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The resummed thermodynamics of A/ =4 supersymmetric Yang-Mills theory in four space-time
dimensions has been calculated previously to two loop order within hard thermal loop perturbation theory
(HTLpt) using the canonical dimensional regularization (DRG) scheme. Herein, we revisit this calculation
using the regularization by dimensional reduction (RDR) scheme. Since the RDR scheme manifestly
preserves supersymmetry it is the preferred scheme; however, it is important to assess if and by how much
the resummed perturbative results depend on the regularization scheme used. Comparing predictions for
the scaled entropy obtained using the DRG and RDR schemes we find that for 4 < 6 they are numerically
very similar. We then compare the results obtained in both schemes with the strict perturbative result, which
is accurate up to order A%, and a generalized Padé approximant constructed from the known large-N, weak-
and strong-coupling expansions. Comparing the strict perturbative expansion of the two-loop HTLpt result
with the perturbative expansion to order 42, we find that both the DRG and RDR HTLpt calculations result
in the same scheme-independent predictions for the coefficients at order 4, 232 and 22 log 4; however, at

order A% there is a residual regularization scheme dependence.
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I. INTRODUCTION

Supersymmetric field theories have generated a great
deal of interest in the past decades [1-5]. Such field theories
are invariant under supersymmetry transformations in
which bosonic and fermionic degrees of freedom are
transformed into one another. Although there is currently
no experimental evidence that such theories are realized in
nature, they have recently proven to be useful due to the
ability to employ the conjectured (and strongly evidenced)
holographic duality between strongly coupled conformal
field theory (CFT) in the large-N . limit and weakly coupled
gravity in five-dimensional anti—de Sitter space (AdS) [6].
This conjectured mathematical equivalence is called the
AdS/CFT correspondence and, in the context of thermo-
dynamics, has been used to calculate the strong-coupling
limit of N = 4 supersymmetric field theory in four space-
time dimensions (SYM,4) [7]. In this paper, we focus on
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resummed perturbative calculations of thermodynamics in
SYM, 4 which complement such calculations.

One of the motivations for the calculation presented
herein is to test methods that have been applied in the
context of finite temperature and density quantum chromo-
dynamics (QCD). In particular, we would like to apply
perturbative reorganizations which have been used to
improve the convergence of the successive perturbative
approximations to the QCD thermodynamic potential
[8-29]. These studies have demonstrated that it is possible
to obtain excellent agreement with continuum extrapolated
lattice calculations of QCD thermodynamics for T 2
250-300 MeV using such methods. Unlike SYM, 4,
QCD is a confining theory at low temperature; however,
at high temperature there are many similarities between
SYM, 4 and QCD. This stems from the fact that (a) QCD is
asymptotically free and (b) the two theories are similar in
the weak coupling limit. Comparing perturbative SYM, 4
and QCD one finds that (1) the forms of gluonic and
fermionic collective modes are the same, and the scalar
collective modes are those of a massive relativistic particle;
(2) the transport coefficients, such as the shear viscosity 7,
which are dominated by the Coulomb-like interactions, are
quite similar [30]; and (3) the energy loss and momentum
broadening of highly energetic test particles are also alike
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[31]. These studies indicate that the key difference between
perturbative finite-temperature QCD and SYM,, is the
number and type of degrees of freedom, with SYM, 4
having, in addition to the adjoint gauge field, four adjoint
Majorana fermions and six adjoint scalars.

Unlike QCD, however, SYM, 4 is ultraviolet finite due to
its supersymmetric nature and has a vanishing f function.
Due to this, the ‘t Hooft coupling 4 = ¢’ N, in SYM, 4 does
not run and is independent of the temperature. In the weak-
coupling limit, the thermodynamics of SYM, , has been
calculated through order 4> with the result being [32-37]
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where  Figea = —dsn’T*/6 is the ideal or Stefan-

Boltzmann limit of the free energy and Sigeaq =
2d,n*T3/3, with dy = N2 —1 being the dimension of
the adjoint representation and {(z) being the Riemann
zeta function. The ratios of the free energy and entropy
density to their corresponding ideal limit are the same
owing to the fact that the ‘t Hooft coupling is temperature
independent. Note, importantly that the weak-coupling
expression (1) is valid for all N,.

In the strong-coupling limit, the behavior of the SYM, 4
free energy has been computed using the AdS/CFT
correspondence. Most information is known about the
large-N, limit where one has [7]
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One issue that must be faced when using strict weak- or
strong-coupling expansions is that they might have poor
convergence as additional orders are included in the
expansion or may not converge at all. This is a known
issue with the weak-coupling expansion of QCD thermo-
dynamics, in which case the series seems to converge only
for T > 10° GeV. This poor convergence of strict pertur-
bation theory motivated research into methods for reor-
ganizing the weak-coupling expansion in order to improve
its convergence as one goes to higher loop order. In the
context of QCD, the methods used have included the
®-derivable method [38—41] and the hard-thermal-loop
perturbation theory (HTLpt) reorganization [8,10,12].

Despite its appeal, a fundamental issue with the
®-derivable method is that it is not manifestly gauge
invariant, with gauge parameter dependence appearing at
the same order in 4 as the series truncation when evaluated
off the stationary point and at twice the order in 4 when

evaluated at the stationary point [9,42,43]. The HTLpt
approach, on the contrary, is manifestly gauge invariant due
to the fact that the HTL effective action used as the starting
point is gauge invariant by construction. HTLpt has been
used to improve the convergence of weak coupling calcu-
lations of the free energy in scalar field theories [44-46],
QED [47], and QCD up to three-loop order at finite
temperature and chemical potential [19-23,26,27]. Based
on its success in QCD applications, in Ref. [48] we applied
this method to SYM,,; however, in this prior work
canonical dimensional regularization (DRG) [49-51] was
used to regulate divergences generated during the calcu-
lation in the same manner as was done in QCD.

One issue with this prior work is that the use of canonical
DRG breaks supersymmetry because in DRG the size of the
bosonic representation depends on the dimensional regu-
lation parameter e. In this paper we address this issue by
using a regularization scheme called regularization by
dimensional reduction (RDR). The RDR method was
introduced by Siegel [52] and is a modified version of
dimensional regularization [53,54] which manifestly pre-
serves gauge invariance, unitarity, and supersymmetry
[55,56]. In Refs. [36,37] this method was used to compute
the 1% and 4> log A coefficients in Eq. (1). Herein we will
compute the order 4, 43/2, and A?log A coefficients using
two-loop HTLpt and demonstrate that these coefficients are
scheme independent. We will additionally demonstrate that
the order A? coefficient is regularization-scheme dependent;
however, this is somewhat expected, since this coefficient
is beyond the strict perturbative accuracy of a two-loop
calculation. Importantly, we find that the coefficient of
A log A is exactly the same as obtained in the prior two-loop
DRG HTLpt calculation [48], resummation using the
Arnold-Zhai method [36], and resummation using effective
field theory methods [37]. This firmly establishes the
existence of logarithms in the weak-coupling expansion
of SYM, 4 thermodynamics and provides confidence in the
computed coefficient.

Note that since the high-order terms in the expansion of
the free energy are unknown, it not possible to determine if
the finite temperature perturbative series for the free energy
has a finite radius of convergence. We note, however, that
even if the perturbative series has a zero radius of con-
vergence (an asymptotic series), it is possible to apply
variational perturbation theory methods such as HTLpt to
improve the convergence of successive loop approxima-
tions. In cases where all orders expansions of quantities are
known, e.g., the ground state energy of a zero temperature
anharmonic oscillator [57,58], it has been shown that by
using variational perturbation theory one can even self-
consistently obtain the strong coupling limit coefficients
from a divergent weak-coupling expansion [59,60].

In the case of SYM, 4, our recent calculations through
order A2 [36,37] suggest that the perturbative expansion of
SYM, , thermodynamics has a finite and potentially large
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radius of convergence. The resummed results obtained in
this paper show that HTLpt can be used to improve the
convergence of successive approximations to the SYM, 4
free energy. As will we demonstrate, the two-loop HTLpt
resummed result, although having strict perturbative accu-
racy of order 4/2, reproduces the order 4> result to within
2% for A <2 (see Fig. 2 below).

Finally, we emphasize that the scheme dependence
discussed herein is related to whether or not one uses a
supersymmetry-preserving regularization scheme. This is a
fundamental symmetry requirement and, hence, the RDR
scheme is better suited to this problem. In the context of
QED and QCD there exists a more general scheme
dependence which stems from the choice of the method
of regularization. The standard scheme for renormalizing
QCD is the MS (modified minimal subtraction) scheme
[61], which is related to the MS (minimal subtraction)
scheme [62,63] through a rescaling of the MS scale by
(e'# /4x)¢ where yg is the Euler-Mascheroni constant. As a
result of this relationship, one can connect quantities
computed in the two schemes in a straightforward manner
using the running coupling itself [61]. We note importantly,
however, that physical observables such as scattering rates
and the free energy are scheme independent [61,64,65].
In strict perturbation theory, renormalization scheme invari-
ance of observables can be established order-by-order in
the coupling; however, the parameters in the theory which
are not directly observable, such as the running coupling
constant, are in general scheme dependent. When comput-
ing observables the scheme-dependence of the parameters
is compensated for by the scheme-dependence of the
coefficients in the perturbative expansion thereby ensuring
renormalization group invariance [61,64,65].

In SYM,, an analogous scheme dependence does not
occur because the theory is conformal and the coupling
does not run. As a result, the perturbative coefficients are
renormalization group invariants and hence, scheme inde-
pendent in the QED/QCD sense. This is evidenced by
Eq. (1) which is scale invariant through the perturbative
accuracy determined. Finally, we note that HTLpt goes
beyond strict perturbation theory through an all orders
resummation in the soft sector. As a result, a residual scale
dependence can remain in HTLpt when truncating at finite
loop order; however, as one extends the HTLpt calculation
to higher loop order, the scale dependence is systematically
pushed to higher orders in the ‘t Hooft coupling, resulting
in mathematically unique predictions for the fully deter-
mined perturbative coefficients.

The structure of our paper is as follows. We begin
with a brief introduction to the basics of SYM, 4 in Sec. 1.
In Sec. III, we present a summary of HTLpt applied to
SYM, 4. We list the terms which change in the high
temperature expansion when going from DRG to RDR
in Sec. IV. Based on these results, we present the complete
expressions for the leading- (LO) and next-to-leading order

(NLO) thermodynamic potentials in the RDR scheme
in Sec. V. In Sec. VI, we present our numerical results
for the RDR HTLpt-resummed NLO SYM,, scaled
thermodynamic functions and compare to our previous
results obtained using the DRG scheme. We also compare
to strict perturbative expression for the scaled thermody-
namic functions through order 1> which were obtained
using the RDR scheme and to a generalized Padé approx-
imant based on this result and the corresponding result in
the large-N, strong coupling limit. In Sec. VII we present
our conclusions and an outlook for the future.

Notation: We use lower-case letters for Minkowski space
four-vectors, e.g., p, and upper-case letters for Euclidean
space four-vectors, e.g., P. We use the mostly minus
convention for the metric.

II. THE BASICS OF THE SYM,, THEORY

In SYM, 4 all fields belong to the adjoint representation
of the SU(N.) gauge group. The definition of gauge field is
the same as QCD and A, can be expanded as A, = Ajr¢,
with real coefficients A,‘j, and Hermitian color generators ¢4
in the adjoint representation which satisfy

(19, = if pot¢ and Tr(re) = %yb, 3)
where a,b =1, N% — 1 and the group structure con-
stants f,,. are real and completely antisymmetric.

For the fermionic fields, the massless two-component
Weyl fermions y in four dimensions can be converted into
four-component Majorana fermions [66—70],

() W rmr m

where @ = 1, 2 and the Weyl spinors satisfy % = [y?]".
The conjugate Majorana spinor ¥ is not independent, but is
related to y via the Majorana condition y = Cy, where
C= (e(‘;ﬂ eg/}> is the charge conjugation operator with
€p = —€11 = —1. We will use latin indices i, j = 1, 2, 3,4
to label the four Majorana fermions, with y; denoting each
bispinor. Since the fermions are in the adjoint representa-
tion, one can expand y; = w1, where the coefficients y¢
are four-component Grassmann-valued Majorana spinors.

In addition to the gauge field and Majorana spinors, there
are six independent real scalar fields which are represented
by a multiplet,

O = (XY, X,.Y,,X3.Y3), (5)

where X, and Y, are Hermitian, withp, g = 1, 2, 3. X, and
Y denote scalar and pseudoscalar fields, respectively. We
will use a capital latin index A to denote components of the
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vector @. Therefore ®4, X, and Y, can be expanded as
®, = P4, with A =1, ...,6 or alternatively, X, = X{#“
and Y, = Y§r“.

The Minkowski-space Lagrangian density for SYM, 4
can be expressed as

1 .
Lsym,, = Tr _EG[ZHJ + (D, ®4)* + iy Pw;

L, . .
- Egz(l[q)m @p))* — igwila Xy + ifrsY o v
+ Lyt + Lon + ALsym, (6)

where u, v = 0, 1, 2, 3 and o and f< are 4 x 4 matrices that
satisfy

{02t} =252, {2, p5} =—25°%,  [a®,p%] =0,
()
The matrices a and f satisfy ajap; =-35; and

iP5 = —40°4, with §; =4 for the four Majorana fer-
mions and 6P = 3 for each set of three scalars.

To quantize the theory, gauge-fixing and ghost terms
should be added to the Lagrangian density. In general

covariant gauge, their forms are the same as in QCD,

44 1
Ly = = THl(@4,°)
E:}TNh.A = —2Tr[70*D,n), ®)

with £ being the gauge parameter.

III. HTLpt FOR SYM, ; THEORY

HTLpt provides a way to incorporate plasma effects into
resummed perturbative calculations while maintaining
explicit gauge invariance. In HTLpt the underlying theory
is reorganized by adding and subtracting the HTL effective
action to the vacuum action. The addition/subtraction of the
HTLpt action generates effective propagators and vertices
which are functions of energy and momentum. The HTLpt
method has been applied to QCD to three-loop order in
Refs. [8,10,12,16,17,19-29].

The HTLpt reorganization of SYM, 4 can be obtained in
the same manner as in QCD by introducing an expansion
parameter 9, treating it as a formal expansion parameter,
expanding around 6 = 0 to a fixed order, and then setting
0 = 1 in the end. The HTL reorganized Lagrangian density
for SYM, 4 can be written as

L, = (Lsymy, + L5, )yovay + AL, (9)

The HTL improvement term Lgyy is

o = Lo a6, 2N o
SYMM__E( = 8)mpTr na W ; B

+ (1= 8)imgTr <v7jy" <yy.ﬂD>Aw,'>
= (1 = )M} Tr(®3), y (10)

where y* = (1,¥) is a lightlike four vector, (- - -); represents
an average over the direction of § defined in the Appendix A,
theindex j € {1...4} labels the four Majorana fermions, and
theindex A € {1...6} labels the six independent real-valued
scalars. The parameters mp and M, are the electric screening
masses for the gauge field and the adjoint scalar fields,
respectively. The parameter m, is the induced finite temper-
ature quark mass. We note that, in general, the gluon mass in
RDR is not equal to —g,, IT*, where [T** is the gluonic self
energy and care must be taken due to this. This stems from the
necessity of employing integration by parts during the
calculation of the gluon self energy.

In the RDR scheme, all momentum-space integrals will be
evaluated in d = 4 — 2¢ dimensions while the size of the
gauge field and fermionic field representations will be taken
to be integer valued, and correspond to D = 4 dimensional
fields. Since, as we will demonstrate, all ultraviolet diver-
gences generated in the calculation of HTL-thermodynamics
are canceled by the HTLpt counterterms independently of the
value of the gluon, quark, and scalar mass parameters, we
need to only consider the leading-order contributions in the
momentum-space regulation parameter e.

The HTLpt reorganization of QCD and SYM,, gen-
erates new ultraviolet (UV) divergences compared to the
vacuum Lagrangian. In QCD, these divergences can be
eliminated using the counterterm Lagrangian AL{(j, and
the thermodynamic potential at the two-loop level can be
renormalized by using a simple counterterm Lagrangian
ALJE which includes vacuum energy and mass counter-
terms [16,17]. Although not proven at arbitrary loop order,
it has been explicitly demonstrated that one can renorm-
alize the HTLpt thermodynamic potential through three-
loop order using only vacuum, gluon thermal mass, quark
thermal mass, and gauge coupling constant counterterms
[22,27]. The same method can be used in SYM, 4.

We find that in SYM, 4 the vacuum counterterm Ay&,
which is the leading order counterterm in the d expansion of
the vacuum energy &, can be obtained by calculating the
free energy to leading order in 9, and the next-to-leading-
order contribution A&, can be obtained by expanding A&,
to linear order in §. As a result, we find that in the RDR
scheme the counterterm A&, has the form,

Ago - < dA

eet 0(15)) (1—08)2m?

+ @j;e + 0(15)) (1-82M%.  (11)

074004-4



SCHEME DEPENDENCE OF TWO-LOOP HARD THERMAL LOOP ...

PHYS. REV. D 105, 074004 (2022)

Comparing to the DRG HTLpt result obtained in Ref. [48],
one sees that Eq. (11) is precisely the same as obtained
therein.

To calculate the NLO HTLpt-improved free energy one
needs to expand the partition function to order 6.
Correspondingly, to cancel the remaining UV divergences
we need the counterterms Ay, Am3, Am2, and AM?, to
order 0. In order to remove all UV divergences which
appear at two-loop level, the mass counterterms required
are

1
o= (o) -om
87r €
1
Am? = <_ﬂ2€w+ 0(/1252)>(1 - 8)m2. (12)

Once again we find that the mass counterterms are precisely
the same as the ones necessary to remove the HTLpt
divergences in DRG HTLpt [48].

To calculate HTLpt-improved physical observables in
SYM,4 we use the same method as in QCD, namely
expanding the path-integral in powers of §, truncating at
some specified order, and then setting & = 1. The results for
physical observables will depend on mp, Mp, and m,
which are functions of 7" and A. These parameters are fixed
in HTLpt by minimizing the free energy. If we use
QRPR(T, A, mp, Mp,m,,5) to represent the thermody-
namic potential expanded to N-th order in §, then the
corresponding variational prescription is

0
TQRDR(T,/{, mD,MD,mq,5 = 1) = 0,
mp
9 RDR
WQ (T,/I,mD,MD,mq,5: 1)20,
D
0
WQ.%DR(T,/I,mD,MD,mq,5: 1) =0. (13)

q

These three equations are called the gap equations. The free
energy can be obtained by evaluating the thermodynamic
potential at the solution to the gap equations, and other
thermodynamic functions can be obtained from the free
energy and its derivatives with respect to 7.

In the following section, we calculate the thermody-
namic potential through order 132, which can be expressed
as an expansion in powers of mp/T, m,/T, and Mp/T.
Instead of repeating all results from our DRG calculation,
we list all terms which change when going from DRG to
RDR. As mentioned above, at order 6, all divergences in the
two-loop thermodynamic potential can be removed by the
HTLpt vacuum and mass counterterms which are scheme
independent.

IV. HIGH-TEMPERATURE EXPANSION USING
THE RDR SCHEME

In this section, we list only the contributions which change
when going from the DRG to RDR scheme. Since the
Feynman rules and diagrams needed are the same as in
Ref. [48], the high-temperature forms are the same as in this
reference up to the dimension of the gluon tensor and metric
tensor. The labels on each Feynman diagram contribution
below correspond to the diagrams shown in Ref. [48].

A. One-loop sum-integrals in the RDR scheme

Based on the above knowledge, at one-loop order, only
the hard contribution from the gluonic one-loop free energy
and two-loop HTL counterterm are modified in the RDR
scheme. The remaining contributions come from fermions
and scalars and remain unchanged compared to the DRG
HTLpt result.

1. RDR modified gluon hard contributions

The form of the hard contribution to the one-loop gluon
free energy expanded to second order in m?, has been given
in [16] and can be written in the RDR scheme as

h),RDR D=2 1 1
JT;) = ) b() +§m2Db] —74(1)_2) m4Db2
o, | 1
. Z 2 2(D-1)=T
4(D—2)mD P|: p2P2 ( )p4 P
1 1
P2 Tt D=0 ()

where 7 p is given in Eq. (A14), which enters into the HTL
gluon self-energy, and

2?: 2 w 4
by = log P- = —-——T7, 15
0 , og 45 ( )

1
bnzipﬁ’ nZl (16)

Setting D =4, using Eq. (15), and the formulas in
Appendix B, (14) reduces to

() RDR _ 1 ¢'(-1)
Fq ET“+ﬁ{1+<2+2C( )>}
u 2e 1
x (ﬁ) Mol = g (e
16 8log2
"33 ><4 T> - (17)

The form of the hard contribution to the two-loop gluon
HTL counterterm has been given in [16] and can be
expressed as
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1 1
]:;@'RDR = _Em%)bl +2(D—2) mhb,
1 1 1
S 42 2 D-1)=T
IR p[ g 2P0 T
1 1
2——T D—1)—(Tp)?|. 18
2 Tt 0= 1T ()

Setting D =4, using Eq. (15), and the formulas in
Appendix B, (18) reduces to

(h).RDR 1 T2 1 [1 272
. = — T N 2 —
F et 2 mpT= + A { + 2y + 3
16 8log2 o
- . 19
37 3 ] (47:T> "D (19)

We find, as can be expected on general grounds, that
the only difference between the result of the one-loop
|

4

gluonic contributions in the RDR scheme and the DRG
scheme is the finite contribution which is proportional

4
to mj,.

B. Two-loop sum-integrals in the RDR scheme

Considering the two-loop contributions in the RDR
scheme, the soft-soft (ss) contribution from all diagrams
and the F g};ﬁ)
contributions are modified due to the dimension of the
gluon tensor and metric tensor changing from 4 — 2¢ to 4.

contribution are unchanged. All other

1. Contributions from the (hh) region

The form of the (hh) contributions to the two-
loop gluonic free energy expanded to first order in m?
has been given in [16], and can be written in the RDR

scheme as

1 1

)RoR _ 1 1 !
Fo e =7 (D =2)2b} = (D - 2)§m2Db1b2 + 4’”2133_:@{2(1) -3) T 2P2Q2R2

1 P-Q 7 7 !
+ (D + 1) P2Q2r2 - 2(D - 1) P2Q2r4 _4(D - 1) P2Q2r4 +4P2Q2R2r2 - 2(D - 2) P2Q2q2 TQ
1 q2 P-0Q
_DP2Q2 2’]’R—|—4( )P2Q2 4TR+2( 1) 2Q2r4TR}' (20)
Setting D = 4, using Eq. (15), and the formulas in Appendix B, (20) reduces to
1 29 1 o e
FUMRDR - 4 5751206124 272, 21
Socdotoh = 144" T 2608722 \e | 4zr) "D (21)

The form of the (hh) contribution to F,, and F4,, expanded to first order in m?, can be obtained from Ref. [17], and in

the RDR scheme become

)RDR 1 D 3 1
‘7:361(]+4qq _2(D_2)[f%_2b1f1}+4m%){b2f1 +iP{Q} |:p2P2Q2 P_D_2p2P2Q2
s 2I D 1 4D-1) ¢ 2(D-1) P-Q
m _ _
Pdapoy ID-2P2Q** D-2 PQ** D-2 PQ**
s QI 4-D 1 +2(D—1) P-Q D+1 1 +4(D—1) ¢ 4 ¢
"o [D—2PQ°R2 T D -2 PXQ** D-2PQ%  D-2 PXQ%* D-2PQ°R’f

Z: 1 pr—r I 1
+4m2(D -2 { + ]T —|—4m2D 2 [Zb —T]
lI< ) (PO} P2Q2Q(2) quzQ%Rz 9] ( ) 1f2— PO} PZQZQ(Z) 9]

+4m2(D —

where f, is defined as

1
=Y, =

D -6
2){—2f1f2 + I{PQ} {D _2P0°R?

(22n+1—d _

’,.2 _ p2
+ P2Q2R2q2:| }’ (22)

1)b,, n>1. (23)
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Setting D = 4, using Egs. (15) and (23), and formulas in
Appendix B, (22) reduces to

(A RDR _ 5o 7
3qg+4'w T 144 115272

4e
o [ H
(471'T>
4de
H 272
— T-.
x (477.’T> My

The form of the (hh) contributions to F 4, 3, and Fy
are

[1 + 0. 1415352337}

1 1
T2 +F [ +9.96751112}

(24)

F g s
=3(D+1)b3 =3(4+D)M3%,b by + M3,
XIPQP2Q62 5 —3mpb, b2+mD3(DDi;)b1IP#
+m_§)I {3(1+D)_ 3. 6b-1)¢
D—24—, 2p20°R* P2Q°R? P*O’R?
+ 262q2 2 3(D_41>2(Q2‘R) [3(22_2D2)
P Q"R p"O°R p P Q
3D 6(D-1)¢® 3(D-1)(Q-R)
_2p2Q2R2+ p4Q2R2 - p4Q2R2 }TP}'
(25)

Setting D =4, using Eq. (15), and the formulas in
Appendix B, (25) reduces to

(hh)RDR
‘7:4s+3gs+4gs - @

u 4¢ . 29

x (4nT> DL T 153622

w (L4 551006124 ) () 2 2
€ ’ 47T bt

(26)

1
T 2( +2y+597010745)

2. Contributions from the (hs) region

The form of the (hs) contribution to the two-loop gluon
free energy expanded to first order in m% was given in [16],
and in the RDR scheme can be written as

¢ T 1
gsror T / i

3g+4g+gh 2 pp2+mD

2
x? I 2t [ — ) (D=5
QQ4} " | ml, ( )bz

)

(27)

{—(D -2)b;+2(D-2)

where

1 m u 2e
R 1+ 2¢]. 28
/p p2 + m? 4 <2m> [1+2] (28)

Setting D = 4, using Egs. (15) and (28), and the formulas
in Appendix B, (27) reduces to

(hs)RDR 1 5 11 1 68
Fagragion =~ 40T 35 (e P 33

u 2e u 2e 5
— — T.
) <4;:T) ) <2mD) "o
The form of the (hs) contribution to F3,, and F,,,

expanded to first order in m3? can be obtained from

Ref. [17], and in the RDR scheme can be expressed as

2
- [ 4L 01
Jr4’712071/ 2_& D{fz
s
Lol 5 o e
I{Q}Z]"T' (0

D—-1 Q°
—8mT / 5 {
+m? D
Setting D = 4, using Egs. (15), (23), and (28) together with
the formulas in Appendix B, (30) reduces to

(29)

(hs),RDR
‘7:3qg+4qg

1 1
).RDR
'7:3qg+4qg - _@mDT T2 )

1 /1
—— |-+ 2y +5+4log2
+487r3(6+ }’+3+ 0g>

2¢ 2e
H H 3
— — T.
x (47:T> <2mD> "D
The (hs) contribution to F 4, Fs,, and Fy, were pre-
sented in [48] and in the RDR scheme can be expressed as

).RDR 1
‘7:4s+3q\+4qs = T/
p D

2
smpmyT

(31)

[3(D +4)b, —3M3b,
XM=
o(D-1)Q°

+T / by

pP2+m2D

64> 124%

S

0 Q4 D Q6

D+3q° 244*
+’”%<6D—@_(D—Ugg)]}' (32)
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Setting D =4, using Eq. (15), and the formulas in
Appendix B, (32) reduces to

),RDR
“7:4s+3 gs+4gs

m M 3
=-T=24+22) - — _M2m,pT
<87‘L’+2ﬂ'> 327 PP

3 1+2+2 NN T

6473 4zT) \2M, b7
3 1 5 U 2e u 2e

(4427 ) (-2) (=) M3T

T30 <€ 3T y) <47TT) <2MD> b

1 1 16 u 2/ p \%*
2 KN (33
+1287z3< T3t 7) (4 T> <2mD mpT. (33)

Finally, the (%s) contribution to F3,, was first presented
in [48] and in the RDR scheme is

1
RDR
2

2 2 29
+2mqf2 + MDI{Q} (D - 1)Q6] . (34)

Setting D = 4, using Egs. (15), (23), and (28) together with
the formulas in Appendix B, (34) reduces to

|:fl M f>

1 3 /1 8
J”:Ms JRDR _ MDT3+—<€+—+2}/—|—410g2)

4z 1673 3

2e 2e
() (5i) o
47[T 2MD
2e u 2¢e 5
4log?2 — | M T.
o) () () i 05

V. NLO HTL THERMODYNAMIC POTENTIAL
IN THE RDR SCHEME

In this section, we will combine all contributions
and counterterms to obtain the LO and NLO HTLpt-
resummed SYM,, thermodynamic potential QRPR(T, 1,
mp,Mp,mg, 6 = 1). In the following subsections, we list
the various terms contributing and compare them to the
corresponding results obtained in the DRG scheme.

3 /1
——< +2+2y
473

o, 1 3 o 5
P .
Fideal _;{_§+3mD+9MD 2MDmD+2mDMD—12mD [2] g

7 9.1 ) )
+ 4logE + 6.32087357} + it} [ + 4log My + 4logg + 5.32488132]
€

A. Leading order

By combining Eq. (17) and contributions which are the
same as in DRG scheme from Ref. [48], our final result for
the one-loop free energy is

QRDR

1-loop = fideal{l — 1y + 41, — 6M3 + 2413,

3,1 2 16
= 83 + 161013 (6~ 72) + i} [ +2y +%—?

8log2

b ot |1 i
+210g2 ] +9M7p, L—l—Zy—l—Zlogz] },

(36)

where mp, Mp, m, and ji are dimensionless variables,

which are defined as

N mp o Mp
"p = 22T’ Mp 27T
N g N H
==X =—. 37
M 27T K 2nT ( )

Comparing to the one-loop free energy ;_j,, obtained in
the DRG scheme, the only difference are the finite contri-
butions which are proportional to mj,. Since the RDR
divergences are the same as in the DRG scheme, the
corresponding leading order vacuum energy counterterm
Ay& is also the same. After adding Ay& to (36), our final
result for the LO renormalized thermodynamic potential in
the RDR scheme is

oFe" ) 53 {72 {13 52
—— = 1 — iy + 4y — 6Mp, + 24M7p, — 8
Fideal
. 3 16 8log2
+16m3(6—ﬂ'2)+1m‘5 |:—?— 3 +2}’
272 Il 4 Il
+T+210g§ + 18M7, 7+log§ . (38)

B. Next-to-leading order

By combining Egs. (20), (22), (26), (27), (30), (33), (35),
and contributions which are the same as in DRG scheme
from Ref. [48], and multiplying by Ad,, we obtain the final
result for the two-loop HTLpt thermodynamic potential,

[ + 4log ip

1
— i) [2+4log2]

[ A 9 A
[ +4logg+9.967511121] -3 (3610g2+§> + 144 log 2M pin2

N 9
M3,
+[ g

N 1 N [l
4MDmD+36MD }[2+—|—2y—2logMD +4logﬂ}. (39)
€
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Comparing to the two-loop DRG result €2, _,,,, we find
that there are differences in the finite contributions propor-
tional to m3,, M3, m3,, m’ and M3

The NLO RDR HTLpt counterterm contribution is
obtained from the sum of Egs. (18) and contributions which
are the same as in DRG scheme from Ref. [48], giving

QRDR

Comparing to the DRG scheme result for Qur, the
only difference is the finite contribution proportional
to m},. We find that the form of A&, is the same as
in the DRG scheme. Since the divergent terms in
Eq. (39) are the same as the ones in the DRG scheme,
we find the same result for AQRPR as in the DRG
scheme.

By adding the one-loop (38), and two-loop (39)

SSHTL _ 52 a3 02 _ 2e 13 52
Figeal sty = 6ty + 6M(p — 36M + 8ii HTLpt thermodynamic potentials, the HTLpt gluon
3 a2 and quark counterterms, and the HTLpt vacuum and
+ 327y (7% — 6) — 3 sy, { + 2y + 210g 5 + =5 mass renormalizations, we obtain the final expression
for the NLO HTL thermodynamic potential in SYM, 4
16 8log2 o |1 theory in the RDR scheme
————="| —18M} |-+ 2y +2log>|. (40 ’
3 3] [+y+og2]()
|
OO _ - gy 3 > A 8 4log2
=1-2m —12M 16 —6)—18M log= | ==} —+log=—=-—
:Fldeal " - mq(ﬂ ) b 7/+ ng 2mD 7/+ 3 + g2 3 3
9. ¢ 9. n P ) A
+ 3mD + 9MD szMD + szMD - 12mqu - 12mq 199870184 + IOgE
7r
3 2 N A 9 o2 o
+ R 0.1753830597 + 2log iy + log— -y | = + 4log2 | + EMD —0.3226130662 + 2log M, + logE
9. i N 1 pi
EMDmD —l—logi + T2M pin —|—210g2+10g — oM, +3y+4log2—|—310g§ . (41)
|
Note that the final expression is free from singularities QI%ES e :Z[,’,LL% 3
_1_ /2
and valid for all N.. Comparing to the result obtained using 7., P =1-0.1519824 +0.142365
deal I Mp=Mp 1o

the DRG scheme in Ref. [48], we find differences in terms
without logarithms, which are proportional to mj,, Amg,
Am3, AM?,, Am3, and AM3,. These terms all contribute to the
coefficient of A2 in the strict perturbative limit.

C. The strict perturbative limit

We next consider the strict perturbative limit through
order A%. To obtain this limit we evaluate the NLO HTLpt
thermodynamic potential with LO perturbative gluon,
scalar, and quark masses. Expressed numerically, the
NLO HTLpt result in the DRG scheme obtained in
Ref. [48] is

QDRG mq quO

ZENLO|™PTTPL0 | ()151982 1 + 0.142365 43/2

fldeal Mp=Mp1o

A
—0.0923192 7> 4 0.015399 2> log -,
i

(42)

where 71,1 o, 7itp 10, and MD,LO are taken to be given by
their leading-order weak-coupling limits given in Eq. (A1).
The corresponding RDR HTLpt result obtained herein is

A
—0.0912209 42 + 0.015399 2% log — .
i
(43)

We find the same dependence on the renormalization scale
jt and all terms are same except the term proportional to A
without logarithms. We note that the coefficient of 4> log A
is the same using both schemes, showing that it is scheme
independent.

As further a comparison, the perturbative free energy
computed to three-loop order, keeping all terms through
order A> was obtained in Refs. [36,37]. Expressed numeri-
cally the full result is

resum

2% — 1 01519822 + 0.1423651%/
:Fideal

—0.06131732% + 0.0153994% log A. (44)

Comparing Egs. (42) and (43) to (44), we find all terms
are the same except the terms proportional to A>. This is
expected since both the RDR and DRG scheme HTLpt
calculations were two-loop calculations and hence cannot
reproduce the full 4> coefficient. At two-loop order one
could consider fixing /i as to reproduce the full order >
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coefficient. This occurs when ji~0.133554 and ji~
0.143428, in the DRG and RDR schemes, respectively.

D. Gap equations

To go beyond strict perturbation theory we need to fix the
mass parameters in a nonperturbative manner. Using the
NLO HTLpt thermodynamic potential, the gluon, scalar,
and quark masses can be fixed using the variational method
described previously. The gluon, scalar, and quark mass
parameters mp, Mp, and m, can be determined by
requiring the derivative of QRPR with respect to each
parameter is zero,

3}
%Qﬁ%(fl, mp, Mp,my,6=1) =0,
LQEES(T,/LmD,MD,m 6=1)=0,
omp q
0
QI%E%(T’A’ mD’MDvmqaé - 1) - O. (45)
oM p,

The first equation in Eq. (45) gives
R A [3 . 3 il
ma(n* —6) = s [EmD + 2 <1.998701836 + log§>
. f
—9MD<7+210g2+10g§>} (46)
The second equation gives

n? i 8 4log?2
ﬁ1,2)+ﬁz%(y++logﬂ—— g >

3 2 3 3

A . . IO
=12 {2 —3Mp + 3M7, — 82 — i} (1 + 8log 2)
- 6mDMD <]/ + 10g5>
+ imp <1.1753831 + 2log iy, + loggﬂ. (47)

Finally, the third equation gives

M%+2M%<y+logg>
A 1, . 1, il
+8rh%,<y+21og2+logg)
i il
3IMp 410g2+3}/—|—310g2+2

i, <0.677386934 +21og M, + log g)] . (48)

We find that, similar to the DRG scheme, 73z, in Egs. (47)

and (48) can be written in terms of M, and i by
using (46). By numerically solving these three equations
simultaneously, we obtain the gap equation solutions,
E (. 1), MEP (4. ). and FIEP(2. o).

In Fig. 1, we compare numerical solution of quark,
gluon, and scalar gap equations in the RDR scheme to
the result obtained using the DRG scheme. In these
three panels, the results are obtained using the central
value of the renormalization scale, ji = 1, and are scaled

10° 10* 10% 1 100 10t  10°
A
1.0
0.8
206
d .
=
3¢ 04
0.2
0.0 ‘ ‘ ‘ ‘ ‘
10 10 1072 1 100  10*  10°
A

FIG. 1. Comparisons of the numerical solution of gap equations
in the RDR and DRG schemes for m,, m, and M, as a function
of A with i = 1. In each panel, the results are scaled by their
corresponding leading-order weak-coupling limits.
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by their corresponding leading-order weak-coupling
limits. The red line is the result obtained using the
RDR scheme, and the black dotted line is the result
obtained using the DRG scheme. As one can see from
Fig. 1, the results obtained in these two schemes are
numerically similar to each other. At the central value
u =2xT, for the quark mass, the RDR result is slightly
higher than the DRG result when 4 — Ol; for the gluon
mass, the RDR result is a little lower than the DRG
result at intermediate A; for the scalar mass, the two
results are nearly identical.

VI. THERMODYNAMIC FUNCTIONS
IN THE RDR SCHEME

The NLO HTLpt-resummed free energy in the
RDR scheme can be obtained by evaluating the NLO
thermodynamic potential (41) at the solution of the gap
equations (45),

FEDR = QRPR(T A mi? MEP. mE® 5 =1).  (49)
The pressure, entropy density, and energy density can be
obtained using

P=-F,
_dr
T’
dF
—F-TS 50
E=F-T— (50)

In SYM, 4 these three quantities satisfy

P S £
_ s _ & 51
Pidgear  Sideal  Eideal G

since 4 is temperature independent.

A. Numerical results

In Fig. 2, we present a comparison of our NLO
HTLpt result in the RDR and DRG schemes with the
next-to-leading approximation (NLA) result of Blaizot,
Iancu, Kraemmer, and Rebhan (BIKR) [71]. The green,
blue, and cyan dashed/dotted lines represent the strict
perturbation theory result given in Eq. (1), truncated
at order A, 22, 2> (including the logarithmic term),
respectively. The orange dashed line is the strong
coupling result given in Eq. (2). The purple dot-dashed
line is the result of a generalized Padé approximant
which is constructed based on Egs. (1) and (2) [37]. The
black and blue lines with a shaded bands are the NLO
HTLpt result in the RDR and DRG schemes,

"The gap equation solution for m, does not approach its
perturbative limit when A approaches to zero in both schemes.

—— NLO RDR HTLpt

—— NLO DRG HTLpt

—— NLA BIKR

fffff Weak coupling - O(A)
fffff Weak coupling - O(A%?)
—————— Weak coupling - O(A?)

SlSigeal

77777 Strong coupling - O(A"¥2)

------ Generalized Pade

FIG. 2. Comparison of the NLO scaled entropy density
obtained in the RDR scheme, the DRG scheme, and the prior
NLA work of Blaizot, Iancu, Kraemmer, and Rebhan (BIKR)
[71]. A detailed description of the various lines can be found in
the text.

respectively. The bands correspond to variation of f
in the range 1/2 </ <2 and the solid lines correspond
to st = 1. Finally, the red line with a shaded band is the
NLO BIKR result with the bands and line corresponding
to scale variation and central value.

As Fig. 2 demonstrates, the DRG and RDR schemes
result in similar predictions for A < 6; however, both are
below the generalized Padé which is constructed using the
full order 4> and A’logA coefficients. Since the DRG
scheme breaks supersymmetry, the RDR result should be
taken as the correct NLO HTLpt result. In comparison with
the BIKR result, which made use of the DRG scheme, we
see that it is also in agreement to within a few percent
for 1 < 6.

In Fig. 3, we present a similar comparison, but for
smaller 4 in order to see the differences more clearly. The
various strict perturbative results in this figure are the same
as in Fig. 2. As can be seen from this figure, there is
excellent agreement between the BIKR result and RDR
NLO HTLpt in this coupling range. The generalized Padé
approximant, however, only overlaps with both resummed
results for 1 < 0.5.

—— NLO RDR HTLpt
—— NLABIKR
Weak coupling - O(A)

S/Sideal

Weak coupling - O(A%?)
Weak coupling - O(A%)

Generalized Pade

0.0 0.5 1.0 1.5 20

FIG. 3. Comparison of our NLO result for the scaled entropy
density in the RDR scheme with prior results for small 4. Lines
are the same as in Fig. 2.
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VII. CONCLUSIONS

In this work, we obtained the LO and NLO HTLpt
resummed thermodynamic potential in SYM, 4 using the
RDR regularization scheme. We then analytically and
numerically compared the RDR result to the result obtained
in the DRG scheme. From the analytical perspective, we
found that differences emerged only in finite contributions,
while the divergences were unaffected. This causes only
a small change compared to DRG HTLpt result, which
can be seen from the figures presented in Sec. VIA.
Importantly, we found that, when expanded in strict
perturbation theory, both schemes gave the same results
for the coefficients of all terms contributing at orders 4,
232, and A*logl, while at order 4> we found a weak
residual regularization scheme dependence.

The results reported herein provide an important cross
check of the coefficient of the order 4> log A term in the free
energy, independently confirming our prior result for this
coefficient, which was obtained in Refs. [36,37]. The
differences at order 4> are not yet conclusive; however,
since in both the RDR and DRG schemes we have only
performed a two-loop HTLpt calculation and a three-loop
calculation is needed to properly fix this coefficient. Such a
calculation was performed in strict perturbation theory in
Refs. [36,37]. It would be interesting to extend the RDR
HTLpt calculation to three-loop order in order to see how
well it performs at large coupling; however, we first plan to
complete the computation of the order 1%/? coefficient
using effective field theory methods since this calculation is
somewhat more manageable.
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APPENDIX A: HTLPT FEYNMAN RULES FOR
SYM,, IN THE RDR SCHEME

In this Appendix, we will present the RDR scheme
HTLpt Feynman rules for SYM, , in Minkowski space.
In Minkowski space, the momentum is denoted by p =
(po,p) and satisfies p - ¢ = pogo — P - q. The four-vector
n# specifies the thermal rest frame and in the local rest
frame of the plasma given by n = (1,0).

We begin by noting that, since all ultraviolet divergences
which are generated from the HTLpt reorganization are all
canceled by systematically derivable counterterms, we only
need to consider the leading order contributions to the
gluon, quark, and scalar masses,

AT?

mh o =2T* M}, =AT? mjLO =5 (A1)

which have been given previously in Refs. [48].

1. HTLpt gluon polarization tensor
In SYM, 4, for massless bosons and fermions, the gluon
polarization tensor in HTL limit can be expressed as
¥ (p) = mp[T"(p.—p) — n'n"], (A2)
where we have introduced a rank-two tensor 7#*(p, q),
which is defined only when p + ¢ =0,

T"(p,—p) = <Y"y” pn>y (43)

Py

The angular brackets represent an average over the
spatial direction of the lightlike vector y. The tensor 7#¥
is symmetric in u and v, and satisfies the “Ward identity,”

pT"(p.—p) = (p-n)n". (A4)
As aresult, the polarization tensor IT* is also symmetric in
w1 and v and satisfies

pﬂnﬂy(p) =0,

9uI1*(p) = —mp. (AS)

The gluon polarization tensor can also be expressed in
terms of two scalar functions, the transverse and longi-
tudinal polarization functions Il; and II;, which can be
written as

U
Ir(p) = 55— (67 = p'p/ )1 (p).

I, (p) = -11"(p). (A6)
where p = p/|p| is the unit vector in the direction of p. The
gluon polarization tensor can be expressed in terms of these
two functions,

1
(p) =~ (p)TH — S TL(P)LE. (A7)
p
with
prpt mpn,
T/;)D:g;u_/_ 3 _ n2p7
p p
nhn?
Ly = —22” : (A8)
p

The four-vector n/, appearing above is defined by
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n-p

Ho ol iz

np =n > P
p

(A9)
which satisfies p-n, =0 and n3 =1 —(n- p)*/p*. Asa
consequence, Eq. (AS5) reduces to

(D=2 (p) + 5T, (p) =mh.  (AL0)

p

In the HTL limit, the polarization functions I (p) and
I, (p) can be written in terms of 7%,

2
mp

Iz(p) = D2

M, (p) = mp[1 =T®(p,—p)].

[T%(p,—p) — 1 +n3],
(A11)

Note that, it is crucial to take the angular averageind — 1 =
3 — 2¢ in (A3), and then analytically continuetod — 1 =3
only after all poles in € have been canceled. The expression
for 7% is

1
TO(p. —p :“’(6)/ de(1—ct)e—L0 _ (A12
(p.=p) =737 [ de(t=cye PO (A1)
where the weight function w(¢) is given by
r2-2e) ,, ré-e)
Pli-o°  TOMi-0

In the imaginary-time formalism, 7%(p,—p) can be

expressed as
P2
Tp=(—"09__Y)
" <Pé+p262>c

where the angular brackets represent an average over ¢
defined by

(A14)

(). = wle) / Lde(1 - 2)<f(e). (AIS)

0

The definition of the gluon self energy in Eq. (A2) is the
same as in QCD in Ref. [16] up to the definition of mj,. The
HTLpt three-gluon vertex, four-gluon vertex, and ghost-
gluon vertex are also similar C [48].

2. HTLpt gluon propagator

The HTLpt Feynman rule for the gluon propagator is
i85, (p). (A16)

where a and b are adjoint color indices and

A (p) = [-Ar(p)g" + Ax(p)n*n]

n‘p v v
—7AX(P)(P”” +ntp¥)
(n-p)? &1p'p
+ | Ap(p) + Ax(p) == . (A17
T ) p2 X( ) pz pz ( )

where Ay and A; are the transverse and longitudinal
propagators, respectively, and defined by

1
B P2 -z (p) ’

1
AL(p) = —5—5——0,
L(p) —n%l?z‘FHL(P)

Ar(p)

(A18)

and Ay(p) is defined as

Ax(p) = A(p) + -5 Ar(p).

(A19)

3. HTLpt quark self energy, propagator,
and counterterm

The HTLpt quark self energy is

3(p) =myT(p),

where we have suppressed the trivial Kronecker deltas and

TH(p) = <py—ﬂy>y

Similar to the gluon polarization tensor, the angular
average in 7# can be written as

(A20)

(A21)

w(€)

TH(p) = T/_I de(1 =) —2

) A22
1 Po — |plc ( )

As was the case with the gluonic self energy, the quark
self energy (A20) is the same as in QCD [17] up to the
definition of m,, and taking into account the four Majorana
fermions which are indexed by i. This will also occur in the
HTLpt quark propagator, quark-gluon three vertex, and
quark-gluon four vertex in SYM, 4 [48].

The HTLpt Feynman rule for the quark propagator is

6878 (p), (A23)
where i, j index the four independent Majorana fermions
and

S(p) = = (A24)

where A, (p) = (Ao(p). As(p)

=2
£
-t
=

074004-13



DU, STRICKLAND, and TANTARY

PHYS. REV. D 105, 074004 (2022)

2

Ao(p) = po ——qu’
Po

2
g

The insertion of an HTL quark counterterm into a quark
propagator corresponds to

68 E(p). (A26)

4. HTLpt scalar self energy, propagator,
and counterterm

The HTL scalar self energy can be expressed as

PAB(p) = 5,,68T?, (A27)

and the corresponding Feynman rule for the scalar propa-
gator is

i5SABA(p), (A28)

where

1

Ay(p) = Py (A29)

The insertion of an HTL scalar counterterm into a scalar
propagator corresponds to

—i5e SABPAA(p). (A30)

5. HTLpt quark-gluon vertex

The quark-gluon vertex with incoming quark momen-
tum r, incoming gluon momentum p, and outgoing quark
momentum ¢, Lorentz index yu, and color indices b, a, c¢ is

7 (p.q. 1) = —gf apeB " + m2T"(p. q.r)]

= _gfabc(sijrﬂ (p’ q, I”). (A31)

The rank-one tensor 7* is only defined for p 4+ r—¢g =0

7090=("(5m57g) )y A

and is even under the permutation of ¢ and r. It satisfies

p T (p.q.r)=T(r) = T(q).

The quark-gluon vertex therefore satisfies the Ward iden-
tity,

(A33)

P (p.g.r) =S (q) = S7'(r). (A34)

6. HTLpt quark-gluon four vertex

The quark-gluon four vertex with incoming quark
momentum r, outgoing gluon momentum p, ¢, and out-
going quark momentum s is

D (g, r.s) =~ T (p.g.r.s).

(A35)
and satisfies

89648 015 (P a1, 5) = =4ig*N o d, T (p, q, 1. 5),

(A36)
where
"(p.q.r.s) = m§<y”y” (ﬁ * ﬁ)
5 b
- (r=pl-(s+ P)]>' A

This tensor is symmetric in ¢ and v, and satisfies the Ward
identity,

p " (p.q.r.s) =T"(q.r—p.s) =T"(q.r.s + p). (A38)

7. HTLpt four scalar vertex

The four-scalar vertex is

Uoped (P2 q.7.5) = =i [fupef cae(5'C6°° — 5P6°C)

+ facefbde (5AB§CD - 5AD58C)

+fadefbce (5AB§CD - 5AC5BD)]' (A39)

It satisfies

5bd5“C5AC53DF‘2£C%D(p, q,r,s) = (—ig?) (60N .d,). (A40)

8. HTLpt scalar-gluon three vertex

The scalar-gluon vertex with incoming scalar momen-
tum 7, incoming gluon momentum p, and outgoing scalar
momentum ¢ is

Dl (poq.r) = gf e B(r+q).  (Ad1)

9. HTLpt scalar-gluon four vertex

The scalar-gluon four vertex is independent of the
direction of the momentum and can be expressed as

F;w,AB

abcde (p’ q’ r, s) = _2igz.gﬂI/5ABfad€be€‘ (A42)

It satisfies

074004-14



SCHEME DEPENDENCE OF TWO-LOOP HARD THERMAL LOOP ...

PHYS. REV. D 105, 074004 (2022)

5ac5bd5ABl—‘lﬂ/ AB

abcde(p’ q.71, S) = (A43)

(2ig?) (6N cdp) g

10. HTLpt quark-scalar vertex

There are two types of quark-scalar vertices, the quark-
scalar vertex and the quark-pseudoscalar vertex. This is due
to the fact that there are two types of interactions between
quarks and scalars (X,), and between quarks and pseudo-
scalars (Y) which are different. The quark-scalar vertex,
with incoming scalar momentum p, incoming quark
momentum r and outgoing quark momentum ¢, and their
corresponding colors indexed by a, ¢, b, can be written as

| U(p, q: 1) = =igf ape ;- (A44)
The quark-pseudoscalar vertex can be written as
rgbc,ij(pv q, r) = gfabc/))g'}/S' (A45)

APPENDIX B: INTEGRALS REQUIRED
IN THE HTLPT CALCULATION

The one-loop sum-integrals required for the SYM, 4,
NLO HTLpt calculation were presented in Appendix B of
Refs. [16,17]. We list them here for completeness.

¥ () s (e o
fohe () e (Boan) ]

(BS)
Il’i_ Lo(r Vo3l ,, 16 (B6)
p P8 (4n) 4ﬂT 8le T 15|
1 1 u \% _[1
- 20-427+2
X, = (@2 <4nT> [ﬁ i

2
+(4+4y+z—4y1>€} (B7

~—

Similarly, the one-loop sum-integrals which involve HTL
function 7 p are given by

i})%_ 41) (MT) (- 1)[ —|—2y—|—210g2} (BS)

TP 1 //l 2e
— - 21loe?2 2
Ippzpz (4n)? <4er> [ o8 ( - 7)

2
+ 2log?2 + %] ,

£ ) (o

1 4 22
X [ =42y ) —=+=log2 + 2log?2|,
€ 3 3

(B9)

(B10)

T 1/ u \>[1 1
- F TS 42 4+ 210g2) -
I{p} P*P}  (4n)? <4JIT> €’ 2+ 2log2) €

2
+%+4log22+8ylog2—4yl]. (B11)

The two-loop sum-integrals required can be split into two
types. The first type are related to bosonic momentum

integrations,
Z: 1y (B12)
PQP2Q2R27 ’
1 T? 4 1 1
Yo =i () mle 0
po P*Q°r (471') 4nT) 12
(=1 )]
—12log2 +4 , B13
) (B13)

q2 T2 /,4 451 1 8 C( 1)

(B14)
q2 €11
ipg PPO’R? (4ﬂ)2 <471'T> 9 [E+ 7 521] (B15)
P-Q
Lo

(w12
(47)2 47rT 8)le 9
1)

8 4¢
+4log2 + - y—f— é’(( )] (B16)
The second type are related to fermionic momentum
integrations,
I ' _o (B17)
(PO} P2Q2R2 ’
I [ o u \*/ 1\ [1
(poy P20?? (x> \4nT) \ 6) |e
¢'(= 1)}
+4—-2log2+4 , BI18
SRS B
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I ¢ T uo\ % 1 1+11+2
o) P20 (4x)? \ 4T 12)e 377

-2op2:+ 255 (B19)
p- Q - T2 U 4e 1
I{PQ} P> (4n)? <m> <‘ g)
: {1 ot 62/((: 11))} . (B20)
P T u\*/ 1\l
I{PQ} P2O?R*2 (4x)? (4ﬂ'T> <— 72> L - 7.002],
(B21)
P2 T u\*5T1
I{PQ} P2Q2R2q2 - (4”)2 <4”T> 7 L + 9.5667} ,
(B22)

r2 TZ u 4¢ 1 1
Z: - AV (22 ) |2+ 814201,
(roy PPO*R*q*  (4m)? <4HT> ( 18) [€+ }

(B23)

In a similar manner, the two-loop sum-integrals involving
7T p can be split into two types. The first type are related to
the bosonic momentum integrations,

Foie =ty (sr) ()
IPQ P2Q2V2 N (47[)2 47[—T E ?

+ (2 —12log2 + 4‘"‘;:((:11))> é— 19.83] ,

(B24)

I PTr T (p\*( 1 1, (26_24
po P2Q*r*  (4m)> \4xnT 576) & \ 3 x?

¢=n

—92]og2 +4
ST

> é- 477.7} . (B25)

(P-QTg _ T (p \*(_IN\[L (8
IPQ PO (41)? <4n'T> <_ 96) [e2+ <71'2

f=D\1
+4log2 +4 C(—1)> g+59.66}

(B26)

The second type are related to the fermionic momentum
integrations,

i Te T (e (N[ [,
tpoy P2O* 2 (4r)? \4nT 48) |2

=D\ 1
+12log2 + 4 C(—1)> -+ 136.362},

(B27)

I aTe _ T (p N LML
(poy P2Q*r*  (4m)> \4nT 576) | €

26 J(-1)\ 1
+ <?+5210g2+4§(_1))g

+ 446.438} , (B28)

(P-Q)Ty T? (M >4e<_1> 1
I{pQ} P2Q2r4 _(471')2 4ﬂ'—T % |:g

(=) 1
+ <4log2+45( )> —+69.174},

-1/ e
(B29)

I (P =p)To_ T2 (p \*I[1
oy P*q*O}R? (4rn)> \4zT) 8|

10 =1
+ <2+2y+310g2+2 C(—1)>

X ! + 46.8757} .
€

(B30)
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