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We study supersymmetric AdS5 × Σ solutions, for Σ being a topological disk with nontrivial Uð1Þ
holonomy at the boundary or “half-spindle,” in seven-dimensional N ¼ 2 gauged supergravity coupled to
three vector multiplets. We consider compact and noncompact gauge groups, SOð4 − p; pÞ, for p ¼ 0, 1, 2,
and find a number of AdS5 × Σ solutions with SOð2Þ × SOð2Þ and SOð2Þdiag residual symmetry from

SOð4Þ and SOð2; 2Þ gauge groups. We also find an SOð2ÞR ⊂ SOð3ÞR ∼ SUð2ÞR symmetric solution,
which can be regarded as a solution of pure N ¼ 2 gauged supergravity with the SOð3ÞR gauge group and
all the fields from vector multiplets vanishing. The solutions preserve 1

2
of the original N ¼ 2

supersymmetry and could be interpreted as supergravity duals of N ¼ 1 superconformal field theories
in four dimensions. In particular, some of these solutions can be embedded in ten or eleven dimensions, in
which a description in terms of five-branes wrapped on a topological disk can be given.

DOI: 10.1103/PhysRevD.105.066010

I. INTRODUCTION

The AdS=CFT correspondence [1–3] leads to holo-
graphic descriptions of strongly coupled superconformal
field theories (SCFTs). Various aspects of these SCFTs,
including their nonconformal phases, can be studied by the
corresponding dual-gravity solutions in string/M theory or,
at low energy, supergravity theories in ten or eleven
dimensions. In this framework, the conformal field theories
can be considered as world-volume theories on the branes
in the near-horizon limit. A class of solutions that describes
branes wrapping on particular manifolds is of particular
interest, since these can lead to supersymmetric field
theories in lower dimensions arising from world-volume
theories of wrapped branes. These configurations describe
RG flows across dimensions from higher-dimensional
SCFTs to lower-dimensional ones and provide a useful
holographic description of the less-known higher-dimen-
sional SCFTs such as N ¼ ð2; 0Þ; ð1; 0Þ in six dimensions
via four-dimensional SCFTs, of which many aspects are
better understood.
At low energy, these wrapped branes can be described

by supersymmetric AdSm ×Mn solutions of gauged

supergravity in mþ n dimensions [4]. Mn is an
n-dimensional compact manifold with constant curvature
on which the wrapped ðmþ n − 2Þ-branes lead to an
(m − 1)-dimensional SCFT from a compactification of
the dual ðmþ n − 1Þ-dimensional SCFT on Mn. The cor-
responding supergravity solutions preserve some amount of
the original supersymmetry by means of a topological twist
[5], implemented by turning on some gauge fields to cancel
the spin connections on the compact manifold Mn. A large
number of these solutions have previously been found in
various dimensions; see Refs. [6–29] for an incomplete list.
Recently, new classes of AdS × Σ solutions, in which
unbroken supersymmetry is not realized by a topological
twist, have been found for Σ being a two-dimensional space
with nonconstant curvature. These solutions describe super-
symmetric branes wrapped on a spindle, which is topologi-
cally a two-sphere with orbifold singularities at the poles
[30–36] (see also Ref. [37] for a more recent result), or on a
topological disk with nontrivial Uð1Þ holonomy on the
boundary or “half-spindle” [38–43]. These lead to new
supersymmetric AdS geometries from gauged supergravities
which are dual to lower-dimensional SCFTs, arising from
compactifications of higher-dimensional SCFTs on a spindle
or a half-spindle. In particular, supersymmetric AdS5 × Σ
solutions from the Uð1Þ2 truncation of the maximal SOð5Þ
gauged supergravity in seven dimensions obtained in
Refs. [38,39] have been shown tobedual to four-dimensional
N ¼ 2 SCFTs of the Argyres-Douglas (AD) type [44].
Furthermore, it should be remarked that both the spindle
and half-spindle can be obtained from different global
extensions of the same local solutions, as pointed out recently
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in Ref. [45]. In this work, we are interested in supersym-
metric AdS5 × Σ solutions from matter-coupled N ¼ 2
gauged supergravity in seven dimensions, as constructed
in Ref. [46]; see Refs. [47–51] for earlier constructions.
We mainly consider N ¼ 2 gauged supergravity coupled to
three vector multiplets with possible gauge groups given by
SOð4Þ ∼ SOð3Þ × SOð3Þ, SOð2;2Þ∼SOð2;1Þ×SOð2;1Þ,
and SOð3; 1Þ. It is well known that only SOð4Þ and
SOð3; 1Þ gauge groups admit supersymmetric AdS7
vacua dual to N ¼ ð1; 0Þ SCFTs in six dimensions with
SOð3ÞR R symmetry [52–54]. Furthermore, a number of
interesting holographic solutions have been found in
Refs. [21,28,52,53,55]. We will add more solutions to this
list by finding supersymmetric AdS5 × Σ solutions within
thisN ¼ 2 gauged supergravity for Σ being a half-spindle. It
has been pointed out in Ref. [35] that supersymmetric
AdS5 × Σ solutions with Σ being a spindle do not exist in
minimal or pure N ¼ 2 gauged supergravity with the SOð3Þ
gauge group; see also Ref. [37]. It turns out that solutions
with Σ being a half-spindle do exist in pure N ¼ 2 gauged
supergravity. These solutions preserve 1

2
of the supersym-

metry and SOð2ÞR ⊂ SOð3ÞR, and they can be obtained from
a truncation of AdS5 × Σ solutions with SOð2Þ × SOð2Þ
symmetry in the SOð4Þ gauged supergravity considered in
this work. Furthermore, we also find SOð2Þdiag symmetric
solutions that can be mapped to the solution found in
Ref. [39] from Uð1Þ2 truncation of the maximal SOð5Þ
gauged supergravity.
However, unlike the solutions in Ref. [39] dual to N ¼ 2

SCFTs of the AD type, these solutions preserve only eight
supercharges and should be dual to N ¼ 1 SCFTs in four
dimensions. In addition, most of the solutions found in this
paper currently have no known higher-dimensional origin.
In particular, it has been shown in Ref. [56] that uplifting
seven-dimensional N ¼ 2 gauged supergravity with AdS7
vacua to ten dimensions can be achieved only if there is no
vector multiplet or just one vector multiplet. On the other
hand, the uplift to eleven dimensions can be performed via
an S4 truncation if the N ¼ 2 theories are truncations of the
maximal N ¼ 4 gauged supergravity. The embedding in
this case can be obtained from the results of Refs. [57,58].
Moreover, pure N ¼ 2 gauged supergravity with the SOð3Þ
gauge group can also be uplifted to type-IIA supergravity
[59,60]. Finally, we will find AdS5 × Σ solutions in N ¼ 2
gauged supergravity with a noncompact SOð2; 2Þ ∼
SOð2; 1Þ × SOð2; 1Þ gauge group. Since this gauged super-
gravity does not admit any supersymmetric AdS7 vacua,
the maximally supersymmetric vacua are given by half-
supersymmetric domain walls dual to N ¼ ð1; 0Þ non-
conformal field theories in six dimensions according to
the DW/QFT correspondence [61–64]. In this case, the
resulting AdS5 × Σ solutions are expected to describe four-
dimensional N ¼ 1 SCFTs arising from six-dimensional
N ¼ ð1; 0Þ field theories compactified on a topological disk
or half-spindle. To the best of our knowledge, these are

the first examples of AdS5 × Σ solutions involving half-
spindles with domain wall asymptotics. The paper is
organized as follows: In Sec. II, we give a brief review
of seven-dimensional N ¼ 2 gauged supergravity coupled
to an arbitrary number of vector multiplets. Supersym-
metric AdS5 × Σ solutions in the SOð4Þ, SOð2; 2Þ, and
SOð3; 1Þ gauge groups will be considered in Secs. III–V,
respectively. Some conclusions and comments will be
given in Sec. VI.

II. MATTER-COUPLED N = 2 GAUGED
SUPERGRAVITY IN SEVEN DIMENSIONS

In this section, we give relevant formulas involving
bosonic Lagrangian and supersymmetry transformations of
fermions to find supersymmetric solutions of matter-
coupled N ¼ 2 gauged supergravity in seven dimensions.
We follow most of the conventions and notations in
Ref. [49], in which the detailed construction can be found;
see also Ref. [65] for gaugings using the embedding tensor
formalism in the case of three vector multiplets.
In seven dimensions, the half-maximal N ¼ 2 super-

gravity multiplet contains the following component fields:

ðeμ̂μ;ψa
μ; Ai

μ; χa; Bμν; σÞ;

given by the graviton eμ̂μ, two gravitini ψa
μ, three vectors Ai

μ,
two spin-1

2
fields χa, a two-form field Bμν, and the scalar

field or dilaton σ. We denote curved and flat space-time
indices by μ; ν;… and μ̂; ν̂;…, respectively. The indices i,
j ¼ 1, 2, 3 and a, b ¼ 1, 2 label triplets and doublets of
SOð3ÞR ∼ SUð2ÞR R symmetry, respectively.
The supergravity multiplet can couple to an arbitrary

number n of vector multiplets with the field content

ðAμ; λa;ϕiÞr: ð1Þ

Each vector multiplet, labeled by an index r ¼ 1;…; n,
consists of a vector field Aμ, two gaugini λa, and three
scalars ϕi. Together with the supergravity multiplet, there
are 3þ n vector fields transforming in a fundamental
representation of the global symmetry SOð3; nÞ, collec-
tively denoted by AI

μ ¼ ðAi
μ; Ar

μÞ. The SOð3; nÞ fundamen-
tal indices I; J ¼ 1;…; 3þ n are lowered and raised,
respectively, by the SOð3; nÞ invariant tensor and its inverse

ηIJ ¼ ηIJ ¼ diagð−1;−1;−1; 1;…; 1|fflfflffl{zfflfflffl}
n

Þ: ð2Þ

Similarly to the dilaton σ described by a coset manifold
SOð1; 1Þ ∼Rþ, the 3n scalars ϕir from the n vector
multiplets are parametrized by an SOð3; nÞ=SOð3Þ ×
SOðnÞ coset manifold. With A ¼ ði; rÞ being an SOð3Þ ×
SOðnÞ index, the associated coset representative can be
written as
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LI
A ¼ ðLI

i; LI
rÞ: ð3Þ

LI
A transforms under the global SOð3; nÞ and the local

SOð3Þ × SOðnÞ by left and right multiplication, respec-
tively. The inverse of LI

A will be denoted by LA
I ¼

ðLi
I; Lr

IÞ and satisfies the following relations:

Lj
ILI

i ¼ δij; Ls
ILI

r ¼ δrs; ηIJ ¼ −LI
iLJ

i þ LI
rLJ

r:

ð4Þ

Note also that the indices i, j and r, s are raised and lowered
by δij and δrs, respectively.
Gaugings of the matter-coupled N ¼ 2 supergravity

can be obtained by promoting a subgroup G ⊂ SOð3; nÞ
to be a local symmetry. The embedding of G in SOð3; nÞ is
described by the SOð3; nÞ tensor fIJK identified with
structure constants of the gauge group G via the gauge
algebra

½TI; TJ� ¼ fIJKTK; ð5Þ

where TI’s are the gauge generators. In the embedding
tensor formalism, fIJK is one of the components of the
embedding tensor; see Ref. [65] for more detail. In order for
the gauging to be consistent with supersymmetry, fIJK

must satisfy the conditions

fIJK ¼ ηKLfIJL ¼ f½IJK� and f½IJLfK�LM ¼ 0: ð6Þ

Since ηIJ has only three negative eigenvalues, any gauge
group can have at most three compact or three non-
compact generators. Therefore, the allowed semisimple
gauge groups are of the formG ∼G0 ×H ⊂ SOð3; nÞ, with
H being a compact group of dimension dimH ≤ ðnþ 3 −
dimG0Þ [49]. On the other hand, G0 can only be one of six
possibilities: SOð3Þ, SOð3; 1Þ, SLð3;RÞ, SOð2; 1Þ,
SOð2; 2Þ, and SOð2; 2Þ × SOð2; 1Þ.
Apart from the usual gaugings, there is also a massive

deformation given by adding a topological mass term to
the three-form field Cμνρ dual to the two-form field Bμν.
This additional deformation is crucial for the gauged
supergravity to admit AdS7 vacua. With both of these
deformations, the bosonic Lagrangian of the matter-
coupled N ¼ 2 gauged supergravity is given in differential
form language by

L ¼ 1

2
R � 1 − 1

2
eσaIJ � FI

ð2Þ ∧ FJ
ð2Þ

−
1

2
e−2σ �Hð4Þ ∧ Hð4Þ −

5

8
� dσ ∧ dσ

−
1

2
� Pir

ð1Þ ∧ Pir
ð1Þ þ

1ffiffiffi
2

p Hð4Þ ∧ ωð3Þ − 4hHð4Þ

∧ Cð3Þ − V � 1: ð7Þ

The constant h describes the topological mass term for the
three-form Cð3Þ with the field strength Hð4Þ ¼ dCð3Þ. The
gauge field strength is defined by

FI
ð2Þ ¼ dAI

ð1Þ þ
1

2
fJKIAJ

ð1Þ ∧ AK
ð1Þ: ð8Þ

The scalar matrix aIJ appearing in the kinetic term of vector
fields is given in terms of the coset representative as
follows:

aIJ ¼ LI
iLJ

i þ LI
rLJ

r: ð9Þ

The Chern-Simons three-form satisfying dωð3Þ ¼ FI
ð2Þ ∧

FI
ð2Þ is defined by

ωð3Þ ¼ FI
ð2Þ ∧ AI

ð1Þ −
1

6
fIJKAI

ð1Þ ∧ AJ
ð1Þ ∧ Að1ÞK: ð10Þ

The scalar potential is given by

V ¼ 1

4
e−σ

�
CirCir −

1

9
C2

�
þ 16h2e4σ −

4
ffiffiffi
2

p

3
he

3σ
2C; ð11Þ

whereC-functions, or fermion-shift matrices, are defined as

C ¼ −
1ffiffiffi
2

p fIJKLi
ILj

JLKkε
ijk; ð12Þ

Cir ¼ 1ffiffiffi
2

p fIJKLj
ILk

JLK
rεijk; ð13Þ

Crsi ¼ fIJKLr
ILs

JLKi: ð14Þ

The scalar kinetic term is defined in terms of the vielbein on
the SOð3; nÞ=SOð3Þ × SOðnÞ coset as

Pir
ð1Þ ¼ LrIðδKI dþ fIJKAJ

ð1ÞÞLK
i: ð15Þ

Supersymmetry transformations of fermionic fields read

δψa
μ ¼ 2Dμϵ

a −
ffiffiffi
2

p

30
e−

σ
2CΓμϵ

a −
4

5
he2σΓμϵ

a

−
i
20

e
σ
2Fi

ρσðσiÞabð3ΓμΓρσ − 5ΓρσΓμÞϵb

−
1

240
ffiffiffi
2

p e−σHρσλτðΓμΓρσλτ þ 5ΓρσλτΓμÞϵa; ð16Þ

δχa ¼ −
1

2
Γμ∂μσϵ

a þ
ffiffiffi
2

p

30
e−

σ
2Cϵa −

16

5
e2σhϵa

−
i
10

e
σ
2Fi

μνðσiÞabΓμνϵb −
1

60
ffiffiffi
2

p e−σHμνρσΓμνρσϵa;

ð17Þ
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δλar ¼ iΓμPir
μ ðσiÞabϵb −

1

2
e
σ
2Fr

μνΓμνϵa −
iffiffiffi
2

p e−
σ
2CirðσiÞabϵb:

ð18Þ

In these equations, ðσiÞab are the usual Pauli matrices, and
Γμ ¼ eμ̂μΓμ̂, in which Γμ̂’s are seven-dimensional space-
time gamma matrices satisfying the SOð1; 6Þ Clifford
algebra

fΓμ̂;Γν̂g ¼ 2ημ̂ ν̂; ημ̂ ν̂ ¼ diagð−þþþþþþÞ: ð19Þ

The dressed field strengths Fi
ð2Þ and Fr

ð2Þ are defined by

Fi
ð2Þ ¼ LI

iFI
ð2Þ and Fr

ð2Þ ¼ LI
rFI

ð2Þ: ð20Þ

The covariant derivative of the supersymmetry parameter
ϵa is given by

Dμϵ
a ¼ ∂μϵ

a þ 1

4
ωμ

ν̂ ρ̂Γν̂ ρ̂ϵ
a þ 1

2
ffiffiffi
2

p Qi
μðσiÞabϵb; ð21Þ

where Qi
μ is defined in terms of the SOð3ÞR composite

connection Qij
μ as

Qi
μ ¼

iffiffiffi
2

p εijkQjk
μ ; ð22Þ

with

Qij
μ ¼ LjIðδKI ∂μ þ fIJKAJ

μÞLK
i: ð23Þ

For convenience, we also give all the bosonic field
equations derived from the Lagrangian [Eq. (7)]:

0 ¼ dðe−2σ �Hð4ÞÞ þ 8hHð4Þ −
1ffiffiffi
2

p FI
ð2Þ ∧ FI

ð2Þ; ð24Þ

0 ¼ DðeσaIJ � FI
ð2ÞÞ −

ffiffiffi
2

p
Hð4Þ ∧ FJ

ð2Þ þ �Pir
ð1ÞfIJ

KLr
ILKi;

ð25Þ

0 ¼ Dð�Pir
ð1ÞÞ − 2eσLI

iLJ
r � FI

ð2Þ ∧ FJ
ð2Þ

−
�

1ffiffiffi
2

p e−σCjsCrskε
ijk þ 4

ffiffiffi
2

p
he

3σ
2Cir

�
εð7Þ; ð26Þ

0¼ 5

4
dð�dσÞ− 1

2
eσaIJ �FI

ð2Þ ∧FJ
ð2Þ þ e−2σ �Hð4Þ ∧Hð4Þ

þ
�
1

4
e−σ

�
CirCir−

1

9
C2

�
þ 2

ffiffiffi
2

p
he

3σ
2C− 64h2e4σ

�
εð7Þ;

ð27Þ

0 ¼ Rμν −
5

4
∂μσ∂νσ − aIJeσ

�
FI
μρFJ

ν
ρ −

1

10
gμνFI

ρσFJρσ

�

− Pir
μ Pir

ν −
2

5
gμνV −

1

6
e−2σ

×

�
HμρσλHν

ρσλ −
3

20
gμνHρσλτHρσλτ

�
: ð28Þ

We finally give a general parametrization of the SOð3; nÞ=
SOð3Þ × SOðnÞ coset which is useful for finding explicit
solutions. We first introduce ðnþ 3Þ2 basis elements of a
general ðnþ 3Þ × ðnþ 3Þ matrix as follows:

ðeIJÞKL ¼ δIKδJL: ð29Þ

The composite SOð3Þ × SOðnÞ generators are given by

SOð3Þ∶ Jð1Þij ¼ eji − eij; i; j ¼ 1; 2; 3;

SOðnÞ∶ Jð2Þrs ¼ esþ3;rþ3 − erþ3;sþ3; r; s ¼ 1;…; n: ð30Þ

The noncompact generators corresponding to the 3n scalars
are given by

Yir ¼ ei;rþ3 þ erþ3;i: ð31Þ

III. SOð4Þ GAUGE GROUP

We first consider N ¼ 2 gauged supergravity with the
SOð4Þ ∼ SOð3Þ × SOð3Þ gauge group obtained by cou-
pling the gravity multiplet to n ¼ 3 vector multiplets. The
first SOð3Þ factor is identified with the SOð3ÞR ∼ SUð2ÞR
R symmetry. The corresponding structure constants are
given by

fIJK ¼ ðg̃1εijk;−g̃2εrstÞ; r; s;… ¼ 1; 2; 3; ð32Þ

in which g̃1 and g̃2 are coupling constants of SOð3ÞR and

SOð3Þ generated by Jð1Þij and Jð2Þrs , respectively.
We are interested in supersymmetric solutions in the

form of a product space between an AdS5 and a topological
disk Σ with a nontrivial Uð1Þ holonomy at the boundary.
Following Ref. [39], we take the ansatz for the seven-
dimensional metric to be

ds27 ¼ fðrÞds2AdS5 þ g1ðrÞdr2 þ g2ðrÞdz2; ð33Þ

where the metric on AdS5 with unit radius is given by

ds2AdS5 ¼
1

ρ2
ðdx21;3 þ dρ2Þ; ð34Þ

with dx21;3 ¼ ηmndxmdxn, m; n ¼ 0;…; 3 being the flat
metric on the four-dimensional Minkowski space Mkw4.
The values r and z are the radial and angular coordinates on

PARINYA KARNDUMRI and PATHARADANAI NUCHINO PHYS. REV. D 105, 066010 (2022)

066010-4



the topological disk Σ, respectively, whose ranges will be
determined later on. The seven-dimensional curved and flat
space-time indices will be split into μ ¼ ðm; ρ; r; zÞ and
μ̂ ¼ ðm̂; ρ̂; r̂; ẑÞ, respectively.
With the vielbein one-forms

em̂ð1Þ ¼
ffiffiffiffiffiffiffiffiffi
fðrÞp
ρ

dxm; eρ̂ð1Þ ¼
ffiffiffiffiffiffiffiffiffi
fðrÞp
ρ

dρ;

er̂ð1Þ ¼
ffiffiffiffiffiffiffiffiffiffi
g1ðrÞ

p
dr; eẑð1Þ ¼

ffiffiffiffiffiffiffiffiffiffi
g2ðrÞ

p
dz; ð35Þ

we can straightforwardly compute all nonvanishing com-
ponents of the spin connections:

ωm̂ ρ̂
ð1Þ ¼ −

em̂ffiffiffi
f

p ; ωm̂ r̂
ð1Þ ¼

f0em̂

2f
ffiffiffiffiffi
g1

p ;

ωρ̂ r̂
ð1Þ ¼

f0eρ̂

2f
ffiffiffiffiffi
g1

p ; ωẑ r̂
ð1Þ ¼

g02e
ẑ

2g2
ffiffiffiffiffi
g1

p : ð36Þ

From now on, we will use primes to denote r derivatives
and mostly suppress arguments of the r-dependent func-
tions for convenience.

A. SOð2ÞR and SOð2Þ × SOð2Þ symmetric solutions

We now move to the ansatz for gauge fields in the cases
of SOð2ÞR ⊂ SOð3ÞR and SOð2Þ × SOð2Þ symmetry. Since
the former can be obtained as a truncation of the latter, we
will first consider the case of SOð2Þ × SOð2Þ symmetry
and perform a suitable truncation to obtain SOð2ÞR sym-
metric solutions. For SOð2Þ × SOð2Þ symmetric solutions,
we will choose the SOð2Þ × SOð2Þ subgroup generated by

Jð1Þ12 and Jð2Þ12 and turn on the following gauge fields:

AI
ð1Þ ¼ ½A1ðrÞδI3 þ A2ðrÞδI6�dz: ð37Þ

The corresponding two-form field strengths are given by

FI
ð2Þ ¼ ðA0

1δ
I
3 þ A0

2δ
I
6Þdr ∧ dz: ð38Þ

This ansatz leads to FI
ð2Þ ∧ FI

ð2Þ ¼ 0. According to the field
equation of the three-form field given in Eq. (24), we can
consistently set Cð3Þ ¼ 0.
Among the nine scalars from the SOð3; 3Þ=SOð3Þ ×

SOð3Þ coset, there is only one SOð2Þ × SOð2Þ singlet
scalar. Following Ref. [52], this scalar field corresponds to
the noncompact generator Y33, and the coset representative
can be written as

L ¼ eϕY33 : ð39Þ
This singlet scalar ϕ and the dilaton σ depend only on
the radial coordinate. It is now straightforward to com-
pute the C-functions appearing in the supersymmetry
transformations:

C ¼ 3
ffiffiffi
2

p
g̃1 coshϕ; Cir ¼ −

ffiffiffi
2

p
g̃1 sinhϕδi3δ

r
3: ð40Þ

The scalar vielbein and SOð2ÞR composite connection have
the following nonvanishing components:

Pir
ð1Þ ¼ ϕ0δi3δ

r
3dr and Qij

ð1Þ ¼ g̃1A1ε
ij3dz: ð41Þ

It should be noted here that only A1 appears in the
composite connection, because A3

ð1Þ is the vector field that

gauges SOð2ÞR ⊂ SOð3ÞR, under which the gravitini and
supersymmetry parameters are charged. With all these and
a similar analysis as in Ref. [39], we can determine all the
BPS equations from the supersymmetry transformations of
fermionic fields. The detailed analysis and relevant results
can be found in the Appendix. In the following, we will
separately consider solutions with SOð2ÞR and SOð2Þ ×
SOð2Þ symmetries.

1. SOð2ÞR symmetric solution in pure N = 2
gauged supergravity

We first consider a simple case of SOð2ÞR symmetric
solutions which can be obtained by setting A6

ð1Þ ¼ 0.

Equation (A60) then gives

F1 ¼ be−σ coshϕf−
5
2 and F2 ¼ −be−σ sinhϕf−5

2; ð42Þ

in which we have written a1 ¼ a2 ¼ b.
With this explicit form of F1 and F2, the BPS condition

in Eq. (A51) implies that

bh sinhϕ ¼ 0: ð43Þ

For h ¼ 0, the gauged supergravity does not admit any
supersymmetric AdS7 vacua, so we will keep h ≠ 0. With
b ¼ 0, all the gauge fields vanish. This clearly does not lead
to any solutions of the form AdS5 × Σ. Therefore, to find
possible AdS5 × Σ solutions with AdS7 asymptotics, we
need to set ϕ ¼ 0. Effectively, all the fields from vector
multiplets are truncated out. The resulting solutions can be
then considered as solutions of the minimal or pure N ¼ 2
gauged supergravity with the SOð3ÞR gauge group.
With ϕ ¼ 0, Eq. (A60) implies that A0

2 ¼ 0. All the BPS
conditions from Eqs. (A26) and (A45)–(A57), as well as the
field equation [Eq. (26)] for scalars from the vector multip-
lets, are automatically satisfied. With all these, we are left
with the algebraic conditions of Eqs. (A30)–(A44). First, we
solve for f from Eq. (A40) with the solution given by

f ¼ 2
ffiffiffiffiffiffi
bh

p
eσffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sð16he5σ
2 − g̃1Þ

q : ð44Þ

With this result, Eq. (A32) can be solved for g1, giving
rise to
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g1 ¼
200

ffiffiffiffiffiffiffiffi
bh5

p
eσðσ0Þ2

ð16he5σ
2 − g̃1Þ2

h
32

ffiffiffiffiffiffiffiffi
bh5

p
− e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð16he5σ

2 − g̃1Þ
q i :

ð45Þ

The condition in Eq. (A41) together with the solution for
A0
1 ¼ Â0

1 in Eq. (A60) gives an ordinary differential equation
of the form

Â0
1 ¼

5g̃1σ0

2ð12he5σ
2 − g̃1Þ

Â1; ð46Þ

which can be readily solved by

Â1 ¼ cð12h − g̃1e−
5σ
2 Þ ð47Þ

for an integration constant c. Substituting all these results
into Eqs. (A36) or (A41) leads to the following solution
for g2:

g2 ¼
c2g̃21e

σ
h
32

ffiffiffiffiffiffiffiffi
bh5

p
− e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð16he5σ

2 − g̃1Þ
q i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð16he5σ

2 − g̃1Þ
q : ð48Þ

Finally, it can be verified that all the BPS conditions of
Eqs. (A30)–(A44) as well as the dilaton and Einstein field
equations, Eqs. (27) and (28), are satisfied by these solutions,
provided that

signðcg̃1σ0Þ ¼ þ1: ð49Þ

Furthermore, the BPS equations [Eqs. (A23)–(A25)] are
satisfied by the following form of the two-component spinor

η ¼ eiqzYe
5σ
4

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðh5bÞ14 þ ffiffiffi

2
p

se−
5σ
2 ½sð16he5σ

2 − g̃1Þ�
1
4

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðh5bÞ14 − ffiffiffi

2
p

se−
5σ
2 ½sð16he5σ

2 − g̃1Þ�
1
4

q
1
CA;

ð50Þ

with the function Y being the solution of an ordinary
differential equation given in Eq. (A16). The explicit form
of the solution for Y can be written as

Y ¼ Y0e−σ

½sð16he5σ
2 − g̃1Þ�

1
8

; ð51Þ

in which Y0 is an integration constant. It should be noted that
the solution is characterized by a set of functions that are
determined in terms of the dilaton σ together with its
derivative. However, the r-dependent function σðrÞ is not
determined by the BPS equations. This is very similar to the
solutions obtained in Refs. [39–42].

To further analyze the solution, we first define the
parameters

B ¼ 8h2
ffiffiffi
b

p
; m ¼ g̃1

16h
; C ¼ 2g̃1hc; ð52Þ

together with the function

W ¼ B − e−5σ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðe5σ

2 −mÞ
q

: ð53Þ

In terms of these quantities, the seven-dimensional metric
reads

ds27 ¼
Beσ

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðe5σ

2 −mÞ
q ds2AdS5 þ

25Beσðσ0Þ2
45h2Wðe5σ

2 −mÞ2 dr
2

þ C2Weσ

4h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðe5σ

2 −mÞ
q dz2; ð54Þ

which is singular whenW → 0. It turns out that the analysis
near W ¼ 0 is simpler if we fix the solution of σ to

σ ¼ −
2

5
ln r: ð55Þ

This choice implies r > 0, and the sign condition of
Eq. (49) requires signðcg̃1Þ ¼ −1. Accordingly, the con-
stant C must be negative for h > 0.
In terms of the radial coordinate, the seven-dimensional

metric is given by

ds27 ¼
Br1=10

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð1 −mrÞp ½ds2AdS5 þ ds2Σ�;

with ds2Σ ¼ r−1=2

16W½sð1 −mrÞ�3=2 dr
2 þ 4C2W

B
dz2 ð56Þ

and

W ¼ B − r3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð1 −mrÞ

p
: ð57Þ

The equation W ¼ 0 admits four roots, given by

rð�1;�2Þ ¼
1

4m

�
1�1 2m

ffiffiffiffi
X

p
�2 2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4m2
− X �1

1

4m3
ffiffiffiffi
X

p
s �

ð58Þ

with
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X ¼ 1

4m2
þ 4ð2

3
Þ1=3sB4=3

½9sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
81 − 768sB2m3

p
�13

þ B2=3½9sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
81 − 768sB2m3

p
�13

181=3m
: ð59Þ

These roots are all distinct due to different sign choices �1

and �2 appearing in Eq. (58).
Using Eq. (A22), we find the explicit form of the SOð2ÞR

vector field:

A1 ¼
1

8mh
½jCjð4mr − 3Þ − q�: ð60Þ

In terms of the radial coordinate, the two-component spinor
η is given by

η ¼ Y0eiqz
21=4r1=40

½sð1 −mrÞ�18

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p þ sr3=4½sð1 −mrÞ�14
q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p
− sr3=4½sð1 −mrÞ�14

q
1
CA:

ð61Þ

The allowed ranges of the radial coordinate r for a regular
solution are constrained by requiring that the dilaton scalar
be real (r > 0) and that all the seven-dimensional metric
functions be positive. There are seven possibilities depend-
ing on the values of the parameters s, m, and B. It should
also be noted that these ranges, together with the corre-
sponding behaviors of the solution, are very similar to those
considered in Ref. [39]. We now discuss these possibilities
in detail.

Case I: s ¼ 1, m > 0, 0 < B < 3
ffiffi
3

p
16m

ffiffiffi
m

p , 0 < r < rðþ;−Þ.
For clarity, we plot a representative solution of the warp
factors with s ¼ 1, m ¼ 3

4
, B ¼ h ¼ 1

4
, and C ¼ −1 in

Fig. 1. As seen from the figure, as r → 0, both f and g2
approach zero, while g1 diverges toþ∞. This is a curvature
singularity of the seven-dimensional metric, as pointed out

in Ref. [39]. Setting r ¼ R4=3, we find that the seven-
dimensional metric becomes conformal to a product of
AdS5 and a cylinder near R ¼ 0:

ds27 ≈
BR2=15

16h2

�
ds2AdS5 þ

1

9B
dR2 þ 4C2dz2

�
: ð62Þ

As r → rðþ;−Þ, the AdS5 warp factor is smooth
and the z circle shrinks due to Wðrðþ;−ÞÞ ¼ B−
r3=2ðþ;−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mrðþ;−Þ

p ¼ 0. By introducing a new radial

coordinate R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffirðþ;−Þ − rp , we find that g2 is finite as
r → rðþ;−Þ. The seven-dimensional metric near this end
point takes the form of

ds27 ≈
Br1=10ðþ;−Þ

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mrðþ;−Þ

p �
ds2AdS5

þ dR2 þ 4C2½3 − 4mrðþ;−Þ�2R2dz2

−4W0ðrðþ;−ÞÞ ffiffiffiffiffiffiffiffiffiffiffirðþ;−Þ
p ð1 −mrðþ;−ÞÞ3=2

�
: ð63Þ

The R − z surface becomes locally an R2=Zl orbifold near
the point r ¼ rðþ;−Þ if we set

jCj ¼ 1

2l½3 − 4mrðþ;−Þ�
; l ¼ 1; 2; 3;…: ð64Þ

In this case, the function 3 − 4mrðþ;−Þ depends on two
constants, m and B. However, its explicit form obtained
from Eq. (58) is highly complicated, so we will only show
that 3 − 4mrðþ;−Þ is strictly positive in the range of the r
coordinate under consideration by giving a numerical plot
of 3 − 4mrðþ;−Þ in Fig. 2.
By using the Gauss-Bonnet theorem and the same

computation as in Ref. [39], we can calculate the Euler
characteristic of Σ,

(a) (b) (c)

FIG. 1. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ 1, m ¼ 3
4
,

B ¼ h ¼ 1
4
, and C ¼ −1. All the warp factors are positive in the range 0 < r < rðþ;−Þ ¼ 0.456, with the two vertical red dashed lines

representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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χðΣÞ ¼ 1

4π

Z
Σ
RΣvolΣ

¼
2jCj½3 − 4mrðþ:−Þ�r3=4ðþ:−Þ½1 −mrðþ;−Þ�1=4ffiffiffiffi

B
p

¼ 2jCj½3 − 4mrðþ:−Þ� ¼
1

l
; ð65Þ

which is a natural result for a disk with an R2=Zl orbifold
singularity at r ¼ rðþ;−Þ. Note that the integration has been
performed on the interval 0 < r < rðþ:−Þ and 0 < z < 2π,

and we have used B ¼ r3=2ðþ;−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mrðþ;−Þ

p
obtained from

Wðrðþ;−ÞÞ ¼ 0 with s ¼ þ1.
In order for the SOð2ÞR gauge field to vanish at

r ¼ rðþ;−Þ, at which the z circle shrinks, we fix the constant
q to be

q ¼ −jCj½3 − 4mrðþ;−Þ� ¼ −
1

2l
; ð66Þ

giving rise to the SOð2ÞR gauge field of the form

A1 ¼
jCj
2h

½r − rðþ;−Þ�: ð67Þ

The explicit form of the Killing spinor at r ¼ rðþ;−Þ is
given by

η ¼ 23=4Y0e−
iz
2lr2=5ðþ;−Þ

�
1

0

�
: ð68Þ

Since only the upper component is nonvanishing, only 1
4
of

the original supersymmetry, or four supercharges, are
preserved at r ¼ rðþ;−Þ. Moreover, η is also well behaved
near r ¼ rðþ;−Þ, and hence globally defined on the disk Σ as
in Ref. [39].
Case II: s ¼ 1, m < 0, B > 0, 0 < r < rð−;þÞ. An

example of numerical solutions with s ¼ 1, m ¼ −1,
B ¼ 1, h ¼ 1

8
, and C ¼ − 1

2
is given in Fig. 3. This case

is very similar to Case I. The previous analysis at both the
r ¼ 0 and r ¼ rð−;þÞ end points can be repeated by
formally replacing m → −jmj and rðþ;−Þ → rð−;þÞ.
However, in order for the z circle to shrink smoothly at
r ¼ rð−;þÞ, instead of Eq. (64), we have to impose

jCj ¼ 1

2l½3þ 4jmjrð−;þÞ�
; l ¼ 1; 2; 3;…: ð69Þ

A numerical plot of 3þ 4jmjrð−;þÞ is shown in Fig. 4. The
function is very different from 3 − 4mrðþ;−Þ in Case I, since
the condition on the constant B in this case is less stringent.

Case III: s ¼ 1, m > 0, 0 < B < 3
ffiffi
3

p
16m

ffiffiffi
m

p , rðþ;þÞ < r < 1
m.

As r → 1
m, the AdS5 warp factor goes toþ∞, as can be seen

from Fig. 5. Setting r ¼ 1
m − 16C4m2B2R4, we find the

seven-dimensional metric of the form

ds27 ≈
1

16h2m8=5R2

�
1

4C2
ds2AdS5 þ dR2 þ dz2

�
; R → 0:

ð70Þ

(a) (b) (c)

FIG. 3. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ 1,m ¼ −1,
B ¼ 1, h ¼ 1

8
, and C ¼ − 1

2
. The warp factors are positive in the range 0 < r < rð−;þÞ ¼ 0.819, with the two vertical red dashed lines

representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.

FIG. 2. A numerical plot of the function 3 − 4mrðþ;−Þ appear-
ing in Eq. (64). Note that 3 − 4mrðþ;−Þ → 3 and 3 − 4mrðþ;−Þ →

0 as B → 0 or m → 0 and B → 3
ffiffi
3

p
16m

ffiffiffi
m

p , respectively.
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This metric is again conformally related to a product of
AdS5 and a cylinder.
By changing the radial coordinate to ρ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffirðþ;þÞ − rp ,

we find the seven-dimensional metric, as r → rðþ;þÞ, of
the form

ds27 ≈
Br1=10ðþ;þÞ

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mrðþ;þÞ

p �
ds2AdS5

þ dR2 þ 4C2½3 − 4mrðþ;þÞ�2R2dz2

−4W0ðrðþ;þÞÞ ffiffiffiffiffiffiffiffiffiffiffiffirðþ;þÞ
p ð1 −mrðþ;þÞÞ3=2

�
; ð71Þ

which is similar to Eq. (63) with rðþ;−Þ replaced by rðþ;þÞ.
The z circle also shrinks smoothly near the end point at
r ¼ rðþ;þÞ, and the R − z surface is locally an R2=Zl if we
choose

C ¼ 1

2l½3 − 4mrðþ;þÞ�
; l ¼ 1; 2; 3;…: ð72Þ

Unlike all previous cases, 3 − 4mrðþ;þÞ is negative in
the regularity ranges of B and m, as can be seen from
the numerical plot given in Fig. 6. In Fig. 7, we also plot
3 − 4mrðþ;þÞ (blue surface) and 3 − 4mrðþ;−Þ (orange

surface) in Case I. The two join smoothly at B ¼ 3
ffiffi
3

p
16m

ffiffiffi
m

p ,

where 3 − 4mrðþ;−Þ ¼ 0 ¼ 3–4mrðþ;þÞ.
To obtain the SOð2ÞR gauge field that vanishes at

r ¼ rðþ;þÞ, we choose

q ¼ C½3 − 4mrðþ;þÞ� ¼
1

2l
; ð73Þ

resulting in A1 of the form

A1 ¼
jCj
2h

½r − rðþ;þÞ�: ð74Þ

Since q ¼ 1
2l in this case, the Killing spinor η near r ¼

rðþ;þÞ is the same as Eq. (68), with rðþ;−Þ and z replaced by
rðþ;þÞ and −z.
Case IV: s ¼ 1,m > 0, B ¼ 3

ffiffi
3

p
16m

ffiffiffi
m

p , 0 < r < rðþ;−Þ. With

B ¼ 3
ffiffi
3

p
16m

ffiffiffi
m

p , the quantity X in the four roots of W ¼ 0

reduces to

X ¼ 1

m2
; ð75Þ

giving rise to a much simpler form of the rð�1;�2Þ solution:

rð�1;�2Þ ¼
1

4m
½1�1 2�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−1�1 1

p
�: ð76Þ

In this case, there is only one real root of W ¼ 0, given
by r� ¼ rðþ;�2Þ ¼ 3

4m.
However, as pointed out in Ref. [39], the z circle does not

shrink smoothly at r ¼ r� for any value of C, due to the
function Wðr ¼ r�Þ having a double zero. This can also be
seen explicitly in the present work by considering Case I

with B → 3
ffiffi
3

p
16m

ffiffiffi
m

p . In this limit, we cannot impose the con-

dition of Eq. (64), since jCj diverges as 3 − 4mrðþ;−Þ → 0.
If we set r ¼ 3

4m − 1
R, the seven-dimensional metric is

approximately given by

FIG. 4. A numerical plot of the function 3þ 4jmjrð−;þÞ
appearing in the condition of Eq. (69). We also note that 3þ
4jmjrð−;þÞ → 3 as B → 0 or m → 0.

(a) (b) (c)

FIG. 5. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ 1, m ¼ 1
2
,

B ¼ 1
2
, h ¼ 1

4
, and C ¼ −1. The warp factors are all positive in the range rðþ;þÞ ¼ 1.93 < r < 1

m ¼ 2, with the two vertical red dashed
lines representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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ds27 ≈
33=5

128ð21=5Þh2m8=5

�
3ds2AdS5 þ

dR2 þ 64C2m2dz2

R2

�
ð77Þ

as R → þ∞. On the other hand, for r → 0, we find
the seven-dimensional metric given in Eq. (62) as in
Case I.

Case V: s ¼ 1, m > 0, B ¼ 3
ffiffi
3

p
16m

ffiffiffi
m

p , rðþ;þÞ < r < 1
m.

Since rðþ;þÞ ¼ rðþ;−Þ ¼ r� ¼ 3
4m for B ¼ 3

ffiffi
3

p
16m

ffiffiffi
m

p , Case IV

and Case Vare connected at r ¼ r�. Therefore, we will give
a representative numerical solution for these two cases
collectively in Fig. 8. For r → r� both from the left and
from the right, the behavior of the metric is given by
Eq. (77). On the other side, as r → 1

m, the metric becomes
Eq. (70), as in Case III.
For the SOð2ÞR vector, we find that taking r ¼ r� ¼ 3

4m
in Eq. (60) results in the SOð2ÞR gauge field

A1ðr�Þ ¼ −
q

8mh
: ð78Þ

Therefore, we will set q ¼ 0 in order to make the SOð2ÞR
gauge field vanish at r ¼ r�.
Case VI: s ¼ 1,m > 0, B > 3

ffiffi
3

p
16m

ffiffiffi
m

p , 0 < r < 1
m. This case

combines the behavior near r ¼ 0 in Case I and the feature
near r ¼ 1

m in Case III. An example of the numerical
solution with m ¼ 3

4
, B ¼ 1, h ¼ 1

4
, and C ¼ − 1

2
is given

in Fig. 9.
Case VII: s ¼ −1,m > 0, B > 0, 1m < r < rðþ;þÞ. This is

the only case with s ¼ −1 with a numerical solution, given
in Fig. 10. In comparison with other cases, we find that this
case is very similar to Case III with the two boundaries
interchanged. As r → 1

m, by setting r ¼ 1
m þ 16C4m2B2R4,

(a) (b) (c)

FIG. 8. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ 1, m ¼ 3
4
,

B ¼ 1
2
, h ¼ 1

4
, and C ¼ − 1

2
. The warp factors are positive in the ranges 0 < r < r� ¼ 1 (Case IV) and r� ¼ 1 < r < 1

m ¼ 4
3
(Case V). The

three vertical red dashed lines represent the three boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.

FIG. 7. A numerical plot of 3 − 4mrðþ;−Þ (orange surface) and
3 − 4mrðþ;þÞ (blue surface), which are connected to each other

at B ¼ 3
ffiffi
3

p
16m

ffiffiffi
m

p .

FIG. 6. A numerical plot of the function 3 − 4mrðþ;þÞ appear-
ing in the condition of Eq. (72). The function approaches −1 as

B → 0 or m → 0. As B → 3
ffiffi
3

p
16m

ffiffiffi
m

p , we find that 3 − 4mrðþ;−Þ → 0.
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we find the seven-dimensional metric given in Eq. (70).
Thus, the seven-dimensional space-time is conformal to a
product of AdS5 and a cylinder, as in Case III.
On the other side, as r → rðþ;þÞ, we find the following

form of the seven-dimensional metric:

ds27 ≈
Br1=10ðþ;þÞ

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mrðþ;þÞ − 1

p �
ds2AdS5

þ dR2 þ 4C2½4mrðþ;þÞ − 3�2R2dz2

−4W0ðrðþ;þÞÞ ffiffiffiffiffiffiffiffiffiffiffiffirðþ;þÞ
p ðmrðþ;þÞ − 1Þ3=2

�
; ð79Þ

after changing the radial coordinate to ρ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffirðþ;þÞ − rp as
in Case III. The z circle shrinks smoothly if we impose

jCj ¼ 1

2l½4mrðþ;þÞ − 3� ; l ¼ 1; 2; 3;…: ð80Þ

The SOð2ÞR gauge field is given by Eq. (74), with the
constant q chosen to be

q ¼ jCj½4mrðþ;þÞ − 3� ¼ 1

2l
: ð81Þ

Unlike all the previous cases with s ¼ 1, only the lower
component of the Killing spinor η is nonvanishing as
r → rðþ;þÞ:

η ¼ −23=4Y0e
iz
2lr2=5ðþ;þÞ

�
0

1

�
: ð82Þ

We end this section by pointing out that in the matter-
coupled N ¼ 2 gauged supergravity with the SOð4Þ gauge
group, there are three SOð2ÞR singlet scalars corresponding
to the SOð3; 3Þ noncompact generators Y31, Y32, and Y33.
We have also looked for SOð2ÞR symmetric solutions in
this case. However, in order to satisfy the vector field
equation [Eq. (25)], it turns out that either the SOð2ÞR
gauge field needs to be constant, or all three-vector-
multiplet scalars must vanish. This implies that the
SOð2ÞR symmetric AdS5 × Σ solution can only exist in
pure N ¼ 2 gauged supergravity.

(a) (b) (c)

FIG. 10. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ −1,
m ¼ 2, B ¼ 1, h ¼ 1

4
, and C ¼ − 1

2
. The warp factors are positive in the range 1

m ¼ 1
2
< r < rðþ;þÞ ¼ 1, with the two vertical red dashed

lines representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.

(a) (b) (c)

FIG. 9. Numerical plots of the warp factors for the SOð2Þ symmetric solution in pure N ¼ 2 gauged supergravity with s ¼ 1, m ¼ 3
4
,

B ¼ 1, h ¼ 1
4
, and C ¼ − 1

2
. The warp factors are positive in the range 0 < r < 1

m ¼ 4
3
, with the two vertical red dashed lines representing

the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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2. SOð2Þ × SOð2Þ symmetric solution

We now repeat the same procedure for more complicated
solutions with SOð2Þ × SOð2Þ symmetry. With the explicit
forms of A0

1 and A0
2 given in Eq. (A60), nonvanishing

components of the dressed field strength tensors read

F1 ¼
e−σ−ϕ

2
ða1 þ a2e2ϕÞf−5

2;

F2 ¼
e−σ−ϕ

2
ða1 − a2e2ϕÞf−5

2: ð83Þ

We can now solve Eq. (A51) and find the solution for the
SOð2Þ × SOð2Þ singlet scalar ϕ of the form

ϕ ¼ ln

�
e−

5σ
2

32a2h
½ða2 − λa1Þg̃1 þ K�

�
; ð84Þ

in which

K ¼ κ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1024a1a2h2e5σ þ ða2 − λa1Þ2g̃21

q
ð85Þ

and κ ¼ �1. We have included a sign factor λ ¼ þ1;−1 for
later convenience. In the present case of an SOð4Þ gauge
group, we can set the constant λ ¼ 1. In the next section, we
will consider a noncompact SOð2; 2Þ gauge group and find
that the solution takes the same form with λ ¼ −1.
With the solution for ϕ given above, we can solve

Eqs. (A40) and (A32), resulting in the following solutions
for f and g1:

f ¼
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
he2σ½ða2 þ λa1Þg̃1 þ K�

sð256h2e5σ − λg̃21Þ

s
; ð86Þ

g1 ¼
25; 600

ffiffiffi
2

p
h9=2e6σK−2ð256h2e5σ − λg̃21Þ−2½ða2 þ λa1Þg̃1 þ K�5=2ðσ0Þ2

½16 ffiffiffi
2

p
h9=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða2 þ λa1Þg̃1 þ K
p þ λe−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ − λg̃21Þ

q
�

: ð87Þ

We now determine the function Â1 defined in Eq. (A22). With all the previous results, the first equation in Eq. (A60)
becomes

Â0
1 ¼

10g̃1Âσ0½K2ða2 þ λa1Þ − 2Kg̃1ða2 − λa1Þ2 þ g̃21ða2 þ λa1Þða2 − λa1Þ2�
K½3K2 − 4Kg̃1ða2 þ λa1Þ þ g̃21ða2 − λa1Þ2�

: ð88Þ

Solving this equation leads to the following solution:

Â1 ¼
c
8
e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9K4 − 2K2g̃21ð5a21 þ 22λa1a2 þ 5a22Þ þ g̃41ða2 − λa1Þ4

a1a2

s

× exp

�
−
ða21 þ 2a1ð7λa2 − yÞ þ a2ða2 − 2λyÞÞ tan−1ð3Kug̃1Þ

λuy

−
ða21 þ 2a1ð7λa2 þ yÞ þ a2ða2 þ 2λyÞÞ tanh−1ð3Kvg̃1Þ

λvy

�
; ð89Þ

with an integration constant c and

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a1yþ 4λa2y − 5a21 − 22λa1a2 − 5a22

q
; ð90Þ

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a1yþ 4λa2yþ 5a21 þ 22λa1a2 þ 5a22

q
; ð91Þ

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ 14λa1a2 þ a22

q
: ð92Þ

Similarly, we can find the solution for g2 as

g2 ¼
400g̃21f

5Â2
1e2σ½K2− ða2− λa1Þ2g̃21�ðσ0Þ2

K2g1½3K2− 4Kg̃1ða2þ λa1Þþ g̃21ða2− λa1Þ2�2
: ð93Þ

Finding the solution for A2 in the other SOð2Þ gauge field is
much more difficult, since with all the previous results, the
second equation in Eq. (A60) leads to a highly complicated
differential equation. It should also be noted that A2 does
not appear in all of the BPS equations which depend only
on A0

2 and A0
1. In particular, we have verified that all the

BPS conditions are satisfied by the above solution without
the explicit solution for A2. To make the subsequent
analysis of the solutions more traceable, we will further
simplify the ansatz for vector fields by setting

a1 ¼ −a2 ¼ b: ð94Þ
In this case, we find the nonvanishing components of the
dressed field strength tensors given by
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F1 ¼−be−σ sinhϕf−5
2 and F2 ¼ be−σ coshϕf−

5
2: ð95Þ

The solution found above now takes a much simpler form, with λ ¼ 1:

ϕ ¼ κcosh−1
�
g̃1e−

5σ
2

16h

�
; ð96Þ

f ¼ 2
ffiffiffiffiffiffiffiffi
κbh

p
eσffiffiffi

s
p ð−256h2e5σ þ g̃21Þ1=4

; ð97Þ

g1 ¼
51; 200

ffiffiffiffiffiffiffiffiffiffi
κbh9

p
e6σðσ0Þ2

ð−256h2e5σ þ g̃21Þ2½32
ffiffiffiffiffiffiffiffiffiffi
κbh5

p
−

ffiffiffi
s

p
e−5σð−256h2e5σ þ g̃21Þ1=4�

; ð98Þ

g2 ¼
256c21h

2g̃21e
σ½32

ffiffiffiffiffiffiffiffiffiffi
κbh5

p
−

ffiffiffi
s

p
e−5σð−256h2e5σ þ g̃21Þ1=4�ffiffiffi

s
p ð−256h2e5σ þ g̃21Þ1=4

; ð99Þ

Â1 ¼ c1ð192h2 − g̃21e
−5σÞ: ð100Þ

It can also be verified that all of the BPS conditions and the
field equations are satisfied if

signðc1g̃1σ0Þ ¼ −1: ð101Þ

In addition, the second equation in Eq. (A60) gives the
following differential equation:

A0
2 ¼

5c1g̃1ð128h2 − g̃21e
−5σÞσ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−256e5σh2 þ g̃21

q ; ð102Þ

which can be readily solved by

A2 ¼ c1g̃1e−5σ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−256h2e5σ þ g̃21

q
þ c2; ð103Þ

with an integration constant c2. We also have an explicit
form of the A1 solution,

A1 ¼ c1ð192h2 − g̃21e
−5σÞ − 2q

g̃1
; ð104Þ

together with the Killing spinor

η ¼ Y0eiqz−
σ
4

s1=8ð−256h2e5σ þ g̃21Þ
1
16

×

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ffiffiffi
2

p ðκbh5Þ14 þ s
1
4e−

5σ
2 ð−256h2e5σ þ g̃21Þ

1
8

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ffiffiffi
2

p ðκbh5Þ14 − s
1
4e−

5σ
2 ð−256h2e5σ þ g̃21Þ

1
8

q
1
CA;

ð105Þ

with Y0 being a constant.

We now turn to the regularity of the solution. From
the f solution in Eq. (97), it is immediately seen that we
have to impose the conditions −256e5σh2 þ g̃21 > 0 and
κb
s > 0. The latter is clearly consistent with the condition
signðκbsÞ ¼ þ1. As in the previous section, we define the
following parameters:

B ¼ 8h2
ffiffiffiffiffi
κb

pffiffiffi
s

p ; m ¼ g̃1
16h

; C ¼ 32g̃1h2c1: ð106Þ

The complete solution then reads

f ¼ Beσ

16h2ð−e5σ þm2Þ1=4 ; ð107Þ

g1 ¼
25Be6σðσ0Þ2

1024h2ð−e5σ þm2Þ2½B − e−5σð−e5σ þm2Þ1=4� ;

ð108Þ

g2 ¼
C2eσ½B − e−5σð−e5σ þm2Þ1=4�

4h2ð−e5σ þm2Þ1=4 ; ð109Þ

A1 ¼
1

8mh
½Cð3 − 4m2e−5σÞ − q�; ð110Þ

A2 ¼
Ce−5σ

2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−e5σ þm2

p
þ c2; ð111Þ

ϕ ¼ κ cosh−1 ½me−
5σ
2 �: ð112Þ

We will also fix the form of the σ solution to

σ ¼ −
1

5
ln r ð113Þ
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for r > 0. This form of σ implies that the constant C can
only be a positive integer due to Eq. (101).
In terms of the radial coordinate, the seven-dimensional

metric can be written as

ds27 ¼
Br1=20

16h2ðm2r − 1Þ1=4

×

�
ds2AdS5 þ

r−5=4

64Wðm2r − 1Þ7=4 dr
2 þ 4C2W

B
dz2

�
;

ð114Þ

with

W ¼ B − r3=4ðm2r − 1Þ1=4; ð115Þ

while the solutions for ϕ, A1, and A2 are given by

ϕ ¼ κ cosh−1 ½m ffiffiffi
r

p �; ð116Þ

A1 ¼
1

8mh
½Cð3 − 4m2rÞ − q�; ð117Þ

A2 ¼
C
2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðm2r − 1Þ

q
þ c2: ð118Þ

Finally, the Killing spinor η takes the form

η ¼ Y0eiqz
r1=80

ðm2r − 1Þ 1
16

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p þ r3=8ðm2r − 1Þ18
q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p
− r3=8ðm2r − 1Þ18

q
1
CA:

ð119Þ

In the present case, we find only one possible range of the
radial coordinate r that leads to a regular solution:

m ≠ 0; B > 0;
1

m2
< r < r1; ð120Þ

with r1 determined from Wðr1Þ ¼ 0. The explicit form of
r1 is given by

r1 ¼
1

4m2
þ 1

2

ffiffiffiffiffiffi
X1

p
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4m4
− X1 þ

1

4m6
ffiffiffiffiffiffi
X1

p
s

; ð121Þ

in which

X1 ¼
1

4m4
−

4ð2
3
Þ1=3B8=3

ð−9þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð27þ 256B4m6Þ

p
Þ1=3

þ B4=3ð−9þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð27þ 256B4m6Þ

p
Þ1=3

181=3m2
: ð122Þ

Note also that the two possibilities with m > 0 and m < 0
are equivalent. For definiteness, we will only consider the
m > 0 case. An example of numerical plots of the three
warp factors for m ¼ 1, B ¼ 1, h ¼ 1

8
, and C ¼ 1 is given

in Fig. 11.
The result is very similar to Case VII in the previous

section. As r → 1
m2, the seven-dimensional metric becomes

conformal to a product of AdS5 and a cylinder. With the
new radial coordinate R given by r ¼ 1

m2 þ 256C8m4B4R8,
the metric near R ¼ 0 is given by Eq. (70). On the other
side, as r → r1, the seven-dimensional metric is approx-
imately given by

ds27 ≈
Br1=201

16h2ðm2r1 − 1Þ1=4

×

�
ds2AdS5 þ

dR2 þ 4C2½3 − 4m2r1�2R2dz2

−16W0ðr1Þr5=41 ðm2r1 − 1Þ7=4
�
; ð123Þ

in which R is the new radial coordinate, defined by
R ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

r1 − r
p

. The z circle shrinks smoothly, giving rise
to an R2=Zl orbifold at r ¼ r1 if we impose

(a) (b) (c)

FIG. 11. Numerical plots of the warp factors for the SOð2Þ × SOð2Þ symmetric solution in SOð4Þ gauged supergravity with m ¼ 1,
B ¼ 1, h ¼ 1

8
, and C ¼ 1. The solution is regular in the range 1

m2 ¼ 1 < r < r1 ¼ 1.38, with the two vertical red dashed lines
representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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C ¼ −
1

2l½3 − 4m2r1�
; l ¼ 1; 2; 3;…: ð124Þ

As in the previous section, the explicit form of 3 − 4m2r1 is
very complicated, so we will not give it here, but only show
that this function is negative and less than −1 in the
regularity range by a numerical plot in Fig. 12.
In order for the SOð2Þ × SOð2Þ gauge fields to vanish at

r ¼ r1, we fix the constants q and c2 to be

q ¼ −C½3 − 4m2r1� ¼
1

2l

and c2 ¼ −
C
2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1ð1þm2r1Þ

q
¼ −

CB
2h

; ð125Þ

leading to

A1 ¼
mC
2h

ðr1 − rÞ

and A2 ¼
C
2h

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðm2r − 1Þ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1ðm2r1 − 1Þ

q i
: ð126Þ

We also note that A1 is well defined for all values of r, while
A2 is complex for r < 1

m2.

The Killing spinor η at the end point r ¼ r1 is given by

η ¼
ffiffiffi
2

p
Y0e

iz
2lr1=51

�
1

0

�
: ð127Þ

B. SOð2Þdiag symmetric solution

We now consider AdS5 × Σ solutions with SOð2Þdiag ⊂
SOð2Þ × SOð2Þ symmetry generated by Jð1Þ12 þ Jð2Þ12 . In this
case, the two SOð2Þ gauge fields are related by

g̃2A2 ¼ g̃1A1; ð128Þ

resulting in the following ansatz for the gauge fields:

AI
ð1Þ ¼ A1

�
δI3 þ

g̃1
g̃2

δI6

�
dz: ð129Þ

The corresponding two-form field strength is given by

FI
ð2Þ ¼ A0

�
δI3 þ

g̃1
g̃2

δI6

�
dr ∧ dz: ð130Þ

We can also consistently set Cð3Þ ¼ 0, as in the pre-
vious cases.
Apart from the SOð2Þ × SOð2Þ singlet scalar ϕ corre-

sponding to the noncompact generator Y33, there are two
additional scalars from the SOð3; 3Þ=SOð3Þ × SOð3Þ coset
that are invariant under SOð2Þdiag. These scalars correspond
to the noncompact generators

Ŷ1 ¼ Y11 þ Y22 and Ŷ2 ¼ Y12 − Y21: ð131Þ

The coset representative then takes the form

L ¼ eφ1Ŷ1eϕY33eφ2Ŷ2 : ð132Þ

This leads to the following nonvanishing C-functions:

C ¼ 3ffiffiffi
2

p ½g̃1 coshϕ − g̃2 sinhϕþ cosh 2φ1 cosh 2φ2ðg̃1 coshϕþ g̃2 sinhϕÞ�;

C11 ¼ C22 ¼ −
1ffiffiffi
2

p ðg̃1 coshϕþ g̃2 sinhϕÞ sinh 2φ1;

C12 ¼ −C21 ¼ −
1ffiffiffi
2

p ðg̃1 coshϕþ g̃2 sinhϕÞ cosh 2φ1 sinh 2φ2;

C33 ¼ 1ffiffiffi
2

p ½g̃2 coshϕ − g̃1 sinhϕ − cosh 2φ1 cosh 2φ2ðg̃2 coshϕþ g̃1 sinhϕÞ�: ð133Þ

FIG. 12. A numerical plot of the function 3 − 4m2r1 appearing
in the condition of Eq. (124). Note also that 3 − 4m2r1 ≤ −1 in
the regularity range of Eq. (120).
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The scalar vielbein is given by

Pir
ð1Þ ¼

0
B@φ0

1 cosh 2φ2 φ0
2 0

−φ0
2 φ0

1 cosh 2φ2 0

0 0 ϕ0

1
CAdr; ð134Þ

while the composite connection takes the form of

Qij
ð1Þ ¼ −εij3ðφ0

1 sinh 2φ2dr − g̃1A1dzÞ: ð135Þ

With all these, the vector field equation [Eq. (25)] gives
rise to the following equations:

φ0
2 ¼

φ0
1

2
coth 2φ1 sinh 4φ2; ð136Þ

A00
1 ¼ −

�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0

þ 2ðg̃1 cosh 2ϕþ g̃2 sinh 2ϕÞϕ0

g̃2 cosh 2ϕþ g̃1 sinh 2ϕ

�
A0
1; ð137Þ

A00
1 ¼ −

�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0

þ 2ðg̃2 cosh 2ϕþ g̃1 sinh 2ϕÞϕ0

g̃1 cosh 2ϕþ g̃2 sinh 2ϕ

�
A0
1: ð138Þ

Consistency between the last two equations for ϕ0 ≠ 0
requires

g̃2 ¼ �g̃1; ð139Þ
leading to a differential equation for the SOð2Þdiag gauge
field:

A00
1 ¼ −

�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0 � 2ϕ0
�
A0
1: ð140Þ

The plus/minus sign arises from that in the relation
g̃2 ¼ �g̃1. From now on, we will choose g̃2 ¼ g̃1 for
definiteness and find

A0
1 ¼ A0

2 ¼ be−σ−2ϕ
ffiffiffiffiffiffiffiffiffi
g1g2

p
f−

5
2: ð141Þ

Nonvanishing components of the dressed field strength
tensors are given by

F1 ¼ F2 ¼ be−σ−ϕf−
5
2: ð142Þ

Unlike the previous cases, there are additional BPS con-
ditions arising from the transformations δλa1 ¼ 0 and
δλa2 ¼ 0, resulting in

0 ¼
�
φ0
1 cosh 2φ2ffiffiffiffiffi

g1
p Γr̂ −

1ffiffiffi
2

p e−
σ
2C11

�
ðσ1Þabϵb

þ
�
φ0
2ffiffiffiffiffi
g1

p Γr̂ −
1ffiffiffi
2

p e−
σ
2C12

�
ðσ2Þabϵb: ð143Þ

We note here that the projector in Eq. (A14) implies

ðσ2Þabϵb ¼ iðσ1Þabϵb: ð144Þ

Therefore, with the supersymmetry parameter [Eq. (A9)],
we can rewrite the above condition as

0 ¼ 1ffiffiffiffiffi
g1

p ðφ0
1 cosh 2φ2 þ iφ0

2Þσ3η

−
1ffiffiffi
2

p e−
σ
2ðC11 þ iC12Þðiσ2ηÞ: ð145Þ

There are 17 BPS conditions obtained from the vanishing
of the matricesA, B, and C derived from this BPS equation.
Two of these are given by

0 ¼ sffiffiffiffiffiffiffi
fg1

p ðφ0
1 cosh 2φ2 þ iφ0

2Þ; ð146Þ

0 ¼ −
g̃1ffiffiffi
2

p eϕA0
1ðsinh 2φ1 þ i cosh 2φ1 sinh 2φ2Þ: ð147Þ

For nonvanishing g̃1 and A0
1, the second condition is

satisfied only by setting φ1 ¼ φ2 ¼ 0. All the remaining
conditions are also satisfied by this result.
In addition, repeating the same procedure as in the

previous sections with φ1 ¼ φ2 ¼ 0, we find the same set
of BPS conditions [Eqs. (A30) to (A57)]. The resulting
SOð2Þdiag symmetric solution is then given by

f ¼ 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffi
g̃1bh

p
eσffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sð256h2e5σ − g̃21Þ
q ; ð148Þ

g1 ¼
204; 800

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffi
g̃1bh9

p
e6σðσ0Þ2

ð256h2e5σ − g̃21Þ2
h
32

ffiffiffi
2

p ffiffiffiffiffiffiffiffi
bh5

p
− e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ − g̃21Þ

q i ; ð149Þ

g2 ¼
1; 024c2g̃21h

2eσ
h
32

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffi
g̃1bh5

p
− e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ − g̃21Þ

q i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ − g̃21Þ

q ; ð150Þ
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ϕ ¼ 5σ

2
þ ln

�
16h
g̃1

�
; ð151Þ

A1 ¼ cð128h2 − g̃21e
−5σÞ − 2q

g̃1
; ð152Þ

with the usual sign condition signðcg̃1σ0Þ ¼ þ1. The
Killing spinor is given by

η ¼ Y0eiqzþ
σ
4

½sð256h2e5σ − g̃21Þ�
1
8

×

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðg̃1bh5Þ14 þ se−

5σ
2 ½2sð256h2e5σ − g̃21Þ�

1
4

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðg̃1bh5Þ14 − se−

5σ
2 ½2sð256h2e5σ − g̃21Þ�

1
4

q
1
CA:

ð153Þ

It should be remarked that the half-spindle solution found
in Ref. [39] from the Uð1Þ2 truncation of the maximal
seven-dimensional gauged supergravity can also be
recovered from the above solution by the following
identification:

σ ¼ −
2

3
λ; g̃1 ¼ 2m; b ¼ 8B2

m4
;

c ¼ C2

2m2
; h ¼ m

8
ð154Þ

where λ, B, m, and C are the scalar field and constants used
in Ref. [39]. In more detail, the nonvanishing gauge field in
the solution of Ref. [39] is given by

Að1Þ ¼ A12 ¼ 1

2
ðA3 þ A6Þ ¼ A3; ð155Þ

with A6 ¼ A3. The scalar fields are related by the following
form of the unimodular matrix:

Tab ¼ diag

�
−
σ

2
− ϕ;−

σ

2
− ϕ;−

σ

2
þ ϕ;−

σ

2
þ ϕ; 2σ

�
;

ð156Þ

with σ ¼ −2ðλ1 þ λ2Þ and ϕ ¼ λ2 − λ1. In this equation, λ1
and λ2 are the two scalars of the Uð1Þ2 truncation of N ¼ 4
gauged supergravity used in Ref. [39]. Therefore, in a
sense, the SOð2Þdiag symmetric solution found in this work
contains the solution of Ref. [39] for a special value of the
gauge coupling constant, g̃1 ¼ 16h. However, the present
solution preserves only eight supercharges, corresponding
to N ¼ 1 superconformal symmetry in four dimensions.
To further analyze the solution, we introduce the

following constants, as in the previous cases:

B ¼ 2
ffiffiffi
2

p
h3=2

ffiffiffiffiffiffiffi
g̃1b

p
; m ¼ g̃1

16h
; C ¼ 32g̃1h2c:

ð157Þ

We will also take the solution for σ as given in Eq. (113).
The seven-dimensional metric reads

ds27 ¼
Br3=10

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð1−m2rÞ

p �
ds2AdS5 þ

r−3=2

16W½sð1−m2rÞ�3=2 dr
2

þ 16C2W
B

dz2
�
; ð158Þ

with

W ¼ B −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srð1 −m2rÞ

q
: ð159Þ

The scalar field ϕ and the SOð2Þdiag gauge field are
given by

ϕ ¼ −
1

2
ln r − lnm and

A1 ¼ −
1

8mh
½2jCjð1 − 2m2rÞ þ q�; respectively: ð160Þ

Since we have used σ < 0, it follows that the constant C
must be negative due to the condition of Eq. (49). The
Killing spinor takes the form of

η¼ Y0eiqz
21=8r3=40

½sð1−m2rÞ�18

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p þ sr1=4½sð1−m2rÞ�14
q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p
− sr1=4½sð1−m2rÞ�14

q
1
CA:

ð161Þ

The behaviors of the solution are very similar to those given
in Sec. III A 1 and in Ref. [39]. However, the first equation
in Eq. (160) implies that r and m must be positive in order
to find a real solution for ϕ. Therefore, there is no regular
solution with m < 0 as in Case II of Sec. III A 1. For
convenience, the remaining six possibilities with m > 0
will be combined into four different cases as follows:

ðiÞ s ¼ þ1; 0 < B <
1

2m
; r ∈ ð0; r−Þ ∪

�
rþ;

1

m2

�
;

ðiiÞ s ¼ þ1; B ¼ 1

2m
; r ∈ ð0; r�Þ ∪

�
r�;

1

m2

�
;

ðiiiÞ s ¼ þ1; B >
1

2m
; r ∈

�
0;

1

m2

�
;

ðivÞ s ¼ −1; B > 0; r ∈
�

1

m2
; rþ

�
; ð162Þ

in which
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r� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4sB2m2

p

2m2
ð163Þ

are the two roots of W ¼ B −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srð1 −m2rÞ

p
¼ 0. For

B ¼ 1
2m with s ¼ þ1, the two roots are equal,

rþ ¼ r− ¼ r� ¼ 1
2m2.

Examples of numerical solutions for the warp factors in
these four cases are given in Figs. 13–16, respectively.

The end-point behaviors are also similar to the
SOð2ÞR symmetric solution. As r → 0 or r → 1

m2, the
seven-dimensional metric is conformal to a product of
AdS5 and a cylinder. The explicit form of the metric in
these limits can be found in the same way as in Case I with
r → 0 and in Case III with r → 1

m2.
The more interesting behaviors as r → r� are in Case i

and Case iv. In terms of the new radial coordinate

(a) (b) (c)

FIG. 13. Numerical plots of the warp factors for the SOð2Þdiag symmetric solution in the SOð4Þ gauge group in Case i with s ¼ 1,
m ¼ 1

2
, B ¼ 4

5
, h ¼ 1

2
, and C ¼ −1. All the warp factors are positive in the ranges 0 < r < r− ¼ 0.8 and rþ ¼ 3.2 < r < 1

m2 ¼ 4, with the
four vertical red dashed lines representing the four boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.

(a) (b) (c)

FIG. 14. Numerical plots of the warp factors for the SOð2Þdiag symmetric solution in the SOð4Þ gauge group in Case ii with s ¼ 1,
m ¼ 1

2
, B ¼ 1, h ¼ 1

2
, and C ¼ −1. The warp factors are positive in the ranges 0 < r < r� ¼ 2 and r� ¼ 2 < r < 1

m2 ¼ 4, with the three
vertical red dashed lines representing the three boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.

(a) (b) (c)

FIG. 15. Numerical plots of the warp factors for the SOð2Þdiag symmetric solution in the SOð4Þ gauge group in Case iii with s ¼ 1,
m ¼ 1

2
, B ¼ 2, h ¼ 1

2
, and C ¼ −1. The warp factors are positive in the range 0 < r < 1

m2 ¼ 4, with the two vertical red dashed lines
representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
r� − r

p
, the seven-dimensional metric, as r → r�, is

approximately given by

ds27 ≈
Br3=10�

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð1 −m2r�Þ

p
×

�
ds2AdS5 þ

dR2 þ 16C2½1 − 2m2r��2R2dz2

−4W0ðr�Þr3=2� ð1 −m2r�Þ3=2
�
:

ð164Þ

The z circle shrinks smoothly near these end points r ¼ r�
if we impose

jCj ¼ 1

4lj1 − 2m2r�j
¼ 1

4l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4sB2m2

p ; l ¼ 1; 2; 3;…:

ð165Þ

Unlike in the previous solutions, this condition can be
written explicitly in terms of B and m, since r� takes a
much simpler form than rð�1;�2Þ and r1.
In order for the SOð2Þdiag gauge field to vanish at r ¼ r�,

we fix the constant q such that

q ¼∓ 2jCjj1 − 2m2r�j ¼∓ 1

2l
and A1 ¼

mjCj
2h

ðr − r�Þ;
ð166Þ

which gives rise to the Killing spinor η at r ¼ r� of the
form

η ¼ 2−3=8Y0e∓
iz
2lr1=5�

�
sþ 1

s − 1

�
: ð167Þ

Finally, it should be pointed out that if B ¼ 1
2m, we find that

jCj diverges due to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4B2m2

p
¼ 0. This implies that the

z circle does not shrink smoothly at r ¼ r� ¼ 1
2m2 in Case ii

as in Cases IV and V of the SOð2ÞR symmetric solution.

As r → r�, the seven-dimensional metric is approximately
given by

ds27 ≈
1

32ð24=5Þh2m8=5

�
2ds2AdS5 þ

dR2 þ 64C2m4dz2

R2

�
;

ð168Þ

with the new radial coordinate R given by r ¼ 3
4m − 1

R and
R → þ∞. In order for the SOð2Þdiag gauge field to vanish at
r ¼ r�, we have to set q ¼ 0 resulting in the z-independent
Killing spinor as in Case IV and Case V of the pure
supergravity solution.

IV. SOð2;2Þ GAUGE GROUP

In this section, we consider N ¼ 2 gauged supergravity
with the noncompact SOð2; 2Þ ∼ SOð2; 1Þ × SOð2; 1Þ
gauge group. The embedding of this gauge group in
SOð3; nÞ requires at least n ¼ 3 vector multiplets. We will
work with the minimal number of n ¼ 3 and choose the
following SOð2; 2Þ structure constants:

fIJK ¼ ðg̃1εī j̄ k̄;−g̃2εr̄ s̄ t̄Þ: ð169Þ

Indices ī; j̄;… ¼ 1, 2, 6 and r̄; s̄;… ¼ 3, 4, 5 are two
sets of SOð2; 1Þ indices raised and lowered by ηī j̄ ¼
diagð−1;−1; 1Þ and ηr̄ s̄ ¼ diagð−1; 1; 1Þ, respectively.
Moreover, g̃1 and g̃2 are coupling constants for the
two SOð2; 1Þ subgroups, respectively, generated by the
generators

T1 ¼ Y23; T2 ¼ −Y13; T6 ¼ Jð1Þ12 ; ð170Þ

T3 ¼ Jð2Þ12 ; T4 ¼ Y32; T5 ¼ −Y31: ð171Þ

These satisfy SOð2; 1Þ × SOð2; 1Þ algebra:

(a) (b) (c)

FIG. 16. Numerical plots of the warp factors for the SOð2Þdiag symmetric solution in the SOð4Þ gauge group in Case iv with s ¼ −1,
m ¼ 4, B ¼ 4, h ¼ 1

2
, and C ¼ −1. The warp factors are positive in the range 1

m2 ¼ 0.0625 < r < rþ ¼ 1.03, with the two vertical red
dashed lines representing the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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½Tī; Tj̄� ¼ −εī j̄k̄Tk̄; ½Tr̄; Ts̄� ¼ εr̄ s̄
t̄Tt̄; ½Tī; Tr̄� ¼ 0:

ð172Þ

The compact SOð2Þ × SOð2Þ subgroup is generated by T3

and T6. In this case, T6 generates the SOð2ÞR subgroup of
the SOð3ÞR R symmetry, while T3 generates the other
SOð2Þ in the SOð3Þ symmetry of the vector multiplets. We
now repeat the same procedure of finding AdS5 × Σ
solutions as in the previous section. Unlike the SOð4Þ
gauge group, this gauged supergravity does not admit any
supersymmetric AdS7 vacua. The maximally supersym-
metric vacua are given by half-supersymmetric domain
walls dual to nonconformal N ¼ ð1; 0Þ field theories in six
dimensions [53]. In this case, AdS5 × Σ solutions would
describe conformal fixed points in four dimensions of six-
dimensional N ¼ ð1; 0Þ field theories on a half-spindle.

A. SOð2Þ × SOð2Þ symmetric solution

As in Sec. III, supersymmetric AdS5 × Σ solutions pre-
serving SOð2Þ×SOð2Þ⊂ SOð2;1Þ×SOð2;1Þ∼SOð2;2Þ
can be found by using the same metric ansatz
[Eq. (33)], SOð2Þ × SOð2Þ gauge fields [Eq. (37)], and
SOð2Þ × SOð2Þ singlet scalar ϕ corresponding to the
noncompact generator Y33. As in the SOð4Þ gauge group,
we can consistently set Cð3Þ ¼ 0 due to FI

ð2Þ ∧ FI
ð2Þ ¼ 0.

With the coset representative [Eq. (39)], the scalar
vielbein is still given by Eq. (41). However, the composite
connection for SOð2ÞR is now given by

Qij
ð1Þ ¼ g̃1A2ε

ij3dz: ð173Þ

The C-functions take the form of

C ¼ −3
ffiffiffi
2

p
g̃1 sinhϕ; Cir ¼

ffiffiffi
2

p
g̃1 coshϕδi3δ

r
3: ð174Þ

By the same analysis, we can derive a similar set of BPS
equations with A1 and A2 interchanged. General solutions
for ϕ, f, g1, Â2, and g2 are given in Eqs. (84), (86), (87),
(89), and (93), respectively, with λ ¼ −1. As in the case of
the SOð4Þ gauge group, we are not able to determine an
analytic solution for the second SOð2Þ gauge field in this
case given by A1. Therefore, to explicitly write down a
complete solution and discuss some properties of the
solution, we further simplify the BPS equations by choos-
ing a1 ¼ −a2 ¼ b as in the SOð4Þ case. It should be noted
here that setting a1 ¼ a2 ¼ b is also possible in this case
but does not lead to any new solutions.
Repeating the same analysis as in the SOð4Þ case, we can

eventually solve all the BPS conditions and find the
SOð2Þ × SOð2Þ symmetric solution:

ϕ ¼ sinh−1
�
g̃1e−

5σ
2

16h

�
; ð175Þ

f ¼ 2
ffiffiffiffiffiffi
bh

p
eσffiffiffi

s
p ð256h2e5σ þ g̃21Þ1=4

; ð176Þ

g1 ¼
51; 200

ffiffiffiffiffiffiffiffi
bh9

p
e6σðσ0Þ2

ð256h2e5σ þ g̃21Þ2½32
ffiffiffiffiffiffiffiffi
bh5

p
−

ffiffiffi
s

p
e−5σð256h2e5σ þ g̃21Þ1=4�

; ð177Þ

g2 ¼
256c21h

2g̃21e
σ½32

ffiffiffiffiffiffiffiffi
bh5

p
−

ffiffiffi
s

p
e−5σð256h2e5σ þ g̃21Þ1=4�ffiffiffi

s
p ð256h2e5σ þ g̃21Þ1=4

; ð178Þ

A1 ¼ −c1g̃1e−5σ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
256h2e5σ þ g̃21

q
þ c2; ð179Þ

A2 ¼ c1ð192h2 þ g̃21e
−5σÞ − 2q

g̃1
; ð180Þ

together with the sign condition signðcg̃1σ0Þ ¼ þ1. The
explicit form of the Killing spinor is given by

η ¼ Y0eiqz−
σ
4

s1=8ð256h2e5σ þ g̃21Þ
1
16

×

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ffiffiffi
2

p ðh5bÞ14 þ s1=4e−
5σ
2 ð256h2e5σ þ g̃21Þ

1
8

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ffiffiffi
2

p ðh5bÞ14 − s1=4e−
5σ
2 ð256h2e5σ þ g̃21Þ

1
8

q
1
CA;

ð181Þ
with Y0 being a constant.

The analysis of the regularity of the solution proceeds as
in the previous cases. We first take the solution for the
dilaton as in Eq. (113) and introduce the following
parameters:

B ¼ 8h2
ffiffiffi
b

pffiffiffi
s

p ; m ¼ g̃1
16h

; C ¼ 32g̃1h2c1: ð182Þ

The seven-dimensional metric reads

ds27 ¼
Br1=20

16h2ð1þm2rÞ1=4
�
ds2AdS5

þ r−5=4

64Wð1þm2rÞ7=4 dr
2 þ 4C2W

B
dz2

�
; ð183Þ
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with

W ¼ B − r3=4ð1þm2rÞ1=3; ð184Þ
while the solutions for ϕ, A1, and A2 are given by

ϕ ¼ sinh−1 ½m ffiffiffi
r

p �; ð185Þ

A1 ¼
jCj
2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1þm2rÞ

q
þ c2; ð186Þ

A2 ¼ −
1

8mh
½jCjð4m2rþ 3Þ − q�: ð187Þ

The Killing spinor η takes the form

η ¼ Y0eiqz
r1=80

ð1þm2rÞ 1
16

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p þ r3=8ð1þm2rÞ18
q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p
− r3=8ð1þm2rÞ18

q
1
CA:

ð188Þ
It should be noted that since we have chosen signðσÞ ¼ −1,
we need to impose the condition signðc1g̃1Þ ¼ −1, result-
ing in signðCÞ ¼ −1.
There is only one possible range for the radial coordinate

r in order to obtain a regular solution:

m ≠ 0; B > 0; 0 < r < r2; ð189Þ
where r2 is determined from Wðr2Þ ¼ 0 as

r2 ¼ −
1

4m2
−
1

2

ffiffiffiffiffiffi
X2

p
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

4m4
− X2 þ

1

4m6
ffiffiffiffiffiffi
X2

p
s

; ð190Þ

with

X2 ¼
1

4m4
−

4ð2=3Þ1=3B8=3

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
81þ 768B4m6

p
− 9Þ1=3

þ B4=3ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
81þ 768B4m6

p
− 9Þ1=3

181=3m2
: ð191Þ

There are two possibilities with m > 0 and m < 0.
However, these are related to each other by a sign change
in the ϕ solution. In the following, we will choose m > 0
for definiteness. An example of numerical plots for the
three warp factors is given in Fig. 17.
This is very similar to Case II in Sec. III A 1. As r → 0,

the seven-dimensional metric is again conformal to a
product of AdS5 and a cylinder. With the new radial
coordinate R ¼ r3=8, the metric near R ¼ 0 is given in
Eq. (62). As r → r2, the seven-dimensional metric is
approximately given by

ds27 ≈
Br1=202

16h2ð1þm2r2Þ1=4
�
ds2AdS5

þ dR2 þ 4C2½3þ 4m2r2�2R2dz2

−16W0ðr2Þr5=42 ð1þm2r2Þ7=4
�
; ð192Þ

with the coordinate R defined by R ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r2 − r

p
. The z circle

shrinks smoothly, giving rise to anR2=Zl orbifold at r ¼ r2
after imposing the condition

jCj ¼ 1

2l½3þ 4m2r2�
; l ¼ 1; 2; 3;…: ð193Þ

Since the explicit form of 3þ 4m2r2 derived from
Eq. (190) is rather complicated, we only numerically show
that this function is always greater than 3 in the regularity
range in Fig. 18.
Fixing the constants

q ¼ jCj½3þ 4m2r2� ¼
1

2l
;

c2 ¼ −
jCj
2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ð1þm2r2Þ

q
¼ −

jCjB
2h

; ð194Þ

we obtain the SOð2Þ × SOð2Þ gauge fields

(a) (b) (c)

FIG. 17. Numerical plots of the warp factors for the SOð2Þ × SOð2Þ symmetric solution in the SOð2; 2Þ gauge group with m ¼ 1,
B ¼ 1, h ¼ 1

8
, and C ¼ − 1

4
. The solution is regular in the range 0 < r < r2 ¼ 0.819, with the two vertical red dashed lines representing

the two boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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A1 ¼
jCj
2h

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1þm2rÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ð1þm2r2Þ

q i
;

A2 ¼
mjCj
2h

ðr2 − rÞ; ð195Þ

which vanish at r ¼ r2. The Killing spinor at the end point
r ¼ r2 is explicitly given by

η ¼
ffiffiffi
2

p
Y0e

iz
2lr1=52

�
1

0

�
: ð196Þ

B. SOð2Þdiag symmetric solution

To find solutions preserving SOð2Þdiag symmetry gen-
erated by T3 þ T6 in SOð2; 2Þ gauge group, we use the
following ansatz for vector fields:

AI
ð1Þ ¼ A2

�
g̃1
g̃2

δI3 þ δI6

�
dz: ð197Þ

There are three SOð2Þdiag singlets corresponding to non-

compact generators Y33 together with Ŷ1 and Ŷ2 given in
Eq. (131). As in the SOð4Þ gauge group, solving the vector
field equations [Eq. (25)] requires g̃2 ¼ �g̃1. We again
choose g̃2 ¼ g̃1, giving rise to nonvanishing components of
the dressed field strength tensors in Eq. (142).
Repeating the same procedure as in Sec. III B, we can

solve all the BPS conditions and find the solution

ϕ ¼ 5σ

2
þ ln

�
−
16h
g̃1

�
; φ1 ¼ φ2 ¼ 0; ð198Þ

f ¼ −
2

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃1bh

p
eσffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sð256h2e5σ þ g̃21Þ
q ; ð199Þ

g1 ¼
204; 800

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃1bh9

p
e6σðσ0Þ2

ð256h2e5σ þ g̃21Þ2
h
32

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃1bh5

p
þ e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ þ g̃21Þ

q i ; ð200Þ

g2 ¼ −
1; 024c2h2eσ

h
32

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃1bh5

p
þ e−5σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ þ g̃21Þ

q i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sð256h2e5σ þ g̃21Þ

q ; ð201Þ

A2 ¼ cð128h2 þ g̃21e
−5σÞ − 2q

g̃1
; ð202Þ

together with the Killing spinor

η ¼ Y0eiqzþ
σ
4

½2sð256h2e5σ þ g̃21Þ�
1
8

×

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ð−g̃1bh5Þ14 þ e−

5σ
2 ½2sð256h2e5σ þ g̃21Þ�

1
4

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ð−g̃1bh5Þ14 − e−

5σ
2 ½2sð256h2e5σ þ g̃21Þ�

1
4

q
1
CA
ð203Þ

and the sign condition signðcg̃1σ0Þ ¼ þ1. We also note that
the ϕ solution in Eq. (198) requires 16h

g̃1
< 0. Defining the

parameters

B ¼ −
2

ffiffiffi
2

p
h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃1bh

pffiffiffi
s

p ; m ¼ g̃1
16h

; C ¼ 32g̃1h2c

ð204Þ

and using the solution for σ from Eq. (113), we find the
seven-dimensional metric given by

ds27 ¼
Br3=10

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2r

p
�
ds2AdS5 þ

r−3=2

16Wð1þm2rÞ3=2 dr
2

þ 16C2W
B

dz2
�
; ð205Þ

with

W ¼ B −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1þm2rÞ

q
: ð206Þ

FIG. 18. A numerical plot of the function 3þ 4m2r2 appearing
in the condition of Eq. (193).
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The scalar ϕ2 and the gauge field can be written as

ϕ2 ¼ −
1

2
ln r − ln ½−m� and

A2 ¼ −
1

8mh
½2jCjð1þ 2m2rÞ þ q�: ð207Þ

Furthermore, since we have chosen σ < 0, the constant C
must be negative. Finally, the Killing spinor reads

η ¼ Y0eiqz
21=8r3=40

ð1þm2rÞ18

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p þ ½rð1þm2rÞ�14
q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

p
− ½rð1þm2rÞ�14

q
1
CA:

ð208Þ

As in the SOð2Þ × SOð2Þ symmetric solution, there is
only one possible range of the radial coordinate r in order to
obtain regular solutions. This is given by

m < 0; B > 0; 0 < r < r3; r3 ¼
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4B2m2

p

2m2
;

ð209Þ

with r3 determined from Wðr3Þ ¼ 0. An example of
numerical plots for the three warp factors is given
in Fig. 19.
As r → 0, the seven-dimensional metric becomes a

conformal rescaling of a product between AdS5 and a
cylinder, as in Case I of the SOð4Þ gauge group. As r → r3,
the metric is approximately given by

ds27 ≈
Br3=103

16h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2r3

p �
ds2AdS5

þ dR2 þ 16C2½1þ 2m2r3�2R2dz2

−4W0ðr3Þr3=23 ð1þm2r3Þ3=2
�
; ð210Þ

with the new radial coordinate R defined by R ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r3 − r

p
.

The z circle shrinks smoothly, giving rise to an R2=Zl
orbifold at r ¼ r3 for

jCj ¼ 1

4l½1þ 2m2r3�
¼ 1

4l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4B2m2

p ; l ¼ 1; 2; 3;…:

ð211Þ

With the constant q chosen to be

q ¼ −2jCj½1þ 2m2r2� ¼ −
1

2l
; ð212Þ

the SOð2Þdiag gauge field takes the form

A2 ¼
mjCj
2h

ðr3 − rÞ: ð213Þ

The Killing spinor at the end point r ¼ r2 is given by

η ¼ 25=8Y0e
−iz
2l r1=52

�
1

0

�
: ð214Þ

V. SOð3;1Þ GAUGE GROUP

In this section, we consider the noncompact SOð3; 1Þ
gauge group, which can also be embedded in SOð3; 3Þ. The
gauge structure constants are chosen to be

fIJK ¼ −g̃ðεijk; εrsiÞ; r; s;… ¼ 1; 2; 3; ð215Þ

with a coupling constant g̃. The SOð3; 1Þ generators can be
written as TI ¼ ðTi; T̂rÞ, with the explicit form in terms of
SOð3; 3Þ generators given by

(a) (b) (c)

FIG. 19. Numerical plots of the warp factors for the SOð2Þdiag symmetric solution in the SOð2; 2Þ gauge group with m ¼ −1, B ¼ 1,
h ¼ 1

2
, and C ¼ −1. The solution is regular in the range 0 < r < r3 ¼ 0.618, with the two vertical red dashed lines representing the two

boundaries. (a) f solution, (b) g1 solution, and (c) g2 solution.
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T1 ¼ Jð1Þ23 − Jð2Þ23 ; T2 ¼ Jð1Þ31 þ Jð2Þ31 ; T3 ¼ Jð1Þ12 − Jð2Þ12 ;

T̂1 ¼ Y23þY32; T̂2 ¼ Y13−Y31; T̂3 ¼−Y12−Y21;

ð216Þ

satisfying SOð3; 1Þ algebra:

½Ti; Tj� ¼ εij
kTk; ½Ti; T̂r� ¼ εir

sT̂s; ½T̂r; T̂s� ¼ εrs
iTi:

ð217Þ

The Ti’s are compact generators of the maximal compact
subgroup SOð3Þ ⊂ SOð3; 1Þ, while T̂r’s are noncompact
generators.
We now look for supersymmetric AdS5 × Σ solutions

preserving SOð2Þ ⊂ SOð3Þ symmetry by using the same
analysis as in the previous two gauge groups. The metric is
still given by Eq. (33), and the nonvanishing SOð2Þ gauge
field takes the form of

A3
ð1Þ ¼ AðrÞdz: ð218Þ

There are three SOð2Þ singlet scalars, corresponding to the
noncompact generators

Ȳ1 ¼ Y11 − Y22; Ȳ2 ¼ Y33; Ȳ3 ¼ Y12 þ Y21; ð219Þ

and the coset representative is given by

L ¼ eϕ1Ȳ1eϕ2Ȳ2eϕ3Ȳ3 : ð220Þ

With all these, the vector field equation [Eq. (25)] gives
rise to

ϕ0
3 ¼

ϕ0
1

2
tanh 2ϕ1 sinh 4ϕ3; ð221Þ

A00 ¼ −
�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0 þ 2ϕ0
2 tanh 2ϕ2

�
A0; ð222Þ

A00 ¼ −
�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0 þ 2ϕ0
2 coth 2ϕ2

�
A0: ð223Þ

Consistency between Eqs. (222) and (223) requires ϕ0
2 ¼ 0

for A0 ≠ 0. We will write the constant ϕ2 as c. This leads to
a single differential equation for A:

A00 ¼ −
�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0
�
A; ð224Þ

with the solution

A0 ¼ be−σ
ffiffiffiffiffiffiffiffiffi
g1g2

p
f−

5
2 ð225Þ

for an integration constant b. The dressed field strength
tensors are now given by

F1 ¼ b cosh ce−σf−
5
2 and F2 ¼ b sinh ce−σf−

5
2: ð226Þ

In this case, nonvanishing conponenets of the C-functions
read

C ¼ −3
ffiffiffi
2

p
g̃ðcosh c − sinh c sinh 2ϕ1 cosh 2ϕ3Þ;

C11 ¼ −C22 ¼ −
ffiffiffi
2

p
g̃ sinh c cosh 2ϕ1;

C12 ¼ C21 ¼ −
ffiffiffi
2

p
g̃ sinh c sinh 2ϕ1 sinh 2ϕ3;

C33 ¼
ffiffiffi
2

p
g̃ðsinh c − cosh c sinh 2ϕ1 cosh 2ϕ3Þ: ð227Þ

The scalar vielbein and the SOð2Þ composite connection
are given by

Pir
ð1Þ ¼

0
B@ϕ0

1 cosh 2ϕ3 ϕ0
3 0

ϕ0
3 −ϕ0

1 cosh 2ϕ3 0

0 0 0

1
CAdr ð228Þ

and

Qij
ð1Þ ¼ εij3ðϕ0

1 sinh 2ϕ3dr − g̃AdzÞ: ð229Þ

With the supersymmetry parameter [Eq. (A9)] subject to
the projector [Eq. (A14)], the supersymmetry transforma-
tions δλa1 ¼ 0 and δλa2 ¼ 0 give the same BPS condition,
while δλa3 ¼ 0 gives another equation. These equations
take the form

0 ¼ g̃ sinh ce−
σ
2½cosh 2ϕ1 þ i sinh 2ϕ1 sinh 2ϕ3�ðiσ2ηÞ

þ 1ffiffiffiffiffi
g1

p ½ϕ0
1 cosh 2ϕ3 − iϕ0

3�σ3η; ð230Þ

0 ¼ g̃e−
σ
2½sinh c − cosh c sinh 2ϕ1 cosh 2ϕ3�η

− e
σ
2be−σ sinh cf−

5
2σ3η: ð231Þ

Solving these conditions gives ϕ1 ¼ 0, c ¼ 0, and ϕ0
3 ¼ 0.

Since the constant ϕ3 does not appear in other equations,
we can simply set ϕ3 ¼ 0 without losing any generality.
However, with ϕ1 ¼ ϕ2 ¼ ϕ3 ¼ 0, all matter fields from
the vector multiplets vanish. The resulting solution turns
out to be the same as the SOð2ÞR symmetric solution
given in pure N ¼ 2 gauged supergravity discussed in
Sec. III A 1.

VI. CONCLUSIONS

We have found supersymmetric AdS5 × Σ solutions in
which Σ is a topological disk with a nontrivial Uð1Þ
holonomy at the boundary or a half-spindle from matter-
coupled N ¼ 2 gauged supergravity in seven dimensions
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with SOð4Þ and SOð2; 2Þ gauge groups. These solutions
preserve eight supercharges and SOð2ÞR, SOð2Þ × SOð2Þ,
and SOð2Þdiag symmetries. These solutions represent a new
class of supersymmetric solutions of N ¼ 2 gauged super-
gravity in seven dimensions and might be useful in holo-
graphic studies. We have also extensively discussed various
possible ranges of the radial coordinate in which the
resulting solutions are regular. The SOð2ÞR symmetric
solution requires the vanishing of all fields from the vector
multiplets and can be considered as a solution of pure N ¼
2 gauged supergravity with the SOð3Þ gauge group.
For the SOð3; 1Þ gauge group, we have found only

solutions with SOð2ÞR ⊂ SOð3ÞR symmetry. Furthermore,
we have also considered other possible gauge groups—
namely the SLð3;RÞ, SOð2; 1Þ, and SOð2; 2Þ × SOð2; 1Þ ∼
SOð2; 1Þ × SOð2; 1Þ × SOð2; 1Þ gauge groups. However,
all of these gauge groups do not lead to AdS5 × Σ solutions
with nonvanishing fields from vector multiplets. On the
other hand, these gauge groups do admit a solution with
SOð2ÞR symmetry which appears to be a universal solution
to all gauge groups.
Similar to the result of Ref. [35], the solutions should be

dual to N ¼ 1 SCFTs in four dimensions obtained from
compactifications on a half-spindle of six-dimensionalN ¼
ð1; 0Þ SCFTs in the case of the SOð4Þ gauge group or N ¼
ð1; 0Þ nonconformal field theory in the case of the SOð2; 2Þ
gauge group. Solutions of pure N ¼ 2 and SOð4Þ gauged
supergravity with equal SOð3Þ coupling constants, g̃1 ¼ g̃2,
can be embedded in eleven-dimensional supergravity via
consistent truncations constructed in Refs. [57,58]. In this
case, the uplifted solutions would describe M5-branes
wrapped on a half-spindle as in Ref. [35], but the brane
configurations preserve only 1

4
of the maximal supersym-

metry rather than 1
2
. For the SOð2; 2Þ gauge group, an

embedding in ten-dimensional type-I or heterotic theories
via a truncation on a hyperbolic space H2;2 might be
obtained by extending the result of Ref. [66] to SOð2; 2Þ
gauged supergravity with a nonvanishing topological mass
for the three-form field. In this case, the uplifted solutions
would describe D5-branes or NS5-branes wrapped on half-
spindles.
It would be interesting to explicitly identify the four-

dimensional N ¼ 1 SCFTs that are dual to the supergravity
solutions found in this paper. Uplifting the solutions in the
SOð2; 2Þ gauge group and in the SOð4Þ gauge group with
different SOð3Þ coupling constants to ten or eleven dimen-
sions is of particular interest in the holographic context and
could lead to new configurations of D5-/NS5-branes or
M5-branes wrapped on half-spindles. This could be done
along the lines of Ref. [67], in which the embedding of
maximal N ¼ 4 gauged supergravity with various gauge
groups has been given by using SLð5Þ exceptional field
theory. In the present case of half-maximal gauged super-
gravity, the results on SOð3; nÞ double field theory and
nongeometric fluxes in Refs. [56,68–70] would be very

useful. We hope to come back to these issues in
future works.
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APPENDIX: DERIVATION OF BPS EQUATIONS
IN THE SOð4Þ GAUGE GROUP

In this Appendix, we analyze first-order BPS conditions
derived from fermionic supersymmetry transformations.
We begin with the first condition, δψa

μ ¼ 0, along the m, ρ,
r, and z directions. These are given, respectively, by

0 ¼ 2∂mϵ
a −

1ffiffiffi
f

p ΓmΓρ̂ϵa þ f0

2f
ffiffiffiffiffi
g1

p ΓmΓr̂ϵa

−
� ffiffiffi

2
p

30
e−

σ
2Cþ 4

5
he2σ

�
Γmϵ

a þ i
5
e
σ
2F1ðσ3ÞabΓmΓr̂ ẑϵb;

ðA1Þ

0 ¼ 2∂ρϵ
a þ f0

2f
ffiffiffiffiffi
g1

p ΓρΓr̂ϵa −
� ffiffiffi

2
p

30
e−

σ
2Cþ 4

5
he2σ

�
Γρϵ

a

þ i
5
e
σ
2F1ðσ3ÞabΓρΓr̂ ẑϵb; ðA2Þ

0 ¼ 2∂rϵ
a −

ffiffiffiffiffi
g1

p � ffiffiffi
2

p

30
e−

σ
2Cþ 4

5
he2σ

�
Γr̂ϵa

−
4i
5

ffiffiffiffiffi
g1

p
e
σ
2F1ðσ3ÞabΓẑϵb; ðA3Þ

0 ¼ 2∂zϵ
a −

g02
2

ffiffiffiffiffiffiffiffiffi
g1g2

p Γr̂ ẑϵa þ ig̃1A1ðσ3Þabϵb

−
ffiffiffiffiffi
g2

p � ffiffiffi
2

p

30
e−

σ
2Cþ 4

5
he2σ

�
Γẑϵa

þ 4i
5

ffiffiffiffiffi
g2

p
e
σ
2F1ðσ3ÞabΓr̂ϵb: ðA4Þ

The next condition, δχa ¼ 0, yields

0 ¼ −
σ0

2
ffiffiffiffiffi
g1

p Γr̂ϵa þ
� ffiffiffi

2
p

30
e−

σ
2C −

16

5
he2σ

�
ϵa

−
i
5
e
σ
2F1ðσ3ÞabΓr̂ ẑϵb: ðA5Þ

From the supersymmetry transformation of the gaugini,
only δλa3 ¼ 0 gives rise to nontrivial conditions, given by
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0 ¼ ϕ0ffiffiffiffiffi
g1

p ðσ3ÞabΓr̂ϵb −
1ffiffiffi
2

p e−
σ
2C33ðσ3Þabϵb þ ie

σ
2F2Γr̂ ẑϵa:

ðA6Þ

In these equations, for convenience, we have introduced the
notations F1 and F2 for nonvanishing components of the
dressed field strength tensors via

Fi
ð2Þ ¼ LI

iFI
ð2Þ ¼ F1δ

i
3e

r̂ ∧ eẑ and

Fr
ð2Þ ¼ LI

rFI
ð2Þ ¼ F2δ

r
3e

r̂ ∧ eẑ: ðA7Þ

Explicitly, in the case of SOð2Þ × SOð2Þ symmetric sol-
utions, these are given by

F1 ¼
1ffiffiffiffiffiffiffiffiffi
g1g2

p ðA0
1 coshϕþ A0

2 sinhϕÞ and

F2 ¼
1ffiffiffiffiffiffiffiffiffi
g1g2

p ðA0
1 sinhϕþ A0

2 coshϕÞ: ðA8Þ

To solve the resulting BPS equations, we follow Ref. [39]
and use the supersymmetry parameters of the form

ϵa ¼ naϑ ⊗ η: ðA9Þ

Here, na signifies two components of a constant object in
the doublet representation of SOð3ÞR, while η is a two-
component spinor depending on the r and z coordinates.
On the other hand, ϑ is a four-component Killing spinor on
AdS5, satisfying

∇AdS5
α̂ ϑ ¼ s

2
γα̂ϑ; ðA10Þ

where α̂ ¼ ðm̂; ρ̂Þ ¼ 0; 1;…; 4 is a flat space-time index on
AdS5, s ¼ �1 is an arbitrary sign, and γα̂ are five-dimen-
sional 4 × 4 gamma matrices satisfying the Clifford algebra

fγα̂; γβ̂g ¼ 2ηα̂ β̂; ηα̂ β̂ ¼ diagð−þþþþÞ: ðA11Þ

In terms of γα̂, we further decompose the seven-dimen-
sional gamma matrices as

Γα̂ ¼ γα̂ ⊗ σ3; Γr̂ ¼ 14 ⊗ σ1; Γẑ ¼ 14 ⊗ σ2; ðA12Þ

in which 1n is an n × n identity matrix.
With the supersymmetry parameter in Eq. (A9), the first

two BPS equations given in Eqs. (A1) and (A2) reduce to a
single equation:

0¼ sffiffiffi
f

p ðγα̂ ⊗ 12Þϵaþ
f0Γα̂Γr̂ϵa

2f
ffiffiffiffiffi
g1

p −
� ffiffiffi

2
p

30
e−

σ
2Cþ 4

5
he2σ

�
Γα̂ϵ

a

þ i
5
e
σ
2F1ðσ3ÞabΓα̂Γr̂ ẑϵb

¼ naðγα̂ϑÞ⊗
�

sffiffiffi
f

p ηþ f0

2f
ffiffiffiffiffi
g1

p ðiσ2ηÞ

−
� ffiffiffi

2
p

30
e−

σ
2Cþ 4

5
he2σ

�
ðσ3ηÞ−1

5
e
σ
2F1η

	
; ðA13Þ

in which we have expressed all the supersymmetry param-
eters in terms of two- and four-component spinors and
imposed the projector

ðσ3Þabnb ¼ na: ðA14Þ

By using the same procedure in the remaining conditions,
we find the following set of BPS equations on the two-
component spinor η:

0 ¼ sffiffiffi
f

p ηþ f0

2f
ffiffiffiffiffi
g1

p ðiσ2ηÞ −
� ffiffiffi

2
p

30
e−

σ
2Cþ 4

5
he2σ

�
ðσ3ηÞ

−
1

5
e
σ
2F1η; ðA15Þ

0¼ 2∂rη−
ffiffiffiffiffi
g1

p � ffiffiffi
2

p

30
e−

σ
2Cþ 4

5
he2σ

�
σ1η−

4

5

ffiffiffiffiffi
g1

p
e
σ
2F1ðiσ2ηÞ;

ðA16Þ

0 ¼ −2i∂zηþ g̃1A1η −
g02

2
ffiffiffiffiffiffiffiffiffi
g1g2

p σ3η

þ ffiffiffiffiffi
g2

p � ffiffiffi
2

p

30
e−

σ
2Cþ 4

5
he2σ

�
ðiσ2ηÞ

þ 4

5

ffiffiffiffiffi
g2

p
e
σ
2F1σ

1η; ðA17Þ

0 ¼ −
σ0

2
ffiffiffiffiffi
g1

p σ1ηþ
� ffiffiffi

2
p

30
e−

σ
2C −

16

5
he2σ

�
ηþ 1

5
e
σ
2F1σ

3η;

ðA18Þ

0 ¼ ϕ0ffiffiffiffiffi
g1

p σ1η −
1ffiffiffi
2

p e−
σ
2C33η − e

σ
2F2σ

3η: ðA19Þ

As in Ref. [39], we assume a definite charge under the
Uð1Þz isometry for the two-component spinor leading to
the ansatz for η of the form

ηðr; zÞ ¼ eiqzη̂ðrÞ ðA20Þ

with a constant q. With this explicit form of η, it follows
that the combination ð−2i∂z þ g̃1A1Þη ¼ ð2qþ g̃1A1Þη in
Eq. (A17) is invariant under the transformations
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A1 → A1 −
2α0
g̃1

; η → eiα0zη; ðA21Þ

where α0 is an arbitrary constant. It is then convenient to
define

g̃1Â1 ¼ 2qþ g̃1A1 ðA22Þ

with Â0
1 ¼ A0

1. With suitable left-multiplications by Pauli
matrices and additions of Eq. (A18) to Eqs. (A15) and
(A17), we find the following set of algebraic equations:

0 ¼ sffiffiffi
f

p ηþ 1

2
ffiffiffiffiffi
g1

p
�
f0

f
− σ0

�
ðiσ2ηÞ − 4he2σσ3η; ðA23Þ

0 ¼ g̃1Â1ffiffiffiffiffi
g2

p σ1ηþ 1

2
ffiffiffiffiffi
g1

p
�
g02
g2

− σ0
�
ðiσ2ηÞ − 4he2σσ3ηþ e

σ
2F1η;

ðA24Þ

0 ¼ 5σ0

2
ffiffiffiffiffi
g1

p σ3η − e−
σ
2

�
C

3
ffiffiffi
2

p − 16he
5σ
2

�
ðiσ2ηÞ þ e

σ
2F1σ

1η;

ðA25Þ

0 ¼ ϕ0ffiffiffiffiffi
g1

p σ3η −
1ffiffiffi
2

p e−
σ
2C33ðiσ2ηÞ þ e

σ
2F2σ

1η: ðA26Þ

These equations are of the form MðxÞη ¼ 0, where
x ¼ 1, 2, 3, 4 label the BPS equations in Eqs. (A23)–
(A26), respectively. The four 2 × 2 matrices MðxÞ can be
parametrized by

MðxÞ ¼ XðxÞ
0 12 þ XðxÞ

1 σ1 þ XðxÞ
2 ðiσ2Þ þ XðxÞ

3 σ3: ðA27Þ

Following [39], for each matrix MðxÞ, we define the two-
component vectors

vðxÞ ¼
�

XðxÞ
1 þ XðxÞ

2

−XðxÞ
0 − XðxÞ

3

�
; wðxÞ ¼

�
XðxÞ
0 − XðxÞ

3

−XðxÞ
1 þ XðxÞ

2

�
ðA28Þ

together with

Axy ¼ detðvðxÞjwðyÞÞ; Bxy ¼ detðvðxÞjvðyÞÞ;
Cxy ¼ detðwðxÞjwðyÞÞ: ðA29Þ

The notation ðajbÞ denotes a 2 × 2 matrix obtained from a
juxtaposition of the two-column vectors a and b. As
pointed out in Ref. [39], the vanishing of Axy, Bxy, and
Cxy gives a number of necessary conditions for the
existence of a nontrivial solution for η. We will separately

determine the conditions from the supergravity and vector
multiplets by splitting the index x ¼ ðx̄; 4Þwith x̄ ¼ 1, 2, 3.
Starting from the first matrix Axy, the vanishing of the

diagonal components Ax̄ x̄ gives the following conditions:

0 ¼ 1

f
− 16h2e4σ þ 1

4g1

�
f0

f
− σ0

�
2

; ðA30Þ

0 ¼ eσðF1Þ2 þ
1

4g1

�
g02
g2

− σ0
�
2

− 16h2e4σ −
ðg̃1Â1Þ2

g2
;

ðA31Þ

0 ¼ 25σ02

4g1
þ eσðF1Þ2 − e−σ

�
C

3
ffiffiffi
2

p − 16he
5σ
2

�
2

: ðA32Þ

The vanishing of the off-diagonal symmetric components
Ax̄ ȳ þAȳ x̄ (x̄ ≠ ȳ) yields

0 ¼ 1

4g1

�
f0

f
− σ0

��
g02
g2

− σ0
�
þ se

σ
2ffiffiffi
f

p F1 − 16h2e4σ; ðA33Þ

0 ¼ 20he2σσ0 − e−
σ
2

�
C

3
ffiffiffi
2

p − 16he
5σ
2

��
f0

f
− σ0

�
; ðA34Þ

0¼20he2σσ0ffiffiffiffiffi
g1

p −
e−

σ
2ffiffiffiffiffi
g1

p
�

C

3
ffiffiffi
2

p −16he
5σ
2

��
g02
g2
−σ0

�
−
2g̃1e

σ
2ffiffiffiffiffi

g2
p Â1F1;

ðA35Þ

while the off-diagonal antisymmetric components Ax̄ ȳ −
Aȳ x̄ ¼ 0 give

0 ¼ 8he
5σ
2F1 −

8she2σffiffiffi
f

p þ g̃1ffiffiffiffiffiffiffiffiffi
g1g2

p
�
f0

f
− σ0

�
Â1; ðA36Þ

0 ¼ e
σ
2

�
f0

f
− σ0

�
F1 þ

5sffiffiffi
f

p σ0; ðA37Þ

0 ¼ eσffiffiffiffiffi
g1

p
�
g02
g2

þ 4σ0
�
F1 þ

2g̃1ffiffiffiffiffi
g2

p
�

C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
Â1: ðA38Þ

Matrices Bxy and Cxy are both antisymmetric in xy indices.
It turns out that the resulting BPS conditions arising from
the combinations Bxy � Cxy ¼ 0 take a simpler form. The
combinations Bx̄ ȳ þ Cx̄ ȳ ¼ 0 give the following condi-
tions:

0 ¼ e
σ
2ffiffiffiffiffi
g1

p
�
f0

f
− σ0

�
F1 −

sffiffiffiffiffiffiffi
fg1

p
�
g02
g2

− σ0
�
þ 8g̃1he2σffiffiffiffiffi

g2
p Â1;

ðA39Þ

0 ¼ 4he3σF1 þ
sffiffiffi
f

p
�

C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
; ðA40Þ
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0 ¼ 5g̃1σ0ffiffiffiffiffiffiffiffiffi
g1g2

p Â1 þ 2

�
C

3
ffiffiffi
2

p − 12he
5ϕ
2

�
F1; ðA41Þ

while the combinations Bx̄ ȳ − Cx̄ ȳ ¼ 0 lead to

0 ¼ 2he2σffiffiffiffiffi
g1

p
�
f0

f
−
g02
g2

�
þ sg̃1ffiffiffiffiffiffiffi

fg2
p Â1; ðA42Þ

0 ¼ 2se
σ
2ffiffiffi
f

p F1 −
5σ0

2g1

�
f0

f
− σ0

�
þ 8he

3σ
2

�
C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
;

ðA43Þ

0 ¼ 2eσðF1Þ2 −
5σ0

2g1

�
g02
g2

− σ0
�
þ 8he

3σ
2

�
C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
:

ðA44Þ

There are, in total, 15 algebraic conditions obtained from
the BPS equations of the supergravity multiplet in
Eqs. (A23)–(A25).
Extending this procedure to the BPS equation (A26)

from vector multiplets gives additional BPS con-
ditions derived from the vanishing of Ax4, Bx̄4, and Cx̄4.
The first condition obtained from A44 ¼ 0 takes the form

0 ¼ ðϕ0Þ2
g1

þ eσðF2Þ2 −
e−σ

2
ðC33Þ2: ðA45Þ

The symmetric part Ax̄4 þA4x̄ ¼ 0 gives

0 ¼ 16he
5σ
2ϕ0 −

ffiffiffi
2

p
C33

�
f0

f
− σ0

�
; ðA46Þ

0 ¼ 16he
5σ
2ϕ0ffiffiffiffiffi
g1

p −
ffiffiffi
2

p
C33ffiffiffiffiffi
g1

p
�
g02
g2

− σ0
�
−
4g̃1eσffiffiffiffiffi

g2
p F2Â1; ðA47Þ

0 ¼ 5σ0ϕ0

g1
−

ffiffiffi
2

p
e−σC33

�
C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
þ 2eσF1F2;

ðA48Þ

while the antisymmetric part Ax̄4 −A4x̄ ¼ 0 results in

0 ¼ 2sϕ0ffiffiffi
f

p þ e
σ
2F2

�
f0

f
− σ0

�
; ðA49Þ

0 ¼ 2eσϕ0ffiffiffiffiffi
g1

p F1 þ
eσffiffiffiffiffi
g1

p
�
g02
g2

− σ0
�
F2 þ

ffiffiffi
2

p
g̃1C33ffiffiffiffiffi
g2

p Â1; ðA50Þ

0 ¼ C33F1 −
ffiffiffi
2

p �
C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
F2: ðA51Þ

Moreover, the combinations Bx̄4 þ Cx̄4 ¼ 0 and Bx̄4 −
Cx̄4 ¼ 0 lead to the following sets of extra conditions,
respectively:

0 ¼ 2g̃1ϕ0ffiffiffiffiffiffiffiffiffi
g1g2

p Â1 þ
ffiffiffi
2

p
C33F1 þ 8he

5σ
2F2; ðA52Þ

0 ¼ 2ϕ0F1 − 5σ0F2; ðA53Þ

0 ¼
ffiffiffi
2

p
sC33ffiffiffi
f

p þ 8he3σF2 ðA54Þ

and

0 ¼ ϕ0

g1

�
f0

f
− σ0

�
−
2se

σ
2ffiffiffi
f

p F2 − 4
ffiffiffi
2

p
he

3σ
2C33; ðA55Þ

0 ¼ ϕ0

g1

�
g02
g2

− σ0
�
− 2eσF1F2 − 4

ffiffiffi
2

p
he

3σ
2C33; ðA56Þ

0 ¼ 5
ffiffiffi
2

p
σ0C33 − 4ϕ0

�
C

3
ffiffiffi
2

p − 16he
5ϕ
2

�
: ðA57Þ

Finally, the BPS equation [Eq. (A16)] will be used to
determine the explicit form of ηðr; zÞ.
We now turn to the vector fields and determine the

explicit forms of A0
1 and A0

2 which are relevant for solving
the BPS conditions obtained previously. With only the
SOð2Þ × SOð2Þ singlet scalar being nonvanishing, we find
that �Pir

ð1ÞfIJ
KLr

ILKi ¼ 0. Together with Cð3Þ ¼ 0, the

field equation [Eq. (25)] reduces to

A00
1 ¼ −2ϕ0A0

2 −
�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0
�
A0
1; ðA58Þ

A00
2 ¼ −2ϕ0A0

1 −
�
5f0

2f
−

g01
2g1

−
g02
2g2

þ σ0
�
A0
2: ðA59Þ

The most general solution to these equations is given by

A0
1 ¼

e−σ−2ϕ

2
ða1 þ a2e4ϕÞ

ffiffiffiffiffiffiffiffiffi
g1g2

p
f−

5
2 and

A0
2 ¼

e−σ−2ϕ

2
ða1 − a2e4ϕÞ

ffiffiffiffiffiffiffiffiffi
g1g2

p
f−

5
2; ðA60Þ

where a1 and a2 are constants.
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