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In this paper, the deconfinement and chiral restoration transitions in a strong magnetic field are realized
at zero temperature in the Polyakov Nambu-Jona-Lasinio model. We provide the thermodynamic treatment
to mimic the deconfinement phase transition at zero temperature together with the entangled scalar and
vector interactions coupled with the Polyakov loop. The magnetic catalysis is found by a rising behavior of
the critical chemical potential for the first-order deconfinement phase transition. While the magnetic
catalysis on the chiral restoration could convert to inverse magnetic catalysis under the running coupling
interaction ansatz. Furthermore, the stronger magnetic field makes the possible quarkyonic phase window
to be enlarged under the running coupling interaction.
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I. INTRODUCTION

The study of the quantum chromodynamics (QCD)
phase diagram attracts a lot of attention theoretically and
experimentally [1-4]. The three basic characteristics of
QCD, chiral symmetry, quark confinement and asymptotic
freedom, play an important role in determining the proper-
ties of hadrons and the phase diagram at finite temperature
and density. Understanding these aspects could help
us to get a better knowledge of the strongly interacting
matter.

In the past decades, one powerful lattice QCD was
established for 2 + 1 flavors and vanishing baryon chemi-
cal potential. It is predicted that there is a crossoverlike
transition at high temperature from a hadronic phase.
However, the situation is less clear for finite chemical
potentials due to the well-known difficulty given by the so-
called sign problem, which affects lattice calculations [5].
Thus the more work on QCD diagram has to be done in the
phenomenological models, which capture the basic physics
of QCD itself and are instructive to evaluate the quark mass,
the pion mass, and so on. First, the asymptotic freedom
indicates the interaction of quarks becomes weaker with
decreasing distance and becomes stronger as the separation
increases. It can be described by a variational coupling
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constant [6] or represented by an density-and-temperature
dependent mass of quasiparticle in literature [7-9]. Second,
the chiral symmetry breaking was successfully investigated
by the Nambu-Jona-Lasinio (NJL) model at finite tempera-
ture by the dynamical generation of quark mass, which can
act as an order parameter of chiral phase transition [10-16].
Third, the quark confinement as an essential feature of
QCD involves nonperturbative properties. The MIT bag
model is based on a phenomenological realization of quark
confinement. The bag constant is often introduced phe-
nomenologically with the expectation that it simulate
nonperturbative corrections [17-19]. At high densities of
a good simulation of the compact star, the deconfinement
phase transition is expected to take place, which is
characterized by a approximately Z(3) center symmetry
breaking. On the other hand, the MIT bag model violates
chiral symmetry and the NJL model does not confine
quarks. The question has been addressed by the Polyakov
Nambu-Jona-Lasinio (PNJL) model, where the quarks
interact with the temporal gluon field, represented by the
Polyakov loop. The PNJL model had been successfully
employed on the investigation of the chiral phase diagram
and the confinement-deconfinement transition during a
long period [20-24]. Unfortunately, directly taking the
zero temperature limit on the Polyakov potential in the
conventional version of the PNJL model is infeasible,
which will lead to the vanishing of the confinement
mechanism. Recently, by introducing a Polyakov-loop
dependent coupling interaction, the confinement-
deconfinement transition in the PNJL model has been
recovered to be operative at the zero temperature regime,
which was named as the PNJLO model [25,26].
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The recent investigation of QCD in strong magnetic fields
brings a new sight on the whole phase diagram. The typical
strength of the strong magnetic fields could be of the order of
10'2 Gauss on the surface of pulsars. Some magnetars can
have even larger magnetic fields as high as 10'® Gauss at the
surface and 10'® Gauss in the interior of certain compact
stars. By comparing the magnetic and gravitational energies,
the physical upper limit to the total neutron star is of order
10'8 Gauss [27]. And for the self-bound quark stars, the limit
could go higher [28,29]. A realistic profile of the magnetic
field distribution inside strongly magnetized neutron stars is
proposed that the magnetic fields increase relatively slowly
with increasing baryon chemical potential in the polynomial
form instead of exponential form [30]. At the large hadron
collider energy in CERN, it is estimated to produce a field as
large as 5 x 10" Gauss [31]. Much stronger background
fields might have been produced during the cosmological
electroweak phase transition [32,33]. The QCD vacuum
characterized by the chiral symmetry breaking would be
changed by the enhanced quark-antiquark condensate in
strong magnetic fields, which leads to a dynamical gen-
eration of quark masses. The corresponding mechanism is
the famous magnetic catalysis (MC) effect [34]. The inverse
magnetic catalysis (IMC) on the (pseudo)critical tempera-
ture revealed by the lattice QCD can be realized by the NJL.
model with a decreasing critical temperature as the magnetic
field increases [35-38]. Up to now, the knowledge on QCD
phase diagram is mainly achieved at zero/small chemical
potential and finite temperature. The phenomenological
investigations try to reproduce the lattice result including
the (pseudo)critical temperature and quark condensate at
low and high temperature. The QCD phase in the region of
larger chemical potential and zero temperature has been not
well known yet. The aim of the present paper is to investigate
the deconfinement and chiral transition at zero temperature
by improving the thermodynamics treatment of the PNJLO
model in strong magnetic fields. Of special interest is the
effect of the magnetic field on the critical chemical potential,
the confinement property dependent on the Polyakov loop at
zero temperature.

This paper is organized as follows. In Sec. II, we present the
thermodynamics of the magnetized quark matter in SU(2)
PNJLO model. In Sec. 111, the numerical results for the chiral
symmetry restoration and deconfinement phase transition are
shown at zero temperature. The discussions are focused on the
magnetic effect on the chiral and the deconfinement transition
with the magnetic field independent and dependent coupling
constants. The last section is a short summary.

II. GENERAL FORMALISM OF PNJLO IN STRONG
MAGNETIC FIELDS

Following the work in the SU(2) version of the PNJL
model, the Lagrangian density in a strong magnetic field is
given by [25,39]

Loy = §/(iy, D = m)y + G[(@w)* + (piysty)?]
-G, (pry)’ - U(®,®,7). (1)

where y represents a flavor isodoublet (x and d quarks) and
7 are isospin Pauli matrices. The coupling of the quarks to
the electromagnetic field is introduced by the covariant
derivative D, = 0, — ieQA,, where Q = diag(q,.q,) =
diag(2/3,—1/3) is the quark electric charge matrix. The
Polyakov potential describes the deconfinement at finite
temperature. In literature, the effective potential U(®, D, T)
exhibits a phase transition from color confinement to color
deconfinement.

At finite temperature, the Polyakov potential depends
explicitly on the traced Polyakov loop and its conjugate ©
and @ [40,41]. In order to obtain the confinement descrip-
tion at zero temperature, we take ® = @ for the nonzero
quark chemical potentials at the mean-field approximation.
So the total thermodynamical potential density for the two-
flavor quark matter in the mean-field approximation reads

Qpnyr. = ZQi + G’ =G+ U(D.T), (2)
i=u,d

The integral in the effective thermodynamics potential is
not convergent. In literature, the Fock-Schwinger proper-
time method [42] is applied to a thermal field theory to
obtain the exact expression of the effective potential with
B-dependent divergent part in the vacuum regularization
[43-45]. Another equivalent method is the magnetic field
independent vacuum regularization (MFIR), which is
widely employed in the recent work [46—52]. In this paper,
we adopt the second regularization scheme. The first term
Q; is defined as Q; = Q!* + Q™ 4+ QM. The vacuum,
the magnetic field, and medium contributions to the
thermodynamical potential are [46—48]

N, A+e
o = g (S —en )| )
. N,|g;eB|? | 2
s = MBE o1 - 6 - + 2],

4)
. T|q;leB & 0 _
Qmed — _|2—|22 a, / (zg + 2p)dp.  (5)
n n;=0 0

where the quantity €, is defined as e, = VA> + M? and
2

X; = 2\[;1% is dimensionless. The spin degeneracy factor
a, =2 — 06,0 1s 1 for the lowest Landau level (LLL) and 2
for otherwise higher Landau levels. The ultraviolet diver-
gence in the vacuum part QY% of the thermodynamical
potential is removed by the momentum cutoff. The partition
function densities z$ are evaluated by the color traces [39]

074034-2



THERMODYNAMICS OF PNJL MODEL AT ZERO TEMPERATURE ...

PHYS. REV. D 105, 074034 (2022)

_Eith Ei+a;

26 =In{1+3(®+Pe 7 )e T

+ 6_3#}, (6)
- = _Ei-miy _Ei-hi _3Eichi
oy :ln{1—|—3((l)+d>e T )6 T 4+ e = } (7)

Only z;, would survive at zero temperature, which produces
a traditional step function in the medium term as [46,48]

lgileB [Pt _
Qﬁned:_zl—”z A 3(f; — Eni)

max
;i

N|gi|eB _ ]
:_#zan, Hi /"IZ_M%i_M%i
n;=0

. 2 — M?.
xmﬁiﬁ—%ﬂ’ (8)

ni

where M,; = \/M? + 2n|q;eB| and the color degenerate
factor 3 is recovered once more due to the decouple of the

color interaction with the Polyakov potential.

By minimizing the thermodynamical potential with
respect to the quark condensate ¢; and the Polyakov loop
®, we can have a set of the coupled gap equations [14,25]

P _
do

oP oP

Therefore, we can have an equivalent system of non-
interacting quark with the constitute dynamical mass M
and renormalized chemical potential ji [14].

Mi = mi0—2Gs6,~. (10)

fi = pi —2G,p;. (11)

In our work, the isospin symmetry is assumed and we have
M, = M, = M. At zero temperature, the occupied Landau
levels have the maximum value

max _ i = M2
l 2|qileB

(12)

The second term in the Eq. (2) is the contribution from
the quark condensate ¢ =) ;_, ,0;. The condensation
contribution from the quark with flavor i is

ma,
o; =0/ +o; ¢ 4+ a?wd.

(13)

The terms 6}, o; ¢, and o™ represent the vacuum, the
magnetic field, and medium contributions to the quark

condensation, respectively as following [47,48],

MN.
i 272

’

A A2+M2—M21n<

Aw]@w)]

(14)

M|q;|leBN 1
G;I’Iag = —7|ql|e ¢ {ln[r(x,)] —EIH(QJT)

27>

bty 1n<x,->}, (15)

M|q;|eBN, ©dp
med _ i ¢ *O(i: — E..
o; o n?:Oani /O £ (i — E,)

MlgileBN X~ (i + /7 = M,
:TZaniln M—m . (16)

The simple polynomial form for the Polyakov potential
was improved by replacing the higher order polynomial
term with the logarithm form [40,53,54]. At finite tempera-
ture, the following ansatz is suggested [55,56]

n;=0

Up, @) = (agT* + ayu* + a, T ) *

+ a;TIn(1 — 602 + 8®° —30*).  (17)

At zero temperature, we adopt the following formula

Uo(p, @) = a p*®? + a3THIn(1 — 60? + 80° — 30%),
(18)

where T = 190 MeV is very often used as the critical
temperature for deconfinement in the PNJL model [57]. At
zero temperature, the U, is importantly to the existence of
confinement-deconfinement transition.

In literature, the four-quark vertex of one-gluon
exchange diagram was changed into the entangled vertex
[58]. Inspired by this phenomenology, the PNJL model was
extended by introducing an entangled interaction between
the quark condensate and the traced Polyakov loop in the
EPNJL model [59], where the chiral restoration and the
deconfinement transition is produced simultaneously in
agreement with the Lattice result. Recently, the entangle-
ment interaction dependent on the traced Polyakov loop in
both the Polyakov potential and the effective interaction
between quarks was introduced to avoid the lack of
confinement physics in PNJL at 7 =0 [25]. In strong
magnetic fields, we employ the phenomenology by making
the scalar and vector interaction dependent on the traced
Polyakov loop as

G, = G(1-®?), G,—G,(1-). (19)
Therefore, the effective coupling interaction would vanish
in the deconfined phase due to the dependence relation
in Eq. (19).

At T = 0, the pressure is given by

P=-Uo.p.u.®) +Gp* -G - Q (20)
i=u,d
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with the Polyakov potential
U(o,p,u, @) = Uy(u, ®) — G,®*c* + G, D*p%.  (21)
From the thermodynamics potential one can easily

obtain the quark number density p =", ;p; with the
i flavor contribution

3|gileB ~
pi = Tﬂzz%\/ 2 — M? - 2n;|q;leB. (22)
n;=0

III. NUMERICAL RESULT AND CONCLUSION

The important prediction of the QCD is the thermo-
dynamic transition at sufficient high temperature and/or
high density from the hadron phase to the color-deconfined
quark-gluon plasma. The chiral transition and deconfine-
ment transition is depicted by the well-defined order
parameters. The quark condensate and the nonvanished
Polyakov loop value are solved by the coupled gap
equations as well as to minimize the thermodynamics
potential. In this section our investigation of the QCD
thermodynamics is restricted to the zero temperature. The
four-fermion coupling interaction in the model is adopted
with the fixed constant and magnetic field dependent
running coupling in the following subsections respectively.

A. Results with fixed coupling constant

Being the nonrenormalizable model, a regularization
procedure is usually applied by a three-momentum non-
covariant cutoff A = 587.9 MeV. The quark current mass
as free parameters are adopted as m, = m; = 5.6 MeV.
The four-fermion couplings are G, =2.44/A? and
G, =0.3G,. We adopt the parameters as a; = —0.05
and a3 = —0.2 for the confinement potential guided by
the Ref. [25]. The presence of the vector interaction was
discussed for the realization of the deconfinement transition
at zero magnetic field. In this section, we would discuss the
effect of the magnetic field on the deconfinement and chiral
transition.

The dynamical mass is widely accepted as the order
parameter of the chiral transition, which can be solved from
the gap equation. In Fig. 1, the dynamical mass M for
u- and d-quarks is shown as a function of the chemical
potential u. The increases of the magnetic field is marked
by the lines from the bottom 0.2 GeV? to the top 0.6 GeV?.
It is clearly that in the chiral broken phase of small chemical
potentials, the larger magnetic fields would result in larger
dynamical masses. This catalyzing effect of magnetic field
on the dynamical chiral symmetry breaking is known as the
so-called MC effect [60]. In all the lines there is a sudden
falling behavior, representing the appearance of the first-
order phase transition from the chiral broken phase to the
restoration. It should be emphasized that the chiral phase

600 T T ]
[T 5 eB=0.2 GeV? ]
500 forerre f | o oB=0.3 GeV? 1
""" ! i oo eB=0.4 GeV? ]
[ ! ! —-=- eB=0.5 GeV? ]
400 [ I I R B=0. 6 GeV? ]
— [ : | eb=U. e
2 [ | i
Z 300 . i ]
= I \ i ]
[ ! | ]
200 F : i h
L I ! ]
| | 1
[ \ ]
100 | | ! :
I . i ]
oL— :
350 500
u (MeV)
FIG. 1. The dynamical mass as a function of the chemical

potential  for several magnetic fields eB in unit of GeV?2.

transitions are always the first-order at zero temperature for
various magnetic fields. The explicit chemical potential for
the chiral restoration can be showed by the peak of the
derivative of the M with respect to the chemical potential y.
In Fig. 2, the susceptibility —dd—ll‘f is shown as functions of

the chemical potential. It is found that the peak of _%

moves to the larger chemical potentials as the magnetic
fields increase. It is again emphasized that the magnetic
field has a strong tendency to enhance the quark-antiquark
condensates, namely reflecting the MC effect at zero
temperature.

In the above Figs. 1 and 2, the magnetic field is
sufficiently large to suppress all the quarks to the LLL.
The main contribution to the quark condensate should

T T
250 eB=0.2 GeV? ]
----eB=0.3 GeV?
2ok eB=0.4 GeV? |
, | —-—- eB=0.5 GeV?
: |!| ............ eB=0. 6 GeVz 1
= \ h
5 150 | \ i .
~ J I
= 1 '
o] | N
| | I
100 \ i -
! li
| li
g !|
50 | 18 I E
I I
It i
0 gl L3 .
350 400 450 500

u(MeV)

FIG. 2. The susceptibility —dM /du as a function of chemical
potential y, for several magnetic fields eB in unit of GeV>.

074034-4



THERMODYNAMICS OF PNJL MODEL AT ZERO TEMPERATURE ...

PHYS. REV. D 105, 074034 (2022)

T
400
Vacumm
300 | ‘
N n; =0
=
= nzax:1
= 200
100 -
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FIG. 3. The dynamical mass and the maximum Landau level as

a function of chemical potential u at the magnetic field
eB = 0.1 GeV>.

come from the quarks at the LLL. For the lowest nonzero
value of |eB|, the zero Landau level occupation is not
significant. The sum over more Landau level has to be
taken. In Fig. 3, the dynamical mass is calculated at the
eB = 0.1 GeV?. The two first-order transitions are resulted
by the presence of a mismatch in the maximum Landau
level for u and d quarks given by the nj™ and nJj**. It is
clear that as the density increases, there are more Landau
levels occupied by quarks but the n;** is higher than n;™*
in the weak magnetic field. It would have an influence on
the trend of the magnetic catalysis on the critical chemical
potential, which will be given in a later section.

In Fig. 4, the Polyakov loop ® as an order parameter of
the deconfinement transition is shown versus the chemical

1.0 S —
eB=0.1 GeV? ]
[ --- eB=0.2 GeV’ ]
0.8} ---- eB=0.3 GeVZ ]
T} == eB=0.4 GevZ = __—T_. |
: .......... eB=0.5 GeV2 _/_/ :
0.6 e J
[ P ]
L , , ]
S [ | 2 ]
0.4 . ! ]
L ) | J
1 | P
[ ! i ]
0.2 ! [ ]
[ ! i ]

| !
r ! : I ]
0.0 4 : ; 4
" " " " 1 " " " " 1 " " " "
400 450 500 550

u (MeV)

FIG. 4. The Polyakov loop @ as a function of chemical
potential y, for several magnetic fields eB in unit of GeV?.

0. 40 p—————————————
035k eB=0.1 GeV? ]
[ ! : i --- eB=0.2 GeV? ]
ey s B=0.3 GeV? ]
0.30F | © ]
- [ ; s —-— eB=0.4 GeV? ]
T [ ! I €B=0.5 GeV? ]
3 il ]
> 0.25¢ ! ; :
= F h i ]
= 0.20F ! i ]
e [ N H| ]
~ [ N I ]
e 0.15 o :| I! 7
© r " il ]
0.10F " i :
[ I it ]
3 I: I|
0.05f " i .
3 KUY R
0. 00 : o i yo—
400 450 500 550
u (MeV)
FIG. 5. The derivative of @ with respect to y as a function of

chemical potential u, for several magnetic fields eB in unit of
GeV2.

potential at different magnetic fields. It is clearly seen that
for all magnetic fields the values of ® have a sudden jump
to around 0.5 from zero and then continue to increase as
the magnetic field increases. This emphasized that there
are first-order phase transitions from the confinement to
the deconfined phases at zero temperature. A noteworthy
point is the nonmonotonic hehavior and the intersect
with each other of the @ in the deconfined phase at
low magnetic fields eB = 0.1, 0.2, and 0.3 GeV?2, which is
caused by the Landau energy level. The Landau
energy level is dominated by the values of dynamical
mass M, chemical potential u, and the magnetic field. The
value of the Landau energy level would more sensitively
depend on the change of (M? —yu?) at the weak mag-
netic field.

Correspondingly, the derivative of @ with respect to the
chemical potential x as a function of chemical potential y
are shows in Fig. 5. The critical chemical potential u®
can be exactly signaled by the peak of d®/du. It is
worth noting that the deconfinement transition at zero
temperature is produced in strong magnetic field in our
model. Moreover, the first-order phase transition occurs in
region of larger u® at more stronger magnetic field.
This also implies a MC effect for the deconfinement
transition.

B. Results with magnetic-field-dependent
coupling constant

Furthermore we discuss the results under the magnetic-
field-dependent coupling constant. The coupling becomes
weak at stronger magnetic fields due to the asym-
ptotic freedom mechanism [61]. We chose the magnetic
field-dependent coupling constant ansatz in Ref. [21,38]:
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L+ a(82)7 + b(E)

G,(eB) = GV aco ()3
B =G ragey P
QCD QCD

In our work, the parameters are fixed as: Agcp =
300 MeV, a =0.0108805, b= -1.0133x 107, ¢ =
0.02228, d = 1.84558 x 10~* [21,38].

The critical chemical potentials for the chiral and
deconfinement phase transitions are plotted as the functions
of eB with two kinds of couplings in Fig. 6. The blue lines
on the left panel show the results y of the chiral phase
transitions. According to the statement in the preced-
ing section, there are two first-order transitions at
eB = 0.1 GeV?. The average of two chemical potentials
is taken as the critical chemical potential that plotted in
Fig. 6. It is obvious that at the fixed coupling G, the critical
chemical potential marked by the blue-dashed line is
decreased first and then goes up as the magnetic field
increases. There is a clear qualitative similarity with the
results in Refs. [21,60,62]. In the region of sufficiently
small magnetic fields and larger coupling constant, the
critical chemical potential decreases with the field in Fig. 6
from Ref. [60]. And in the weak magnetic field regime,
the critical chemical potential would show a temporary
decrease as the magnetic field increases at 7 = 0 in Fig. 7.4
of Ref. [62]. However, as the magnetic field goes up to
much larger value, the magnetic catalysis effect on the
chiral chemical potential becomes obvious. By employing
the running coupling interaction G (eB), the y¥ marked by
the blue-solid line would go down drastically. This shows a
visible difference between the two kinds of interactions.
The trend of 1% with eB indicates the so-called IMC effect,
which was realized by the behavior of the decreasing
critical temperature as the eB increases [63]. The magni-
tude of decrease of 4 is almost qualitatively in agreement

550 T T T T T T T T 550

500

450

400

u (MeV)

350

300

250
0.1 02 03 04 05 06 02 03 04 05 06

eB (GeV?)

FIG. 6. The critical chemical potentials of chiral (left panel) and
deconfinement phase transitions (right panel) as the function of
eB, with a constant coupling GY and a magnetic field dependent
coupling G,(eB) from Eq. (23).

with the results in Ref. [21] at zero temperature. On the
right panel, the critical chemical potential 4® depicted by
the red lines is steadily growing as the magnetic field
increases under the both couplings GY and G,(eB). It can
be seen that the magnetic field dependence of the coupling
G,(eB) in Eq. (23) would have weak influence on the
deconfinement transition. It illustrates that the deconfine-
ment transition depends insensitively on the running
behavior of the coupling constant. The trend of x® always
keeps a monotonical increasing function. On the contrary, it
1s also observed that for the chiral transition, the difference
in u¢ between the couplings G,(eB) and G, becomes larger
as the magnetic field increases, which indicates that the
chiral restoration is more sensitive to the strength of the
applied magnetic field through the scalar interaction.

In literature, the quarkyonic phase was proposed as a
new phase of QCD and expected to exist at large chemical
potentials in the chiral symmetry restoration but confined
region [64—68], which indicates that the chiral restoration
transition occurs earlier than the deconfinement transition
as the chemical potential increases. To facilitate this
observation, the critical chemical potential for the chiral
phase transition and the deconfinement phase transition are
compared in Fig. 7. Results with a fixed coupling constant
G, are shown on left panel and with a magnetic-field-
dependent coupling constant Gy (eB) on right panel.
The critical chemical potential y% with both couplings
G, and G,(eB) are always lower than the u® for the
deconfinement phase transition. Consequently, there is a
region ut < p < u2 is identified as the quarkyonic phase,
where the chiral symmetry is partial restored while quarks
are still confined. It can be seen that the quarkyonic phase
window marked by the gray region is enlarged as the
magnetic field increases. Moreover, by comparison with the
fixed coupling G,, the magnetic-field-dependent coupling

T
r _-T G (eB) 1
500 |- O+ ® 4500
[ e [T~ He |
PP r -7
L - L x Pre 4
450 | -7 + He o - 450

] 400

p (MeV)

] 350

] 300

250

0.1 0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6
eB (GeV?)

FIG.7. The critical chemical potentials u%, 42, and the possible
quarkyonic phase window at zero temperature in strong magnetic
fields, with a constant coupling G® (left panel) and a magnetic
field dependent coupling G,(eB) (right panel).
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constant G,(eB) on the right panel would lead to a larger
expansion of the quarkyonic window at stronger magnetic
fields.

IV. SUMMARY

In this paper, we have investigated the deconfinement
phase transition and chiral phase transition at zero temper-
ature by improving the PNJLO model to the strong
magnetic field. The interaction of quarks is described by
the Polyakov potential together with the entanglement
of the scalar and vector interactions. The chiral restoration
and the deconfinement transitions take place as the chemi-
cal potential increases. The strong magnetic field would
play an important role in the phase transition. It has been
found that the critical chemical potential for the deconfine-
ment moves to the larger value as the magnetic field
increase, which indicate the MC effect no matter how
the coupling constant is employed. Moreover, the critical
chemical potential y® becomes more insensitive to the
magnetic field under the running coupling G(eB). In
contrary, the effect of the magnetic field on the chiral
restoration would sensitively depend on the coupling.

At larger magnetic fields, it has been shown that the
MC effect with the magnetic-field independent coupling
G, would convert to the IMC with the running coupling
G,(eB). Finally, it has been verified that the quarkyonic
phase window is present under the condition % < u®,
where the chiral symmetry is restored but the quarks are
still confined. Moreover, the quarkyonic phase window is
evidently enlarged by the running coupling G,(eB) at
stronger magnetic fields. Since the previous phenomeno-
logical model mainly concentrate on the knowledge of
QCD at finite temperature, we expect that our work at zero
temperature can be regarded as a complementary to the
QCD diagram, where the critical chemical potential would
be important to the dense star matter.
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