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T violation without complex entries in the lepton mixing matrix
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We demonstrate that 7' invariance can be violated even when the Pontecorvo-Maki-Nakagawa-Sakata
lepton mixing matrix is real. We obtain a sufficient condition of 7 violation in neutrino oscillations in
matter and electromagnetic field. In the two-flavor model we derive the T-violating spin-flavor transition
probabilities. Then we prove that the transition probabilities for neutrino in a moving medium in
electromagnetic field differ from those for antineutrino in matter composed of antiparticles and
electromagnetic field only in the sign of the T-violating term.
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I. INTRODUCTION

It is well known that the physical effects discovered
nowadays can be described by Lorentz-invariant theories
[1]. According to the CPT theorem, when the charge
conjugation, parity inversion and time reversal are per-
formed at once, any local Lorentz-invariant theory with a
Hermitian Hamiltonian remains invariant [2,3]. Invariance
under these transformations performed separately depends
on the type of the interaction considered. For example, the
electromagnetic interaction is known to be characterized by
P symmetry. In the weak interaction, as it was predicted
theoretically [4] and afterwards proved in experiment [5],
P invariance is broken and only CP invariance is con-
served. Later it was shown that not only P symmetry, but
also CP symmetry is violated in experiments with kaons [6]
and B-mesons [7,8].

Studying the discrete symmetry transformations is crucial
for understanding the evolution of the Universe, since CP
violation is required to explain the matter-antimatter asym-
metry [9]. From the mathematical point of view, CP
violation in the quark sector is caused by the presence of
complex elements in the Cabibbo-Kobayashi-Maskawa
mixing matrix [10] and is determined by the Jarlskog
invariant [11]. In order to study this effect it is convenient
to use the parametrization of the mixing matrix for Dirac
fermions, which contains three angles and one CP-violating
phase. However, CP violation due to the imaginary part
of the mixing matrix still cannot provide the observed
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matter-antimatter asymmetry without including some other
mechanisms (see, e.g., [12—-14]).

As an extra source of CP violation one can consider the
processes with neutrinos. CP violation will arise in
neutrino oscillations, if the imaginary phase in the
Pontecorvo-Maki—Nakagawa—Sakata lepton mixing matrix
[15,16] is proved to be nonzero. Due to the CPT theorem,
this means the violation of 7 symmetry in vacuum (see,
e.g., [17]).

When the matter density and the values of electromag-
netic fields are rather high, collective effects in neutrino
oscillations become significant. Therefore, it is not enough
to consider the CP and T symmetries of the processes in
vacuum. The interaction with matter is usually described
using the effective potential, which is associated with
neutrino forward elastic scattering at the fermions of matter
[18] (see also [19,20]). To describe the interaction with the
electromagnetic field one can use the method, called the
Furry picture [21]. Since the neutrino is a neutral particle,
the interaction of the neutrino with electromagnetic field
should be considered as nonminimal [22]. Moreover, one
should take into account not only the diagonal magnetic
moments, but also the transition magnetic and electric
moments [23,24]. It is important that the CPT theorem is
not fulfilled, when external fields and matter are present.
In this case T violation is not equivalent to CP violation.
That is, T violation can arise independently from the
CP-violating phase in the mixing matrix.

If the neutrino propagates in varying electromagnetic
field or nonhomogeneous matter, then the formal symmetry
under time reversal is obviously violated (see, e.g., [25]),
since the initial and the final states of the system correspond
to different external conditions. Since in the general case
the result depends on the matter density and electromag-
netic field profile, in the present paper we study the case of
constant external conditions. Moreover, the initial and the
final states are described using the quantum numbers,
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which correspond to the same operators of observables.
This allows one to reveal the possibility of 7 violation,
which is caused by the type of the interaction, but is not
caused by the behavior of external conditions and the
geometry of the problem.

II. TIME REVERSAL SYMMETRY

Recently we derived a 12-component quasiclassical
neutrino evolution equation, which depends on the neutrino
proper time 7

(i5:-7 )0 =0 1)

and takes into account neutrino oscillations and spin
rotation. The most general form of matrix F for neutrinos
interacting with matter and electromagnetic field is given in
[26]. In that paper we studied neutrino propagation in
matter and electromagnetic field with constant character-
istics. In this case, using the Backer-Campbell-Hausdorff
formula [27] we obtained the spin-flavor transition prob-
abilities as the following formal expansion

Wep = —Tr{e‘”fP ”Fpém(y”uﬂ + 1)y%}
22 . Tr{D Py (y”u + 1)}, (2)
where
Dy =P =£PY.  D,=|F.[F.PY
0 0 > s 7o b 2 ’ )

(3)

Here 7981) and 77(()/}) are projection operators on the states
with definite polarization and flavor, which can be pre-
sented as products of a flavor projection operator and a
polarization projection operator. There exist the solutions
of Eq. (1) in vacuum, which are characterized by constant
values of parameter u* such that u? = 1[28,29]. Therefore,
quantum numbers u#* can be interpreted as components of
the neutrino 4-velocity.

In the present paper we investigate discrete symmetries
of neutrino spin-flavor transition probabilities. 7" violation
takes place, when there are nonzero terms of odd power in 7
in the power expansion of probability (2). A nonzero value
of the term containing 7° is a sufficient condition of T
violation, since the term linear in 7 is identically equal to
zero. For neutrino in vacuum this condition is satisfied only
when the mixing matrix is complex. In the general case the
interaction with matter and electromagnetic field can lead
to the presence of a nontrivial coefficient in front of 7> even
when the CP-violating phase in the mixing matrix is equal
to zero.

When only the flavor transition probabilities are con-
sidered, T violation requires that the mixing matrix con-
tains complex entries. In particular, for this reason T
violation cannot be present in the two-flavor model for
neutrino in matter at rest (see, e.g., [30-32]). However, in
these papers a specific situation is studied, when the
neutrino helicity is an integral of motion. It means that
transitions between the states with different helicities are
not possible. Therefore, neutrino evolution in matter at rest
is completely determined by the neutrino mixing matrix.
The situation becomes more complicated when the neutrino
helicity is not conserved. In particular, when the neutrino
propagates in an electromagnetic field (see, e.g., [33]) or
moving matter [34], the transitions with the change of
helicity are possible. As a result, 7" invariance of the
transition probabilities cannot be proved in the two-flavor
model.

Using Eq. (2) to study all the possible situations with T
violation is a rather complicated task. For this reason we
will work in the two-flavor model, where the mixing matrix
is real and is determined by one mixing angle. That is, we
consider the case, when the 7 invariance breaking can be
caused only by the influence of external conditions.

In [26] we obtained an explicit form of the spin-flavor
transition probabilities in the two-flavor model for two
cases, which can be solved analytically: either neutrinos
propagate in dense moving matter, or neutrinos propagate
in electromagnetic field. In these cases the violation of T
invariance is absent. In the next section we will demonstrate
that 7 symmetry can be violated even in the two-flavor
model, if the influence of both matter and field is
considered. If the neutrino interacts with matter via neutral
currents only, and the transition magnetic and electric
moments are neglected, then the spin-flavor transition
probabilities can be obtained in an explicit form. Note that
taking into account the transition moments and the inter-
action via charged currents makes the problem mathemati-
cally more complicated, but cannot restore 7" invariance.

III. NEUTRINO IN MATTER AND
ELECTROMAGNETIC FIELD

In the most simple case, when neutrino interacts with
matter via neutral currents, and the transition moments are
not taken into account, matrix JF, which defines the
evolution equation (1), takes the form

1
F=M+;

1
ZUNML%RW@%WW%_MWWWEW

2
(4)

Here [ is an identity matrix, M is the mass matrix, and M is
the matrix of diagonal neutrino magnetic moments. We
assume multiplying the first two terms by a unity matrix

from the algebra of Dirac matrices. Here > = —iy%!y%y3,
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tensor *F,, = —Je*P*F, is dual to the electromagnetic
field tensor F#*, and ¢°'23 = 1. The interaction with matter

is determined by effective potential f, ,(4N>. In Eq. (4) we use
the following notations

o~ w(fNu) — £
Sy =t

B Ry= R - (P,

(5)

Within the Standard Model f,(lN) is defined by the
4-vectors of current j and polarization A of the matter
fermions of type (i) (see, e.g., [35])

AN = V2GS (T — 200sin6y,) 2 T0), (6)

where Gr. is the Fermi constant, Q%) is the electric charge in
the units of the positron charge, T is the weak isospin
projection. The matrix of diagonal magnetic moments M,
for the Standard Model neutrinos in the first approximation
can be expressed as a product of the mass matrix and
coefficient u,, which is given by the relation [23,24]

o 3€GF

When matrix (4) commutes with the mass matrix, that is
[M, F] = 0, the neutrino wave function is a linear combi-
nation of the wave functions of neutrino mass eigenstates.
Therefore, the effective mixing angle is equal to its vacuum
value. This fact makes it possible to obtain an explicit
analytical solution of the problem. We will use the two-
flavor model, since, in this case, the mixing matrix is real
and the resulting 7 violation is due to spin rotation
effect only.

We obtain the solution of Eq. (1) using the evolution
operator, which has the form

(7)

U(r) = e 77, (8)

Since in the two-flavor model the mass matrix in the mass
representation is diagonal, it can be expressed in the terms
of the Pauli matrices as follows

[

M = = (my + my + o3(m; —m,)). )

2
The matrix of diagonal magnetic moments takes the form

My = = (11 + po + 03(41 — p2)). (10)

NS

where u; and u, are the magnetic moments, which are
approximately equal to ugm; and pgm,. Therefore, the
evolution operator is given by the relation

exp {—ir [mk + (fMy) - %gkk] }
x (11— (—’l)kaa)(l = Cr7usi)s (11)

where the indices k = 1, 2 correspond to the neutrino mass
states. Here the following notations are introduced

st= (' (fNu) — fNF =20 Fu,) /Ry,
R = ((fNMu)? = (f™)2
U F g F O, = A fi FR )V (12)

Using the evolution operator we obtain the density
matrix as the function of the proper time

1

Pal®) = 1 g U@ (', + 1)1 P O(x),  (13)

where s(()a)” is the 4-vector of initial neutrino polarization,

and sz) is the projection operator on the state with flavor a.
In Eq. (13) we use the notation U(z) = y°U'(z)y°. Our
approach is valid for arbitrary initial polarization. However,
since for ultrarelativistic neutrinos the chirality almost
coincides with the helicity, now we will assume that the
initial neutrino state @ and the final neutrino state  are the
states with definite helicity. For such states the 4-vector of
neutrino polarization can be expressed as follows

a a B
s =0 sty s = sty sy ={|ul.u®u/ul},

(14)

where é’(()a),é(()ﬂ) =1 correspond to right-handed neutrino,

and Cg’), Cgﬂ )= -1 correspond to left-handed neutrino. In
the two-flavor model the projection operators on the states
with definite flavor can be written in the flavor representa-
tion in the form

a a 1
P =5 (4800, P =50 +ele). (19)

N[ =

A)

Here, according to the tradition, éé“), f) = 1 for neutrino

with electron flavor, and 5(()0’), tf(()ﬂ ) — 1 otherwise. Of
course, since we do not take into account the interaction
via charged currents, transitions between muon flavor and
tauon flavor states can also be considered in such a manner.
As it is well known, to convert any operator from the flavor
representation to the mass representation one needs to use
the mixing matrix, which in the two-flavor model can be
parametrized using one mixing angle 0 (see, e.g., [17]). In
the mass representation the flavor projection operators take
the form
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calculated as Tr(A @ B) = TrA - TrB. Using this relation,
we obtain all the spin-flavor transition probabilities. In the
most general form the transition probabilities can be
presented as follows

(1+ 50 /(=61 5in 6 + 63 cos 0)),

C
§
w|~w|»—

(1 —I—fo (—0'1 sin@ + o3 cos 9)). (16)

Then the probability of the transition from the state with 1+ é:gl) 5(()/7) 1+ él(()a) Céﬂ)
flavor o and polarlzatlon é’ 0 ) to the state with flavor f and Woop = 5 2 Wy

1+ féa)é:éﬁ) 1= C(()a)é‘(()ﬂ) W
2 2 :

—&e 1+ ¢
2 2

polarization Co is given by the relation [36,37]
+

Wiy = Telpu(e)o(c = )}, (17)

+ CO W,

Equation (17) contains the direct product of the Dirac .
matrices and flavor matrices. It is well known that a trace of 1-&78 1 -Cy ¢ W, (18)

a direct product of arbitrary matrices A and B can be + 2 2

where

W, = é{u — &% c0s20)2(1 + (5250)%) + (1 + £ cos 20)2(1 + (s150)%)
+ (1= &7 c0s20)2(1 = (5,50)%) cos TR, + (1 4 £ c0s 20)%(1 — (s150)?) cos R,
+5in?20[(1 = 3 (5250)) (1 = &6 (s150)) €08 A + (1 + &6 (5250)) (1 + 47 (s150)) cos AT
+ (1= 27 (5250)) (1 + 57 (5150)) s @) + (1 + ¢ (5250)) (1 = £ (5150)) cos @]}, (19)

Wy = (1= &7 cos20)2(1 = (5250)?) + (1 + &7 c0s 2071 = (sy50))

— (1= &% c0s 20)2(1 = (5250)%) cos TR, — (1 + £ cos 20)2(1 = (s515,)?) cos 7R,
— sin260((s551) + (5250)(5150))[cos A7) + cos AH) — cos D) — cos D]
+ ¢sin?20e,,,,,ut 44 54 [sin AC) + sin A — sin @) — sin D]}, (20)

1
W3 = §Sin223{(1 + (5250)%) + (1 + (5150)%) + (1 = (5250)%) cOs TR, + (1 = (s15)*) cos 7R,

—[(1 =& (5250)) (1 = £5 (5150)) cos A + (14 &5 (5250)) (1 + £ (51 50)) cos AL
(1 =857 (5250)) (1 + &6 (s150)) cos @) + (1 + &5 (5250)) (1 = &4 (s150)) cos @]}, (21)

1
W4 = §51n229{(1 - (S2S0)2) + (1 - (SIS())Z) - (1 — (S2S0)2) COS TR2 — (1 - (SISO)Z) COS TR]
+ ((5251) + (5250)(5150))[cos A + cos AH) — cos (=) — cos DH)] — Cg’) €Lupilt” st sh
x (sin A + sin A — gin @) — sin ®(+))}. (22)

Here

A®) = z((my —my) £ (Ry = Ry)/2),

O = 7((my —my) + (Ry + Ry)/2). (23)
Contrary to the vacuum case, the expressions for the transition probabilities for neutrino in matter and electromagnetic field
are not T-even. The term, which violates T invariance, arises in the probabilities of transitions with the change of helicity

W, and W,. This term is proportional to the value, which in the laboratory reference frame can be expressed in the three
dimensional form as follows
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Ko — M L([u x f] - (ugB — [u x EJ)).

PA
e sgs sy =2
prpt R0 RiR, |u]

(24)

Here B is the magnetic induction vector, E is the electric

field strength, f is the spacial part of the 4-vector ff,N),
which is defined by the matter velocity and polarization.
Obviously, the 7T-violating term vanishes when any two of
the three vectors u, f and (uoB — [u x E]) are collinear.
That is, the probabilities are not 7 invariant, when the
external conditions are characterized by two different
preferred spacial directions. In particular, when we consider
unpolarized matter at rest, the expressions for all the spin-
flavor transition probabilities are T-invariant.

Thus, we demonstrated that 7 violation arises even in the
two-flavor model when neutrino propagates in matter and
electromagnetic field. In this case, 7" violation is caused by
nontrivial external conditions, but not by complex entries in
the mixing matrix. Moreover, in the case considered above
the interaction with matter is determined by the neutral
currents only. It is well known that for neutrino in matter at
rest neutral currents do not contribute to the transition
probabilities. However, when the electromagnetic field is
present, even neutrino interaction with moving matter via
neutral currents results in 7-violating terms in the transition
probabilities. It should be noted that 7" violation is absent for
neutrino mass states, which propagate in matter and electro-
magnetic field [38]. It means that it is not the spin rotation of
neutrino, but the correlations between spin rotation and
flavor oscillations that lead to 7" violation in our case.

IV. THE SYMMETRY PROPERTIES OF THE
TRANSITION PROBABILITIES

Now let us discuss the discrete symmetries of the
transition probabilities in detail. We obtained the spin-
flavor transition probabilities in the quasi-classical approxi-
mation. Within the quasiclassical approach it is usually
assumed that T-reversal operation corresponds to the
change of the sign of time variable, which in our case is
the neutrino proper time z. In quantum field theory parity
inversion leads to the change of the polarization of particles
in the transition probabilities (see, e.g., [1]). So, we can
assume that in our results it corresponds to the change of

the signs of ¢\ and ¢, which define the neutrino initial
and final polarization. The operation of charge conjugation
can be performed in the usual way [39] (see also [40]) for
solutions of the quantum neutrino evolution equation,
which was derived in [26]. This operation means replacing
neutrino with antineutrino, but does not include any
transformations of the background field and matter.
After this operation we obtain another system, which is
not physically equivalent to the initial one. In the quantum
neutrino evolution equation C conjugation changes the
chiral projection operator, the signs of matter potential and

the signs of magnetic moments. In the three-flavor model
neutrino mass matrix and flavor projection operator are
transformed to their complex conjugated matrices, but here
we consider the two-flavor model, where these matrices are
real. Once again we emphasize that the resulting equation
describes antineutrino propagating in the same medium
and electromagnetic field. Charge conjugation results in
the following replacements in the transition probabilities.
The signs of all magnetic moments are changed. Changing
the chiral projection operator together with the sign of
matter potential in the equation leads to a more complicated
rule for the sign of matter potential in the probabilities.
When the potential is included in the neutrino polarization
vectors s7, the sign of the potential does not change,
otherwise it should be changed.

Naturally, the probabilities obtained in this paper are not
invariant under CPT transformation defined for quantized
neutrino wave function. This does not contradict general
principles, since the model under investigation is actually a
theory with Lorentz-violation [41-43]. Therefore, the CPT
theorem is not applicable. Note that in the quantum field
theory C, P, and T operations are defined for creation and
annihilation operators of quantized fields (see, e.g., [40]),
but not for the external classical background, which in our

case are F* and f LN). Therefore, generalizing these trans-
formations to a model with external fields cannot be
performed in a straightforward manner in contrast to what
is suggested in [44] for generalizing Lorentz-invariance.
Since probabilities of neutrino and antineutrino transitions
in matter and electromagnetic field are obviously different,
let us now analyze neutrino propagation in matter composed
of antiparticles. The potentials of neutrino interaction with
matter are due to forward elastic scattering by the fermions of
medium and depend on the matter velocity and polarization.
After deriving the potentials of neutrino interaction with
medium composed of antiparticles similarly to [26] we
obtain the following result. Replacing the particles of the
medium by the corresponding antiparticles with inverted
polarization means changing the sign of the effective
potential everywhere in the transition probabilities. Note
that this procedure can be performed not only for the
potential of interaction with matter via neutral currents,
but for the potential of interaction via charged currents, too.
Now let us discuss antineutrino propagating in matter
composed of antiparticles. To study antineutrino propaga-
tion we need to change the sign of the neutrino polarization

£ =~ and ¢ - —¢¥) . After we change the sign of

matter potential f,(lN) to describe propagation in matter
composed of antiparticles, the expressions for transition
probabilities do not differ from the initial ones. That is, we
come to an obvious result: left-handed neutrinos propagate
in the matter composed of particles in the same way, as
right-handed neutrinos do in the matter composed of
antiparticles.
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Let us now consider a neutrino interacting only with
electromagnetic field. To obtain a description of antineu-
trino propagation one needs to change the signs of the
neutrino electromagnetic characteristics, i.e., the magnetic
moments. The same replacements should be performed in
the transition probabilities obtained in [26], where both the
diagonal and the transition magnetic moments are taken
into account. From the explicit form of these transition
probabilities one can see that left-handed neutrinos also
propagate in the electromagnetic field in the same way as
right-handed antineutrinos. It should be noted that for
neutrino in matter similar result is quite expected, since
even for one flavor the weak interaction is CP-even.
However, although the electromagnetic interaction is
P-even for one flavor, to obtain the same probabilities
we still need to change neutrino helicity.

In the present paper we obtained the spin-flavor tran-
sition probabilities for neutrino, which propagates in matter
and electromagnetic field. Here we take into account only
the diagonal magnetic moments and the interaction with
matter via neutral currents. Therefore, changing neutrino to
antineutrino and changing fermions of medium to their
antiparticles results in the change of the signs of s and the

signs of { (()") and ¢ (()ﬁ ). In this case the transition probabilities
for left-handed neutrino in ordinary matter and for right-
handed antineutrino in matter composed of antiparticles are
not similar anymore. To restore the initial expressions, one
also needs to change the sign of the proper time z. Thus, we
obtain an interesting result. In the presence of electromag-
netic field the probabilities obtained for transitions of
left-handed neutrino in matter differ from those for
right-handed antineutrino in matter composed of antipar-
ticles only in the sign of the T-violating term. Note that this
is not a direct consequence of the CPT-theorem, since
our model is Lorentz-violating and the conditions of the
CPT-theorem are not fulfilled.

V. CONCLUSION

The model we consider is a theory with Lorentz violation
and so the neutrino transition probabilities in matter and
magnetic field are not invariant under CPT transformation
performed for neutrino. We discuss neutrino and antineu-
trino propagation in ordinary matter and matter composed
of antiparticles. We show that in an external electromag-
netic field a system of weakly interacting particles does not
evolve in the same way as the system of their antiparticles.

In the two-flavor model we derive the transition prob-
abilities for neutrino in matter and electromagnetic field
and obtain 7 violating terms. 7" violation implies a differ-
ence between the probabilities of transitions from the state
a to the state f and from the state S to the state «
(Woop — Wy_e #0). T violation in two-flavor neutrino
oscillations becomes possible due to the combined effect of
matter and electromagnetic field. In this case 7 violation is
actually caused by the fact that the neutrino helicity is not
conserved. Obviously, it cannot arise for two-flavor neu-
trino in matter at rest.

That is, in the present paper we reveal an extra source of T
violation, which emerges due to collective effects and is not
caused by complex entries in the mixing matrix. This source
of T violation does not require introducing new symmetries,
which imply either new particles to be included into the
Standard Model or new properties of the presently known
particles.
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