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We focus on the chiral and heavy quark mass expansion of meson masses and decay constants. We
propose a light-front QCD formalism for the evaluation of these quantities, consistent with chiral
perturbation theory and heavy quark effective theory.
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I. INTRODUCTION

In Refs. [1,2] we studied the chiral properties and heavy
quark mass behavior of masses and decay constants of
mesons and tetraquarks. We proposed longitudinal light-
front wave functions (LFWFs) of mesons, which helps to
provide a systematic chiral expansion of masses and decay
constants of light pseudoscalar mesons P ¼ π, K, η and
heavy hadrons/tetraquarks containing u, d, s quarks. In
particular, the longitudinal part of the LFWF was con-
structed in terms of current quark masses, which helped to
introduce the mechanism of explicit chiral symmetry
breaking. The idea of the current quark mass dependence
of the longitudinal LFWF was originally proposed in two-
dimensional large Nc QCD [3], later was used in the
context of the two-dimensional massive Schwinger model
[4–6], and then was applied in holographic QCD [1,2,7,8].
In addition, in Refs. [1,2], for the case of LFWFs of heavy
hadrons and tetraquarks, we implemented the constraints of
heavy quark effective theory (HQET) and potential models
for heavy quarkonia. In particular, in the heavy quark limit
mQ → ∞, we reproduced the mass splitting and scaling of
leptonic decay constants of heavy-light mesons and heavy
quarkonia.
Recently, in Refs. [9–13], our ideas were further devel-

oped by the construction of the so-called longitudinal
potential, which produces longitudinal wave functions of
hadrons. We feel that we can improve the construction of

such potentials, by requiring a more exact correspondence
with chiral perturbation theory (ChPT) [14,15], which is the
low-energy limit of quantum chromodynamics (QCD). In
particular, such correspondence requires that the chiral
Lagrangian/Hamiltonian must vanish in the limit of van-
ishing current quark masses of light u, d, s quarks. Notice
that this is not a case in the formalisms proposed in
Refs. [9–13]. There are a few conditions that should be
imposed. First of all, the quark condensate B is a Lorentz
invariant quantity [the vacuum expectation of scalar quark
operator B ¼ jh0jq̄qj0ij=ð2F2

πÞ, where Fπ is the pion
leptonic decay constant] with no preference of transverse
or longitudinal direction, i.e., it obeys rotational invariance.
Second, the quark condensate in QCD and ChPT is defined
as the partial derivative of the generating functional
(or Lagrangian/Hamiltonian) with respect to current quark
mass. This means that the quark condensate must be
included into the holographic Hamiltonian in such a way
that the derivative of the Hamiltonian with respect to
the current quark mass gives the condensate. The
solution is clear. One should add the chiral mass termHχ ¼
MB into the holographic Hamiltonian, where M ¼
diagfmu;md;msg is the mass matrix of light ðu; d; sÞ
quarks, which are the constituents of the respective pseu-
doscalar meson P ¼ π, K, η. Such modification of the
holographic Hamiltonian guarantees that its partial deriva-
tive with respect to the current quark masses leads to the
condensate. Another point, which requires one to recon-
sider the formalisms developed in Refs. [9–13], is the
condition that the dependence on quark condensate in a
Lagrangian/Hamiltonian should vanish in the chiral limit
(i.e., when current quark masses vanish, mi → 0).
The main objective of the present paper is to extend our

ideas proposed and developed in Refs. [1,2] and derive the
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Hamiltonians and equations of motion (EOMs) producing
masses and leptonic decay constants of light mesons and
mesons containing heavy quarks, consistent with ChPT
and HQET.
The paper is organized as follows. In Sec. II, we present

our formalism. We consistently study the chiral expansion
of light meson masses and leptonic decay constants. Then,
we extend our analysis on mesons containing heavy c or b
quarks and derive a heavy quark mass expansion of their
masses and lepton decay constants. Finally, Sec. III con-
tains our conclusions.

II. FRAMEWORK

As we stressed in the Introduction, the task of deriving
the longitudinal Hamiltonian (potential) in the context
of light-front QCD should necessary take into account

symmetry breaking term. In particular, it is not correct that
these symmetry breaking terms be generated by the
longitudinal part of Hamiltonian (potential) as was pro-
posed in Refs. [9–13]. Another important point is that the
full Hamiltonian cannot be fully universal and must be
specific for each type of meson. We proceed step by step,
starting from light pseudoscalar mesons.

A. Light mesons

First, we define the Fock states describing the light
pseudoscalar mesons—quark-antiquark state jPðqi1q̄j2Þi ¼
jqi1ijq̄j2i with spin-parity JP ¼ 0−, where i and j are the
SUð3Þ flavor indices. The Fock states of light pseudoscalar
mesons jPi, based on the SUð3Þ classification, are defined
in terms of jPðqi1q̄j2Þi as

jπþi ¼ jPðu1; d̄2Þi; jπ−i ¼ jPðd1; ū2Þi; jπ0i ¼ 1ffiffiffi
2

p ½jPðu1; ū2Þi − jPðd1; d̄2Þi�;

jKþi ¼ jPðu1; s̄2Þi; jK−i ¼ jPðs1; ū2Þi; jK0i ¼ jPðd1; s̄2Þi; jK̄0i ¼ jPðs1; d̄2Þi;

jηi ¼ 1ffiffiffi
6

p ½jPðu1; ū2Þi þ jPðd1; d̄2Þi − 2jPðs1; s̄2Þi�: ð1Þ

Next, we define the Hamiltonian of pseudoscalar mesons,
which produces their masses, as

ĤP ¼
X2
k¼1

ĤðkÞ
P ; ð2Þ

where k is the index numbering quarks in the pseudoscalar
mesons, and ĤP will be specified below. Such Hamiltonian
obeys the light-front Schrödinger type EOM:

ĤPjPi ¼ M2
PjPi; ð3Þ

where M2
P is the mass of pseudoscalar meson squared.

The master formula for the mass spectrum of pseudo-
scalar mesons reads:

M2
P¼hPjĤPjPi¼

Z
1

0

dz
Z

1

0

dxψPðz;xÞHPðz;xÞψPðz;xÞ;

ð4Þ

where z is the holographic variable, corresponding to the
scale—fifth dimension in the anti de-Sitter (AdS) space, x
is the light-cone variable, ψPðz; xÞ is the holographic wave
function of the pseudoscalar meson, and HPðz; xÞ is the
representation of the Hamiltonian ĤP in the ðz; xÞ space.
Now we specify HPðz; xÞ

HPðz;xÞ¼
X2
k¼1

½HðkÞ
kinðz;xÞþHðkÞ

CFðz;xÞþHðkÞ
χ þHðkÞ

I ðz;xÞ�:

ð5Þ

Here

Hð1Þ
kinðz;xÞ¼−

d2

2dz2
þm2

1

x
; Hð2Þ

kinðz;xÞ¼−
d2

2dz2
þ m2

2

1−x
ð6Þ

are the kinetic parts of the Hamiltonian acting on quark qi1
and antiquark q̄j2, respectively,m1 andm2 are the masses of
the corresponding current quarks,

Hð1Þ
CFðzÞ ¼ Hð2Þ

CFðzÞ ¼
4L2 − 1

8z2
ð7Þ

are centrifugal parts, where L is the angular orbital
momentum,

Hð1Þ
χ ¼ m1B; Hð2Þ

χ ¼ m2B; ð8Þ

and

HðkÞ
I ðz; xÞ ¼ HðkÞ

I;TðzÞ þHðkÞ
I;LðxÞ ð9Þ

is the interaction term. The latter conventionally splits into
a transversal part [16]
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Hð1Þ
I;TðzÞ¼Hð2Þ

I;TðzÞ¼
U0ðzÞ
2

; U0ðzÞ¼ κ4z2−2κ2 ð10Þ

and a longitudinal part HðkÞ
I;Lðz; xÞ. The latter was discussed

in the series of papers [9–13]. In particular, it was proposed
that the longitudinal interaction potential generates expli-
citly breaking of chiral symmetry. As we stressed before,
this is not correct since it contradicts ChPT. On the other
hand, in the constructions of Refs. [9–13] this longitudinal
interaction Lagrangian is universal for all mesons, which
again contradicts ChPT and HQET. We found that the

Hamiltonian HðkÞ
I;LðxÞ, in the case of light pseudoscalar

mesons P, must have the form

Hð1Þ
I;LðxÞ¼Hð2Þ

I;LðxÞ

¼−
κ2

2
½∂xðxð1−xÞ∂xÞþðα1þα2Þð1þα1þα2Þ�;

ð11Þ

where αi ¼ mi=κ are the parameters specifying the longi-
tudinal part of the meson wave function and κ is the dilaton
scale parameter in the soft-wall AdS/QCD approach [17].
We remind the reader that the total mesonic LFWF function
is defined as a product of transversal φTðzÞ, longitudinal
fLðxÞ, and flavor χP parts (see details in Ref. [1]):

ψPðz; xÞ ¼ φTðzÞfLðxÞχP: ð12Þ

Transverse wave functions for mesons with arbitrary spin,
angular orbital momentum, and radial quantum number can
be found in Ref. [16]. As it was shown by t’Hooft in
Ref. [3], and confirmed in Refs. [4–6], the longitudinal
function reads

fLðxÞ ¼ Nxα1ð1 − xÞα2 ; ð13Þ

where N is the normalization constant fixed from the
condition

1 ¼
Z

1

0

dx½fLðxÞ�2; ð14Þ

and the αi parameters are proportional to current quark
masses.
The resulting masses of the mesons get contributions

from the transverse part M2
T ¼ 4κ2½nþ ðJ þ LÞ=2� [16],

the longitudinal part M2
L, and additional term encoding

symmetry breaking. For example, in the case of pseudo-
scalar mesons one gets: (i) M2

L ¼ 0 due to the fact that the
contribution of the longitudinal potential is fully compen-
sated by the contribution of the mass term in kinetic term;

(ii) term HðkÞ
χ produces the leading order chiral corrections

consistent with ChPT by construction.

After straightforward calculations we reproduce, for the
masses of pseudoscalar mesons, both the Gell-Mann-
Oakes-Renner and the Gell-Mann-Okubo relations:

M2
π ¼ M2

π� ¼ M2
π0
¼ 2Bm̂; m̂ ¼ mu þmd

2
;

M2
Kþ ≡M2

K� ¼ Bðmu þmsÞ;
M2

K0 ≡M2
K0=K̄0 ¼ Bðmd þmsÞ;

M2
η ¼

B
3
ð2m̂þ 4msÞ;

4M2
K ¼ M2

π þ 3M2
η; ð15Þ

where

M2
K ¼ M2

Kþ þM2
K0

2
ð16Þ

is the average kaon mass squared.
In the case of vector mesons the chiral symmetry

breaking corrections were consistently studied in
Refs. [18–23]. In particular, it was shown [23] that in this
case there appears the same term which explicitly breaks
chiral symmetry for the pseudoscalar mesons, but here it
shows up with an arbitrary coupling a:

HV;aðkÞ
χ ¼ aHðkÞ

χ : ð17Þ

In addition, for singlet states ω and ϕ there is an additional
term, which distinguishes them from members of the ρ
mesons triplet ðρþ; ρ−; ρ0Þ and the two K� doublets
ðK�þ; K�0Þ and ðK�−; K̄�0Þ. This second term is produced
by the Hamiltonian construction, using Hχ multiplied with
an additional and independent coupling b,

HV;bðkÞ
χ ¼ bHðkÞ

χ ; ð18Þ

which is projected between matrices VS of singlet states:

VS ¼ diag

�
ωffiffiffi
2

p ;
ωffiffiffi
2

p ;−ϕ
�
: ð19Þ

The second term gives additional corrections, in the case of
ω and ϕ states:

δM2
ω ¼ 2bBm̂; δM2

ϕ ¼ bBms; ð20Þ

Combining together the contributions of the two terms
responsible for explicit chiral symmetry breaking, one gets
for vector meson masses:
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M2
ρ¼M2

ρ� ¼M2
ρ0
¼2aBm̂¼aM2

ϕ;

M2
ω¼2ðaþbÞBm̂¼ðaþbÞM2

π;

M2
K�� ¼aBðmuþmsÞ¼aM2

K� ;

M2
K�0=K̄�0 ¼aBðmdþmsÞ¼aM2

K0=K̄0 ;

M2
ϕ¼ð2aþbÞBms¼

�
aþb

2

�
ðM2

K� þM2
K0=K̄0 −M2

πÞ:

ð21Þ

Other important quantities of light pseudoscalar mesons
are leptonic decay constants. In this respect, pion leptonic
decay constant was calculated for the first time in soft-wall
AdS/QCD in Refs. [24–26]. In addition, in Ref. [25]
leptonic decay constants of other pseudoscalar and vector
mesons composed of both light and heavy quarks were also
calculated. Later on, in Ref. [1], the effects of current quark
masses in leptonic decay constants of light and heavy-light
mesons, and heavy quarkonia, have be investigated, where
full consistency with ChPT and HQET was achieved. In
particular, the expression for the leptonic decay constant of
pseudoscalar and vector mesons, in terms of the αi ¼ mi=κ
parameters, are given by the expression

fMðα1; α2Þ ¼ κ

ffiffiffi
6

p

π

Γð3=2þ α1ÞΓð3=2þ α2Þ
Γð3þ α1 þ α2Þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð2þ 2α1 þ 2α2Þ

Γð1þ 2α1ÞΓð1þ 2α2Þ

s
: ð22Þ

At leading order of chiral expansion, the leptonic decay
constant is given by [1,24–26]

fð0ÞM ¼ κ
ffiffiffi
6

p

8
: ð23Þ

One can see that, in agreement with ChPT [15,21], the
leading chiral symmetry breaking correction starts with the
term linear in current quark mass:

fM ¼ fð0ÞM

�
1þm1 þm2

κ
ζ þOðm2

1; m
2
2; m1m2Þ

�
; ð24Þ

where ζ ¼ 3
2
− log 4. In particular, for the physical states of

light pseudoscalar and vector mesons, one gets the follow-
ing expressions for decay constant, including leading result
and first-order chiral symmetry breaking correction

fπ� ¼ κ
ffiffiffi
6

p

8

�
1þmu þmd

κ
ζ

�
;

fK� ¼ κ
ffiffiffi
6

p

8

�
1þmu þms

κ
ζ

�
ð25Þ

and

fρ� ¼ κ
ffiffiffi
6

p

8

�
1þmu þmd

κ
ζ

�
;

fρ0 ¼
κ

ffiffiffi
3

p

8

�
1þ 2mu þmd

3κ
ζ

�
;

fω ¼ κ
ffiffiffi
3

p

8

�
1

3
þ 2mu −md

3κ
ζ

�
;

fϕ ¼ κ
ffiffiffi
6

p

8

�
1

3
þ 2ms

3κ
ζ

�
;

fK�� ¼ κ
ffiffiffi
6

p

8

�
1þmu þms

κ
ζ

�
;

fK�0=K̄�0 ¼ κ
ffiffiffi
6

p

8

�
1þmd þms

κ
ζ

�
: ð26Þ

B. Heavy-light mesons

Next we discuss the mass spectrum and leptonic decay
constants of heavy-light mesons. In this case we consider
an expansion in inverse powers of the heavy quark mass
and prove that we have full correspondence with HQET.
In the following we define by q and Q the light and heavy
quark, respectively.
Here, the longitudinal potential is similar to the case of

light mesons and it reads

Hð1Þ;qQ̄
I;L ðxÞ ¼ Hð2Þ;qQ̄

I;L ðxÞ ¼ −
κ2

2
½∂xðxð1 − xÞ∂xÞ

þ ðαq þ αQÞð1þ αq þ αQÞ�; ð27Þ

where the α parameters are fixed as [1]

αQ ¼ 1

2
; αq ¼

Λ̄
mQ

�
1þm2

q þ Λ̄2

2mQΛ̄

�
−
1

2
; ð28Þ

where mq and mQ are the masses of light and heavy quark,
Λ̄ is the leading (of order ΛQCD) and flavor independent
correction to the heavy quark mass in the expansion of the
mass of heavy-light meson MqQ̄ in HQET [27]:

MqQ̄ ¼ mQ þ Λ̄þOð1=mQÞ ð29Þ

Due to our choice of the αq and αQ parameters, we exactly
reproduce the expansion for the mass of heavy-light
mesons, i.e., Eq. (29). Note that this expansion is governed
by the longitudinal potential (27).
Now we turn to discussion of the results for leptonic

decay constants fqQ of heavy-light mesons. Taking
Eq. (22) for the leptonic decay constant of a meson with
arbitrary quarks and substituting α1 ¼ αq and α2 ¼ αQ ¼
1=2 we get
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fqQ ¼ κ
ffiffiffi
6

p

π

Γð3=2þ αqÞ
Γð7=2þ αqÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð3þ 2αqÞ
Γð1þ 2αqÞ

s

¼ κ
ffiffiffi
6

p

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1þ rÞp

ð1þ r=2Þð2þ r=2Þ ; ð30Þ

where

r ¼ 1þ 2αq ¼
2Λ̄
mQ

�
1þm2

q þ Λ̄2

2mQΛ̄

�
ð31Þ

is the small parameter of order Oð1=mQÞ in which powers
we can expand. We get

fqQ̄ ¼ κ
ffiffiffiffiffi
6r

p

2π

�
1 −

r
4
þOðr2Þ

�
∼

ffiffiffiffiffiffiffi
Λ̄
mQ

s
: ð32Þ

One can see that at leading order of the heavy quark mass
expansion, the decay constant fqQ̄ scales as

ffiffiffiffiffiffiffiffiffiffiffiffi
1=mQ

p
, in full

agreement with HQET [27]. Another interesting result is
that the chiral corrections appear at order m2

q and are
suppressed in comparison with the linear mq correction,
which could be induced by the chiral Hamiltonian Hχ

explicitly breaking chiral symmetry.

C. Heavy quarkonia

Finally, we consider the heavy quark mass expansion of
masses and decay constants of heavy quarkonia. We
start by specifying the longitudinal potential for heavy
quarkonia

Hð1Þ;Q1Q̄2

I;L ðxÞ ¼ Hð2Þ;Q1Q̄2

I;L ðxÞ

¼ −
8E4

ðmQ1
þmQ2

Þ2 ½∂xðxð1 − xÞ∂xÞ

þ ðαQ1
þ αQ2

Þð1þ αQ1
þ αQ2

Þ�; ð33Þ

and dilaton parameter as

κQ1Q̄2
¼ κ

�
μQ1Q̄2

E

�
3=4

; ð34Þ

where

μQ1Q̄2
¼ mQ1

mQ2

mQ1
þmQ2

ð35Þ

is the reduced mass of the bound state composed of heavy
quarks Q1 and Q2, and κ is the parameter of dimension of
mass, which is of order Oð1Þ, i.e., independent on heavy
flavor. E is the binding energy, which is defined as the
leading correction to the heavy quark masses mQ1

and mQ2

in the heavy quark mass expansion of the mass of heavy
quarkonia MQ1Q̄2

:

MQ1Q̄2
¼ mQ1

þmQ2
þ EþOð1=mQ1

; 1=mQ2
Þ: ð36Þ

In order to get consistency with HQET we fix the αQi

parameters as [1]

αQi
¼ mQi

4E

�
1 −

E
2mQi

�
: ð37Þ

Now we look at the leptonic decay constants of heavy
quarkonia. First, we consider the leptonic decay constant of
heavy quarkonia composed of quark and antiquark of the
same flavorQ1 ¼ Q2 ¼ Q. Using Eq. (22) and substituting
there αQ1

¼ αQ2
¼ αQ one gets for leading term in the

heavy quark mass expansion:

fQQ̄ ¼ κQQ̄

ffiffiffi
6

p

π3=4
1

ð2αÞ1=4

¼ κ
ffiffiffi
3

p

π3=4

ffiffiffiffiffiffiffi
mQ

E

r
∼ ffiffiffiffiffiffiffi

mQ
p ð38Þ

in full agreement with HQET.
Another interesting case is the leptonic decay constant of

the Bþ
c ðcb̄Þ meson. Here, we apply the condition that the

mass of charm quark is much smaller than the mass of the
bottom quark mc ≪ mb. In this limit one gets

fcb̄ ¼
2κ

ffiffiffi
6

p

π3=4
mcffiffiffiffiffiffiffiffiffi
mbE

p ∼
mcffiffiffiffiffiffi
mb

p : ð39Þ

III. CONCLUSION

In this paper we continue our study of the consistency of
light-front QCD motivated by soft-wall AdS/QCD, with
ChPT and HQET. In particular, in Refs. [1,2] we prelimi-
nary studied chiral properties and heavy quark mass
behavior of masses and decay constants of mesons and
tetraquarks. We proposed longitudinal LFWFs of mesons
and tetraquarks providing systematic and consistent chiral
expansion of masses of mesons and tetraquarks. In
Refs. [1,2] we did not specify the longitudinal potential,
which should accompany the corresponding LFWFs. In
recent papers [9–13] our ideas were further developed by
derivation of the longitudinal potential, which produces
masses of mesons and leading-order chiral corrections. As
we stressed in the Introduction, Refs. [9–13] actually failed
in the construction of this longitudinal potential. We claim
that the source of the explicit breaking of chiral symmetry
should be introduced following ChPT and it is a Lorenz
invariant quantity and cannot be related to the longitudinal
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dynamics of the bound state in LF QCD. We showed how
to construct the longitudinal potential in order to get
consistency with ChPT and also with HQET. Analytical
results for leading correction for meson masses and
leptonic decay constants were derived. Also we demon-
strated how to proceed in the case of heavy-light mesons
and heavy quarkonia, to get correspondence with HQET for
the expansion of masses of these states and the power
scaling of their leptonic decay constants at infinitely large
values of heavy quark masses.
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