0
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lΓ
G
δi;i0 ¼

X
m

CiΓmC�
i0Γm; ðA11Þ

lΓ
G
δm;m0 ¼

X
i

CiΓmC�
iΓm0 ; ðA12Þ

where G and lΓ are the orders of Oh group and irrep Γ,
respectively.

5. The inner product of ΦR and Φði;Γ;nÞ
We use the Dirac symbol for the inner product ofΦR and

Φði;Γ;nÞ. The normalization is given by

δR;R0 ¼ hΦRjΦR0 i; ðA13Þ

δi;i0δΓ;Γ0δn;n0 ¼hΦi;Γ;njΦi0;Γ0;n0 i; ðA14Þ

If we have some operator, Ĥ, which is invariant under the
rotation, such as the Hamiltonian operator, through
Eqs. (A6), (A9), and (A12), we have

X
i

hΦi;Γ;njĤjΦi;Γ0;n0 i ¼
X
i

X
R;R0

S̄�R;iΓnhϕRjĤjϕR0 iS̄R0;iΓ0n0

¼
X
i

X
R;R0

X
m;m0

C�
iΓmΓ̄�

m;nðR−1ÞhϕR0−1RjĤjϕIiCiΓ0m0 Γ̄m0;n0 ðR0−1Þ

¼
X
i

X
R̃;R0

X
m;m0

C�
iΓmΓ̄�

m;nðR̃−1R0−1ÞhϕR̃jĤjϕIiCiΓ0m0Γ0
m0;n0 ðR0−1Þ

¼
X
i

X
R̃

hϕR̃jĤjϕIi
X
m;m0

C�
iΓmCiΓ0m0

X
l

G
lΓ
δn;n0δΓ;Γ0δl;m0 Γ̄�

m;lðR̃−1Þ

¼
X
i

X
R̃

hϕR̃jĤjϕIi
X
m;m0

C�
iΓmCiΓm0

G
lΓ
δΓ;Γ0δn;n0 Γ̄m0;mðR̃Þ

¼ δΓ;Γ0δn;n0
X
R̃

�
G
lΓ

X
m;m0

X
i

CiΓm0 Γ̄m0;mðR̃ÞC�
iΓm

�
hϕR̃jĤjϕIi

¼ δΓ;Γ0δn;n0
X
R̃

�
G
lΓ

X
m;m0

lΓ
G
δm;m0 Γ̄m0;mðR̃Þ

�
hϕR̃jĤjϕIi

¼ δΓ;Γ0δn;n0
X
R̃

ðχΓðR̃ÞÞhϕR̃jĤjϕIi: ðA15Þ

At last, we find

X
i

hΦi;Γ;njĤjΦi;Γ0;n0 i ¼ δΓ;Γ0δn;n0
X
R

χΓðRÞhϕRjĤjϕIi;

ðA16Þ

where χΓ
R̂
is the charter of element R̂ in the Γ irrep. The

character tables for Oh group and the little group are listed
in Table V.

6. The rotation operator in the little group

TheOh group is discussed in detail in the above sections,
and it is the symmetry group in the rest frame, i.e., p ¼ 0.
In the nonzero momentum system, the symmetry group
becomes the subgroup of Oh, named as the little group. In
each little group, the rotations satisfying R̂p ¼ p will
survive. Therefore, for the moving system, one just needs

to keep the surviving rotations and do the same procedure
as that in the rest frame. All the rotations for different
momentum with jpj ¼ 1, 2, 3 are listed in Table VI.

APPENDIX B: LÜSCHER’S QUANTIZATION
CONDITION

The Lüscher formalism provides a model-independent
relationship between the phase shifts and the energy
levels, assuming exponentially-suppressed finite-volume
effects can be safely neglected. In this section we
give the relationship between the spectra of irreps consid-
ered in this work and the phase shifts up to l ¼ 4. We
have confirmed that the partial waves l ¼ 0 and l ¼ 2
agree with previous results reported in Ref. [31]. The
general quantization condition equation is summarized by

det½MΓ;p
ln;l0n0 ðqðΓÞÞ − δl;l0δn;n0 cot δlðqðΓÞÞ� ¼ 0; ðB1Þ
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where Γ, p, lðl0Þ, and nðn0Þ indicate the irrep, total
momentum, angular momentum, and the nth Γ appearing
in the representation of this angular momentum, respec-
tively. qðΓÞ is the on-shell momentum of the energy level of
irrep Γ in the center of mass (c.m.) system.
The matrix M is calculated from

MΓ;p
ln;l0n0 ðqðΓÞÞ ¼

X
m;m0

CΓ;α;n�
l;m CΓ;α;n0

l0;m0 M
p
lm;l0m0 ðqðΓÞÞ; ðB2Þ

Mp
lm;l0m0 ðqðΓÞÞ ¼ ð−1Þl

Xlþl0

j¼jl−l0j

Xj

s¼−j
ij

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jþ 1

p
ωd¼pL=2π
js

× ðq̃ ¼ qðΓÞL=2πÞClm;js;l0m0 ; ðB3Þ

ωd
jsðq̃Þ ¼

1

π3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jþ 1

p Zd
jsð1; q̃Þ
γq̃jþ1

−1
; ðB4Þ

where α runs from 1 to the dimension of Γ. γ is the Lorentz
factor

γ ¼ W
EC:M:

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ E2

C:M:

p
EC:M:

; ðB5Þ

where EC:M: ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

π

p
is the energy level in the c.m.

system.
The factor Clm;js;l0m0 is related to the Wigner 3 − j

symbols as follows:

Clm;js;l0m0 ¼ ð−1Þm0
il−jþl0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þð2l0 þ 1Þ

p

×

�
l j l0

m s −m0

��
l j l0

0 0 0

�
: ðB6Þ

Now we only need to know the coefficients CΓ;α;n
l;m in

Eq. (B2). We give these values in Table VII for the moving
system, while for the rest frame, the matricesMΓ;p

ln;l0n0 ðqðΓÞÞ
can be read from Ref. [26]. It is worth mentioning that in
our calculation we average over all momenta with fixed jpj.
Since the spectra of them are the same, we choose one case
to list each CΓ;α;n

l;m . Finally, Eq. (B1) for each case are listed
in the following.
For the A1 irrep in the rest frame, d ¼ pL=2π ¼ 0,

0 ¼ det

0
B@− cot δ0 þ ωd

00
6
ffiffiffiffi
21

p
7

ωd
40

6
ffiffiffiffi
21

p
7

ωd
40 − cot δ4 þ ωd

00 þ 324
143

ωd
40 þ 80

11
ωd
60 þ 560

143
ωd
80

1
CA: ðB7Þ

For the E irrep in the rest frame, d ¼ 0,

TABLE VI. The rotation for the each class in the Oh group, C4ν, C2ν, and C3ν for jpj ¼ 0, 1, 2, and 3, respectively.

Oh p=Class I 8C0
3 6C4 6C0

4 3C2
4 π̂ 8C0

3 × π̂ 6C4 × π̂ 6C0
4 × π̂ 3C2

4 × π̂

(0, 0, 0) R̂1 R̂2−9 R̂10−15 R̂16−21 R̂22−24 R̂25 R̂26−33 R̂33−38 R̂39−44 R̂45−48

C4ν p=Class I 2C4 2C0
2 × π̂ 2C2 × π̂ C2

ð0; 0;�1Þ R̂1 R̂14;15 R̂42;43 R̂46;47 R̂24

ð0;�1; 0Þ R̂1 R̂12;13 R̂44;45 R̂46;48 R̂23

ð�1; 0; 0Þ R̂1 R̂10;11 R̂40;41 R̂47;48 R̂22

C2ν p=Class I C0
2 C0

2 × π̂ C2 × π̂

ð�1;�1; 0Þ R̂1 R̂18 R̂43 R̂48

ð�1; 0;�1Þ R̂1 R̂20 R̂45 R̂47

ð0;�1;�1Þ R̂1 R̂16 R̂41 R̂46

ð0;�1;∓1Þ R̂1 R̂17 R̂40 R̂46

ð�1;∓1; 0Þ R̂1 R̂21 R̂44 R̂47

ð�1; 0;∓1Þ R̂1 R̂19 R̂42 R̂48

C3ν p=Class I 2C3 3C0
2 × π̂

ð�1;�1;�1Þ R̂1 R̂2;3 R̂41;43;45

ð�1;�1;∓ 1Þ R̂1 R̂6;7 R̂40;43;44

ð�1;∓1;�1Þ R̂1 R̂8;9 R̂40;42;45

ð∓ 1;�1;�1Þ R̂1 R̂4;5 R̂41;42;44
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TABLE VII. The relationship between angular momentum and irrep at momenta up to P2 ¼ 3P2
0.

p l n Γ α CΓ;α;n
l;m jl; mi

(0, 0, 1) 0 1 A1 1 j0; 0i
2 1 A1 1 j2; 0i

1 B1 1 1ffiffi
2

p ðj2;−2i þ j2; 2iÞ
1 B2 1 1ffiffi

2
p ðj2;−2i − j2; 2iÞ

1 E 1 1ffiffi
2

p ðj2;−1i − ij2; 1iÞ
2 1−i

2
ðj2;−1i þ ij2; 1iÞ

4 1 A1 1 1
2
ðj4;−4i þ ffiffiffi

2
p j4; 0i þ j4; 4iÞ

2 A1 1 1
2
ðj4;−4i − ffiffiffi

2
p j4; 0i þ j4; 4iÞ

1 A2 1 1ffiffi
2

p ð−j4;−4i þ j4; 4iÞ
1 B1 1 1ffiffi

2
p ðj4;−2i þ j4; 2iÞ

1 B2 1 1ffiffi
2

p ð−j4;−2i þ j4; 2iÞ
1 E 1 1þi

2
ffiffi
2

p ð−j4;−3i þ j4;−1i − ij4; 1i − ij4; 3iÞ
2 1

2
ðj4;−3i þ j4;−1i þ ij4; 1i − ij4; 3iÞ

2 E 1 1þi
2
ffiffi
2

p ðj4;−3i þ j4;−1i − ij4; 1i þ ij4; 3iÞ
2 1

2
ð−j4;−3i þ j4;−1i þ ij4; 1i þ ij4; 3iÞ

(1, 1, 0) 0 1 A1 1 j0; 0i
2 1 A1 1 j2; 0i

2 A1 1 1ffiffi
2

p ðj2;−2i − j2; 2iÞ
1 A2 1 1ffiffi

2
p ðj2;−1i − ij2; 1iÞ

1 B1 1 1ffiffi
2

p ðj2;−1i þ ij2; 1iÞ
1 B2 1 1ffiffi

2
p ðj2;−2i þ j2; 2iÞ

4 1 A1 1 1
2
ðj4;−4i − j4;−2i þ j4; 2i þ j4; 4iÞ

2 A1 1 1
2
ðj4;−4i þ j4;−2i − j4; 2i þ j4; 4iÞ

3 A1 1 j4; 0i
1 A2 1 1

2
ðj4;−3i þ j4;−1i − ij4; 1i þ ij4; 3iÞ

2 A2 1 1
2
ðj4;−3i − j4;−1i þ ij4; 1i þ ij4; 3iÞ

1 B1 1 1
2
ðj4;−3i þ j4;−1i þ ij4; 1i − ij4; 3iÞ

2 B1 1 1
2
ðj4;−3i − j4;−1i − ij4; 1i − ij4; 3iÞ

1 B2 1 1
2
ð−j4;−4i þ j4;−2i þ j4; 2i þ j4; 4iÞ

2 B2 1 1
2
ðj4;−4i þ j4;−2i þ j4; 2i − j4; 4iÞ

(1, 1, 1) 0 1 A1 1 j0; 0i
2 1 A1 1 1ffiffi

6
p ðj2;−2i þ ð1 − iÞj2;−1i þ ð1þ iÞj2; 1i − j2; 2iÞ

1 E 1 1ffiffi
2

p ðj2;−2i þ j2; 2iÞ
2 −j2; 0i

2 E 1 1ffiffi
2

p ðj2;−1i − ij2; 1iÞ
2 1ffiffi

6
p ð−ð1 − iÞj2;−2i − ij2;−1i þ j2; 1i þ ð1 − iÞj2; 2iÞ

4 1 A1 1 1
2

ffiffi
5
6

q
ðj4;−4i þ

ffiffiffiffi
14
5

q
j4; 0i þ j4; 4iÞ

2 A1 1 1
2

�
−

ffiffi
7
6

q
j4;−3i þ −1þiffiffi

3
p j4;−2i þ −iffiffi

6
p j4;−1i þ 1ffiffi

6
p j4; 1i þ 1−iffiffi

3
p j4; 2i þ i

ffiffi
7
6

q
j4; 3i

�
3 A2 1 1

2

�
−1þiffiffi

3
p j4;−4i − iffiffi

6
p j4;−3i þ

ffiffi
7
6

q
j4;−1i − i

ffiffi
7
6

q
j4; 1i þ 1ffiffi

6
p j4; 3i þ 1−iffiffi

3
p j4; 4i

�
1 E 1 1

4
ð−i ffiffiffi

7
p j4;−3i − j4;−1i þ ij4; 1i þ ffiffiffi

7
p j4; 3iÞ

E 2 1
4

� ffiffi
7
3

q
j4;−3i þ 4ð−1þiÞffiffi

6
p j4;−2i þ iffiffi

3
p j4;−1i − 1ffiffi

3
p j4; 1i þ 4ð1−iÞffiffi

6
p j4; 2i − i

ffiffi
7
3

q
j4; 4i

�

2 E 1 − 1ffiffi
2

p ðj4;−2i þ j4; 2iÞ
2 1

2

� ffiffi
7
6

q
j4;−4i −

ffiffi
5
3

q
j4; 0i þ

ffiffi
7
6

q
j4; 4i

�
3 E 1 1ffiffi

3
p ð−j4;−4i − 1−i

4
ffiffi
2

p j4;−3i −
ffiffi
7

p ð1þiÞ
4
ffiffi
2

p j4;−1i þ
ffiffi
7

p ð−1þiÞ
4
ffiffi
2

p j4; 1i − 1þi
4
ffiffi
2

p j4; 3i þ j4; 4iÞ
2 1þi

4
ffiffi
2

p ðj4;−3i − i
ffiffiffi
7

p j4;−1i þ ffiffiffi
7

p j4; 1i − ij4; 3iÞ
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0 ¼ det

0
B@− cot δ2 þ ωd

00 þ 18
7
ωd
40 − 120

ffiffi
3

p
77

ωd
40 −

30
ffiffi
3

p
11

ωd
60

− 120
ffiffi
3

p
77

ωd
40 −

30
ffiffi
3

p
11

ωd
60 − cot δ4 þ ωd

00 þ 324
1001

ωd
40 − 64

11
ωd
60 þ 392

143
ωd
80

1
CA: ðB8Þ

For the T2 irrep in the rest frame, d ¼ 0,

0 ¼ det

0
B@− cot δ2 þ ωd

00 − 12
7
ωd
40 − 60

ffiffi
3

p
77

ωd
40 −

40
ffiffi
3

p
11

ωd
60

− 60
ffiffi
3

p
77

ωd
40 −

40
ffiffi
3

p
11

ωd
60 − cot δ4 þ ωd

00 − 162
77

ωd
40 þ 20

11
ωd
60

1
CA: ðB9Þ

For the A1 irrep in the moving frame with jpL=2πj ¼ 1, we choose d ¼ pL=2π ¼ ð0; 0; 1Þ,

0 ¼ det

0
BBBBBBBB@

− cot δ0 þ ωd
00 −

ffiffiffi
5

p
ωd
20

3ffiffi
2

p ωd
40 þ 3ωd

44 − 3ffiffi
2

p ωd
40 þ 3ωd

44

−
ffiffiffi
5

p
ωd
20 − cot δ2 þMA1;p

21;21 MA1;p
21;41 MA1;p

21;42

3ffiffi
2

p ωd
40 þ 3ωd

44 MA1;p
21;41 − cot δ4 þMA1;p

41;41 MA1;p
41;42

− 3ffiffi
2

p ωd
40 þ 3ωd

44 MA1;p
21;41 MA1;p

41;42 − cot δ4 þMA1;p
42;42

1
CCCCCCCCA
; ðB10Þ

where

MA1;p
21;21 ¼ ωd

00 þ
10

7
ωd
20 þ

18

7
ωd
40;

MA1;p
21;41 ¼ −

3
ffiffiffiffiffi
10

p

7
ωd
20 þ

12
ffiffiffi
5

p

11
ωd
44 −

15

11
ωd
64 −

30
ffiffiffiffiffi
10

p

77
ωd
40 −

15
ffiffiffiffiffi
10

p

22
ωd
60;

MA1;p
21;42 ¼ þ 3

ffiffiffiffiffi
10

p

7
ωd
20 þ

12
ffiffiffi
5

p

11
ωd
44 −

15

11
ωd
64 þ

30
ffiffiffiffiffi
10

p

77
ωd
40 þ

15
ffiffiffiffiffi
10

p

22
ωd
60;

MA1;p
41;41 ¼ þωd

00 −
20

77
ωd
20 þ

1296

1001
ωd
40 þ

8

11
ωd
60 þ

497

286
ωd
80 þ

162
ffiffiffi
2

p

143
ωd
44 −

12
ffiffiffiffiffi
10

p

11
ωd
64 þ

42

13

ffiffiffiffiffi
5

22

r
ωd
84 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88;

MA1;p
41;42 ¼ −

120

77
ωd
20 −

162

1001
ωd
40 −

12

11
ωd
60 −

483

286
ωd
80 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88;

MA1;p
42;42 ¼ þωd

00 −
20

77
ωd
20 þ

1296

1001
ωd
40 þ

8

11
ωd
60 þ

497

286
ωd
80 −

162
ffiffiffi
2

p

143
ωd
44 þ

12
ffiffiffiffiffi
10

p

11
ωd
64 −

42

13

ffiffiffiffiffi
5

22

r
ωd
84 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88:

For the B1 irrep in the moving frame with jpL=2πj ¼ 1, we choose d ¼ pL=2π ¼ ð0; 0; 1Þ,

0 ¼ det

0
B@− cot δ2 þ ωd

00 − 10
7
ωd
00 þ 3

7
ωd
40 þ 6

ffiffiffiffi
5
14

q
ωd
44 MB1;p

21;41

MB1;p
21;41 − cot δ4 þMB1;p

41;41

1
CA; ðB11Þ

where

MB1;p
21;41 ¼ −

5
ffiffiffi
3

p

7
ωd
20 þ

90
ffiffiffi
3

p

77
ωd
40 −

5
ffiffiffi
3

p

11
ωd
60 þ

6
ffiffiffiffiffiffiffiffi
210

p

77
ωd
44 −

5
ffiffiffiffiffi
42

p

11
ωd
64;

MB1;p
41;41 ¼ þωd

00 þ
40

77
ωd
20 −

81

91
ωd
40 − 2ωd

60 þ
196

143
ωd
80 þ

243

143

ffiffiffiffiffi
10

7

r
ωd
44 þ

6
ffiffiffiffiffi
14

p

11
ωd
64 þ

42

13

ffiffiffiffiffi
14

11

r
ωd
84:

For the B2 irrep in the moving frame with jpL=2πj ¼ 1, we choose d ¼ pL=2π ¼ ð0; 0; 1Þ,
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0 ¼ det

0
B@− cot δ2 þ ωd

00 −
10
7
ωd
00 þ 3

7
ωd
40 −

3
ffiffiffiffi
70

p
7

ωd
44 MB2;p

21;41

MB2;p
21;41 − cot δ4 þMB2;p

41;41

1
CA; ðB12Þ

where

MB2;p
21;41 ¼ þ 5

ffiffiffi
3

p

7
ωd
20 −

90
ffiffiffi
3

p

77
ωd
40 þ

5
ffiffiffi
3

p

11
ωd
60 þ

6
ffiffiffiffiffiffiffiffi
210

p

77
ωd
44 −

5
ffiffiffiffiffi
42

p

11
ωd
64;

MB2;p
41;41 ¼ þωd

00 þ
40

77
ωd
20 −

81

91
ωd
40 − 2ωd

60 þ
196

143
ωd
80 −

243

143

ffiffiffiffiffi
10

7

r
ωd
44 −

6
ffiffiffiffiffi
14

p

11
ωd
64 −

42

13

ffiffiffiffiffi
14

11

r
ωd
84:

For the E irrep in the moving frame with jpL=2πj ¼ 1, we choose d ¼ pL=2π ¼ ð0; 0; 1Þ,

0 ¼ det

0
BB@

− cot δ2 þ ωd
00 þ 5

7
ωd
20 −

12
7
ωd
40 ME;p

21;41 ME;p
21;41

ME;p
21;41 − cot δ4 þME;p

41;41 ME;p
41;42

ME;p
21;41 ME;p

41;42 − cot δ4 þME;p
41;41

1
CCA; ðB13Þ

where

ME;p
21;41 ¼ −

5
ffiffiffi
3

p

7
ωd
20 −

15
ffiffiffi
3

p

77
ωd
40 þ

10
ffiffiffi
3

p

11
ωd
60 − i

3
ffiffiffiffiffi
30

p

11
ωd
44 − i

10
ffiffiffi
6

p

11
ωd
64;

ME;p
41;41 ¼ þωd

00 þ
25

77
ωd
20 −

486

1001
ωd
40 þ

8

11
ωd
60 −

224

143
ωd
80;

ME;p
41;42 ¼ þ 60

77
ωd
20 þ

1215

1001
ωd
40 −

9

11
ωd
60 −

168

143
ωd
80 þ i

81
ffiffiffiffiffi
10

p

143
ωd
44 þ i

3
ffiffiffi
2

p

11
ωd
64 − i

84

13

ffiffiffiffiffi
2

11

r
ωd
84:

For the A1 irrep in the moving frame with jpL=2πj ¼ ffiffiffi
2

p
, we choose d ¼ pL=2π ¼ ð1; 1; 0Þ,

0¼det

0
BBBBBBBBBBBB@

−cotδ0þωd
00 −

ffiffiffi
5

p
ωd
20

ffiffiffiffiffi
10

p
ωd
22 3ðωd

44þωd
42Þ 3ðωd

44−ωd
42Þ 3ωd

40

−
ffiffiffi
5

p
ωd
20 −cotδ2þMA1;p

21;21 MA1;p
21;22 MA1;p

21;41 MA1;p
21;41 MA1;p

21;43

−
ffiffiffiffiffi
10

p
ωd
22 MA1;p

21;22 MA1;p
22;22−cotδ2 MA1;p

22;41 −MA1;p
22;41 MA1;p

22;43

3ðωd
44−ωd

42Þ MA1;p
21;41 MA1;p

22;41 MA1;p
41;41−cotδ4 MA1;p

41;42 MA1;p
41;43

3ðωd
44þωd

42Þ MA1;p
21;41 −MA1;p

22;41 MA1;p
41;42 MA1;p

41;41−cotδ4 MA1;p
41;43

3ωd
40 MA1;p

21;43 MA1;p
22;43 MA1;p

41;43 MA1;p
41;43 MA1;p

43;43−cotδ4

1
CCCCCCCCCCCCA

; ðB14Þ

where

MA1;p
21;21 ¼ ωd

00 þ
10

7
ωd
20 þ

18

7
ωd
40;

MA1;p
21;22 ¼

10
ffiffiffi
2

p

7
ωd
22 −

3
ffiffiffiffiffi
30

p

7
ωd
42;

MA1;p
21;41 ¼ −

5
ffiffiffiffiffi
10

p

7
ωd
22 −

24
ffiffiffi
5

p

77
ωd
42 −

2
ffiffiffiffiffiffiffiffi
210

p

11
ωd
62 þ

12
ffiffiffi
5

p

11
ωd
44 −

15

11
ωd
64;

MA1;p
21;43 ¼ −

6
ffiffiffi
5

p

77
ωd
20 −

60
ffiffiffi
5

p

77
ωd
40 −

15

11
ωd
60;

MA1;p
22;22 ¼ ωd

00 −
10

7
ωd
20 þ

3

7
ωd
40 − 6

ffiffiffiffiffi
5

14

r
ωd
44;
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MA1;p
22;41 ¼ þ 5

ffiffiffi
6

p

14
ωd
20 −

45
ffiffiffi
6

p

77
ωd
40 þ

5
ffiffiffi
6

p

22
ωd
60 þ

5
ffiffiffi
7

p

7
ωd
22 −

6
ffiffiffiffiffiffiffiffi
105

p

77
ωd
42 þ

ffiffiffiffiffi
10

p

22
ωd
62 þ

6
ffiffiffiffiffiffiffiffi
105

p

77
ωd
44 −

5
ffiffiffiffiffi
21

p

11
ωd
64 −

15ffiffiffiffiffi
22

p ωd
66;

MA1;p
22;43 ¼ −

ffiffiffiffiffi
10

p

7
ωd
22 þ

90
ffiffiffi
6

p

77
ωd
42 −

10
ffiffiffi
7

p

11
ωd
62;

MA1;p
41;41 ¼ ωd

00 −
50

77
ωd
20 þ

243

2002
ωd
40 −

13

11
ωd
60 þ

203

286
ωd
80 −

243

143

ffiffiffiffiffi
5

14

r
ωd
44 −

3
ffiffiffiffiffi
14

p

11
ωd
64 −

42

13

ffiffiffiffiffi
7

22

r
ωd
84 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88;

MA1;p
41;42 ¼ −

90

77
ωd
20 þ

2025

2002
ωd
40 þ

9

11
ωd
60 −

189

286
ωd
80 −

10

11

ffiffiffi
6

7

r
ωd
22 þ

243

143

ffiffiffiffiffi
10

7

r
ωd
42 −

4
ffiffiffiffiffi
15

p

11
ωd
62 þ

21
ffiffiffi
5

p

143
ωd
82 þ

243

143

ffiffiffiffiffi
5

14

r
ωd
44

þ 3
ffiffiffiffiffi
14

p

11
ωd
64;þ

42

13

ffiffiffiffiffi
7

22

r
ωd
84 þ 4

ffiffiffiffiffi
3

11

r
ωd
66 − 7

ffiffiffiffiffiffiffiffi
21

143

r
ωd
86 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88;

MA1;p
41;43 ¼ þ 30

ffiffiffiffiffi
15

p

77
ωd
22 þ

81

91
ωd
42 −

105
ffiffiffiffiffi
14

p

143
ωd
82 þ

162

143
ωd
44 −

12
ffiffiffi
5

p

11
ωd
64 þ

21

13

ffiffiffiffiffi
5

11

r
ωd
84;

MA1;p
43;43 ¼ ωd

00 þ
100

77
ωd
20 þ

1458

1001
ωd
40 þ

20

11
ωd
60 þ

490

143
ωd
80:

For the A2 irrep in moving frame with jpL=2πj ¼ ffiffiffi
2

p
, we choose d ¼ pL=2π ¼ ð1; 1; 0Þ,

0 ¼ det

0
BB@

− cot δ0 þMA2;p
21;21 MA2;p

21;41 −MA2;p
21;41

MA2;p
21;41 − cot δ4 þMA2;p

41;41 MA2;p
41;42

−MA2;p
21;41 MA2;p

41;42 − cot δ4 þMA2;p
41;41

1
CCA; ðB15Þ

where

MA2;p
21;21¼ωd

00þ
5

7
ωd
20−

12

7
ωd
40þ i

ffiffiffiffiffi
30

p

7
ð

ffiffiffi
5

p
ωd
22þ2

ffiffiffi
3

p
ωd
42Þ;

MA2;p
21;41¼−

5
ffiffiffi
3

p

7
ωd
20−

15
ffiffiffi
3

p

77
ωd
40þ

10
ffiffiffi
3

p

11
ωd
60þ

5
ffiffiffi
2

p

14
ðiþ

ffiffiffi
7

p
Þωd

22þ
3

11

ffiffiffiffiffi
15

14

r �
5− i

9ffiffiffi
7

p
�
ωd
42−

4
ffiffiffi
5

p

11
ð1þ i

ffiffiffi
7

p
Þωd

62

þ i
3

ffiffiffiffiffi
30

p

11
ωd
44þ i

10
ffiffiffi
6

p

11
ωd
64;

MA2;p
41;41¼þωd

00þ
25

77
ωd
20−

486

1001
ωd
40þ

8

11
ωd
60−

224

143
ωd
80þ i

25
ffiffiffi
6

p

77
ωd
22þ i

243
ffiffiffiffiffi
10

p

1001
ωd
42þ i

ffiffiffiffiffiffiffiffi
105

p

11
ωd
62

þ i
42

ffiffiffiffiffi
35

p

143
ωd
82− i

ffiffiffiffiffi
21

11

r
ωd
66− i14

ffiffiffiffiffiffiffiffi
3

143

r
ωd
86;

MA2;p
41;42¼−

60

77
ωd
20−

1215

1001
ωd
40þ

9

11
ωd
60þ

168

143
ωd
80þ

5
ffiffiffi
6

p

77
ð3

ffiffiffi
7

p
− i5Þωd

22þ
81

ffiffiffiffiffi
10

p

1001
ð−

ffiffiffi
7

p
− i3Þωd

42þ
ffiffiffiffiffi
15

p

11
ð−6− i

ffiffiffi
7

p
Þωd

62

þ42
ffiffiffi
5

p

143
ð2− i

ffiffiffi
7

p
Þωd

82þ i
81

ffiffiffiffiffi
10

p

143
ωd
44þ i

3
ffiffiffi
2

p

11
ωd
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ffiffiffiffiffi
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66− i14

ffiffiffiffiffiffiffiffi
3
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r
ωd
86:

For the B1 irrep in the moving frame with jpL=2πj ¼ ffiffiffi
2

p
, we choose d ¼ pL=2π ¼ ð1; 1; 0Þ,

0 ¼ det

0
BB@

− cot δ0 þMB1;p
21;21 MB1;p

21;41 −MB1;p
21;41

MB1;p
21;41 − cot δ4 þMB1;p

41;41 MB1;p
41;42

−MB1;p
21;41 MB1;p

41;42 − cot δ4 þMB1;p
41;41

1
CCA; ðB16Þ
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where

MB1;p
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42Þ;

MB1;p
21;41 ¼ −

5
ffiffiffi
3

p

7
ωd
20 −

15
ffiffiffi
3

p

77
ωd
40 þ

10
ffiffiffi
3

p

11
ωd
60 þ

5
ffiffiffi
2

p

14
ð−iþ

ffiffiffi
7

p
Þωd

22 þ
3

11

ffiffiffiffiffi
15

14

r �
5þ i

9ffiffiffi
7

p
�
ωd
42 −

4
ffiffiffi
5

p

11
ð1− i

ffiffiffi
7

p
Þωd

62

− i
3

ffiffiffiffiffi
30

p

11
ωd
44 − i

10
ffiffiffi
6

p

11
ωd
64;

MB1;p
41;41 ¼ þωd

00 þ
25

77
ωd
20 −

486

1001
ωd
40 þ

8

11
ωd
60 −

224

143
ωd
80 − i

25
ffiffiffi
6

p

77
ωd
22 − i
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p
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þ i

ffiffiffiffiffi
21

11
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p
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3
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r
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86:

For the B2 irrep in the moving frame with jpL=2πj ¼ ffiffiffi
2

p
, we choose d ¼ pL=2π ¼ ð1; 1; 0Þ,

0 ¼ det

0
BB@

− cot δ0 þMB2;p
21;21 MB2;p

21;41 MB2;p
21;41

MB2;p
21;41 − cot δ4 þMB2;p

41;41 MB2;p
41;42

MB2;p
21;41 MB2;p

41;42 − cot δ4 þMB2;p
41;41

1
CCA; ðB17Þ

where

MB2;p
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5ffiffiffi
7

p ωd
22 þ

6
ffiffiffiffiffiffiffiffi
105

p

77
ωd
42 −

ffiffiffiffiffi
10

p

22
ωd
62 þ

6
ffiffiffiffiffiffiffiffi
105

p

77
ωd
44 −

5
ffiffiffiffiffi
21

p

11
ωd
64 −

15ffiffiffiffiffi
22

p ωd
66;

MB2;p
41;41 ¼ þωd

00 −
50

77
ωd
20 þ

243

2002
ωd
40 −

13

11
ωd
60 þ

203

286
ωd
80 þ

243

143

ffiffiffiffiffi
5

14

r
ωd
44 þ

3
ffiffiffiffiffi
14

p

11
ωd
64 þ

42

13

ffiffiffiffiffi
7

22

r
ωd
84 − 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88;

MB2;p
41;42 ¼ þ 90

77
ωd
20 −

2025

2002
ωd
40 −

9

11
ωd
60 þ

189

286
ωd
80 þ

10

11

ffiffiffi
6

7

r
ωd
22 −

243

143

ffiffiffiffiffi
10

7

r
ωd
42 þ

4
ffiffiffi
5

p

11
ωd
62 −

21
ffiffiffi
5

p

143
ωd
82 þ

243

143

ffiffiffiffiffi
5

14

r
ωd
44

þ 3
ffiffiffiffiffi
14

p

11
ωd
64 þ

42

13

ffiffiffiffiffi
7

22

r
ωd
84 þ 4

ffiffiffiffiffi
3

11

r
ωd
66 − 7

ffiffiffiffiffiffiffiffi
21

143

r
ωd
86 þ 21

ffiffiffiffiffiffiffiffi
5

286

r
ωd
88:

For the A1 irrep in the moving frame with jpL=2πj ¼ ffiffiffi
3

p
, we choose d ¼ pL=2π ¼ ð1; 1; 1Þ,

0 ¼ det

0
BBBBBB@

− cot δ0 þ ωd
00

ffiffiffiffiffi
30

p
ωd
22

6
ffiffiffiffi
21

p
7

ωd
40 3

ffiffiffi
3
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−
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p
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3
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42 MA1;p
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41;42 MA1;p

42;42 − cot δ4

1
CCCCCCA
; ðB18Þ
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where
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87:

For the E irrep in the moving frame with jpL=2πj ¼ ffiffiffi
3

p
, we choose d ¼ pL=2π ¼ ð1; 1; 1Þ,

0 ¼ det

0
BBBBBBBB@

− cot δ2 þME;p
21;21 ME;p

21;22 ME;p
21;41 ME;p
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1
CCCCCCCCA
;

where
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