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We study the CP violation in the lepton-number-violating process B0
s → D−

s μ
þμþπ− and its CP-

conjugate process B̄0
s → Dþ

s μ
−μ−πþ that are induced by two GeV-scale Majorana neutrinos with nearly-

degenerate masses. Our result shows that the size of the CP violation could become considerable if
the mass difference between the two Majorana neutrinos is around the decay width of the neutrinos. We
perform experimental analysis on the CP-violating processes at LHCb within its upgrade II. The analysis
shows that under current constraint on the heavy-light neutrino mixing parameter, it is possible that such
CP violation is observed with the LHCb experimental ability. We also give the upper bound on the heavy-
light mixing parameter jUμN j2 under the assumption that no positive signal of the process is observed. The
result shows that such modes can give complementary constraint compared with previous experiments such
as NuTeV, BEBC, etc., in the mass region 1 GeV < mN < 3 GeV.
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I. INTRODUCTION

The neutrino oscillation experiments have confirmed
that at least two of the three generations of neutrinos have
nonzero masses [1,2]. The relation between the flavor
eigenstates and mass eigenstates of three generations of
neutrinos is described by the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix. Thus, two questions about the
nature of the neutrino arise. The first is the origin of the
neutrino mass. As a well-known approach for the gener-
ation of neutrino mass, the seesaw mechanism offers a
natural explanation for the tininess of the neutrino mass, for
which the introduction of one or more generations of heavy
Majorana neutrinos is necessary [3–6]. Studies on the
cosmological effect of the heavy neutrinos have shown
that these heavy neutrinos can generate the observed
baryon asymmetry of the Universe through leptogenesis
[7], and such heavy neutrinos can also serve as natural
candidates for dark matter [8–11].
Another question is whether a neutrino is a Majorana

particle, i.e., its antiparticle is identical to itself, or not.
If the neutrino is a Dirac particle, then the lepton number

is conserved (ΔL ¼ 0). While if it is a Majorana particle,
then the conservation of the lepton number can be violated
by 2 units (ΔL ¼ 2). Thus, the most important approach to
establish the Majorana nature of the neutrino is to search for
the lepton-number-violating (LNV) processes. Up to now,
the neutrinoless double beta (0νββ) decay is the most
explored LNV channel [12–14]. Another way is to look for
LNV processes that are induced by a Majorana neutrino
in the hardron or τ lepton decays. In the literature, the
LNV processes in the decays of mesons (K, D, Ds, B, Bc)
[15–33], baryons (Σ−, Ξ−, Λb) [34–38], and τ lepton
[21,39–41] were extensively investigated. If the mass of
the hypothetical Majorana neutrino lies in the range from
hundreds of keV to several GeV, the decay widths of the
corresponding LNV hadron=τ decays can be resonantly
enhanced due to the on shellness of the intermediate
Majorana neutrino. Thus, it is possible for these LNV
decays to be observed by current or future hardron collider
experiments. On the other hand, the nonobservation of
these LNV hadron or τ decays can set strong constraints
on the heavy-light neutrino mixing parameters in the
resonant range.
The neutrino oscillation experiments also showed that

the θ13 angle in the PMNS matrix has a nonzero value
[42–44]; thus, the CP violation in the neutrino sector is
still possible. Moreover, the introduction of one or more
generations of heavy neutrinos brings in more CP-violating
phases in the extended PMNS matrix, which describes the
mixing between the flavor eigenstates and mass eigenstates
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of three normal neutrinos as well as the hypothetical sterile
ones. Suppose there only exists one generation of sterile
neutrino, the CP-violating phases cause no observable
effect in the sterile-neutrino-induced LNV processes.
However, if there exist two generations of GeV-scale sterile
neutrinos that have nearly-degenerate masses, the CP-
violating phases in the extended-PMNS matrix could cause
observable CP violation in the sterile-neutrino-induced
LNV meson decay. The idea was first pointed out in
Ref. [45]. The CP violation in such Majorana-neutrino-
induced LNV processes arises through two different
mechanisms. The first is the interference between the
amplitudes contributed by the two generations of sterile
neutrinos. The second is the neutrino oscillation during the
propagation of the two on shell sterile neutrinos, which was
first investigated in Ref. [46] in LNV B meson decays.
CP-violating LNV processes induced by similar mecha-
nisms in the decays of other mesons [46–51] and τ leptons
[52,53] as well as W boson [54] were also studied in detail
in the literature. Besides, the existence of two nearly-
degenerate Majorana neutrinos together with the CP-
violating phases can lead to a significant difference
between the decay widths of the LNV meson decays
and those of the lepton-number-conserving ones [55,56],
which is contrary to the common hypothesis. A remarkable
conclusion about the CP violation in LNV meson decays
due to intermediate sterile neutrino interference is that
the relative size of the CP violation is independent of the
neutrino mass, while the parameter ΔmN=ΓN remains
unchanged, where ΔmN is the masses difference and ΓN
the decay width of the neutrino. It is still unclear whether
the conclusion holds true for four-body decays. Thus, in
this paper, we would apply the mechanism to four-body
decays of Bs mesons, of which the Feynman diagram is
shown in Fig. 1. To our knowledge, no previous studies

have explored the Majorana-neutrino-induced LNV decays
of Bs meson except Ref. [29]. Neither has any experimental
research about the process been done. The mass difference
between Bs and Ds reaches 3.4 GeV, which may extend the
constraining mass region provided by previous channels
such as three-body D and B meson decays. On the other
hand, the branching fraction of Bs → Dslν in Bs decay
reaches 8.1%, which means the branching fraction of the
related LNV processes may be considerable since the latter
is proportional to the former in case mN equals zero.
The motivation for the existence of two heavy neutrinos

with nearly-degenerate masses comes from the νMSM
model [10,57], which proposes the existence of two
generations of Majorana neutrinos with almost degenerate
masses between 100 MeVand a few GeVas well as a light
Majorana neutrino of mass ∼10 keV. The νMSM allows
one to explain simultaneously neutrino oscillations, dark
matter, and baryon asymmetry of the Universe [57].
In this work, we study the CP violation between the

Majorana-neutrino-mediated LNVprocessB0
s →D−

s μ
þμþπ−

and its CP-conjugate process B̄0
s → Dþ

s μ
−μ−πþ. These

processes are induced by two Majorana neutrinos that have
nearly degenerate but not equal masses. We focus on the
neutrino mass region between 0.5 and 3.5 GeV where
the resonant enhancement appears. We deal with the CP
violation that arises from the interference between the
amplitudes contributed by the two Majorana neutrinos.
Moreover, we investigate the possibility of the detection
of CP asymmetries in such decays during the LHCb
upgrade II [58].
The structure of this paper is as follows. In Sec. II, we

introduce the formalism we used for calculation and give
the expression for the size of CP violation. In Sec. III,
we perform an experimental analysis on the processes
under the experimental ability of LHCb during its
upgrade II and give the upper bounds on jUμN j2 under
the assumption that such modes were not observed in
experiments. Section IV gives the summary and the
conclusion of our work.

II. FORMALISM

A. Decay widths for the two processes

We define the light neutrino flavor eigenstates as

νl ¼
X3
i¼1

Ulνiνi þUlN1
N1 þ UlN2

N2: ð1Þ

Here, νi (i ¼ 1; 2; 3) and Nj (j ¼ 1; 2) represent the
mass eigenstates of a light neutrino and heavy neutrino,
respectively. UlNj

(j ¼ 1; 2) is the heavy-light neutrino
mixing elements of the extended PMNS matrix (between l
lepton and the jth heavy neutrino). We parametrize
UlNi

as
FIG. 1. Feynman diagrams for B0

s → D−
s μ

þμþπ− and
B̄0
s → Dþ

s μ
−μ−πþ.
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UlNi
¼ jUlNi

jeiϕlNi : ð2Þ

Here, ϕlNi
is the CP-odd phase angle. We also require that

the masses of N1 and N2 satisfy that

mμ þmπ ≤ mN1
≤ mBs

−mDs
−mμ;

mμ þmπ ≤ mN2
≤ mBs

−mDs
−mμ; ð3Þ

so that the intermediate neutrinos are nearly on shell,
and thus, the resonant enhancement appears. Another

assumption we make is that the masses of the two neutrinos
are nearly degenerate (suppose mN1

< mN2
),

ΔmN ¼ mN2
−mN1

≪ mNi
ði ¼ 1; 2Þ: ð4Þ

The Feynman diagrams for the two processes are shown
in Fig. 1.1 We denote the amplitude of B0

s → D−
s μ

þμþπ−

as Mþ and that of its CP-conjugate process as M−. The
amplitudes can be written explicitly from the Feynman
diagram,

iMþ ¼ G2
FV

�
cbV

�
udf

�
π

X2
i¼1

U�2
μNi

mNi
PNi

ūðμ2Þ=pπγμð1 − γ5Þvðμ1ÞhD−
s jcð0Þγμbð0ÞjB0

si;

iM− ¼ G2
FVcbVudfπ

X2
i¼1

U2
μNi

mNi
PNi

ūðμ2Þ=pπγνð1þ γ5Þvðμ1ÞhDþ
s jc̄ð0Þγνb̄ð0ÞjB̄0

si: ð5Þ

Here, GF ¼ 1.1664 × 10−5 GeV−2 is the Fermi coupling
constant, and fπ ¼ 0.1304 GeV is the pion decay constant
[60]. Vcb and Vud are the charm-bottom and upper-
down Cabibbo-Kobayashi-Maskawa (CKM) matrix
element. In this work, we take that jVudj ¼ 0.974 and
jVcbj ¼ 4.012 × 10−2 [60].mNi

is the mass of the ith heavy
neutrino. ūðμ2Þ and vðμ1Þ are the spinors of the two muons.
The propagator PNi

is defined as

PNi
¼ 1

ðpBs
− pDs

− pμ1Þ2 −m2
Ni

þ iΓNi
MNi

: ð6Þ

Also, hD−
s jcð0Þγμbð0ÞjB0

si ¼ hDþ
s jc̄ð0Þγμb̄ð0ÞjB̄0

si is the
Bs −Ds transition matrix element that can be parametrized
as [61]

hD−
s jcð0Þγμbð0ÞjB0

si

¼ f0ðt1Þ
m2

Bs
−m2

Ds

t1
qμ

þ fþðt1Þ
�
pμ
Bs
þ pμ

Ds
−
m2

Bs
−m2

Ds

t1
qμ
�
; ð7Þ

where qμ ¼ pμ
Bs
− pμ

Ds
is the transferred momentum, and

t1 ¼ q2. In this work, we use the numerical result of the
form factors f0ðt1Þ and fþðt1Þ from Ref. [61] which is
calculated by lattice QCD. Equation (5) shows that two
CP-odd factors appear in the amplitudes that are nontrivial.
The first is the CP-odd phases of the heavy-light mixing
parameter UμNi

, and the second comes from the weak
interaction vertex γμð1 − γ5Þ. In case there exists only one
generation of heavy neutrino, such a CP-odd term would
not result in a CP violation in the observable quantity
since after being squared the difference between the two
amplitudes vanishes. While in case there are more than
one generation of heavy neutrino, a CP violation would
arise in the decay width. For simplicity, we write the
amplitudes as

Mþ ¼ U�2
μN1

M̄þ
1 þ U�2

μN2
M̄þ

2 ;

M− ¼ U2
μN1

M̄−
1 þ U2

μN2
M̄−

2 : ð8Þ

Here, M̄�
i represents the canonical amplitude contributed

by the ith heavy neutrino,

M̄þ
i ¼ G2

FV
�
cbV

�
udf

�
πmNi

PNi
ūðμ2Þ=pπγμð1 − γ5Þvðμ1ÞhD−

s jcð0Þγμbð0ÞjB0
si;

M̄−
i ¼ G2

FVcbVudfπmNi
PNi

ūðμ2Þ=pπγμð1þ γ5Þvðμ1ÞhD−
s jcð0Þγμbð0ÞjB0

si: ð9Þ

1There exists a “crossed” diagram where μ1 and μ2 are exchanged. Since when the lifetime of the intermediate heavy neutrino is long
enough, the two leptons appear at displaced vertices, and the corresponding processes of “direct” channel and “cross” channel can be
distinguished from each other [59]. Thus, there is no interference between them, and the corresponding decay width can be added
directly. This brings in a factor 2 in the final result, which cancels out with the factor 1=2! due to the indistinguishability between the two
muons.
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It is straightforward to prove that

M̄þ
i M̄

þ�
j ¼ M̄−

i M̄
−�
j : ð10Þ

We then define the squared amplitude matrix M as

Mij ¼ M̄þ
i M̄

þ�
j ¼ M̄−

i M̄
−�
j : ð11Þ

The explicit form of M is shown in the Appendix B. From
Eq. (B3) in Appendix B, we can verify that

M12 ¼ M�
21: ð12Þ

Then, the decay width for the two processes can be
written as

Γþ ¼
Z

dΦ4½jUμN1
j4M11 þ jUμN2

j4M22 þ U�2
μN1

U2
μN2

M12 þU2
μN1

U�2
μN2

M21�;

Γ− ¼
Z

dΦ4½jUμN1
j4M11 þ jUμN2

j4M22 þ U2
μN1

U�2
μN2

M12 þU�2
μN1

U2
μN2

M21�; ð13Þ

where dΦ4 is the four-body phase space

dΦ4 ¼
1

2mBs

1

ð2πÞ8
d3pDs

ð2EDs
Þ
d3p1
ð2E1Þ

d3p2
ð2E2Þ

×
d3pπ
ð2EπÞ

δ4ðpBs
− pDs

− pμ1 − pμ2 − pπÞ: ð14Þ

The explicit form of dΦ4 and the reference frame we use to
define the kinematic variables for numerical calculation are
given in Appendix A. Note that the factors jPNi

j2 appears in
Eq. (B3), which can be approximated as

jPNi
j2 ¼

���� 1

p2
N −m2

Ni
þ iΓNi

mNi

����
2

≈
π

mNi
ΓNi

δðp2
N −m2

Ni
Þ ði ¼ 1; 2Þ; ð15Þ

when it is satisfied that ΓNi
≪ mNi

(i ¼ 1; 2). Thus
with the narrow width approximation,

R
dΦ4Mii, can be

simplified as

Z
dΦ4Mii ¼ Γ̄ðBs → Dsμ1NiÞ

Γ̄ðNi → μ2πÞ
ΓNi

: ð16Þ

Here, Γ̄ðBs → Dsμ1NiÞ and Γ̄ðNi → μ2πÞ are the canonical
decay widths for the subprocesses Bs → Dsμ1Ni and
Ni → μ2π, respectively,

Γ̄ðBs → Dsμ1NiÞ ¼
ΓðBs → Dsμ1NiÞ

jUμNi
j2 ;

Γ̄ðNi → μ2πÞ ¼
ΓðNi → μ2πÞ

jUμNi
j2 : ð17Þ

The last part that is yet unknown is the decay width
for the heavy neutrinos ΓNi

. In the literature, ΓNi
can be

calculated by summing up all possible decaying channels
of the Majorana neutrino, which is explained in

Appendix D. From Eq. (D1) as well as the nearly-
degenerate condition mN1

≈mN2
, we can simplify the ratio

between ΓN1
and ΓN2

as

ΓN2

ΓN1

≈
jUeN2

j2aeðmN1
ÞþjUμN2

j2aμðmN1
ÞþjUτN2

j2aτðmN1
Þ

jUeN1
j2aeðmN1

ÞþjUμN1
j2aμðmN1

ÞþjUτN1
j2aτðmN1

Þ ;

ð18Þ

where the meaning of the factors alðl ¼ e; μ; τÞ is
explained in Appendix D. The equation will be used in
the analytical analysis in the next subsection. However,
here we emphasize that we treat the lifetime of the sterile
neutrino τN ¼ ℏ=ΓN as a free parameter that can be
measured by LHCb experiments in our experimental
analysis. In Sec. III, we explain in detail our treatment
and justify that the treatment is consistent with the result in
Appendix D.

B. CP violation

In the following part, we define that

ACP ¼ S−

Sþ
; ð19Þ

to measure the size of the CP violation, where S� are
defined as

S� ¼ Γþ � Γ−: ð20Þ

Then, following Eqs. (13) and (2), we have

S− ¼ 4jUμN1
j2jUμN2

j2 sinð2ϕμN1
− 2ϕμN2

Þ
Z

dΦ4ImM12:

ð21Þ

Here, ImM12 represents the imaginary part of M12. As
shown by Appendix B, the imaginary part of M12 is
proportional to the imaginary part of PN1

P�
N2
,
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ImPN1
P�
N2

¼ mN2
ΓN2

ðp2
N −m2

N1
Þ −mN1

ΓN1
ðp2

N −m2
N2
Þ

½ðp2
N −m2

N1
Þ2 þ ðmN1

ΓN1
Þ2�½ðp2

N −m2
N2
Þ2 þ ðmN2

ΓN2
Þ2� : ð22Þ

The physics meaning of Eq. (21) includes two parts. First,
the appearance of the factor sinð2ϕμN1

− 2ϕμN2
Þ implies

that the physics origin of the CP violation is the difference
between the CP-odd phases of mixing parameters between
the two heavy neutrinos with the common ones. We define
the CP-odd phase difference ϑ12 as

ϑ12 ¼ 2ðϕμN1
− ϕμN2

Þ; ð23Þ

which is the key parameter in deciding on the size of theCP
violation. Second, the CP violation of the processes in
consideration arises as a result of the interference of the
contributions of the two generations of Majorana neutrinos,
which is shown explicitly by the factor ImPN1

P�
N2
. In case

that mN1
¼ mN2

, ImPN1
P�
N2

vanishes and so does the
CP-violating term S−.

The sum Sþ can be written as

Sþ ¼ 2

Z
dΦ4½jUμN1

j4M11 þ jUμN2
j4M22 þ 2jUμN1

j2jUμN2
j2ReM12 cosϑ12�; ð24Þ

where ReM12 represents the real part of M12, of which the corresponding key factor is the real part of PN1
P�
N2
,

RePN1
P�
N2

¼ ðp2
N −m2

N1
Þðp2

N −m2
N2
Þ þmN1

mN2
ΓN1

ΓN2

½ðp2
N −m2

N1
Þ2 þ ðmN1

ΓN1
Þ2�½ðp2

N −m2
N2
Þ2 þ ðmN2

ΓN2
Þ2� : ð25Þ

Note that Eqs. (16) and (17) show that ΓN1
×R

dΦ4M11ðΓN2
×
R
dΦ4M22Þ is only the function of the

heavy neutrino mass mN1
ðmN2

Þ, and the two functions are
of the same form. Considering the nearly-degenerate
situation mN1

≈mN2
, we have

R
dΦ4M22R
dΦ4M11

≈
ΓN1

ΓN2

: ð26Þ

Then, the relative size of the CP violation ACP can be
written in the following simple form:

ACP ¼ 2δIκ sin ϑ12

1þ κ2
ΓN1

ΓN2

þ 2κδR cosϑ12
: ð27Þ

Here, we define that

δR ¼
R
dΦ4ReM12R
dΦ4M11

; δI ¼
R
dΦ4ImM12R
dΦ4M11

; ð28Þ

to measure the relative size of the interference term of the
two heavy neutrinos. The parameter κ is defined as

κ ¼ jUμN2
j2

jUμN1
j2 : ð29Þ

In order to make a more detailed analysis of this result,
we make another assumption about the properties of the

heavy neutrinos that the two Majorana neutrinos have
approximately the same mixing parameters with the three
generations of normal neutrinos, namely,

jUlN2
j2

jUlN1
j2 ≈ 1 ðl ¼ e; μ; τÞ: ð30Þ

Thus, the right-hand side of Eq. (18) simply gives one. The
size of the CP violation ACP can be further simplified as

ACP ¼ δI sinϑ12
1þ δR cosϑ12

: ð31Þ

The final result Eq. (31) is only the function of mN1
, mN2

,
and the angle ϑ12, or equivalently, mN1

, ΔmN , and ϑ12.
A natural way to measure the size of ΔmN is to compare it
with the decay width of the heavy neutrino ΓN ; thus, we
define that

y ¼ ΔmN

ΓN
: ð32Þ

Note that δI and δR rely both on the values of mN1
and y.

However, numerical result shows that in the mass region
under consideration, namely, 0.5 GeV < mN1

< 3.5 GeV,
the variation of δI and δR due to different choices of
mN is very small (less than 1%). In Fig. 2, we present the
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numerical results of δI and δR as a function of y under the
condition that mN1

equals 1, 2, and 3 GeV. In conclusion,
δI and δR can be considered as nearly independent of the
choice of mN1

in the mass region 0.5 GeV < mN1
<

3.5 GeV. Thus, the size of the CP violation ACP is also
independent of mN1

. The relative size of ACP reaches its
maximum when y is around 1. The above conclusions are
all in accordance with the three-body case studied in
Refs. [45,46]. Note that the conclusion does not hold
true when the mass interval is larger than several tens of
GeV. Reference [54] studies CP violation of a similar
mechanism in W boson decays, and it shows that under
the condition that mN1

equals 5, 10, 20, and 60 GeV, ACP

shows considerable differences. Another significant
difference is that in our result ACP reaches maximum
when y is around 1, while in Ref. [54] y is between 0.3
and 0.5. See Ref. [54] for details. In Fig. 3, we give the
numerical result of ACP as a function of y under different
choices of ϑ12.
Finally, the decay width for the process B0

s →D−
s μ

þμþπ−
and its CP-conjugate process can be written in the more
compact form,

Γ�¼2jUμN1
j4½1þδRcosϑ12�δI sinϑ12�

Z
dΦ4M11: ð33Þ

We define the averaged branching ratio Bravr for exper-
imental analysis in the next section,

Bravr ¼
1

2ΓBs

ðΓþ þ Γ−Þ: ð34Þ

Here, ΓBs
¼ 4.362 × 10−13 GeV is the total decay width of

Bs meson [60].

FIG. 2. The parameters δI and δR as a function of y for different values ofmN1
. Note that since the deviation of δI=δR between different

choices of mN1
is very small (detailed numerical result shows that the difference is less than 1%), to distinguish them we use different

styles of plot, i.e., line plot and scatter point plot, to represent the results for different choices of mN1
.

FIG. 3. The size of the CP violation ACP as a function of y for
different choices of ϑ12.
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III. EXPERIMENTAL ANALYSIS

In this part, we evaluate the possibility that such CP
violation is observed by LHCb in its upgrade II [58]. In the
experiment, the most important quantity is the absolute size
of the averaged branching ratio Bravr. In this section, we do
not distinguish the two sterile neutrinos due to the degen-
eracy and use N to represent both of them.
The expected number of B0

s mesons produced on LHCb
can be estimated as

NBs
¼ L × σbb̄ × fðb → B0

sÞ; ð35Þ

where L ≈ 200 fb−1 is the expected integrated luminosity
of LHCb until 2035 [58], σbb̄ ≃ 144 μb the bb̄ cross section
within the LHCb covered η range (2 < η < 5) [62],
and fðb → B0

sÞ ≃ 4.4% the hardronization factor of b quark
to Bs which is estimated from Ref. [63].2 The final result
is NBs

≈ 1.9 × 1012.
In order to get the expected sensitivity of LHCb on the

processes in consideration, we also need to know the
detection efficiency of the LHCb detector ϵðBs → DsμμπÞ,
which contains the contribution from geometrical accep-
tance, trigger and selection requirements, and particle
identification [64]. A systematic evaluation of the detec-
tion efficiency requires a Monte Carlo simulation under a
LHCb configuration as well as considering final state
radiation generation and interaction of the produced
particles with the detector and its response [64]. Here,
however, we use an indirect approach to give an approxi-
mation to the detection efficiency, whose accuracy is
enough for our calculation. Reference [65] shows that
the simulated detection efficiency of the process B0

s →
ϕðKþK−Þμþμ− is 1.1%. The main difference between
B0
s → ϕðKþK−Þμþμ− and B0

s → D−
s π

−μþμþ comes from
the replacement ofK− withD−

s .
3Ds is reconstructed by the

golden mode Ds → KKπ, which requires two additional
charged tracks and thus would reduce the detection
efficiency. From Ref. [66], we know that the ratio between
the detection efficiency of B0

s → K−μþν and B0
s → D−

s μ
þν

is around 0.733 (averaged over the full q2 range). Thus, we
estimate the detection efficiency of Bs → Dsπμμ to be
1.1% × 0.733 ≈ 0.81%. We note that the accuracy of this
approximation is enough for magnitude estimation.
Another factor we need to consider is the efficiency

loss due to the flight of the long-lived particle, i.e., the

intermediate sterile neutrinos N, in the detector. The sterile
neutrinos are produced nearly on shell and would travel for
a certain distance before decaying into its aftermath [59].
We include this effect by adding another factor PN to the
total detection efficiency, which relies on the lifetime of the
sterile neutrino τN as

PN ¼ 1 − exp ð−LD=LNÞ; ð36Þ

where LD ∼ 1 m is the length of the detector, and

LN ¼ cτNγNβN ð37Þ

is the decay length of the sterile neutrino [59]. Here, c
represents the light speed, and γNβN is the Lorentz time
dilation factor of N. To our knowledge, the choice of γNβN
between 1 and 10 is common in the literature such as
Refs. [25,59] based on the realistic condition of collider
experiments. In this study, we take that γNβN equals 4 instead
of doing detailed calculation of γNβN since the former is
enough for magnitude estimation. For τN ¼ 1000 ps, the
factor PN is about 56%, while for τN ≤ 100 ps PN is very
close to 1, and the effect is almost negligible.
Following the practice in experimental research of sterile

neutrinos such as Refs. [67,68], we take τN as a free
parameter that can be measured by LHCb experiment to
avoid more complication, instead of calculating τN through
τN ¼ ℏ=ΓN . We assume that the sterile neutrino lifetime
τN ¼ ½100; 1000� ps, which is within the acceptance of
LHCb. Here, we justify that this assumption is consistent
with Eq. (D1) under a certain choice of the size of jUlN j2. It
can be read from Ref. [69] that around 1 GeV the currently
known upper bound on jUeNj2 is between 10−7 and 10−8,
and the upper bound on jUμN j2 is between 10−4 and 10−5,
while that on jUτN j2 is between 10−3 and 10−2. The
possible region that the corresponding lifetime of the sterile
neutrino can lie in is drawn in Fig. 4. The plot shows that
within the mass range [1 GeV, 4 GeV], the choice that
τN ¼ ½100; 1000� ps is acceptable.
In Table I, we present the expected number of events

for certain choices of related parameters, based on the
experimental ability discussed above. We use N þ=N − to
represent the event numbers of B0

s → D−
s μ

þμþπ−=B̄0
s →

Dþ
s μ

−μ−πþ. The expected number of events at LHCb
upgrade II is estimated as

N � ¼ NBs
× ϵðBs → DsμμπÞ × PN ×

Γ�

ΓBs

: ð38Þ

For jUμN j2 ¼ 10−4, several hundreds of events can be
expected, and there is significant difference between N þ
and N −. For jUμN j2 ¼ 10−5, event numbers decrease to a
few, and the observable CP violation is not that significant.
However, it should be noted that our result is based on a

2Reference [63] shows that the ratio between the production
fraction of Λb hadrons and the sum of the fraction of B− and B̄0 is
around 0.259 (averaged between 4 GeV < pT < 25 GeV and
2 < η < 5), while that between B̄0

s and the sum of B− and B̄0 is
0.122. Since B�, B0=B̄0, B̄0

s=B0
s , and Λ0

b=Λ̄0
b make the majority

of bb̄ products, the fraction fðbb̄ → ΛbÞ is estimated as
0.122=ð1þ 0.259þ 0.122Þ × 0.5 ∼ 0.044.

3The difference between the detection of K and π as well as
between μþ and μ− is very small and can be overlooked here.
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relatively conservative estimation on the experimental
ability of LHCb since we use the detection efficiency of
previous LHCb experiments. During the upgrade II, certain
detection ability of LHCb detectors will be improved [58],
and it is possible that more events can be observed.
On the other hand, suppose that such modes were not

observed on the LHCb upgrade II, we can constrain the
upper bound on the heavy-light mixing parameter jUμN j2
by requiring the total number of events to be lower
than some threshold. Reference [74] shows that the
experimental sensitivity on jUμN j2 at 95% confidence level
(C.L.) under a background-free environment is obtained for
N events ¼ 3.09. Thus, the upper bound on jUμN j2 at
95% C.L. is obtained by requiring that

NBs
× ϵðBs → DsμμπÞ × PN × Bravr ¼ 3.09: ð39Þ

The numerical result of Eq. (39) is shown in Fig. 5. For
comparison, we also include currently known upper bounds
on jUμN j2 given by other experiments including NuTeV
[70], BEBC [71], Belle [72], and Delphi [73] in the plot.
The plot shows that during the mass region [1 GeV, 3 GeV],
the channel gives a comparable or even stronger constraint
on the size of jUμN j2. Specifically, formN equals 2 GeV, the
constraint on jUμN j2 goes as low as 6 × 10−6.

IV. SUMMARY AND CONCLUSIONS

In this paper, we study the lepton-number-violating
(LNV) process B0

s → D−
s μ

þμþπ− and its CP-conjugate
process B̄0

s → Dþ
s μ

−μ−πþ that are induced by two nearly-
degenerate Majorana neutrinos and explore the possibility
for searching for the CP violation in such processes. We
point out that the physics origin of the CP violation is ϑ12,
which is defined as the difference between the CP-odd
phases of mixing parameters between two generations of
heavy neutrinos with the normal ones. The CP violation
becomes considerable when the masses of the two gen-
erations of heavy neutrinos are nearly degenerate but have a
nonzero difference ΔmN . The numerical result draws the
following conclusion. First, the relative size of the CP
violation ACP is only the function of the mass difference
ΔmN and ϑ12, and ACP is nearly independent of the
absolute mass of the lighter heavy neutrino in the mass
region we considered. Second, ACP reaches its maximum
when ΔmN is around the size of the decay width of the
intermediate sterile neutrino, and the maximum value
depends on the CP-odd phase difference ϑ12. It should
be noted that the above conclusion is drawn under the

FIG. 5. The upper bound on the heavy-light mixing parameter
jUμN j2 under the assumption that no positive signal about the
processes is observed B0

s → D−
s μ

þμþπ− on LHCb. The shaded
regions represent the excluded region given by previous
experiments including NuTeV [70], BEBC [71], Belle [72],
and Delphi [73].

TABLE I. Expected event numbers for B0
s → D−

s μ
þμþπ− (N þ)

and B̄0
s → Dþ

s μ
−μ−πþ (N þ) under the assumption that jUμN j2

equals 10−4 and 10−5. The relative parameters are chosen as
follows: mN ¼ 2 GeV, y ¼ 1, ϑ12 ¼ π=4.

τN ¼ 1000 ps τN ¼ 100 ps

N þ N − N þ N −

jUμN j2 ¼ 10−4 665 390 119 70
jUμN j2 ¼ 10−5 7 4 1 0

FIG. 4. The shaded region represents the possible region of the
lifetime of the sterile neutrino N. The black line represents the
case when jUeN j2 ¼ 10−7, jUμN j2 ¼ 10−4, jUτN j2 ¼ 10−2, and
the blue line represents the case when jUeN j2 ¼ 10−8,
jUμN j2 ¼ 10−5, jUτN j2 ¼ 10−3.
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assumption that the two Majorana neutrinos have
approximately the same mixing parameters with the three
normal neutrinos.
We also analyze the possibility that such CP violation is

observed by LHCb during its upgrade II. It is shown that
under a current constraint on the heavy-light neutrino
mixing parameter, namely, 10−4 < jUμN j2 < 10−5, it is
possible that such a CP violation can be observed with
the LHCb experimental ability. We also give the upper
bound on the heavy-light mixing parameter under the
assumption that no positive signal of the processes is
observed. The result shows that such modes can give a
complementary constraint on the heavy-light mixing
parameter compared with previous experiments including
NuTeV, BEBC, Belle, and Delphi in the mass region
1 GeV < mN < 3 GeV. Thus, we note that it is worthwhile
searching for such modes on LHCb due to the possibility of
both observing new types of CP violation in Bs meson
decays and setting complementary constraints on jUμN j2.
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APPENDIX A: THE FOUR-BODY
PHASE SPACE dΦ4

The four-body phase space dΦ4 is

dΦ4 ¼
1

2mBs

1

ð2πÞ8 d4; ðA1Þ

where the factor d4 is defined as

d4 ¼
d3pDs

ð2EDs
Þ
d3p1
ð2E1Þ

d3p2
ð2E2Þ

d3pπ
ð2EπÞ

× δ4ðpBs
− pDs

− pμ1 − pμ2 − pπÞ: ðA2Þ

Remember the fact that

d3pN
ð2ENÞ

¼ d4pNδþðp2
N −m2

NÞ; ðA3Þ

then, it is straightforward to prove that d4 can be
factorized as

d4 ¼ d3ðBs → Dsμ1NÞd2ðN → μ2πÞdp2
N: ðA4Þ

Here, d3ðBs → Dsμ1NÞ is the corresponding factor in the
three-body phase space for the subprocess Bs → Dsμ1N,
and d2ðN → μ2πÞ is that for N → μ2π. pN is the four-
momenta of the intermediate sterile neutrino. In the
following, we set t2 ¼ p2

N . In the rest frame of μ1 − N,
d3ðBs → Dsμ1NÞ can be simplified as

d3ðBs → Dsμ1NÞ ¼ 1

64m2
Bs

λ
1
2ðm2

Bs
; m2

Ds
; t1Þλ1

2ðt1; m2
μ; m2

NÞ

×
1

t1
dt1dΩ�

μ1dΩDs
; ðA5Þ

where t1 ¼ ðpN þ pμ1Þ2 ¼ ðpBs
− pDs

Þ2, and dΩ�
μ1 ¼

d cos θ1dφ1 is the solid angle of μ1 in the μ1 − N rest
frame, while dΩDs

¼ d cos θ2φ2 is that of Ds in the rest
frame of Bs. The function λðx; y; zÞ is the kinematic Källen
function, λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2yz − 2xz. In
the rest frame of N, d2ðN → μ2πÞ is written as

d2ðN → μ2πÞ ¼
1

8t2
λ
1
2ðt2; m2

μ; m2
πÞdΩμ2 ; ðA6Þ

where dΩμ2 ¼ d cos θ3dφ3 is the solid angle of μ2 in the
rest frame of N. As is shown in the next part, the square of
the amplitude jMj2 is independent of φ1 and ΩDs

; thus,
they can be integrated and give a factor 8π2. As a result, the
four-body phase space d4 is

d4 ¼
π2

64m2
Bs

λ
1
2ðm2

Bs
; m2

Ds
; t1Þλ1

2ðt1; m2
μ; m2

NÞλ
1
2ðt2; m2

μ; m2
πÞ

×
1

t1t2
dt1dt2d cos θ1d cos θ3dφ3: ðA7Þ

FIG. 6. The reference frames we use and the definitions of the solid angles.
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Here, t1 and t2 satisfy that ð
ffiffiffiffi
t2

p þmμÞ2≤ t1≤ ðmBs
−mDs

Þ2
and t2 ≥ ðmμ þmπÞ2. The definitions of θ1, ϕ1, θ3, ϕ3 and
the reference frames we used are shown in Fig. 6.

APPENDIX B: EXPLICT FORM OF THE
SQUARED MATRIX M

For simplicity, we define in the following that

K ¼ G2
FVcbVudfπ ðB1Þ

and

T� ¼ ūðμ2Þ=pπγμð1 ∓ γ5Þvðμ1ÞhD−
s jcð0Þγμbð0ÞjB0

si:
ðB2Þ

T� contains all the spinor structures of the decaying
processes. It can be checked that jTþj2 ¼ jT−j2 ≡ jTj2.
Then, the elements of the squared amplitude matrix M are
written as

Mij ¼ jKj2mNi
mNj

PNi
P�
Nj
jTj2: ðB3Þ

Apart from PNi
P�
Nj
, other factors in Mij are always real.

Thus, the real/imaginary part of M12 is proportional to
the real/imaginary part of PN1

P�
N2
. The completed form

of jTj2 is

jTj2 ¼ C00f20ðt1Þ þ C01f0ðt1Þfþðt1Þ þ C11f2þðt1Þ: ðB4Þ

Here, the coefficients are

C00 ¼
8

t21
ðm2

Bs
−m2

Ds
Þ2fm2

π½t1ðpμ1 · pμ2Þ − 2ðq · pμ1Þðq · pμ2Þ� þ 4ðpπ · pμ2Þðq · pπÞðq · pμ1Þ − 2t1ðpπ · pμ1Þðpπ · pμ2Þg;

C01 ¼
16

t
ðm2

Bs
−m2

Ds
Þfðq · pμ1Þ½2ðpπ · pμ2ÞðP · pπÞ −m2

πðP · pμ2Þ� þ ðP · pμ1Þ½2ðpπ · pμ2Þðq · pπÞ −m2
πðq · pμ2Þ�g;

C11 ¼ 8fP2½m2
πðpμ1 · pμ2Þ − 2ðpπ · pμ1Þðpπ · pμ2Þ� − 2m2

πðP · pμ1ÞðP · pμ2Þ þ 4ðpπ · pμ2ÞðP · pπÞðP · pμ1Þg; ðB5Þ
where we define that

P ¼ pBs
þ pDs

−
m2

Bs
−m2

Ds

t1
q: ðB6Þ

Most inner products in Eq. (B5) can be written as functions of t1, t2, θ1, θ3, φ3 directly, namely,

pDs
· q ¼ 1

2
ðm2

Bs
−m2

Ds
− t1Þ; pDs

· pμ1 ¼ E�
Ds
E�
μ1 − jp�Ds

jjp�μ1 j cos θ1; q · pμ1 ¼
1

2
ðt1 þm2

μ − t2Þ;

pμ2 · pπ ¼
1

2
ðt2 −m2

μ −m2
πÞ; pμ1 · pπ ¼ Eμ1Eπ þ jpμ1 jjpμ2 j cos θ3; pμ1 · pμ2 ¼ Eμ1Eμ2 − jpμ1 jjpμ2 j cos θ3: ðB7Þ

Here, we list the explicit forms for the energies and three-momenta that appear in the above terms (the superscript “�”
represents the value in the W� rest frame),

E�
Ds

¼ 1

2
ffiffiffiffi
t1

p ðm2
Bs
−m2

Ds
− t1Þ; E�

μ1 ¼
1

2
ffiffiffiffi
t1

p ðt1 þm2
μ − t2Þ; jp�Ds

j ¼ 1

2
ffiffiffiffi
t1

p λ
1
2ðm2

Bs
; m2

Ds
; t1Þ;

jp�μ1 j ¼
1

2
ffiffiffiffi
t1

p λ
1
2ðt1; m2

μ; t2Þ; Eμ1 ¼
1

2
ffiffiffiffi
t2

p ðt1 −m2
μ − t2Þ; Eμ2 ¼

1

2
ffiffiffiffi
t2

p ðt2 −m2
μ þm2

πÞ;

Eπ ¼
1

2
ffiffiffiffi
t2

p ðt2 −m2
μ þm2

πÞ; jpμ1 j ¼
1

2
ffiffiffiffi
t2

p λ
1
2ðt1; m2

μ; t2Þ; jpμ2 j ¼
1

2
ffiffiffiffi
t2

p λ
1
2ðt2; m2

μ; m2
πÞ;

E�
N ¼ 1

2
ffiffiffiffi
t1

p ðt1 þ t2 −m2
μÞ; jp�N j ¼

1

2
ffiffiffiffi
t1

p λ
1
2ðt1; t2; m2

μÞ: ðB8Þ

Note that q ¼ pμ1 þ pμ2 þ pπ , so q · pμ2 and q · pπ can also be written directly. In order to get pDs
· pμ2 and pDs

· pπ , we
need to do a Lorentz transformation from theW� rest frame to the N rest frame on pDs

, since only the four-momenta vector
ofDs in theW� rest frame can be written directly. We need to first rotate the z axis of ΣW� to the direction of pμ1 , then boost
the four-momenta vector of pDs

from theW� rest frame to theN rest from. In theW� rest framewhere the z axis points to the
direction of pμ1 , the four-momenta vector of Ds is

p�
Ds

¼ ðE�
Ds
; jp�Ds

j sin θ1; 0; jp�Ds
j cos θ1Þ: ðB9Þ
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The Lorentz boost from the W� rest frame to the N rest
frame is

BðvNÞ ¼

0
BBB@

γN 0 0 γN jvN j
0 1 0 0

0 0 1 0

γN jvN j 0 0 γN

1
CCCA; ðB10Þ

where γN and vN are the Lorentz factor and the speed of N
in the W� rest frame, respectively,

γN ¼ E�
N

mN
; jvN j ¼

jp�N j
E�
N
: ðB11Þ

Here, E�
N and jp�N j are given in Eq. (B8). As a result, pDs

·
pμ2 and pDs

· pπ are written as

pDs
· pμ2 ¼ γNðE�

Ds
þ jvN jjp�Ds

j cos θ1ÞEμ2 − jp�Ds
jjpμ2 j sin θ1 sin θ3 cosφ3 − γNðjp�Ds

j cos θ1 þ jvN jE�
Ds
Þjpμ2 j cos θ3;

pDs
· pπ ¼ γNðE�

Ds
þ jvN jjp�Ds

j cos θ1ÞEπ þ jp�Ds
jjpμ2 j sin θ1 sin θ3 cosφ3 þ γNðjp�Ds

j cos θ1 þ jvN jE�
Ds
Þjpμ2 j cos θ3: ðB12Þ

APPENDIX C: DECAY WIDTHS FOR Bs → Dsμ1Ni
AND Ni → μ2π

The Feynman diagram for Bs → Dsμ1Ni is shown in
Fig. 7. The amplitude for the process is

iMðBs → Dsμ1NiÞ ¼
GFffiffiffi
2

p UμNi
VcbūðpNi

Þγμð1 − γ5Þvðp1Þ

× hD−
s jcð0Þγμbð0ÞjB0

si: ðC1Þ

Integrating the amplitude over three-body phase space, we
have the decay width for Bs → Dsμ1Ni,

ΓðBs → Dsμ1NiÞ

¼ G2
FV

2
cb

384π3
1

m3
Bs

Z
tmax

tmin

dt
1

t2
λ
1
2ðm2

Bs
; m2

Ds
; tÞ

× λ
1
2ðm2

μ; m2
Ni
; tÞ½f2þðtÞD1ðtÞ þ f20ðtÞD0ðtÞ�; ðC2Þ

where tmin ¼ ðmNi
þmμÞ2, tmax ¼ ðmBs

−mDs
Þ2, and

coefficients D1ðtÞ and D0ðtÞ are

D1ðtÞ ¼ ½ðt −m2
Ds
Þ2 − 2m2

Bs
ðtþm2

Ds
Þ þm4

Bs
�

× ½2t2 − tm2
Ni

þm2
μð2m2

Ni
− tÞ −m2

Ni
−m4

μ�;
D0ðtÞ ¼ 3ðm2

Bs
−m2

Ds
Þ½tm2

Ni
þm2

μð2m2
Ni

þ tÞ −m4
Ni

−m4
μ�:

ðC3Þ

As for the process Ni → μ2π, the decay width is well
known in the literature,

ΓðNi→μπÞ¼ G2
F

16π
jVudj2jUμNi

j2f2πmNi
λ1=2ðm2

Ni
;m2

μ;m2
πÞ

×

��
1−

m2
μ

m2
Ni

�
2

−
m2

π

m2
Ni

�
1þ m2

μ

m2
Ni

��
: ðC4Þ

APPENDIX D: TOTAL DECAY WIDTH OF THE
INTERMEDIATE MAJORANA NEUTRINO

Although ΓNi
can be calculated through the channel-by-

channel approach, which sums up the partial decay rates for
all the leptonic and semileptonic decay modes of N [22],
for neutrino mass larger than 1 GeV the uncertainties of the

FIG. 7. Feynman diagram for Bs → Dsμ1Ni. FIG. 8. Numerical values of alðmNÞ.
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hadronic parameters such as the decay constants of the final
hadronic states are large. Since we are interested in the
mass range between 1 and 4 GeV, here we use the inclusive
approach introduced in Ref. [23], which approximates the
semileptonic decays of N by its decays into free quark-
antiquark pairs and leptons, and the approximation is better
than the channel-by-channel method for neutrino mass
more than 1 GeV [75]. We refer to Ref. [23] for details of
the calculation. Then, all the decay channels of N are three-

body decays, and the partial decay rates are proportional
to m5

N . Thus, the total decay width can be written as

ΓNi
¼ G2

Fm
5
Ni

96π3
X

l¼e;μ;τ

jUlN j2alðmNi
Þ; ðD1Þ

where alðmNi
Þ are dimensionless functions of mNi

, and the
numerical values of alðmNi

Þ are presented in Fig. 8.
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