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In this short note theQEDextensionof the nucleon spin sum rule is considered. To this end, the leading-order
(LO) QED evolution kernels for the quark/gluon helicity and orbital-angular momentum (OAM) distributions
are calculated, as well as their lepton and photon analog distributions introduced for the first time. The LO
evolution kernels of the latter are also calculated, both in QCD and QED. Putting all together, the nucleon spin
sum rule remains scale-invariant inQCD × QED, as expected, which represents a check of the newly obtained
results.This theoretical developmentwill allow in the future thequantificationof the contributionsof leptonand
photon distributions to the nucleon spin, and a more precise control over the uncertainties.
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I. INTRODUCTION

The Jaffe-Manohar [1] spin sum rule for the nucleon is

1

2
ΔΣðQ2Þ þ ΔGðQ2Þ þ LqðQ2Þ þ LgðQ2Þ ¼ 1

2
; ð1Þ

where the involved terms are given by the first moments of
their corresponding partonic quark/gluon helicity and
orbital-angular momentum (OAM) distributions,

ΔΣðQ2Þ ¼
X
f

Z
1

0

dxðΔqfðx;Q2Þ þ Δq̄fðx;Q2ÞÞ;

ΔGðQ2Þ ¼
Z

1

0

dxΔGðx;Q2Þ;

LqðQ2Þ ¼
X
f

Z
1

0

dxðLfðx;Q2Þ þ L̄fðx;Q2ÞÞ;

LgðQ2Þ ¼
Z

1

0

dxLgðx;Q2Þ: ð2Þ

As indicated in (1), the four terms depend on the scale,
although this dependence is obviously canceled in the sum.
The QCD evolution kernels of the quark and gluon
helicities were obtained at leading order (LO) in [2,3], at
next-to-leading order (NLO) in [4–7], and more recently at
next-to-next-to-leading order (NNLO) in [8–10]. On the

other hand, the QCD evolution kernels for the quark and
gluon OAM distributions are known only at LO [11–13].
The QCD evolution of the distributions is given by the

coupled equations (see e.g., Ref. [14] and references therein),1
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1
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ð3Þ
with the elements of the evolution-kernel matrix being each a
2 × 2 matrix like

ΔPðz;Q2Þ ¼
�ΔPqqðz;Q2Þ ΔPqgðz;Q2Þ
ΔPgqðz;Q2Þ ΔPggðz;Q2Þ

�
; ð4Þ

and similarly for the rest. The matrix ΔP̂ ¼ 0 to all orders,
since the evolution of the helicity distributions is governed
solely by themselveswith nomixingwith theOAMoperators.
Let us now briefly review the scale-invariance of the spin

sum rule at LO in QCD. For that we need the perturbative
expansions of the distributions and the evolution kernels,
which we denote as
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1Notice that the splitting kernels are denoted differently as
compared to [14].
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ΔΣðx;Q2Þ ¼ 2nfδð1 − xÞ þ
X
n¼1

�
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ð5Þ
and similarly for the other kernels. Notice the prefactor 2nf
for the quark helicity and OAM distributions at LO, coming
from the sum over all quark and antiquark flavors in their
definitions in (2). With these results we can easily check
that the spin sum rule is indeed scale invariant,
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× ð2nfδjq þ δjgÞ þOðα2sÞ ¼ 0; ð6Þ

where the coefficients ΔPð1Þ
ij , ΩP̂

ð1Þ
ij and ΩPð1Þ

ij stand for the
integrated splitting kernels which can be found in the
Appendix.

II. EXTENSION OF THE SPIN SUM RULE
WITH QED EFFECTS

The main goal of this short note is the inclusion of QED
effects in the spin sum rule. For this, the spin sum rule
needs to be extended as

1

2
ΔΣðQ2Þ þ ΔGðQ2Þ þ 1

2
ΔlðQ2Þ þ ΔγðQ2Þ

þ LqðQ2Þ þ LgðQ2Þ þ LlðQ2Þ þ LγðQ2Þ ¼ 1

2
; ð7Þ

where the newly introduced lepton/photon helicity and
OAM distributions are defined in an analogous manner as
their quark/gluon counterparts,

ΔlðQ2Þ ¼
X
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dxðΔlfðx;Q2Þ þ Δl̄fðx;Q2ÞÞ;
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The operators defining these distributions are completely
analogous to their counterparts in QCD. In addition,
quark/gluon distributions need to be dressed with photon
gauge links (see e.g., Ref. [15] for the case of transverse-
momentum-dependent distributions), and lepton/photon
distributions with gluon gauge links, in order to guarantee
the full gauge-invariance of all distributions inQCD × QED.
The extension of the nucleon spin sum rule is not

surprising if one considers its origin (see e.g., Ref. [16]).
Instead of obtaining the spin sum rule starting from the
angular-momentum operator in QCD, one just needs to
start from the analogous operator in QCD × QED, which
then implies the inclusion of lepton and photon distribu-
tions. A similar extension arises in the momentum sum rule
of the nucleon, for instance, with the inclusion of a photon
parton distribution function when QED evolution effects
are considered (see e.g., Ref. [17,18]).
The evolution equations get now extended as well,
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where the elements of the evolution matrix become a 5 × 5

matrices with again ΔP̂ ¼ 0 to all orders. We are forced to
split the quark distributions into “U-type” and “D-type,” to
account for the electric charge dependent interactions
in QED,

ΔΣðx;Q2Þ ¼ ΔΣUðx;Q2Þ þ ΔΣDðx;Q2Þ;

ΔΣUðDÞðx;Q2Þ ¼ nfδð1 − xÞ þ
X
n;m¼0

�
αsðQ2Þ
2π

�
n

×

�
αðQ2Þ
2π

�
m
ΔΣðn;mÞ

UðDÞðx;Q2Þ; ð10Þ

and similarly for LU and LD. Notice the factor nf at LO, as
compared to the 2nf factor in (5), which comes from the
fact that U-type (D-type) distributions are defined as a sum
only over U-type (D-type) quarks. Notice also that in this
case we need to perform the double expansion in the
couplings αsðQ2Þ and αðQ2Þ.
We are now ready to check the scale-independence of the

spin sum rule at LO in both QCD and QED. First, we easily
see that the QCD kernels associated with the lepton and
photon distributions are all zero at LO,

ΔPð1;0Þ
ij ðx;Q2Þ ¼ 0; i¼ l;γ; j¼U;D;g; l;γ;

ΔPð1;0Þ
ij ðx;Q2Þ ¼ 0; i¼U;D;g; l;γ; j¼ l;γ; ð11Þ

and similarly for the analogous splitting kernels of
ΩP̂ and ΩP. We also have the following simple
relations between the kernels of (9) and the ones in the
Appendix,

ΔPð1;0Þ
ii ðx;Q2Þ ¼ ΔPð1Þ

qq ðx;Q2Þ; i ¼ U;D;

ΔPð1;0Þ
ig ðx;Q2Þ ¼ 1

2
ΔPð1Þ

qg ðx;Q2Þ; i ¼ U;D;

ΔPð1;0Þ
gj ðx;Q2Þ ¼ ΔPð1Þ

gq ðx;Q2Þ; j ¼ U;D;

ΔPð1;0Þ
UD ðx;Q2Þ ¼ ΔPð1;0Þ

DU ðx;Q2Þ ¼ 0;

ΔPð1;0Þ
gg ðx;Q2Þ ¼ ΔPð1Þ

gg ðx;Q2Þ; ð12Þ

and similarly for the analogous splitting kernels of ΩP̂ and
ΩP. Thus, we know all kernels at LO in QCD.
On the other hand, we need to calculate the kernels at LO

in QED for all the distributions. For this we use the
following LO recipe (see also e.g., Refs. [15,19,20]) to
obtain them from the known analogous kernels in QCD
(see the Appendix),

CF → Q2
i ;

CA → 0;

TR → 1;

2nf →
X

i¼q;q̄;l;l̄

NC;iQ2
i ¼ 2NC

nf
2
ðQ2

U þQ2
DÞ þ 2nl; ð13Þ

where the last replacement is to be used to translate a quark
loop in QCD to a quark and lepton loop in QED. The
factors 2nf appearing in the kernels due to the definition of
the distributions as a sum over flavors, are obviously not to
be treated this way. With this recipe it is easy to see that
quite some of them are zero, being left only with the
following integrated nonzero kernels for ΔP,
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2
Q2

l ; ð14Þ

for ΩP̂,
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and for ΩP,
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With all these results, we can finally check the scale independence of the spin sum rule at LO in both QCD and QED,
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ij þΩPð0;1Þ
ij

��

× ðnfδjU þ nfδjD þ δjg þ 2nlδjl þ δjγÞ þOðα2; α2s ; ααsÞ ¼ 0: ð17Þ

III. CONCLUSIONS

In this short note the inclusion of QED effects on the
nucleon spin sum rule have been considered. To that end,
new lepton/photon helicity and orbital-angular momen-
tum distributions have been introduced, as well as all the
needed new splitting functions at leading order (LO)

obtained; on one hand the new splitting functions at LO
in QED for the quark and gluon distributions, and on the
other the new splitting functions at LO in both QED and
QCD of the newly introduced lepton/photon distributions.
Putting all this together, the expected scale-invariance of
the extended nucleon spin sum rule at LO has been
explicitly checked.
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In the future this formalism will allow the phenomenological determination of the contribution of lepton/photon helicity
and OAM distributions to the nucleon spin.
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APPENDIX: EVOLUTION KERNELS IN QCD

Evolution kernels of the quark/gluon helicity and OAM distributions at LO in QCD, integrated over x,
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