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The goal of the present paper is to calculate the complex structure moduli space Kéhler potentials for
hypersurfaces in weighted projective spaces and compare with the partition functions of their mirror gauged
linear sigma models. We explicitly perform the Kéhler potential computation and show that the corresponding
formula is well defined in the case of quasismooth hypersurfaces. We then construct the mirror gauged linear
sigma models with an appropriate number of Kéhler parameters and discuss the interpretation of its partition
function in terms of mirror symmetry. Namely, it is shown that different contributions to the partition function
are related to various charts of the complex structure moduli space.
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I. INTRODUCTION

The special Kéhler geometry of Calabi-Yau (CY) moduli
spaces naturally emerges in the context of superstring theory
compactifications: It determines the Yukawa couplings of
the effective low-energy theory [1,2]. Because of this
connection, we will consider the case of threefolds in this
work. The moduli space M[X] of a given CY manifold X is a
direct product of two distinct parts Mc[X] and Mg[X],
associated with the deformations of complex and Kihler
structures of X, respectively. Their dimensions can be
expressed in terms of Hodge numbers: dim M [X] =
h*'(X) and dim Mg[X] = h"'(X). In string theory,
M g[X] is naturally complexified, and its geometry acquires
instanton corrections [3], while M [X] (which is classically
complex) stays the same on the quantum level. Thus, the
geometry of M [X] can be computed purely from geometric
considerations. In fact, the Kihler potential K-(X) on
M [X] can be expressed via the (3,0)-holomorphic form Q:

e~KelX) = /Q A Q. (1.1)
X

The explicit use of this formula, which involves the compu-
tation of periods of Q over cycles in H;(X), is rather
complicated and can be performed explicitly only in a limited
number of cases [4,5]. However, in Refs. [6-9], a new
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method was developed, which is based on the connection
between H;(X) and a relative homology group HJ (C). It
works when the family of manifolds in M is defined as the
zero locus of a homogenous polynomial in a weighted
projective space. The Kéhler potential is then expressed as
a power series in deformation parameters—in the case of a
large complex structure regime, an analytic continuation is
required. We will discuss this approach in greater detail
in Sec. IL.

The quantum-corrected Kihler potential on Mg[X],
which we denote Ky (X), can be recovered via mirror
symmetry [4]. Namely, there is a map between CY
manifolds which interchanges the moduli spaces: If Y is
a mirror to X, then Mg[X] = M[Y] and M[X] = M[Y].
We will use two particular mirror manifold constructions:
of Batyrev [10,11] and of Berglund, Hubsch, and Krawitz
(BHK) [12,13].

Yet another way to compute K (X) was conjectured in
Ref. [14]. In this paper, K ¢ (X) is connected with a partition
function Zggm(X) of a gauged linear sigma model
(GLSM) whose vacuum moduli space is X:

e KX = Zg m(X). (1.2)
The explicit formula for Zg; g was found in Refs. [15,16];
also see Ref. [17] for the physical proof of the conjecture. We
will be mainly interested in the mirror symmetry version of
this formula. As we show in Sec. III, Batyrev’s construction
of a mirror manifold naturally yields the corresponding
sigma model. Hence, if Y is a mirror to X, we have

e~KeX) = Zgism(Y).

(1.3)
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In principle, it gives a different method to compute K (X).
The result obtained this way works for the entire moduli
space, unlike the geometric one. However, we will see that
they coincide only if the GLSM has a particular Landau-
Ginzburg phase, while in other cases the additional
contributions to the partition function can be attributed
to different charts of the moduli space M [X].

The rest of the paper is organized as follows. In Sec. II, we
define the class of CY manifolds we work with and their
complex structure moduli spaces. We then briefly discuss the
Kihler potential computation method and obtain an explicit
formula under some additional assumptions. Section III is
dedicated to the construction of the mirror GLSM and the
computation of its partition function. We also compare
the result with the Kihler potential and discuss the source
of the discrepancy. Besides, we investigate the possible
mirror symmetry interpretation. Some additional technical
details and particular examples are provided in appendixes.

II. GEOMETRIC COMPUTATION

A. Hypersurfaces in weighted projective spaces

Following Ref. [6], we consider the hypersurface
defined by zeros of a quasihomogeneous polynomial
W(x) in a weighted projective space Py .-
W(A¥ixy, ..., A%xs) = AW (x), wherew = wy + -+ + ws.
From a geometric point of view, W(x) is a section of the
anticanonical bundle O(w), so its zero locus defines the
CY manifold (not necessarily smooth) [18]. Moreover,
different polynomials correspond to hypersurfaces which
are isomorphic as real but generally not as complex
manifolds. Hence, they can be regarded as different points
in complex structure moduli space. In order to do the
practical calculations we need to choose the “reference
point” Wo(x):

X

5 35
=1

Wo(x) = Z |

i=1j

M;;
! (2.1)

We assume that M is invertible and W, is transverse; i.e., the
only solution of 9;Wy(x) = 0 is x = 0. The latter condition
means that the hypersurface X,: Wy(x) =0 is quasis-
mooth; i.e., all of its singularities are those of the weighted
projective space [6]. All such polynomials were classified in
Ref. [19]; see also Ref. [20] for more practical notation.

Two polynomials describe the same manifold if they are
related via a coordinate transformation. Therefore, we can
fix the following form of W(x):

h 5
W(x) = Wo(x) + Y duea  ea=][2". (22)
a=1 j=1

where {e,} span a basis in the degree w part of the Milnor
ring R(W,):

C[xl, ..
0, W, -

.,XS}
i 85W0>

R(W,) = (2.3)

and ¢, are complex deformation parameters. Its convenient
description for transverse polynomials is presented in
Ref. [20]. Note that in generic situation i < h>! (see
Ref. [21], for example), so in this way we can describe
only some subspace of the actual moduli space. Hence, our
computations will, in fact, be restricted to this subspace.
We also can slightly generalize this construction by taking
an additional quotient by a finite group G with diagonal
action [i.e., x; —> wx; for o = (wy,...,ws5) € G]. This
action should preserve Wy(x) and the holomorphic form
Qg on Wy(x) = 0, which can be expressed as follows [6]:

Xsdxl VANRRIEIVAN d)C4

Qy = Resy,(x)=0 Wolx)

(2.4)

Thus, we find that the monomial x;x,x3x4x5 should be
invariant. Note that it is also of degree w, and, in most cases,
it belongs to R(W,) (if, for instance, the highest degrees of x;
in W, are greater than 2, we will consider only such cases).
So there is always at least one deformation of the form
€1 = X1xx3x4x5. Of course, after taking the quotient by G,
all other deformations should be G invariant as well.

It is also convenient to consider the transposed poly-
nomial

(2.5)

i.e., the one given by M7 instead of M. It is quasihomoge-
neous with respect to a different set of weights {W;} and has
a degree W =) 7, W; (we assume that they are positive
integers with minimal possible values). Its zero locus defines
a hypersurface in [P>‘v‘~v1 ‘‘‘‘‘ #, Which (or its quotient by a finite
group) is, in fact, the mirror of X, according to the BHK
construction [12]. We will return to this fact later in Sec. III;
for now, we will use w; to simplify some formulas.

B. Kiihler potential formula

The method of Kihler potential computation in Ref. [6]
is based on using specific relative cohomology of C°.
Namely, we define the following differential:

D_=d—-dWy A, D2 =0, (2.6)
and consider the respective cohomology group H3, (C3)
which is isomorphic to R(W,). It is dual to the relative
homology group H{ (C°) = Hs5(C>,ReW; — +00) (so we
allow the cycles to have end points at infinity with
ReW, = +o0), the corresponding pairing is as follows:
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(Q.f)= /Q feMo, feH (C), QeH:(C). (27)

It is straightforward to see that the integral converges and
vanishes for D_-exact forms.

Next, we consider the subgroup H> of H, (C’) invariant
under G = Z,, which acts as follows:

2rik
X 0Vix;, w—exp<H—Z>GZW, kez. (2.8)
w

In the case of an additional quotient by G, we should use
G =7, ® G. The convenient basis is {e,d’x}, where
{e,} are G-invariant monomials in the basis of R(W,),
a=0,...,2h + 1. It has a natural grading corresponding
to the degree of monomials (under x; — 4"ix;) divided by
w. The only element of degree 0 is ¢, = 1; there is also
only one element of degree 3: ey, ~det(0;0;,W,).
It is, however, more convenient to use the following
representation:

5

M2

e =[x (2.9)
ij=1

. e
The degree 1 elements are essentially e,, and e;,,, = %
are elements of degree 2. One can also define the

following pairing:

fgdsx

715 A s ° fd5x7
20,

n(f.g9) =res,—o gdxeH. (2.10)

In our basis it is antidiagonal: 1,5 = n(e,. e5) ~ Sy 2n+1-p-
In fact, there is an injective map H> — H3(X,: Wy(x) = 0)
such that the grading corresponds to Hodge decomposition
and # to Poincaré pairing (up to a sign). Of course, it is an
isomorphism when & = h>! [7].

The homology group Hs dual to H> can be defined as a
quotient of H< (C°) by its subgroup orthogonal to °. Then
it is convenient to define the dual basis of cycles {I',}:

/ epe™Vodx = Gp. (2.11)

Iy

These cycles are not geometric: For instance, if {Q,} is
some basis of geometric cycles, we find

Qa = Taﬁrﬂ, Taﬂ = / eﬂe_WOdsx. (212)

As we will see in the next subsection, matrix elements 75
are essentially complex. Also, the fact that Q, are geo-
metric means that they are real, so the complex-conjugated
cycles are as follows:

l;a — T;yl T},ﬁrﬂ (2 13)
It means that M,; = T;ﬂl Tﬂy is a real structure matrix; also,

it does not depend on the choice of the real cycles Q,.
The main result of Refs. [6-9] is the following formula:

2h+1

e—Kc(X) — Z (—1)‘y‘0a(¢)naﬂMﬁY6}’(&)'

a,p.y=0

(2.14)

Here, |a| is a degree of e, divided by w, X is a zero locus of
(2.2) in val and o, are periods over cycles I',:

6,,:/ e Vdx.
F(Z

As the exponential Kihler potential itself is defined up
to multiplication by (locally) holomorphic and antiholo-
morphic functions, we can forget about the constant in 77,4
and consider 7,3 = 6424414 This formula was used in

Ve W52

(2.15)

Refs. [6-8,22,23] to compute ¢~Xc¢(X) in cases of particular
polynomials. Besides, in Ref. [9], it was computed for all
Fermat polynomials (i.e., when M 1is diagonal). The
general formula was conjectured in Ref. [20], and in
the rest of this section we will derive it and show that it is
well defined.

C. Real structure matrix

First, let us find the real structure matrix /\/l,,ﬁ. To
simplify the expression, we define the following matrices:

B=M".  S:e,=]]x". (2.16)

In particular, S has the following properties:

N

SOj - O,

>

aj — SZh+1,‘ - SZh+1—a,'7
] J J

Syj=S., a=1...h (2.17)

There are also some properties attributed to the fact that W
is quasihomogeneous:

MLJ]
=
3

I
Mm

Sajw»:w,
J=1 J=1
5 w W
B;; = —, B;; =—L. 2.18
Sa=t Y= )

i=1

~
Il
-

Besides, due to Eq. (2.9), we have
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. Wi
Sont1.4Brj =1 —251‘ (2.19)

5
52h+1,j = E Mij -2,
i=1

In order to define the cycles {Q, }, we make a change of

. B;; L
coordinates x; = le y;". Its Jacobian is as follows:

J(y) = (2.20)

_d tBH —detBH wifw=1

As Wy(y) = 373, v;, it is natural to assume that the cycle
Q, can be factorized into a product of one-dimensional
cycles: Q, =[], Qi where Q}, belongs to the complex
plane of y;. We also have a requirement that ReW, — +oco
at infinity, so the convenient choice of Q! is as follows: It
goes from +oo to O along the real line, turns around 0
counterclockwise N,; times (N, € Z), and goes back to
+o0. This follows the construction proposed in Ref. [24].
The respective integral can be easily computed in terms of
gamma functions:

5 o ~ ~
Top :/Q ege™Vodx = det B/Q H(yf”kB‘#W"/W_le-yj)dsy
a a ]:1

qu\

2mN,,, SﬂkBk,+wj/w) _ 1) (SﬂkBkj + W]/W)]

(2.21)

Note that this expression is well defined even at the poles of the gamma function, i.e., when the expression Sy By; + Ww;/W is
a negative integer, since it has a finite limit due to the prefactor.
To proceed with calculations, we need to find the relation between 7 and 7. We have

5
Taﬁ —det B H[(ez’f”\’uj(I—SﬂkBkj‘W//W) — I)F(S‘/jkBkj + ij/ﬁ/)]

(ezﬂiNaj (S2ny1-paBrj /W)

|
;Z
I I

Jj=

5
=Toont1-p H Y(SpByj + Wi/ W),
i

where y(x) = & 1( l Here, we used the properties (2.17)

and (2.19). Hence, as T,; = T, M,p, the real structure
matrix is as follows:

5
M = Sa2ni1-p H r(SpByj + W;/W). (2.23)

J=1

Some of the matrix elements might be singular if there is
such b that Sy By; +W;/W =m € Z. However, as we
prove in Appendix A, transverse polynomials have the
following important property: If {n;} is a set of non-
negative integers, then the number of positive integer
elements of {n;By; +Ww;/W} is always not less than the
number of negative integer elements. In the rest of this
paper, we will refer to it as property A. It means that, in fact,
there are no singularities—the pole of the numerator is
always of not greater order than the one of the denominator.

Still, if there are such b that Sy, By; +Ww;/W € Z, and,
hence,

- 1)F(§2h+1—[;’,kBkj + Wj/W)Y(S/JkBkj +w;/w)]

(2.22)

Soni1op By + /= 1= (S, By + v,/ ) €Z, (2.24)
we have Ty, = T, 5,11, = 0 due to the same property A.
Therefore, in such cases 7 is degenerate, meaning that our
choice of Q, is bad. On the other hand, we can still
compute e~Xc(X) using (2.23), and we will show that it is
well defined and, in some sense, coincides with the result
of GLSM computation. Formally, it can be explained in
terms of the following regularization procedure. We
deform W, so that the integration measure acquires an
additional factor:

5
Wy = W, — injlongijk,
j k=1

5
d5ye‘W0 N d5yHy}p"e‘W0,
j=1

P ER; (2.25)

hence, the integration over Q,, is still well defined. Also
note that the symmetries of W, given by diagonal action of
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x; are preserved. The new measure simply amounts to the
shift w;/Ww — W;/W + ip; in all formulas, so (2.24) cannot
be satisfied and T,4(p) is nondegenerate. By simple

calculation similar to Eq. (2.22), we find

5
Mp(P) = Buonsi—p H y(SpByj +W;/ W +ip;). (2.26)

Jj=1

We see that after taking the limit p; — 0 it coincides with
M, from Eq. (2.23).

D. Periods and the final answer

In order to calculate the periods o,, we will use the
recursive technique proposed in Ref. [6]. First, we expand
the exponential of the deformations:

—er—WUHE: a* el

a=1n,=

(2.27)

Then, according to Eq. (2.15) we need to calculate the
integrals of [["_, ez*d®x over I',, with respect to the pairing
(2.7). Hence, we can treat [["_, ez*d°x as a cohomology
class in H>—up to a D_-exact form, it should be some
linear combination of {ezd°x}. Knowing the coefficients,
|

/ HX e Wodsx = det BH ZmN”‘/ S/;;\B;\,-&-w /w) - 1) (kakj + Wj/ﬂ/)] = TaﬁIﬂ(b)
Q

a j=1 Jj=1

The gamma functions in the numerator of Eq. (2.29)
might be singular. Suppose that b;By; +W;/Ww € Z for
exactly [ values of j, and then the number of singular
gamma functions is not greater than //2 due to property A.
Besides, S‘ﬁkBkj+ﬂ/j/w € Z in such cases due to the
expression for b;. We can use Eq. (2.24):

SﬂkBkJ—FWJ/VNV: 1 —(S‘thr]_[;kakj‘Fﬂ/j/W). (231)

Then, by applying property A to 3’2h+1_ﬂ‘kBkj + W,/ W, we
find that there are at least //2 singular gamma functions in
the denominator. Therefore, Eq. (2.29) is finite. Also, by
using property A for both sides of Eq. (2.31), one can show
that [ should be even and precisely //2 elements of
{§2h+1-p,k3kj +W;/Ww} are positive integers. Note that if
byBy; +w;/Ww € Z for some j, then J,(b) = 0 despite that

? 1%
e/;de € H>. Once again it reflects the fact that our choice
of Q, is unsuitable for such cases, so the calculations

should be understood in the sense of the limit discussed at

i dx corresponds to the nontrivial element

one can then evaluate the integral using Eq. (2.11). The
reduction to {eﬂdsx} is most easily performed step by step.
For instance, one has the following cohomologic equiv-
alence relations [24]:

5

Hx Vdx ~ (biByy + /= 1) [ [T .
k=1

(2.28)

Note that if the lhs is invariant with respect to some group
G which preserves W, the rhs is also invariant. These
relations allow one to consequently reduce the degree of

= 1x] " and arrive to one of the {e,} monomials, and as
we just discussed such a procedure is consistent with taking
an additional quotient. So, if b; = S'ﬁj +IM;;, |; € Z for

some f3, we find

/Hx e Wodx=4 {,/;H

ij>

kakJ +w; /W)
SﬂkBkj +w; /W)
(2.29)

One can check this directly by calculating the integral over
Q, and using Eq. (2.12) with the explicit expression
for Ty

(2.30)

|
the end of the previous subsection. We will describe it in
more detail later.

It is also important to understand when e(b)d’x =

j ]’d5x is nontrivial in H°. It means that one of the

monomials from the basis, say, e,, can be replaced with
e(b) and the corresponding new set of dual cycles {I's} is
well defined; i.e., M is nondegenerate and nonsingular.
Besides, we should also be able to replace ey, ;_, with
e(b),bj = Soni1
with e(b):

— bj, as it has a nontrivial pairing (2.10)

(2.32)

where we omitted the constant in 5. Elements of b might be
negative, but in the previous subsection we discussed that
the integrals over Q are well defined regardless. We also
assume that we do not replace e; or e, ;. Via calculations
similar to Egs. (2.21) and (2.22) used for the new basis of
monomials, we find
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Maonit-a = (2.33)

5
j=1
We will denote this expression by M(b). Because of
property A, it is finite if b; > 0. Hence, we assume that
e(b)dx is nontrivial iff M(b) # 0. Using property A,
this condition can be reformulated as follows: The number
of integer elements of {bBy; +W;/Ww} is even, and
precisely half of them are positive. Before, we have shown
that it is satisfied for the original basis of monomials.
Now we have all of the ingredients to write the final
answer. Using Eqgs. (2.14), (2.23), (2.27), and (2.29) and
omitting the constant factor in 7,4, we find
|

1)l H

['(n SakBkj +W;/W) ﬁ
(SarBij + Wi/ W) 4y

i F(nasakBkj + WJ/W)F(SakBk] + W]/W) i

2h+1 5
e_KC(X):z(_1)‘0‘|6a(¢)|2H7/(SakBkj+wj/W>’
a=0 Jj=1
00 5 h n
F n S kBk +w /W 1 "a a”
o) = | ey H
ng=0 j=1 ak kj +W /W a=1
(naSak—Sak)BkjeZ
(2.34)

This expression coincides with one of Ref. [20]. Let us also
slightly transform it. First, note that

= (=1)l H

j=1 Y(SdkBk] +w; /W) ( akBk] + W]/W)F(l - akBkJ - W; /W)

I

f[ i n SakBkj + Wj/w)] (n SakBkj + WJ/W> ( akBkj + WJ/W)
i) FY(SakBkj +W;/W)

f[ (SakBkj + W]/W)

J=1

and in the third equality we used that

h
Z ng — |a|
a=1

Now we can rewrite Eq. (2.34) as follows:

5

=1

2h+1 ©

e~ Kc(X) — Z Z

T(1 = nSuBi; —W; /W)y (SuBij + W,/ W)

= Z(nasuk - S(lk)Bkj’ (naSak

(2.35)

—S8.4)By; € Z. (2.36)

Za(ﬁ)ﬁY(SakBkj + W, /W) (ngSa By +W//W)H( 1) iy i

a=0 ng.ng=0 j:1
(g Sy~ Sak)BkjeZ
(g ak—Sak)BLIEZ

F<SakBkj +W;/W)

Ng.iig=
(na—na)SakBkj

The extension of the summation region can be explained
as follows. Consider the particular term with some n and 7
and assume that it is nonzero; for simplicity, we denote

m](n) = naSakBkj + 17\/}/171/’ (238)
In the region of summation m;(n) and m;(77) can be
integer only simultaneously, let / be the number of integer
elements of {m;(n)}. So, due to property A, there are at

most //2 singular gamma functions in the numerator of the
chosen term of Eq. (2.37), and at least [/2 of them in its

i f[ T(n,SaByj + W,/ W) ﬁ(—nnaqﬁzﬂaza
P TD(1 = 2, Su By — W; /W) 1% i '

' (2.37)

|
a*"va-

|
denominator—the expression is always finite. As this
term is nonzero, [ is even and exactly [/2 of integer
elements of {m;(n)} and of {m(71)} are positive. Hence,
as we have shown before, M(nS) # 0, M(iS) # 0, and,
therefore, the corresponding monomials define nontrivial
elements of . It means that all of the nonzero terms of
Eq. (2.37) are present in Eq. (2.34) and the zero terms
correspond to trivial elements of H°.

The main advantage of Eq. (2.37) is that it does not
contain terms with § and summation over a, although it is
not manifestly symmetric in n, and 71, unlike Eq. (2.34).
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Besides, such a form will be much more convenient for
comparison with the GLSM computation.

Similar calculations can also be performed for the shifted
WO (2. 25) In order to find the cohomologic relations for

1 X /d5x we can use Eq. (2.28) for H, 1 Jb i iPeMy g5
due to the pairing (2.7). It leads to the same shift w; /W=

W;/W+ip; as in the previous subsection. Besides,

5

j=1
pj (even if it cannot be reduced to e, d’x for some a), so the
basis {e,d’x} should be extended. The final result is as

follows:

b; . A
xj’dsx is always nontrivial in the case of nonzero

e KcXlp) = i f[ [(n,SuBy; +w;/W +ip;)
=1 F(l I’l S kBk]

"u fig=
g) akBkIEZ

We use K¢(X|p) to denote this result simply for conven-
ience: The zero locus (2.25) is not even well defined in
P, 1....ws if pj # 0, so there is no connection with CY moduli

spaces. However, Eq. (2.25) can be viewed as a super-
potential of some Landau-Ginzburg model, just as W,,.

III. MIRROR SYMMETRY AND GLSM
PARTITION FUNCTION

A. Mirror GLSM

The way to construct the mirror GLSM with & of
Kihler parameters was considered in Refs. [24,25]. Let us
clarify the connection between this approach and the one
proposed by Batyrev [10]. First, we need to represent
[P’i‘vl ..... ws as a toric manifold defined by a fan. The one-
dimensional cones of this fan are generated by vectors of
the integral lattice »; € N*, i=1,...,5, such that
v;w; = 0. These vectors should generate the lattice or
its quotient by a finite group G if we consider IP
All higher-dimensional cones correspond to the faces of
the simplex formed by {v;}. One can also define an
anticanonical polytope @y = {u: (u,v;) > —1}, where
(,) is a standard scalar product. The original construction
of Ref. [10] is based on the assumption that Oy is a lattice
polytope—then, the cones over faces of Oy define a
mirror fan. The mirror family is represented by zeros of
sections of the corresponding anticanonical bundle.
Additionally, ®y should be reflexive. Both of these
conditions are satisfied only if w is divisible by w;,

e., when there is a Fermat polynomial W, [26]. As
we wish to consider more general cases, we need some
generalization of this construction.

In Ref. [11], it was proposed to consider the convex hull
of some of the integer points of @y instead and construct a
fan out of cones over its faces. In fact, such points
correspond to the quasihomogeneous monomials with
respect to {w;}. The exact map is as follows:

5
n,w;)+1
ni—>Hx< i ,
J
Jj=1

nEN4ﬂ@X

(3.1)

i -
H )" Z¢Z

lp]a

oy (2.39)

|

In particular, the image of the origin is ¢;. If we choose the
points corresponding to the monomials of W, we obtain
precisely the fan for P, # (or its quotient by a finite
group)—it is consistent with the BHK construction.
However, we will also add the points corresponding to
e, monomials for ¢ > 1 and subdivide the fan, assuming
that all of the chosen points generate one-dimensional
cones, not just the ones being vertices of the hull. Hence,
the toric manifold we obtain is a blowup of one corre-
sponding to the convex hull. We will see that such a method
allows one to construct a GLSM with precisely /2 Kihler
parameters, which in some cases is a mirror to X.

The most suitable description of toric manifolds for our
purposes is the one in terms of projective coordinates. In our
case, we have h + 4 one-dimensional cones; hence, there
should be /1 + 4 projective coordinates zy, ..., 25, 27, -+ Zj-
The reason for such peculiar numeration will become clear
later. We also need to find the integral basis of linear relations
between the vectors generating one-dimensional cones, the
space of these relation /#-dimensional. Because of Eq. (3.1),

we can use M;; — 1 and S,; — 1 instead of such vectors, so it
is convenient to define the matrix V,;, u=1,....h +5, as
follows:

Vij =M, Vsiaj = Saj- (3.2)

We will encode the basis of relations into a matrix Q,,,:

ZQ},{G(Vﬂi - 1) =0.

476

(3.3)

As Vg, = §1; = 1, itis equivalent to the basis of relations
of V;:

6a — _ZQ/MI’ Qﬂav/u' =0 (34)
s
The toric manifold is defined as a quotient (C"** — Z) /C*"

[18], where the invariant set Z is defined by the higher-
dimensional cones of the fan and C*" acts as follows:
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h
g [[2872,. w=1....57....h+5 A1eC™. (3.5)

We will denote it )Vy. The section of its anticanonical
bundle is a polynomial W(y) which has the following
transformation properties under Eq. (3.5):

h
W > Hzaz*‘*ﬁ Gy (3.6)
a=1

So a representative of the mirror family is defined by
W(y) = 0. We can use Eq. (3.1) to construct a particular
example W:

5

Z Tz (3.7)
i=1 u#6

In particular, in the chart z, # 0, u > 6 (so we can set
these z, to 1 using the action of C*M), which is equivalent
to the quotient of P} . by some finite group G”,
Wo(y) coincides with the trémsposed polynomial (2.5). In
Ref. [27], it was shown that G is the same as in BHK
construction.

Now we wish to construct a GLSM whose vacuum
moduli space is also defined by YW = 0 in the same toric
manifold. As we will see, in general, it will be the case only
for a particular chart. Toric manifolds arise naturally in case
of GLSM [18]: The homogeneous coordinates correspond
to the scalar fields, and the action of C* is defined by the
charge matrix of U(1)" gauge group. The vacuum mani-
fold, however, is given by a critical locus of an invariant
polynomial—a superpotential of the model. So we intro-
duce a new coordinate z5 and define

W) = zeW, (3.8)
which is invariant with respect to the charge matrix Q,,, due
to Egs. (3.4) and (3.6). Its critical locus Y is defined by
the system W = 0, 2,0,V = 0, u # 6. As “5 10, =0,
this is indeed a CY manifold.

Besides, the toric manifold Y g\ in this case is given in
terms of symplectic quotient as a solution of the following
equations:

h+5
S0l =rn  eR (39)
p=1
considered up to U(1)" action:
7, = ez”"Qﬂ"ﬁ“zﬂ, B, €R. (3.10)

Here, r, are Kéhler parameters, and their number coincides
with the number of complex deformations considered in the

previous section. Note that the corresponding fan is defined
in five-dimensional space, as there are & + 5 coordinates
and / relations. Hence, it is not a subdivision of the fan of
Yg. The hypersurface zg = 0 defines the toric manifold
with the same one-dimensional cones as ), as the relation
matrices coincide, but the higher-dimensional cones may
differ.

In the case of )y, it is important to have integer Q,,, in
order to correctly define the action of C* (3.5). On the
other hand, the construction of Vg gm allows us to do an
arbitrary real change of basis of relations, as Eq. (3.1) is still
well defined in this case. In fact, the most convenient
expression for Q,, is generally noninteger:

Osiab = —Oap Qja = SukBy;j- (3.11)
Equations (3.9) are then as follows:
5
> SaBulzil? = lzsial? = ra- (3.12)
j=1

Let us return to the chart Z, = I, u> 6, considered
previously for Vp. If we assume that r; > 0, at least one
of z;, j=1,...,5, should be nonzero. Also note that
SikBxj = W;/W >0, so the equation for @ =1 has sol-
utions. Hence, if in this case WV is transverse with respect to
{z;}, then 9,V # 0. Therefore, z = 0—this hypersurface
in the considered chart is once again precisely the IP‘;V]
(or its quotient) from BHK construction, and the critical
locus is defined by W = 0. For simplicity, from now we
will consider the following particular superpotential:

h+5

MIER

i=1 pu=

W() = Z6W() = (313)

The GLSM has multiple phases [28], which are deter-
mined by values of r,. In the previous section, we used the
small complex structure decomposition (¢, — 0) to find
the Kihler potential. Hence, it is natural to expect that it
should correspond to the partition function in the phase
r, < 0. Let us examine this phase in more detail.

First, if S, By; > 0, we have z5,, #0 V a. So we can
fix zs,, = 1, and what s left is the quotient of C by a finite

group whose coordinates are {z;}. Also, W, = W7, so this
phase corresponds to a Landau-Ginzburg model with
superpotential W : The vacuum is given by critical points
of W}, and so it is {0} due to transversality of W}. It is
consistent with the BHK construction, and, in the next
subsection, we will see that the partition function indeed
coincides with Eq. (2.37). This is always the case

for Fermat polynomials, as Bj = 3-8 >0, but in
N J

Appendix B 1 we show that there are less trivial examples
as well.
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On the other hand, if there are b and j such that
SauByj <0, then zs,, might be zero, so we cannot fix
all of zs,, anymore. Thus, we have a mixed phase. The
partition function will have additional contributions con-
cerning Eq. (2.37), which can be attributed to different
charts of M[X].

B. The partition function

The partition function of GLSM on a sphere calculated in
Refs. [15,16] is as follows:

h+5

ZGLSM / / dTl dTh 47”41 rg=if,m, H
Q,uma €7 C, Cp 27[1

u=1
(Q/m (Ta ma/z) + qﬂ/z)
F(l - q/l/z - Q/m(Ta + ma/z)) .

(3.14)

Here, the contours {C,} go upward parallel to the imagi-
nary axis. The parameters g, are R charges of the scalars
and should be chosen in such a way that the charge of
superpotential is 2. The convenient choice is as follows:

SIS

g =2—, G540 =0, a=1,....h (3.15)

Using Eq. (3.11), one can easily check that condition on
total R charge of W is equivalent to its invariance with
respect to Qy,. In Appendix B 2, we show that a different
choice of g, leads to the same answer up to a product of
holomorphic and antiholomorphic functions. The Kéhler
moduli space is complexified by an addition of theta
parameters 6, to r,. It is also convenient to introduce
the holomorphic coordinates ¢,:

ga — o~ 2nr til, (316)

Also, in the original papers, this formula was derived
assuming Q,,, € Z; in this case, the summation goes along
the standard integral lattice. We used a generalization to an
arbitrary basis of charges proposed in Ref. [25].

Zaism(Y

maS i Bij€Z

h
% H|: F( —Tq +ma/2) C Taerﬂ/QCaz'a ma/2:|

r'(l+1z,+m,/2)

As r, < 0, we can close C, at Rer, > 0, so the integral is
equal to sum of residues in poles with Rez, > O (the overall
sign should be negative, as the contour is oriented clock-
wise). First let us assume that S, B; > 0. Gamma functions
have poles in integer nonpositive points, so suppose that

(Ta=my/2)S By +W;/ W=~ n>0, neZ. (3.18)
Then, we have

1 - Wj/ﬁ/ - (Ta + ma/Z)SakBkj

=1 +n— maSukBkj

Because of the m, summation region and 7, > 0, we find
that this expression is a nonpositive integer. Hence, poles of
|

Now we can rewrite Eq. (3.14) using Egs. (3.11)
and (3.15):
|
/ / dTl dTh F(( Ta — a/2)SakBkj + W]/VV)
= C Cy 27” = F(] - //W ( T4+ ma/z)sakBkj)
(3.17)

[
numerators of the first five gamma functions are canceled by
respective denominators. It means that we need to consider
only poles of the following form:
_Ta + ma/2 = _naﬂ na Z 07

n,€Z. (3.20)

It is also convenient to change the summation variable. We
define

y,=1,+m,/2 =m,+n,. (3.21)
As 2z, = n, + n,, all non-negative values of 7, satisfy
7, > 0. Besides, as i, € Z, terms with negative 71, have
poles in denominator and, hence, do not contribute.

After calculating the residues and changing the summa-
tion variable to 7,, we find

Zaism(Y) = i":

a, ia=0 j=1 (1
(ng—iigq)S akBkj ez

f[ ['(n,S akBij +W;/W)
F n SakBkj

) L (3.22)
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We see that it coincides with the exponential of the Kéhler
potential (2.37) if

(3.23)

So the conjecture of Ref. [14] is satisfied, and the mirror
map is defined by Eq. (3.23). Also, the initial expression
(3.17) allows one to analytically continue this result to the
region of large ¢, (or small {,) and, thus, explore the large
complex structure regime by closing the contours at
Rer, <« 0.

Now we move to the case with some of S,;Bj; being
negative. Some poles of the first five gamma functions in
the numerator of Eq. (3.17) are no longer canceled, so we
have to take them into account as well. Still, the residue
sum over the same poles (3.20) as before is once again the
expression (3.22), which is well defined thanks to property
A and coincides with Eq. (2.37) if we use the mirror map.
Also note that the modification of R charges ¢; — ¢; +
2ip; (which is formally not allowed) leads to Eq. (2.39), so
it is dual to the shift of W (2.25).

Now we consider the generic situation when gamma
functions with numbers y, have poles. We also change the
R charges in such a way that g, =0. Let us denote

Qup = 0, »> 0 the poles are defined by

—my)2) = — (3.24)

Qab(fb
Similarly to the previous computation, we also define
fi, = —Qu (7 +my/2). However, not all integral non-
negative sets {n,} and {7,} are possible, as
ng +ng, = _ZQabTb (325)
and 7, > 0. It means that, unless Q is nondegenerate and
the elements of Q™! are all nonpositive, some of {n,} and
{i,} cannot be realized. If we define a negative cone in R"
as the one spanned by {—e,}, where {e,} is a standard
basis, this condition can be reformulated. Namely, the
elements of Q™' are nonpositive iff the cone spanned by
rows of Q contains the negative cone. In fact, if it is not
satisfied, one can show that the corresponding residue sum
vanishes [29]. To demonstrate this property, we provide a
simple example in Appendix B 3.
Having Qab <0, we can do the following change of
coordinates:

h

Quhmb’ Ca :HE;Qbav

b=1

(3.26)

Al
Ta:_QabTbv =

which does not change the way we close the contours C,,.
The result of this change coincides with formula (3.14)
written in a different basis of charges, where Q,, ;, = —6,,-
It has an interesting interpretation in terms of polynomial
W. Namely, such a choice of charges (or relations) means
that we consider Hizl x;-/”“’ as deformations and the sum of

the rest of the monomials as the reference polynomial W,,.
So we define S‘ =V, j, compose a matrix M, ; from the
rest of the rows of V, and consider

It defines a different chart in the complex moduli space with
the reference point W, = 0. This polynomial can be obtained

. . R
from W by coordinate rescahng X — HZ 1 $a’ x; such that

the coefficients at [[}_; x;

expressed in terms of ¢,, and, as we show in Appendix B 4,
these expressions are consistent with the mirror map (3.23)
and the change (3.26):

M become unity. Then ¢, can be

~ h _AH-1 1
4511 = H¢bea = 5— (3.28)

b=1

Thus, it is natural to assume that the GLSM we constructed is
a mirror to a collection of charts of the complex moduli space
M (X): Each chart corresponds to a particular set of poles
(3.24). The charts themselves are defined by the condi-
tion O} <0.

Note that all degrees in Eq. (3.23) here are non-negative,
so ¢ — 0 when ¢ — 0. Besides, one can define the R
charges as g; =2 Zf’: | B,-j (we changed the order of
gamma function in the same way we changed the rows
of V,;), where B = M, and obtain the formula similar to
Eq. (3.22) for a given set of poles (3.24). If we also shift
4j = q; + 2ipj, the residue sum we consider becomes as
follows:

kj+q]+lpj)

Msa

Zaism(Y{uatsp) =

ng.iig=0 j:1
(na—na)s, al\BkjEZ

ferEns” 629)
lpj) e n,l'in,! ) '

kBk] QJ
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We see that it is indeed dual to the result of the geometric
computation for W given by Eq. (2.39) with an appro-
priate change of parameters. The duality is established by
the mirror map (3.28). However, we are also interested in
the limit p; — O in order to restore the connection with

Mc[X]. As W, is not generally transverse, property A no
longer holds. It was essential for the existence of such a
limit, so without it some terms of Eq. (3.29) might be
singular when p; = 0. They correspond to nonsimple
poles of the integrand of Eq. (3.14)—the residue sum at
p; = 0 should be computed more accurately. For instance,
nonsimple poles lead to terms logarithmic in &, and,
hence, logarithmic in &, It means that the behavior of the
residue sum at ¢, — 0 is singular. This is not surprising: If
W, is not transverse, it corresponds to the singular point of
the moduli space. So it is natural to assume that the residue
sum represents the actual Kéhler potential computed in the
corresponding chart of M[X].

Another interesting question is whether it is possible to
construct a GLSM which is a mirror just to one initial chart
of M¢[X] for a generic transverse W. It seems that the
answer is no, but there is a formal procedure which leads to
the desired result. Namely, replace S, By; in the arguments
of gamma functions in Eq. (3.17) with some generic Q;, > 0
(the summation region stays the same). Then only the set of
poles (3.20) has a nonzero contribution, and the complete
residue sum is just slightly modified (3.22). By subsequent
analytic continuation of Q;, back to S, By, we restore

Eq. (3.22) and, hence, obtain e Xc(X) calculated in the
appropriate chart. In principle, this procedure can be used to
study the large complex structure regime as well: The
analytic continuation from non-negative Q ;, should be done
after the calculation of the residue sum as before.

IV. CONCLUSION

We discuss the method of computation of Kéhler
potential on complex structure moduli space for CY
manifolds in weighted projective spaces. The particular
case of transverse polynomials is considered. We compute
the periods and the real structure structure matrix in a
specific basis of cycles; the general formula for the
potential is derived. We also show that the obtained
expressions are well defined thanks to the specific
property of transverse polynomials. Besides, a particular
logarithmic deformation of the original polynomial W, is
discussed to avoid the situations when the chosen basis of
real cycles is ill defined.

Then we construct the mirror GLSM using Batyrev’s
approach to mirror symmetry. We show that, in the case of
non-negative charges Q,, it has a Landau-Ginzburg phase
consistent with the Berglund-Hubsch-Krawitz mirror con-
struction. We demonstrate that the GLSM partition function
coincides with the exponential of the Kéhler potential and
allows one to define a mirror map.

Finally, we study the case of some of the charges Q;,
being negative. We argue that it is a mirror to a collection of
charts of the complex moduli and show that such an
interpretation is consistent with the obtained mirror map.
The deformation of R charges is demonstrated to be dual to
the discussed logarithmic deformation of W,,. Finally, a
way to obtain a mirror to only one chart via analytical
continuation from the model with positive charges is
provided. We speculate on the possibility to use this
method to investigate the large complex structure regime
as well.
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APPENDIX A: AN IMPORTANT PROPERTY OF
TRANSVERSE POLYNOMIALS

We wish to prove the following property of the transverse
polynomial W: If {n;} is a set of non-negative integers,
then the number of positive integer elements of {n;By; +
W;/W} is always not less than the number of negative ones.
For simplicity, we denote Q; = n;By; + Ww;/W. According
to Ref. [13], transverse polynomials consist of the following
elementary blocks:

a a a a a .
x|' -4 xE —Fermat, x|' x; +x57x3 + - - 4+ x° — chain,

X710 + x52x3 + -+ + X x; —loop, (A1)
where K < 5. The matrices M and B are block diagonal, so
we can consider these blocks separately. Hence, the limits of
all summations over repeated indices in this sections are 1
and K. We will also slightly abuse the notation, denoting the
particular block by W,. The property under consideration is

obviously satisfied for Fermat blocks, as B;; = % > 0. The

cases of other two types are less trivial.

To proceed, we will need an auxiliary observation.
Namely, note that for a given / the only nontrivial elements
of the /th column of M are M,_,; and M, (we identify
[ = —1 with [ = K). As

the following condition is satisfied:
Ql >0 or Ql—l > 0. (A3)

It can be improved in the case / = 1 for chain polynomials,
as for them Bj; = i’—'l‘ >0:
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Q, >0. (A4)
Another important fact is that x; > ¢*Bux; is a
symmetry of the transposed polynomial W{. In particular,
it means that x; > e*"@ix; is also its symmetry due to the
definition of Ww;/Ww (2.18). We denote this symmetry
generator by g(Q). The transposed chain and loop poly-
nomials are as follows:
+ Xk 1 XS

T _ a1 as
W0 chain = X1+ X1x5° + -

Wiioop = XkX1' + X1X5° + - F xg_1 X (A5)
Now suppose that Q,, € Z, and then g(Q) acts trivially on
X As g(Q) is a symmetry of W, from Eq. (A5) we
inductively find that g(Q) acts trivially on x; for 1 < j < K
if W, is a loop and for 1 < j < m if W is a chain (in this
case, we assume that the action on x,,.; iS nontrivial).
Hence, Q; € Z for corresponding j. To conclude the proof,
assume the opposite to property A.

(i) For loop polynomials, it means that there are more
than K /2 of nonpositive Q i» 1 < j < K. Hence, there
should be at least two consecutive nonpositive
elements of {Q;} (Q; and Qg are assumed to be
consecutive as well). It is impossible due to Eq. (A3).

(i1) For chain polynomials, it means that there are more
than m/2 of nonpositive Q;, 2 < j < m; here, we
used (A4) to exclude ;. Again, it means that there
should be at least two consecutive nonpositive
elements of {Qj}, 2 < j < m, which is forbidden
by Eq. (A3).

In both cases, we obtained a contradiction; thus, the proof is
finished.

APPENDIX B: PROPERTIES OF PARTITION
FUNCTION AND RELEVANT EXAMPLES

1. Non-Fermat polynomial with non-negative
charges Q;,

Consider the non-Fermat transverse polynomial
Wo = xt + xjx; + x5 + x5 + 13 (B1)

in P55444 with an additional Zs quotient defined by the
following generator:

xi xi
Xy WXy

glxl= x» |, o= (B2)
Xy X4
Xs o' x5

One can find that 4~ =5 and the deformation and charge
matrices are as follows:

11111 111
00230 00230
S:00320,SB:%00320,(B3)
11021 110
11201 11201

so the charges Q;, = S, By; are all non-negative.

2. The dependence on R charges

Let us consider the arbitrary choice of R charges §,.
They should satisfy 4,V =2, and we already know a
particular solution (3.15) of this equation and a basis of

relations for V,;. Hence,
Q/,t =4y, + 2Q;4a)(av (B4)
where g, are defined by Eq. (3.15). Looking at Eq. (3.14),
we see that we can getrid of Q,,,x, by change 7, — 7, — x,
(we assume that the contours C, do not cross poles after
this change). So the partition function simply acquires a

factor []"_,(¢.,)¥« which does not change the Kihler
potential.

3. An example of vanishing poles

Consider the following integral:
/ / dTlde
C, Cz 2ﬂ'l)2

The cone spanned by vectors (—1,0) and (-1, —1) clearly
does not contain the negative cone. The contours go parallel
to the imaginary axis slightly left to Rez, = 0. We close C,,
at Rer, > 0 and calculate the 7z; integral first:

-7 F(—Tl —Tz)e_rlfl_rzrz, r,> 0.

(BS)

/ dry Z -n— 12) P
G 2 n>0
/ dTZ Z T2 — ) e~ P22 T2l 1=k . (B6)
¢, 27 k>0

We numerate the poles as follows: 7, = m and in the case
of the second integral n = k —m > 0. So we find

® _ _ +
I = Z we—m’l—mﬁ

o=y nl(n+m)!
Sy
=, nl(n+m)! '

as we expected.

066008-12



CALABI-YAU MANIFOLDS IN WEIGHTED PROJECTIVE ...

PHYS. REV. D 105, 066008 (2022)

4. Change of variables

We will prove the consistency with a mirror map
inductively. Namely, consider the case

po =1{6.7....h— 1,1}, (B8)

i.e., when we exchange the first and last rows in V ;. The

; ho R
rescaling x; — []o_, ¢a""x;

. M, . .
cients at H?Zl x; " for i > 1 and transform the coefficient
Sij

¢h at H;:l Xj

requirements is as follows:

should preserve the coeffi-

to unity. The matrix R;, satisfying this

;1041
Rfa:Bijkav Uj,=- e

. . B9
! Sthkl ( )

Using this expression, one can easily find ¢,: For a < h,
they are coefficients at the same monomials as ¢, and ¢, is

. M,
a coefficient at [T;_, x; . We find

h

7 SajRjp =SakBii/SuB

ba :¢aH¢bw Jb :¢a¢h kB /Sw n a<h,
b=1

h
&h _ H¢aM1jRja _ ¢]/_l]/sthkl. (BIO)
a=1
The matrix Q,;, and its inverse are as follows:
A -0 b a < h,
Quw = { ‘
Sthklv a = h,
. -0, a<h,
o= { oo
SoiBi/SpBr, a = h.

From these expressions, one can see that Eq. (3.23) is
satisfied. The case of a more general change can now be
proven inductively.
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