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We investigate the SOð5Þ Landau problem in the SOð4Þ monopole gauge field background by applying
the techniques of the non-linear realization of quantum field theory. The SOð4Þ monopole carries two
topological invariants, the second Chern number and a generalized Euler number, specified by the SUð2Þ
monopole and antimonopole indices, Iþ and I−. The energy levels of the SOð5Þ Landau problem are
grouped into MinðIþ; I−Þ þ 1 sectors, each of which holds Landau levels. In the n-sectors,Nth Landau level
eigenstates constitute the SOð5Þ irreducible representation with ðp; qÞ5 ¼ ðN þ Iþ þ I− − n; N þ nÞ5
whose function form is obtained from the SOð5Þ nonlinear realization matrix. In the n ¼ 0 sector, the
emergent quantum geometry of the lowest Landau level is identified as the fuzzy four-sphere with radius
being proportional to the difference between Iþ and I−. The Laughlin-like wavefunction is constructed by
imposing the SOð5Þ lowest Landau level projection to the many-body wavefunction made of the Slater
determinant. We also analyze the relativistic version of the SOð5Þ Landau model to demonstrate the Atiyah-
Singer index theorem in the SOð4Þ gauge field configuration.

DOI: 10.1103/PhysRevD.105.065010

I. INTRODUCTION

More than forty years ago, Yang introduced the SUð2Þ
monopole that epitomizes beautiful topological features of
a non-Abelian gauge field [1,2]. The SUð2Þ monopole on
S4 realizes a natural non-Abelian generalization of theUð1Þ
principal fiber of the Dirac monopole on S2 [3], and the
SUð2Þ monopole charge exemplifies a physical manifes-
tation of the second Chern number. Not only for its elegant
mathematical structure, the SUð2Þ monopole found its
physical applications in the SOð5Þ Landau model and
four-dimensional (4D) quantum Hall effect [4], which,
from a modern point of view, is the first theoretical model
of a topological insulator in higher dimension. The under-
lying geometry of the system is the nested quantum Nambu
geometry that does not have any counterpart in classical
geometry [5], which renders the system to be quite unique
also in view of the noncommutative geometry [6,7].
Tensor-type Chern-Simons theories are proposed as effec-
tive field theories [6,7] that naturally induce generalized
fractional statistics of extended objects [8–10]. The theo-
retical formulation of the quantum Hall effect has now been
generalized to even higher dimensions [11–21] and super-
symmetric versions [22,23].

In recent years, studies of the higher dimensional
topological phases took a new turn. The idea of the
synthetic dimension and artificial gauge field allowed
researchers to access higher dimensional topological
phases with tabletop experiments. The artificial SUð2Þ
monopole gauge field has been implemented in systems
such as cold atoms [24] and metamaterials [25]. For
topological features specific to the 4D quantum Hall
effect, a number of experiments have been proposed in
cold atoms [26,27], photonics [28], circuit [29], and
acoustics [30], and several theoretical predictions have
already been confirmed [31,32]. Along with the develop-
ments, a five-dimensional (5D) Weyl semimetal with an
SUð2Þ monopole and SUð2Þ antimonopole structure in
the momentum space has been proposed [33,34] and
reported to host higher order topological insulators
[35,36]. Partially inspired by the recent progress of
higher dimensional topological physics, we present a
formulation of the 4D quantum Hall effect with an SOð4Þ
gauge structure. The SOð4Þ ≃ SUð2Þ ⊗ SUð2Þ group is
only the semisimple group among all of the SOðnÞ
groups, and the SOð4Þ monopole can be regarded as a
“composite” of the SUð2Þ monopole and the SUð2Þ
antimonopole. This notable structure is significant in
the perspective of the topological insulator, because with
the SUð2Þ monopole and the SUð2Þ antimonopole in the
same magnitude, the system may realize a nonchiral
topological phase in a higher dimension. This feature
is quite analogous to that of the quantum spin Hall
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effect [37–39].1 Also in perspectives of the string theory, the
nonchiral topological insulator is interesting. The formerly
constructed even dimensional quantum Hall systems are all
chiral that correspond to the chiral superstring theory
known as type II, while nonchiral quantum Hall systems
realize rare setups that correspond to the nonchiral super-
string theory known as type I [42,43].
The SOð4Þ gauge structure naturally appears in the

context of the 4D quantum Hall effect.2 In the setup of
the Landau models, the gauge group is adopted to be
equal to the holonomy group of the base manifold (see
[44,45] as reviews). For the SOð5Þ Landau model, the
base manifold is S4 whose holonomy group is SOð4Þ,
and in former researches, one SUð2Þ of the SOð4Þ ≃
SUð2Þ ⊗ SUð2Þ was adopted as the gauge group.
Notably, Yang applied the method of separation of
variables in solving the differential equation of the
SOð5Þ Landau problem in the SUð2Þ monopole back-
ground and successfully derived the eigenvalues and the
eigenfunctions [2].3 Though the analysis of the SOð4Þ
case is obviously significant, it is still left unexplored. It
may be because the Landau problem in the SOð4Þ
monopole background is far more complicated compared
to the SUð2Þ case. To overcome such technical difficul-
ties, we adopt the techniques of nonlinear realization.
While the nonlinear realization technique has been
developed in quantum field theory [46–48], the nonlinear
realization is closely related to quantum mechanical
systems with gauge symmetries [49] and has been
successfully applied to recent analyses of the Landau
models [11,14,50,51]. We use this method and com-
pletely solve the SOð5Þ Landau model in the SOð4Þ
monopole background. With newly obtained monopole
harmonics, we unveil particular properties of the SOð5Þ
Landau model and 4D quantum Hall effect.
The paper is organized as follows. In Sec. II, we

present a brief review about the nonlinear realization of
the SOð3Þ Landau model. Section III explains the Yang
SUð2Þ monopole in a modern notation and derives a
general form of the SOð5Þ matrix generators. In Sec. IV,
we exploit the nonlinear realization for the SOð5Þ group.
The SOð5Þ Landau problem in the SOð4Þ monopole
background is investigated in Sec. V. In Sec. VI, we
identify the noncommutative geometry and construct a

Laughlin-like many-body wave function. The relativistic
Landau model is discussed in Sec. VII to demonstrate
the Atiyah-Singer index theorem for the SOð4Þ
gauge field. Section VIII is devoted to summary and
discussions.

II. SOð3Þ MONOPOLE HARMONICS AND
NONLINEAR REALIZATION

The monopole harmonics are known as the eigenstates of
the SUð2Þ Casimir of the angular momentum in the Dirac
monopole background. In the Dirac gauge, the monopole
gauge field is given by

Ai ¼ −g
1

rðrþ zÞ ϵij3xj; ð1Þ

and the corresponding magnetic field is derived as

Bi ¼ ϵijk∂jAk ¼ g
1

r3
xi: ð2Þ

Here, g takes an integer or a half-integer due to the Dirac
quantization condition.4 The covariant angular momentum
operators are constructed as

Λi ¼ −iϵijkxjð∂k þ iAkÞ; ð4Þ

and the total angular momentum operators are

LðgÞ
i ¼ Λi þ r2Bi: ð5Þ

In detail, Eq. (5) is given by

LðgÞ
3 ¼ Lð0Þ

3 þ g; LðgÞ
m ¼ Lð0Þ

m þ g
1

rþ x3
xm ðm ¼ 1; 2Þ;

ð6Þ

with

Lð0Þ
i ¼ −iϵijkxj∂k: ð7Þ

1For a time-reversal symmetric 3D topological insulator with
Landau levels, one may consult Refs. [40,41].

2Strictly speaking, the universal cover of SOð4Þ, i.e., Spin(4),
is adopted as the gauge group.

3Such monopole harmonics are known as the SUð2Þmonopole
harmonics, but in the present paper, we refer to the eigenstates as
the SOð5Þ monopole harmonics with emphasis on their SOð5Þ
covariance.

4The Uð1Þ monopole charge is given by

c1 ¼
1

2π

Z
S2
B ¼ 2g; ð3Þ

which represents the first Chern number of integer value. The
result (3) is consistent with the fact that g is either an integer or a
half-integer.
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We introduce a nonlinear realization of the SUð2Þ group for
the coset SUð2Þ=Uð1Þ as5

Φlðθ;ϕÞ ¼ eiθ
P

2

m;n¼1
ϵmnymðϕÞSðlÞn ; ð11Þ

where

y1 ≡ cosϕ; y2 ≡ sinϕ; ð12Þ

and SðlÞi denote the SUð2Þmatrices of spin magnitude lwith
their third component being

SðlÞz ¼ diagðl; l − 1; l − 2;…;−lÞ: ð13Þ

We see that the nonlinear realization (11) is a ð2lþ 1Þ ×
ð2lþ 1Þ matrix that satisfies

Lðg¼SðlÞz Þ
i Φlðθ;ϕÞ ¼ Φlðθ;ϕÞSðlÞi : ð14Þ

By denoting the components of Φlðθ;ϕÞ as

φðgÞ
l;mðθ;ϕÞ≡ ðΦlðθ;ϕÞÞg;m

ðg;m ¼ l; l − 1; l − 2;…;−lþ 1;−lÞ; ð15Þ

Eq. (14) is recast into the following form:

LðgÞ
i φðgÞ

l;m ¼
Xl

m0¼−l

φðgÞ
l;m0 ðSðlÞi Þm0m; ð16Þ

and then

LðgÞ
i

2
φðgÞ
l;m ¼

Xl

m0¼−l

φðgÞ
l;m0 ðSðlÞi 2Þm0m ¼ lðlþ 1ÞφðgÞ

l;m; ð17Þ

which indicates that φðgÞ
l;mðθ;ϕÞ realize the monopole

harmonics introduced in [52]. With normalization factors,
the normalized monopole harmonics are expressed as

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

r
φðgÞ
l;mðθ;ϕÞ: ð18Þ

Notice that the nonlinear realization (11) is factorized as

Φlðθ;ϕÞ ¼ e−iϕS
ðlÞ
z eiθS

ðlÞ
y eiϕS

ðlÞ
z ¼ Dlðϕ;−θ;−ϕÞ: ð19Þ

Here, D is Wigner’s D functions (see [53] for instance):

Dlðχ; θ;ϕÞ ¼ e−iχS
ðlÞ
z e−iθS

ðlÞ
y e−iϕS

ðlÞ
z : ð20Þ

Equation (15) is equal to Dlðϕ;−θ;−ϕÞg;m ¼
dl;g;mð−θÞeiðm−gÞϕ with dj;m;m0 being Wigner’s small D
matrix6:

dj;m;m0 ðθÞ ¼ ðe−iθSðjÞy Þm;m0 : ð23Þ

With the monopole harmonics that satisfy (17), it is now
feasible to solve the SOð3Þ Landau problem on a sphere
[52,54]:

H ¼ 1

2M

X3
i¼1

Λi
2 ¼ 1

2M

�X3
i¼1

LðgÞ
i

2 − r4
X
i

Bi
2

�

¼ 1

2M

�X3
i¼1

LðgÞ
i

2 − g2
�
: ð24Þ

While l was assumed to be a given quantity, the input
parameter in the Landau Hamiltonian is the monopole
charge g, and then l should be determined by g. In the
following we assume g ≥ 0 for simplicity. The SUð2Þ spin
index l is greater than or equal to g, and so l starts from g
(not from 0). Therefore, the Landau level index N may be
identified as

N ≡ l − g ¼ 0; 1; 2;…: ð25Þ5When l ¼ 1=2, Eq. (11) is represented as

Φ1=2ðθ;ϕÞ ¼ ei
θ
2

P
2

m;n¼1
ϵmnymðϕÞσn ¼

� cos θ
2

sin θ
2
e−iϕ

− sin θ
2
eiϕ cos θ

2

�

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x3Þ

p �
1þ x3 x1 − ix2

−x1 − ix2 1þ x3

�
; ð8Þ

where

x1 ¼ sin θ cosϕ; x2 ¼ sin θ sinϕ; x3 ¼ cos θ: ð9Þ

One may readily check that Φ1=2ðθ;ϕÞ (8) satisfies (14):

L
ðg¼1

2
σ3Þ

i Φ1=2ðθ;ϕÞ ¼ Φ1=2ðθ;ϕÞ
1

2
σi: ð10Þ

6The explicit form of (23) is given by

dj;m;m0 ðθÞ ¼ ð−1Þm−m0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþmÞ!ðj −mÞ!
ðjþm0Þ!ðj −m0Þ!

s �
cos

θ

2

�
mþm0

×

�
sin

θ

2

�
m−m0

Pðm−m0;mþm0Þ
j−m ðcos θÞ; ð21Þ

where Pðα;βÞ
n ðxÞ stand for the Jacobi polynomials:

Pðα;βÞ
n ðxÞ ¼ ð−1Þn

2nn!
ð1 − xÞ−αð1þ xÞ−β dn

dxn
ð1 − xÞnþαð1þ xÞnþβ:

ð22Þ
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We then identify the SUð2Þ spin index l of the nonlinear
realization (11) as

l ¼ N þ g: ð26Þ

From (15), we can now derive the (N þ 1)th column of
Φl¼Nþgðθ;ϕÞ as the set of the Nth Landau level eigenstates:

Φl¼Nþg;g;m ¼ φðgÞ
l¼Nþg;m ðm ¼ l; l − 1; l − 2;…;−lÞ:

ð27Þ

See Fig. 1. Equation (17) implies that the eigenenergy of
(24) is given by

EN ¼ 1

2M
ðSðl¼NþgÞ

i
2 − g2Þ

¼ 1

2M
ðlðlþ 1Þjl¼Nþg − g2Þ

¼ 1

2M
ðNðN þ 1Þ þ gð2N þ 1ÞÞ; ð28Þ

and (27) denotes the Nth Landau level eigenstates. Notice
that we first identified the Landau level eigenstates as the
nonlinear realization, and later we derived the Landau
energy levels from the SUð2Þ covariance of the nonlinear
realization.
Let us summarize the essence of the nonlinear realization

technique. Once the nonlinear realization was constructed,
we can read off the lowest and higher Landau level
eigenstates from its matrix elements. In the construction
of the nonlinear realization (11), what we needed was just
the higher spin matrices. The explicit form of the higher
spin matrices has been known, but even if we did not know
them, we can derive them by sandwiching the angular

momentum operators with some appropriate irreducible
representation, say, the lowest Landau level (LLL) eigen-
states.7 In the following sections, we apply these observa-
tions for solving the SOð5Þ Landau problem in the SOð4Þ
monopole background.

III. SOð5Þ MATRIX GENERATORS FROM
YANG’S MONOPOLE HARMONICS

We first need to derive the matrix generators of arbitrary
SOð5Þ irreducible representations. Fortunately, Yang
already derived a complete basis set of the SOð5Þ irreduc-
ible representations as the SOð5Þ monopole harmonics [2].
Sandwiching the SOð5Þ angular momentum operators with
the SOð5Þ monopole harmonics, we can in principle derive
the SOð5Þ matrix generators of arbitrary representations.
In this section, we review Yang’s work with a modern
notation [5] and derive a general matrix form of the SOð5Þ
generators.

A. Basics of the SOð5Þ representation
The SOð5Þ algebra holds two non-negative integer

Casimir indices, p and q (p ≥ q); the SOð5Þ Casimir
eigenvalue for the SOð5Þ irreducible representation,
ðp; qÞ5, is given by

λðp; qÞ ¼ 1

2
p2 þ 1

2
q2 þ 2pþ q; ð30Þ

FIG. 1. The Nth Landau level eigenstates are realized as the components of the red enclosed (N þ 1)th column of the nonlinear
realization.

7Using the LLL eigenstates φðgÞ
g;m, we can construct the higher

spin matrices with spin magnitude g by the formula:

2gþ 1

4π

Z
S2
dΩ2φ

ðgÞ
g;m

�LðgÞ
i φðgÞ

g;m0 ¼ ðSðgÞi Þmm0 : ð29Þ
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and the corresponding dimension is

Dðp;qÞ¼1

6
ðpþ2Þðqþ1Þðpþqþ3Þðp−qþ1Þ: ð31Þ

The SOð4Þ ≃ SUð2Þ ⊗ SUð2Þ subgroup decomposition is
given by (Fig. 2)

ðp; qÞ5 ¼ ⨁
0≤n≤q

⨁
−p−q

2
≤s≤p−q

2

ðj; kÞ4; ð32Þ

where

ðj; kÞ4 ≡
�
n
2
þ p − q

4
þ s
2
;
n
2
þ p − q

4
−
s
2

�
4

: ð33Þ

The symbols, j and k, denote the bi-spin indices of
the SOð4Þ ≃ SUð2Þ ⊗ SUð2Þ group, while n ¼ jþ k−
p−q
2
ð¼ 0; 1; 2;…; qÞ and s ¼ j − kð¼ − p−q

2
;− p−q

þ 1;
− p−q

2
þ 2;…; p−q

2
Þ indicate the Landau level index and

the chirality parameter in the SOð4Þ Landau model [5]. The
notations, ðj; kÞ4 and ½n; s�, are both useful according to
context, and we hereafter utilize them interchangeably:

ðj; kÞ4 ↔ ½n; s�: ð34Þ

Let us call the oblique lines in Fig. 2 specified by
jþ k ¼ nþ p−q

2
the SOð4Þ lines. Each filled circle

represents an SOð4Þ irreducible representation ðj; kÞ4 with
dimension ð2jþ 1Þð2kþ 1Þ. On the nth SOð4Þ line, there
are ðp − qþ 1Þ SOð4Þ irreducible representations, and the
total dimension of those SOð4Þ irreducible representations
is counted as

dðn; p − qÞ≡ X
−p−q

2
≤s≤p−q

2

ð2jþ 1Þð2kþ 1Þ

¼ 1

6
ðp − qþ 1Þððp − qÞ2 þ ð6nþ 5Þðp − qÞ

þ 6ðnþ 1Þ2Þ: ð35Þ

As depicted in Fig. 2, the SOð4Þ irreducible representations
on the (qþ 1) SOð4Þ lines (n ¼ 0; 1; 2;…; q) constitute the
SOð5Þ irreducible representation ðp; qÞ5:

Xq
n¼0

dðn; p − qÞ ¼ Dðp; qÞ; ð36Þ

where Dðp; qÞ is given by (31).

B. SOð5Þ monopole harmonics
in the SUð2Þ background

In the Dirac gauge, the SUð2Þ antimonopole gauge
field [4] is represented as

Am ¼ −
1

rðrþ x5Þ
η̄imnxnSi ðm; n ¼ 1; 2; 3; 4Þ; A5 ¼ 0;

ð37Þ

where Si (i ¼ 1, 2, 3) denote the SUð2Þ matrix of the spin
I=2 representation,

SiSi ¼
I
2

�
I
2
þ 1

�
1Iþ1; ð38Þ

and η̄imn signifies the ’t Hooft symbol:

ηimn ≡ ϵmni4 þ δmiδn4 − δm4δni;

η̄imn ≡ ϵmni4 − δmiδn4 þ δm4δni: ð39Þ

We construct the covariant angular momentum operators as

Λab ¼ −ixaDb þ ixbDa ðDa ¼ ∂a þ iAaÞ ð40Þ

and the total SOð5Þ angular momentum operators as

Lab ¼ Λab þ r2Fab: ð41Þ

FIG. 2. Each of the filled circles represents an SOð4Þ irreduc-
ible representation. The SOð4Þ irreducible representations rep-
resented by the filled circles amount to the SOð5Þ irreducible
representation ðp; qÞ5. (Taken from [5].)
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The field strength, Fab ¼ ∂aAb − ∂bAa þ i½Aa; Ab�
ða; b ¼ 1; 2; 3; 4; 5Þ, is derived as8

Fmn ¼ −
1

r2
xmAn þ

1

r2
xnAm þ 1

r2
η̄imnSi;

Fm5 ¼ −F5m ¼ 1

r2
ðrþ x5ÞAm; ð44Þ

and (41) is given by

Lmn ¼ Lð0Þ
mn þ η̄imnSi; Lm5 ¼ Lð0Þ

m5 −
1

rþ x5
η̄imnxnSi;

ð45Þ

where Lð0Þ
ab denote the SOð5Þ free angular momentum

operators:

Lð0Þ
ab ¼ −ixa∂b þ ixb∂a: ð46Þ

Now the eigenvalue problem of the SOð5Þ Casimir operator
reads

X5
a<b¼1

Lab
2ψ ¼ λψ: ð47Þ

Yang showed that with a given SUð2Þ monopole index I, p
and q are related as

p − q ¼ I ð48Þ

or

ðp; qÞ5 ¼ ðN þ I; NÞ5: ð49Þ

Here N denotes a non-negative integer value that corre-
sponds to the Landau level of the SOð5Þ Landau model [4].
Substituting (49) into (30) and (31), respectively, we
readily obtain the SOð5Þ Casimir eigenvalues of (47)
and the degeneracies as

λðN þ I; NÞ ¼ N2 þ NðI þ 3Þ þ 1

2
IðI þ 4Þ; ð50aÞ

DðNþI;NÞ¼1

6
ðNþ1ÞðIþ1ÞðIþNþ2ÞðIþ2Nþ3Þ:

ð50bÞ

Thus, once the identification (49) was established, the
derivation of the eigenvalues is an easy task, but the
derivation of the eigenstates needs a different task. Yang
used the method of the separation of variables for solving
the differential equation (47) [2]. We will not here repeat
that derivation but just write down the results in a modern
notation [5]. With the polar coordinates on a four-sphere
(with unit radius)

x1 ¼ sin ξ sin χ sin θ cosϕ; x2 ¼ sin ξ sin χ sin θ sinϕ;

x3 ¼ sin ξ sin χ cos θ;

x4 ¼ sin ξ cos χ; x5 ¼ cos ξ;

ð0 ≤ ξ ≤ π; 0 ≤ χ ≤ π; 0 ≤ θ ≤ π; 0 ≤ ϕ < 2πÞ;
ð51Þ

the normalized SOð5Þ monopole harmonics are
represented as9

ψN;j;mj;k;mk
ðΩ4Þ ¼ GN;j;kðξÞ · Yj;mj;k;mk

ðΩ3Þ
½Ω3 ¼ ðχ; θ;ϕÞ�; ð54Þ

where

GN;j;kðξÞ¼ð−1Þ2jþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nþ I

2
þ3

2

r
1

sinξ
dNþI

2
þ1;−jþk;jþkþ1ðξÞ;

ð55aÞ

Yj;mj;k;mk
ðΩ3Þ¼

Xj

mR¼−j

0
BBBBBBBB@

Ck;mk

j;mR;
I
2
;I
2

Φj;mj;j;mR
ðΩ3Þ

Ck;mk

j;mR;
I
2
;I
2
−1Φj;mj;j;mR

ðΩ3Þ

..

.

Ck;mk

j;mR;
I
2
;−I

2

Φj;mj;j;mR
ðΩ3Þ

1
CCCCCCCCA
: ð55bÞ

8The nontrivial topology of the SUð2Þ monopole field con-
figuration is accounted for by

π3ðSUð2ÞÞ ≃ Z; ð42Þ
and the corresponding second Chern number is evaluated as

c2 ¼
1

8π2

Z
S4
trF2 ¼ −

1

6
IðI þ 1ÞðI þ 2Þ; ð43Þ

where F ¼ 1
2
Fabdxa ∧ dxb with (44).

9The orthonormal relation for the SOð5Þ monopole harmonics
is given by

Z
dΩ4ψN;j;mj;k;mk

ðΩ4Þ†ψN0;j0;m0
j;k

0;m0
k
ðΩ4Þ

¼ δNN0δjj0δkk0δmjm0
j
δmkm0

k
; ð52Þ

where

dΩ4 ¼ sin3ξ sin2χ sin θ dξdχdθdϕ: ð53Þ
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Here, dNþI
2
þ1;−jþk;jþkþ1 in (55a) stand for the Wigner’s

small D matrix (23), Ck;mk
j;mR;I=2;sz

in (55b) represent the
Clebsch-Gordan coefficients, and Φj;mj;j;mR

ðΩ3Þ denote the
SOð4Þ spherical harmonics [51]. From (49), the SOð4Þ
bi-spins (33) now become

ðj; kÞ4 ≡
�
n
2
þ I
4
þ s
2
;
n
2
þ I
4
−
s
2

�
4

; ð56Þ

where

n ¼ 0; 1; 2; 3;…; N; s ¼ I
2
;
I
2
− 1;…;−

I
2
: ð57Þ

Equation (56) implies that the Hilbert space of the Nth
SOð5Þ Landau level consists of the smaller Hilbert spaces
of the inner SOð4Þ Landau levels:

Hðp¼NþI;q¼NÞ
SOð5Þ ¼ ⨁

0≤n≤N
⨁

−I
2
≤s≤I

2

H½n;s�
SOð4Þ: ð58Þ

For instance, the LLL (N ¼ 0) of I ¼ 1 holds fourfold
degeneracy made of two SOð4Þ irreducible representations,
½n; s� ¼ ½0; 1=2� and ½0;−1=2�,10

ψ1 ≡ ψ0;1=2;1=2;0;0 ¼ −
ffiffiffi
3

p

2π
sin

ξ

2

�
cos χ − i sin χ cos θ

−i sin χ sin θeiϕ

�
;

ψ2 ≡ ψ0;1=2;−1=2;0;0 ¼
ffiffiffi
3

p

2π
sin

ξ

2

�
i sin χ sin θe−iϕ

− cos χ − i sin χ cos θ

�
;

ψ3 ≡ ψ0;0;0;1=2;1=2 ¼ −
ffiffiffi
3

p

2π

�
cos ξ

2

0

�
;

ψ4 ≡ ψ0;0;0;1=2;−1=2 ¼ −
ffiffiffi
3

p

2π

�
0

cos ξ
2

�
: ð60Þ

C. SOð5Þ matrix generators for arbitrary
irreducible representation

We next investigate the matrix form of the SOð5Þ
generators of arbitrary irreducible representations. For
notational brevity, with the understanding of (49) we
simply represent ψN;;j;mj;k;mk

(54) as

ψðp;qÞ5
α ; ð61Þ

where

α ¼ ðj; mj; k;mkÞ ¼ 1; 2;…; Dðp; qÞ: ð62Þ

As the SOð5Þ monopole harmonics realize a ðp; qÞ5
irreducible representation under the transformations gene-
rated by Lab,

Labψ
ðp;qÞ5
α ¼ ψðp;qÞ5

β ðΣðp;qÞ5
ab Þβα; ð63Þ

we can derive the SOð5Þ matrix generators of ðp; qÞ5 by

ðΣðp;qÞ5
ab Þαβ ¼

Z
S4
dΩ4ψ

ðp;qÞ5
α

†Labψ
ðp;qÞ5
β : ð64Þ

For instance, from (60), Σð1;0Þ5
ab are derived as11

Σð1;0Þ5
mn ¼ 1

2

�
ηimnσi 0

0 η̄imnσi

�
;

Σð1;0Þ5
m5 ¼ i

1

2

�
0 −q̄m
qm 0

�
; ð67Þ

where ηimn and η̄imn are the ’t Hooft symbols (39), and qm
and q̄m denote the quaternions and their quaternion
conjugates:

qm ¼ f−iσi; 1g; q̄m ¼ fiσi; 1g: ð68Þ

The SOð4Þ decomposition (58) implies

Σðp;qÞ5
mn ¼ ⨁

0≤n≤q
⨁

−p−q
2
≤s≤p−q

2

σ
ðj¼n

2
þp−q

4
þs

2
;k¼n

2
þp−q

4
−s
2
Þ4

mn ; ð69Þ

where σðj;kÞ4mn are the SOð4Þ ≃ SUð2ÞL ⊗ SUð2ÞR matrix
generators with index ðj; kÞ4,

σðj;kÞ4mn ≡ ηimnS
ðjÞ
i ⊗ 12kþ1 þ 12jþ1 ⊗ η̄imnS

ðkÞ
i : ð70Þ

More specifically,

10The states of (60) are essentially equal to those of (B3):

ψ1 ¼
ffiffiffi
3

p

2π
ψ

½0;−1
2
�

1 ; ψ1 ¼
ffiffiffi
3

p

2π
ψ

½0;−1
2
�

2 ;

ψ3 ¼ −
ffiffiffi
3

p

2π
ψ

½0;−1
2
�

3 ; ψ4 ¼ −
ffiffiffi
3

p

2π
ψ

½0;−1
2
�

4 : ð59Þ

11With the SOð5Þ gamma matrices

γm ¼
�

0 q̄m
qm 0

�
; γ5 ¼

�
−1 0

0 1

�
; ð65Þ

Eqs. (67) are simply given by

Σð1;0Þ5
ab ¼ −i

1

4
½γa; γb�: ð66Þ

SOð5Þ LANDAU MODEL AND 4D QUANTUM HALL EFFECT … PHYS. REV. D 105, 065010 (2022)
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Σðp;qÞ5
mn ≡

0
BBBBBBBB@

σ½n¼0�
mn 0 0 0 0

0 σ½n¼1�
mn 0 0 0

0 0 σ½n¼2�
mn 0 0

0 0 0 . .
.

0

0 0 0 0 σ½n¼q�
mn

1
CCCCCCCCA
; ð71Þ

where σ½n�mn denotes the dðn; p − qÞ × dðn; p − qÞ square
matrix that is further block-diagonalized:

σ½n�mn ≡

0
BBBBBB@

σ
ðp−q

2
þn

2
;n
2
Þ4

mn 0 0 0

0 σ
ðp−q

2
þn

2
−1
2
;n
2
þ1

2
Þ4

mn 0 0

0 0 . .
.

0

0 0 0 σ
ðn
2
;n
2
þp−q

2
Þ4

mn

1
CCCCCCA
:

ð72Þ

See the left of Fig. 3. Since Lm5 behave as an SOð4Þ vector
of the SOð4Þ bi-spins,

ðj; kÞ4 ¼
�
1

2
;
1

2

�
4

; ð73Þ

the SUð2Þ selection rule indicates that the matrix elements
of Lm5 take nonzero values only for

ðΔj;ΔkÞ4 ¼
�
1

2
;
1

2

�
4

;

�
−
1

2
;
1

2

�
4

;�
1

2
;−

1

2

�
4

;

�
−
1

2
;−

1

2

�
4

: ð74Þ

In other words, Σðp;qÞ
m5 have finite matrix elements only

between nearest SOð4Þ irreducible representations in

Fig. 2, and the matrix form of the Σðp;qÞ
m5 is depicted in

Fig. 3. The matrices (67) actually fit the general matrix

form of Fig. 3. It should be emphasized that while we
utilized Yang’s monopole harmonics, the obtained SOð5Þ
matrix generators do not depend on the functional forms
specific to Yang’s monopole harmonics and are universal
for any SOð5Þ irreducible representations.

IV. SOð5Þ MONOPOLE HARMONICS AS
NONLINEAR REALIZATION

Here, we discuss how the nonlinear realization is related
to quantum mechanics with gauge symmetry. While we
focus on the SOð5Þ case, the obtained results can easily be
generalized to arbitrary groups.

A. SOð5Þ nonlinear realization
and SOð4Þ gauge symmetry

Let us consider the nonlinear realization of the SOð5Þ
group for the coset manifold

S4 ≃ SOð5Þ=SOð4Þ: ð75Þ

In the context of quantum field theory, the coset represents
the field manifold associated with the spontaneous sym-
metry breaking of SOð5Þ → SOð4Þ. With the broken
generators

Σðp;qÞ5
m5 ðm ¼ 1; 2; 3; 4Þ ð76Þ

we can construct the associated nonlinear realization matrix

Ψðp;qÞ5ðΩ4Þ ¼ ei
P

4

m¼1
αmðΩ4ÞΣðp;qÞ5

m5 ; ð77Þ

where αm are parameters to be determined. With an element
of the unbroken SOð4Þ group,

H ¼ e
1
2

P
4

m;n¼1
ωmnΣ

ðp;qÞ5
mn ; ð78Þ

the SOð5Þ group element is locally represented as

FIG. 3. General matrix form of the SOð5Þ generators. The SOð4Þ block matrices with nonzero elements are denoted as the filled
squares and rectangles.
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H† · Ψðp;qÞ5 : ð79Þ

Equation (71) implies that H (78) is expressed as a
completely reducible representation of the SOð4Þ,

H ¼

0
BBBBB@

h½0� 0 0 0

0 h½1� 0 0

0 0 . .
.

0

0 0 0 h½q�

1
CCCCCA ¼ ⨁

q

n¼0

h½n�; ð80Þ

and each of the block matrices is further block-diagonalized,

h½n� ¼

0
BBBBB@

h½n;
p−q
2
� 0 0 0

0 h½n;
p−q
2
−1� 0 0

0 0 . .
.

0

0 0 0 h½n;−
p−q
2
�

1
CCCCCA

¼ ⨁
−p−q

2
≤s≤p−q

2

h½n;s�: ð81Þ

Recall that ½n; s� specifies the SOð4Þ bi-spin indices (34).
Assume that the unbroken SOð4Þ transformation acts as a
“gauge” transformation,12

Ψðp;qÞ5 → H† · Ψðp;qÞ5 ; ð82Þ

while the global transformation G ∈ SOð5Þ acts as a right
action,

Ψðp;qÞ5 → Ψðp;qÞ5 · G: ð83Þ

The corresponding connection is introduced as

Aa ¼ −iΨðp;qÞ5∂aΨðp;qÞ5†

¼

0
BBBBBB@

A½0�
a A½0;1�

a � � � A½0;q�
a

A½1;0�
a A½1�

a � � � A½1;q�
a

..

. ..
. . .

. ..
.

A½q;0�
a A½q;1�

a � � � A½q�
a

1
CCCCCCA
: ð84Þ

Under the transformation (82), Eq. (84) transforms as an
SOð4Þ gauge field as anticipated:

Aa → H†AaH − iH†∂aH: ð85Þ

However, note that Aa (84) is a pure gauge whose curvature
identically vanishes. To realize a physical gauge field, we
utilize the block-diagonal parts of (84),

Aa ≡

0
BBBBB@

A½0�
a 0 0 0

0 A½1�
a 0 0

0 0 . .
.

0

0 0 0 A½q�
a

1
CCCCCA ¼ ⨁

q

n¼0

A½n�
a ; ð86Þ

and each of the block matrices is given by

A½n�
a ¼

0
BBBBBB@

A
½n;p−q

2
�

a 0 0 0

0 A
½n;p−q

2
−1�

a 0 0

0 0 . .
.

0

0 0 0 A
½n;−p−q

2
�

a

1
CCCCCCA

¼ ⨁
−p−q

2
≤s≤p−q

2

A½n;s�
a : ð87Þ

Under the transformation (82), Aa transforms similarly
to (85):

Aa → H†AaH − iH†∂aH: ð88Þ

We see that Aa is no longer a pure gauge field in the sense
that the corresponding curvature, Fab ¼ ∂aAb − ∂bAaþ
i½Aa; Ab�, does not vanish. It is also obvious that Aa are
invariant under the global SOð5Þ transformation (83). With
the Aa, we can introduce the covariant derivatives and
angular momentum operators for the nonlinear representa-
tion as13

DaΨðp;qÞ5 ≡ ∂aΨðp;qÞ5 þ iAaΨðp;qÞ5 ;

JabΨðp;qÞ5 ≡ ð−ixaDb þ ixbDa þ r2FabÞΨðp;qÞ5 : ð91Þ

Let us focus on the smaller SOð4Þ gauge transformations
denoted by h½n;s� of (81) that carry the SOð4Þ bi-spin
indices:

ðj; kÞ4 ¼
�
n
2
þ p − q

4
þ s
2
;
n
2
þ p − q

4
−
s
2

�
4

: ð92Þ

We represent Ψ (77) as

12In the context of field theory, Eq. (82) is called the hidden
local symmetry of nonlinear realization.

13Under the gauge and the global transformations, the quan-
tities defined by (91), respectively, transform as

DaΨðp;qÞ5 →H† ·DaΨðp;qÞ5 ; JabΨðp;qÞ5 →H† ·JabΨðp;qÞ5 ; ð89Þ

and

DaΨðp;qÞ5 →DaΨðp;qÞ5 ·G; JabΨðp;qÞ5 →JabΨðp;qÞ5 ·G: ð90Þ
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Ψðp;qÞ5 ¼

0
BBBBBB@

Ψ½0�
1 Ψ½0�

2 � � � Ψ½0�
Dðp;qÞ

Ψ½1�
1 Ψ½1�

2 � � � Ψ½1�
Dðp;qÞ

..

. ..
. . .

. ..
.

Ψ½q�
1 Ψ½q�

2 � � � Ψ½q�
Dðp;qÞ

1
CCCCCCA
; ð93Þ

and each block Ψ½n�
ðα¼1;2;…;Dðp;qÞÞ ðn ¼ 0; 1; 2;…; qÞ which

we call the n sector of Ψðp;qÞ5 takes the form of

Ψ½n�
α ¼

0
BBBBBBBBBBBBB@

ψ
½n;p−q

2
�

α

ψ
½n;p−q

2
−1�

α

..

.

ψ ½n;s�
α

..

.

ψ
½n;−p−q

2
�

α

1
CCCCCCCCCCCCCA
: ð94Þ

The gauge (82) and the global transformations (83),

respectively, act to the ψ ½n;s�
α ð− p−q

2
≤ s ≤ p−q

2
Þ as

ψ ½n;s�
α → h½n;s�†ψ ½n;s�

α ; ψ ½n;s�
α →

XDðp;qÞ

β¼1

ψ ½n;s�
β Gβα: ð95Þ

The gauge field A½n;s�
a in (87) is represented as

A½n;s�
a ¼ −i

XDðp;qÞ

α¼1

ψ ½n;s�
α ∂aψ

½n;s�
α

†; ð96Þ

which transforms as

A½n;s�
a → h½n;s�†A½n;s�

a h½n;s� − ih½n;s�†∂ah½n;s�: ð97Þ

Using (96), we can construct the covariant derivatives and
the angular momentum operators as

D½n;s�
a ψ ½n;s�

α ¼ ∂aψ
½n;s�
α þ iA½n;s�

a ψ ½n;s�
α ;

J½n;s�ab ψ ½n;s�
α ≡ ð−ixaD½n;s�

b þ ixbD
½n;s�
a þ r2F½n;s�

ab Þψ ½n;s�
α :

ð98Þ

The second equation of (95) implies that the set

ψ ½n;s�
α¼1;2;…;Dðp;qÞ constitutes an SOð5Þ irreducible represen-

tation with ðp; qÞ5, and at the same time, ψ ½n;s�
α enjoys the

SOð4Þ gauge symmetry of the SOð4Þ bi-spin indices (92).
The physical quantities that hold such features are nothing
but the SOð5Þ monopole harmonics.

B. Determination of the SOð5Þ nonlinear realization

Our next task is to determine the parameters αm of the
nonlinear realization (77). For this purpose, it is sufficient

to consider the simplest case Σð1;0Þ5
ab (67), in which the

nonlinear realization (77) reads

Ψð1;0Þ5ðΩ4Þ ¼
� cosðα

2
Þ12 sinðα

2
Þ 1
α αmq̄m

− sinðα
2
Þ 1
α αmqm cosðα

2
Þ12

�
ð99Þ

with α≡ ffiffiffiffiffiffiffiffi
αm

2
p

. According to the discussions of Sec. IVA,
we rewrite (99) in the following form:

Ψð1;0Þ5ðΩÞ ¼

0
B@ ψ

½0;1
2
�

1 ψ
½0;1

2
�

2 ψ
½0;1

2
�

3 ψ
½0;1

2
�

4

ψ
½0;−1

2
�

1 ψ
½0;−1

2
�

2 ψ
½0;−1

2
�

3 ψ
½0;−1

2
�

4

1
CA ð100Þ

to see that the set of the upper and lower two columns,
respectively, represents the monopole harmonics of
ðp; qÞ5 ¼ ð1; 0Þ5 in the SUð2Þ monopole background
and in the SUð2Þ antimonopole background. Recall the
(anti)monopole harmonics (60) to construct

2πffiffiffi
3

p ðψ1 ψ2 −ψ3 −ψ4 Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p ð−xmqm ð1þ x5Þ12 Þ; ð101Þ

which should be identified as the lower two columns
of (99). Now αm can be identified as

αmðΩ4Þ ¼ ξym; ð102Þ

where ym (m ¼ 1, 2, 3, 4) denote the coordinates on the
hyperlatitude at the azimuthal angle ξ on S4:

ym≡ 1

sinξ
xm

¼fsinχ sinθ cosϕ;sinχ sinθ sinϕ;sinχ cosθ;cosχg∈S3:

ð103Þ

The nonlinear realization (99) is represented as

Ψð1;0Þ5ðΩ4Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ x5Þ
p � ð1þ x5Þ12 xmq̄m

−xmqm ð1þ x5Þ12

�
:

ð104Þ

For general representation ðp; qÞ5, the nonlinear realization
is given by

Ψðp;qÞ5ðΩ4Þ ¼ eiξ
P

4

m¼1
ymΣ

ðp;qÞ5
m5 ; ð105Þ
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which naturally generalizes the SOð3Þ case (11). It is
straightforward to check that (105) covariantly transforms
under the SOð5Þ rotations generated by Jab (91),

JabΨðp;qÞ5ðΩ4Þ ¼ Ψðp;qÞ5ðΩ4ÞΣðp;qÞ5
ab ; ð106Þ

which implies

X
a<b

Jab2Ψðp;qÞ5ðΩ4Þ ¼ Ψðp;qÞ5ðΩ4Þ
X
a<b

Σðp;qÞ5
ab

2

¼ λðp; qÞΨðp;qÞ5ðΩ4Þ: ð107Þ

In the language of ψ ½n;s�
α , Eq. (107) is translated as

X
a<b

J½n;s�ab
2ψ ½n;s�

α ¼ λðp; qÞψ ½n;s�
α : ð108Þ

Note that (108) signifies that ψ ½n;s�
α are the SOð5Þ

monopole harmonics with the eigenvalue value λðp; qÞ
in the SOð4Þ monopole background with ðIþ

2
; I−
2
Þ4 ¼

ðn
2
þ p−q

4
þ s

2
; n
2
þ p−q

4
− s

2
Þ4.

V. SOð5Þ LANDAU PROBLEM IN THE SOð4Þ
MONOPOLE BACKGROUND

We now apply the techniques of the nonlinear realization
to the SOð5Þ Landau problem in the SOð4Þ monopole
background. In the context of the Landau model, p and q
are quantities to be determined.

A. The SOð4Þ monopole and SOð5Þ Landau
Hamiltonian

Before proceeding to the SOð5Þ Landau problem, we
explain topological features of the SOð4Þ monopole gauge
field. The SOð4Þ monopole is simply introduced with
replacement of the SUð2Þ spin matrices of the Yang
monopole (37) with the SOð4Þ bi-spin matrices:

Am ¼ −
1

rðrþ x5Þ
σ
ðIþ
2
;I−
2
Þ4

mn xn; A5 ¼ 0; ð109Þ

where

σ
ðIþ
2
;I−
2
Þ4

mn ¼ ηimnS
ðIþ
2
Þ

i ⊗ 1I−þ1 þ 1Iþþ1 ⊗ η̄imnS
ðI−
2
Þ

i : ð110Þ

The SOð4Þ monopole is conformally equivalent to the
SOð4Þ instanton on R4 that is a solution of the pure Yang-
Mills field equations [10,55,56]. The SOð4Þ monopole
gauge field (109) can be expressed as

A ¼ Aadxa ¼ AðþÞ ⊕ 1I−þ1 þ 1Iþþ1 ⊗ Að−Þ; ð111Þ

where AðþÞ and Að−Þ denote the SUð2Þ monopole field and
the SUð2Þ antimonopole field, respectively,

AðþÞ ¼ −
1

rðrþ x5Þ
ηimnS

ðIþ
2
Þ

i xndxm;

Að−Þ ¼ −
1

rðrþ x5Þ
η̄imnS

ðI−
2
Þ

i xndxm: ð112Þ

The corresponding field strength, Fab ¼ ∂aAb − ∂bAaþ
i½Aa; Ab�, is derived by

Fmn ¼ −
1

r2
xmAn þ

1

r2
xnAm þ 1

r2
σ
ðIþ
2
;I−
2
Þ4

mn ;

Fm5 ¼ −F5m ¼ 1

r2
ðrþ x5ÞAm; ð113Þ

which satisfy

X
a<b

Fab
2 ¼ 1

r4
X
m<n

σ
ðIþ
2
;I−
2
Þ4

mn
2

¼ 1

2r4
ðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ1ðIþþ1ÞðI−þ1Þ:

ð114Þ

With the vierbein em of S4, Eq. (113) can be concisely
expressed as

F ¼ 1

2
Fabdxa ∧ dxb ¼

1

2
em ∧ enσ

ðIþ
2
;I−
2
Þ4

mn : ð115Þ

The SOð4Þ group hosts two invariant tensors, i.e.,
Kronecker delta symbol and Levi-Civita four-rank tensor,
which allow us to introduce two SOð4Þ gauge invariant
topological invariants [57], the (total) second Chern num-
ber and a generalized Euler number (see Appendix A for
details):

c2 ≡ 1

8π2

Z
trðF2Þ

¼ 1

8π2

Z
trðF 2Þ

¼ 1

32π2

Z
Fm1m2Fm3m4 trðσm1m2

σm3m4
Þ; ð116aÞ

c̃2 ≡ 1

8π2

Z
trðFF Þ

¼ 1

8π2

Z
trðFFÞ

¼ 1

64π2

Z
ϵm3m4m5m6Fm1m2Fm3m4 trðσm1m2

σm5m6
Þ;

ð116bÞ

where

F≡1

2
Fm1m2σm1m2

; F≡1

4
ϵm1m2m3m4Fm1m2

σm3m4
: ð117Þ
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For Fmn ¼ em ∧ en and σmn ¼ σ
ðIþ
2
;I−
2
Þ4

mn , Eq. (116) is evalu-
ated as14

c
ðIþ
2
;I−
2
Þ

2 ¼ 1

6
ðIþ þ 1ÞðI− þ 1ÞðIþðIþ þ 2Þ − I−ðI− þ 2ÞÞ;

ð121aÞ

c̃
ðIþ
2
;I−
2
Þ

2 ¼ 1

6
ðIþ þ 1ÞðI− þ 1ÞðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ:

ð121bÞ

Meanwhile, from the homotopy theorem

π3ðSOð4ÞÞ ≃ π3ðSUð2ÞÞ ⊕ π3ðSUð2ÞÞ ≃ Z ⊕ Z; ð122Þ

we can introduce two distinct second Chern numbers
corresponding to the monopole and the antimonopole,

cþ2 ¼ 1

2ð2πÞ2
Z
S4
trðF2þÞ ¼þ1

6
IþðIþ þ 1ÞðIþ þ 2Þ; ð123aÞ

c−2 ¼ 1

2ð2πÞ2
Z
S4
trðF2

−Þ ¼−
1

6
I−ðI−þ 1ÞðI−þ 2Þ; ð123bÞ

which are related to c2 (121a) and c̃2 (121b) as

c
ðIþ
2
;I−
2
Þ

2 ¼ cþ2 ðI− þ 1Þ þ c−2 ðIþ þ 1Þ;
c̃
ðIþ
2
;I−
2
Þ

2 ¼ cþ2 ðI− þ 1Þ − c−2 ðIþ þ 1Þ: ð124Þ

The second Chern number c2 essentially represents the
sum of the two monopole charges, while the generalized

Euler number c̃2 represents their difference. They may be
reminiscent of the topological invariants of (Sz conserved)
quantum spin Hall effect [37–39]; the sum of two Chern
number signifies quantized charge Hall conductance, while
their difference indicates quantized spin Hall conductance.
In the nonchiral case Iþ ¼ I− ¼ I

2
ðI ¼ 0; 2; 4; 6;…Þ,

though the second Chern number is trivial, the generalized
Euler number is finite,

c
ðI
4
;I
4
Þ

2 ¼ 0; c̃
ðI
4
;I
4
Þ

2 ¼ 1

48
IðI þ 2Þ2ðI þ 4Þ; ð125Þ

and c̃2 is the unique topological quantity of the system.
Replacing the SUð2Þ gauge field with the SOð4Þ gauge

field, we introduce the SOð5Þ angular momentum operators
in the SOð4Þ monopole background in a similar manner to
Sec. III B:

Lmn ¼ Lð0Þ
mn þ σ

ðIþ
2
;I−
2
Þ4

mn ;

Lm5 ¼ −L5m ¼ Lð0Þ
m5 −

1

rþ x5
σ
ðIþ
2
;I−
2
Þ4

mn xn: ð126Þ

With covariant angular momentum operators Λab ¼
−ixaDb þ ixbDa, we construct the SOð5Þ Landau
Hamiltonian in the SOð4Þ monopole background,

H ¼ −
1

2M
ð∂a þ iAaÞ2

����
r¼1

¼ 1

2M

X
a<b

Λab
2

¼ 1

2M

�X
a<b

Lab
2 −

X
a<b

Fab
2

�

¼ 1

2M

�X
a<b

Lab
2 −

1

2
ðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ

�
;

ð127Þ

and hence the energy eigenvalues of (127) are expressed as

E ¼ 1

2

�
λðp; qÞ − 1

2
ðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ

�
: ð128Þ

Since the gauge field was introduced as an external gauge
field that does not change its sign under the time-reversal
transformation, the Landau Hamiltonian (127) does not
respect the time-reversal symmetry even in thenonchiral case.

B. SOð5Þ Landau level eigenstates

Let us first address how the SOð5Þ Landau level
eigenstates can be identified as the nonlinear realization.

As discussed in Sec. IVA, ψ ½n;s�
α¼1;2;…;Dðp;qÞ enjoy the SOð4Þ

14For ðj;kÞ¼ð1=2;0Þ;ð0;1=2Þ;ð1=2;0Þ⊕ ð0;1=2Þ;ð1=2;1=2Þ,
the SOð4Þ matrix generators are, respectively, given by

σmn ¼
1

2
ηimnσi;

1

2
η̄imnσi;

1

2

�
ηimnσi 0

0 η̄imnσi

�
;

1

2
ηimnσi ⊗ 12 þ 12 ⊕

1

2
η̄imnσi; ð118Þ

and the topological invariants (116) are evaluated as

ðc2; c̃2Þ ¼ ð1; 1Þ; ð−1; 1Þ; ð0; 2Þ; ð0; 4Þ: ð119Þ

In deriving (121), we used the formula

trðσðj;kÞ4m1m2
σðj;kÞ4m3m4

Þ ¼ ð2jþ 1Þð2kþ 1Þ
3

ððjðjþ 1Þ þ kðkþ 1ÞÞ
× ðδm1m3

δm2m4
− δm1m4

δm2m3
Þ

þ ðjðjþ 1Þ − kðkþ 1ÞÞϵm1m2m3m4
Þ: ð120Þ
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gauge symmetry with the SOð4Þ bi-spin indices (92), which
in the context of the Landau model are identified with the
SOð4Þ monopole indices,

�
Iþ
2
;
I−
2

�
4

¼
�
n
2
þ p − q

4
þ s
2
;
n
2
þ p − q

4
−
s
2

�
4

: ð129Þ

Since n runs from 0 to q, q should be greater than or equal
to n,15 so we can define non-negative integers N for each n,

N ≡ q − n ¼ 0; 1; 2;…: ð130Þ

The non-negative integer N indicates the Landau level

index in the n sector, and then ψ ½n;s�
α¼1;2;…;Dðp;qÞ represent the

Nth Landau level eigenstates of the n sector. We will
discuss the energy levels in Sec. V C.
In the Landau problem, the SOð4Þ monopole indices, Iþ

and I−, are input parameters, and we need to specify p and
q for the given Iþ and I−. The former two conditions,
Eqs. (129) and (130), uniquely specify the SOð5Þ indices as

p ¼ N þ I − n; q ¼ N þ n; ð131Þ

where

I ≡ Iþ þ I−: ð132Þ

Since p ≥ q, Eq. (131) implies that n has an upper limit and
the range of n may be given by

n ¼ 0; 1; 2;…;MinðIþ; I−Þ: ð133Þ

We give a precise prescription for deriving the Nth
Landau level eigenstates in the n sector. We first need to

derive the SOð5Þ matrix generators, Σðp;qÞ5
ab , with ðp; qÞ5 ¼

ðN þ I − n;N þ nÞ5. That is doable by taking the matrix
elements of the SOð5Þ angular momentum operators with
Yang’s monopole harmonics as discussed in Sec. III C.
Next from the matrix generators, we construct the nonlinear
realization using the formula

ΨðΩ4Þ ¼ exp

�
iξ
X4
m¼1

ymΣ
ðp;qÞ5
m5

�����
p¼NþI−n;q¼Nþn

: ð134Þ

Finally, as indicated in Fig. 4, we extract an appropriate

block matrix from the n sector of Ψ. The components ψðnÞ
N;α

denote the Nth Landau level eigenstates in the n sector,
which are normalized as16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðp; qÞ

ðIþ þ 1ÞðI− þ 1ÞAðS4Þ

s
ψðnÞ

N;αðΩ4Þ; ð136Þ

FIG. 4. The Nth Landau level eigenstates in the n sector, ψðnÞ
N;1;ψ

ðnÞ
N;2;…;ψðnÞ

N;D, can be found as the block matrix (the blue shaded
region) in the n sector of Ψðp;qÞjp¼NþI−n;q¼Nþn.

15Recall the similar discussions in the SOð3Þ Landau model
around (25). Equation (130) is a generalization of (25).

16The connection of ψðnÞ
N;α yields the SOð4Þ monopole gauge

field (109),

A ¼ −i
XDðp;qÞ

α¼1

ψðnÞ
N;αdψ

ðnÞ
N;α

† ¼ −
1

1þ x5
σ
ðIþ
2
;I−
2
Þ4

mn xndxm: ð135Þ

Note that the A in (135) does not depend on either N or n.
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with AðS4Þ ¼ 8π2=3. Especially for the LLL (N ¼ 0) in the
n ¼ 0 sector, the eigenstates are given by the red shaded
region in Fig. 5.
Mathematical software is highly efficient in practically

deriving the nonlinear realization. Computation time will
be significantly reduced using the Euler decomposition
form of (134):

ΨðΩ4Þ ¼ HðΩ3Þ†eiξΣ45HðΩ3Þ; ð137Þ

where

HðΩ3Þ ¼ e−iχΣ34eiθΣ31eiϕΣ12 : ð138Þ

Following the above prescription, we have derived the
SOð5Þ monopole harmonics in several SOð4Þ monopole

backgrounds (see Appendix B also), and their probability
densities are depicted in Fig. 6.

C. SOð5Þ Landau levels

With (131), we may derive the energy levels of (128) as

EðnÞ
N ¼ 1

2M

�
λðp; qÞjðp;qÞ¼ðNþI−n;NþnÞ

−
1

2
ðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ

�

¼ 1

2M
ðNðN þ 3Þ þ IðN − nÞ þ nðn − 1ÞÞ

þ 1

2M
ðI þ IþI−Þ; ð139Þ

where

FIG. 5. For the SOð4Þmonopole with ðIþ
2
; I−
2
Þ, the eigenstates of the LLL in the n ¼ 0 sector are realized as the red shaded region of the

nonlinear realization ΨðI;0Þ.

FIG. 6. Probability densities of the SOð5Þ monopole harmonics. The different colored probability densities correspond to distinct
SOð5Þ monopole harmonics. For Iþ ≠ I− (the left two) each of the probability distributions is asymmetric with respect to x5 ¼ 0 in
general, while for Iþ ¼ I− (the right two) each probability distribution is symmetric with respect to x5 ¼ 0.
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N¼0;1;2;… and n¼0;1;2;…;MinðIþ;I−Þ: ð140Þ

Since all possible ðp; qÞ5 are exploited by changing N and
n in (131) for a given I, Eq. (139) exhausts all energy levels
of the SOð5Þ Landau Hamiltonian. Figure 7 schematically
depicts the energy levels of (139). The corresponding
degeneracy (31) is also derived as

DðnÞ
N ðIÞ ¼ 1

6
ðN þ nþ 1ÞðI − 2nþ 1ÞðI þ N þ 2 − nÞ

× ðI þ 2N þ 3Þ: ð141Þ

We here mentioned specific features of the energy levels.
The original Landau levels in the SUð2Þ monopole back-
ground correspond to the n ¼ 0 sector of the preset energy
levels. Indeed, for ðIþ; I−Þ ¼ ð0; IÞ and n ¼ 0, the above
formulas exactly reproduce the results of Sec. III B.
The Landau level spacing and the degeneracy depend only
on the sum I ≡ Iþ þ I− rather than both Iþ and I−.
Furthermore, the Landau level spacing does not depend
on the sector index n and is common in all of the sectors:

EðnÞ
Nþ1 − EðnÞ

N ¼ 1

2M
ð2N þ I þ 4Þ: ð142Þ

The Landau level energy monotonically lowers as n
increases,

Eðnþ1Þ
N − EðnÞ

N ¼ −
1

2M
ðI − 2nÞ ≤ 0; ð143Þ

and the minimum energy level is realized at the LLL of the
nmax ¼ MinðIþ; I−Þ sector,

Eðn¼nmaxÞ
N¼0 ¼ 1

2M
MaxðIþ; I−Þ: ð144Þ

Recovering the radius R of the S4 in (139), we take the
thermodynamic limit, I; R → ∞ with I=R2 being fixed.
From (142), we see that every Landau level spacing in all
sectors becomes identical,

EðnÞ
Nþ1 − EðnÞ

N → ω≡ I
2MR2

; ð145Þ

which is the usual Landau level spacing on a (4D) plane.

VI. NONCOMMUTATIVE GEOMETRY AND
MANY-BODY WAVE FUNCTION

Here, we investigate matrix geometries in the Landau
levels by applying the Landau level projection [5,50,51].
With the Nth Landau level eigenstates in the n sector, we
take matrix elements of the S4 coordinates,

ðXaÞαβ ¼
Z

dΩ4ψ
ðnÞ
N;α

†xaψ
ðnÞ
N;β ðα; β ¼ 1; 2;…; DðnÞ

N Þ:

ð146Þ

We introduce the ðIþ þ 1ÞðI− þ 1Þ ×DðnÞ
N ðIÞ matrix that

represents the blue shaded region in Fig. 4,

ΨðnÞ
N ≡ ðψðnÞ

N;1 ψðnÞ
N;2 � � � ψðnÞ

N;DðnÞ
N
Þ; ð147Þ

which satisfies

ΨðnÞ
N ΨðnÞ

N
† ¼ 1ðIþþ1ÞðI−þ1Þ: ð148Þ

FIG. 7. For the SOð4Þ monopole with ðIþ
2
; I−
2
Þ4, there are MinðIþ; I−Þ þ 1 sectors, each of which exhibits the Landau levels.

SOð5Þ LANDAU MODEL AND 4D QUANTUM HALL EFFECT … PHYS. REV. D 105, 065010 (2022)

065010-15



Using a DðnÞ
N ðIÞ ×DðnÞ

N ðIÞ projection matrix PðnÞ
N made

of (147)17

PðnÞ
N ≡ΨðnÞ

N
†ΨðnÞ

N ðPðnÞ
N

2 ¼ PðnÞ
N Þ; ð149Þ

we can concisely represent the matrix coordinates (146) as

Xa ¼
Z

dΩ4xaP
ðnÞ
N ; ð150Þ

which obviously signifies the projection of the S4 coor-
dinates to the level.

A. The nonchiral LLL in the n= I=2 sector

Let us first consider the nonchiral LLL eigenstates of
the nmax ¼ I=2 sector in the SOð4Þ monopole background
with ðIþ; I−Þ ¼ ðI=2; I=2Þ ðI∶evenÞ. While the second
Chern number vanishes, the zero-point energy I=ð4MÞ is
finite and the LLL degeneracy is large as given by

D
ðn¼I

2
Þ

N¼0 ðIÞ ¼ 1
24
ðI þ 2ÞðI þ 3ÞðI þ 4Þ. Therefore, even

though the second Chern number is zero, the nonchiral
SOð4Þ monopole system is not quite the same as a simple
free system without the SOð4Þ monopole. The LLL
eigenstates constitute

ðp; qÞ5 ¼
�
I
2
;
I
2

�
5

; ð151Þ

and xa are

ðp; qÞ5 ¼ ð1; 1Þ5; ð152Þ

so the SOð5Þ decomposition rule for xaψ in (146)
signifies18

ð1; 1Þ5 ⊗
�
I
2
;
I
2

�
5

¼
�
I
2
þ 1;

I
2
þ 1

�
5

⊕
�
I
2
þ 1;

I
2
− 1

�
5

⊕
�
I
2
− 1;

I
2
− 1

�
5

: ð153Þ

The LLL irreducible representation (151) does not exist on
the right-hand side of (153), and then

Xa ¼ 0: ð154Þ

An intuitive explanation for this result is as follows. For
nonchiral cases (see the right two of Fig. 6), the “center” of
every probability distribution is at the origin, and hence the
expectation values of the coordinates for such states are
expected to be zeros as in the case of the spherical
harmonics. Careful readers may derive the projection
matrix (149) and explicitly check (154) by performing
the integration (150).
For nonchiral LLL eigenstates, we explicitly computed

the Fisher information metric

gμν ¼ tr

�XD
α¼1

ð∂μψα∂νψ
†
α þ ∂νψα∂μψ

†
αÞ

− 2
XD
α;β¼1

∂μψαψ
†
αψβ∂νψ

†
β

�

¼ tr
�
∂μΨ

ðnÞ
N ∂νΨ

ðnÞ
N

† þ ∂νΨ
ðnÞ
N ∂μΨ

ðnÞ
N

†

− 2∂μΨ
ðnÞ
N ΨðnÞ

N
†ΨðnÞ

N ∂νΨ
ðnÞ
N

†
�

ðμ; ν ¼ ξ; χ; θ;ϕÞ
ð155Þ

to have

gμν ∝ diagð1; sin2ξ; sin2ξ sin2χ; sin2 ξsin2χ sin2θÞ;
ð156Þ

which is the polar coordinate metric on S4. This is the
same result as the SUð2Þ monopole case [58] whose fuzzy
geometry is the fuzzy four-sphere. The Fisher metric
reflects the information of the manifold on which the wave
functions are defined, while the matrix geometry reflects
the shapes of the wave functions also.

B. The LLL in the n= 0 sector

Next, we proceed to the matrix geometry of the LLL in
the n ¼ 0 sector with degeneracy

Dðn¼0Þ
N¼0 ðIÞ ¼ 1

6
ðI þ 1ÞðI þ 2ÞðI þ 3Þ ðI ≡ Iþ þ I−Þ;

ð157Þ

and Xa (146) are represented by Dðn¼0Þ
N¼0 ðIÞ ×Dðn¼0Þ

N¼0 ðIÞ
matrices.
For the SUð2Þ monopole ðIþ ¼ I; I− ¼ 0Þ, the previous

studies [5,58] showed the emergent matrix geometry is the
fuzzy four-sphere,

Xa ¼
1

I þ 4
ΓðIÞ
a ; ð158Þ

17The PðnÞ
N holds two eigenvalues, 1 and 0, with degeneracies,

ðIþ þ 1ÞðI− þ 1Þ and DðnÞ
N ðIÞ − ðIþ þ 1ÞðI− þ 1Þ.

18See [5] and references therein.
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where ΓðIÞ
a are fully symmetric tensor products of I SOð5Þ

gamma matrices.19 The basic properties of ΓðIÞ
a are given by

½Γa;Γb;Γc;Γd� ¼ 8ðI þ 2ÞϵabcdeΓe;

ΓðIÞ
a ΓðIÞ

a ¼ IðI þ 4Þ11
D
ðn¼0Þ
N¼0

ðIÞ
; ð160Þ

where the four bracket ½; ; ; � denotes the fully antisym-
metric combinations of the four quantities inside the
bracket,

½Γa;Γb;Γc;Γd�≡
X
σ

sgnðσÞΓσðaÞΓσðbÞΓσðcÞΓσðdÞ: ð161Þ

For the SOð4Þ monopole background with index
ðIþ
2
; I−
2
Þ4, we explicitly evaluate Xa (150) using several

low dimensional representations. From the obtained results,
we deduce that the matrix geometry in the SOð4Þmonopole
background becomes

Xa ¼
Iþ − I−
IðI þ 4ÞΓ

ðIÞ
a : ð162Þ

This naturally generalizes the original result (158). Notice
that the matrix size of Xa depends only on the sum of the
SOð4Þ bi-spin indices while the overall coefficient depends
on the difference of the SOð4Þ bi-spin indices. The matrix
coordinates (162) satisfy the quantum Nambu geometry of
the fuzzy four-sphere,

½Xa; Xb; Xc; Xd� ¼ ðI þ 2Þ
�
2ðIþ − I−Þ
IðI þ 4Þ

�
3

ϵabcdeXe; ð163Þ

and the radius is

XaXa ¼
ðIþ − I−Þ2
IðI þ 4Þ 1

Dðn¼0Þ
N¼0

ðIÞ: ð164Þ

Equation (164) implies that the monopole and antimono-
pole oppositely contribute to the radius of the fuzzy four-
sphere, and notably at the nonchiral case Iþ ¼ I−, the
radius apparently vanishes. The Fisher metric is again given
by the classical four-sphere metric (156).

C. 4D quantum Hall wave function

The noncommutative geometry is the underlying geom-
etry of the quantum Hall effect and governs the LLL

physics [59–61]. As the LLL geometry in the n ¼ 0 sector
is given by the fuzzy four-sphere geometry the same as the
original 4D quantum Hall effect, a Laughlin-like many-
body wave function is expected to be realized in the present
system. Recall that in the original 4D quantum Hall effect
[4], the many-body wave function is constructed as themth
power of the Slater determinant,

ΨðmÞðx1; x2;…; xDÞ ¼ ΨSlatðx1; x2;…; xiDÞm; ð165Þ

where

ΨSlatðx1; x2;…; xDÞ ¼ ϵi1i2���iDψ1ðxi1Þψ2ðxi2Þ � � �ψDðxiDÞ:
ð166Þ

The symbolm is taken to be an odd integer due to the Fermi
statistics. The right-hand side of (166) is the tensor products
of the Yang’s LLL monopole harmonics with degeneracy
D ¼ 1

6
ðI þ 1ÞðI þ 2ÞðI þ 3Þ. Since Yang’s LLL monopole

harmonics are given by the symmetric products of the
SOð5Þ fundamental spinors, it is legitimate to adoptΨðmÞ as
a Laughlin-like many-body function [4]. We see that the
power of each one-particle state is equally given by mI,
which implies the corresponding SUð2Þmonopole index to
be m I

2
.

In the same spirit, we construct a Laughlin-like many-
body wave function for the LLL of the n ¼ 0 sector in the
SOð4Þ monopole background with indices,�

m
Iþ
2
; m

I−
2

�
4

: ð167Þ

The filling factor is given by

ν ¼ Dðn¼0Þ
N¼0 ðIþ þ I−Þ

Dðn¼0Þ
N¼0 ðmIþ þmI−Þ

�!IþþI−→∞ 1

m3
: ð168Þ

It is straightforward to derive the Slater determinant wave
function at filling ν ¼ 1 using the LLL monopole harmon-
ics in the n ¼ 0 sector. The obtained Slater determinant is a
singlet under the SOð5Þ rotations and represents a uni-
formly distributed noninteracting many-body state on a
four-sphere. However, in the construction of the Laughlin
wave function, the situation is rather involved; powers
of the Slater determinant are not generally confined in the
LLL. This is because the LLL one-particle states in the
SOð4Þ monopole background are not simply given by
homogeneous polynomials unlike the original SUð2Þ case.
Therefore, we have to implement the projection to the LLL,

ΨðmÞðx1; x2;…; xDÞ ¼ PLLLΨSlatðx1; x2;…; xiDÞm; ð169Þ

where PLLL denotes the projection operator constructed by

19In particular,

ΓðI¼1Þ
m ¼

�
0 q̄m

qm 0

�
¼ γm; ΓðI¼1Þ

5 ¼
�
12 0

0 −12

�
¼ −γ5:

ð159Þ
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PLLL ¼
X
singlet

jsingletihsingletj: ð170Þ

The states jsingleti signify the SOð5Þ singlets made of the

Dðn¼0Þ
N¼0 ðIÞ tensor products of the LLL monopole harmonics

in the n ¼ 0 sector with the SOð4Þ background of indices
(167). Applying the projection operator, we extract the
LLL components of the mth power of the Slater deter-
minant not ruining the SOð5Þ symmetry. In this way, we
can construct a Laughlin-like many-body ground state at
filling (168).

VII. RELATIVISTIC SOð5Þ LANDAU MODEL

We explore the relativistic version of the SOð5Þ
Landau model for a spinor particle and demonstrate the
Atiyah-Singer index theorem for the SOð4Þ monopole
gauge field.

A. Synthetic gauge field and the
relativistic Landau levels

With

ωmn ¼
1

1þ x5
ðxmdxn − xndxmÞ; ð171Þ

the spin connection of S4 is given by20

ω ¼ 1

2
ωmnðσð

1
2
;0Þ4

mn ⊕ σ
ð0;1

2
Þ4

mn Þ; ð173Þ

and the SOð4Þ monopole gauge field (109) is

A ¼ 1

2
ωmnσ

ðIþ
2
;I−
2
Þ4

mn : ð174Þ

The relativistic SOð5Þ Landau model describes a spinor
particle on S4, which interacts with the SOð4Þ gauge field
and the spin connection as well, and so their synthetic
connection is the concern

A≡ ω ⊗ 1ðIþþ1ÞðI−þ1Þ þ 14 ⊗ A: ð175Þ

The Dirac-Landau operator on S4 is constructed as

−i=D ¼ −iγmemμð∂μ þ iAμÞ; ð176Þ

where μ denote the local coordinates on S4, such
as ξ; χ; θ;ϕ.

Since the coordinate-dependent parts of ω and A are
identical (171),21 the synthetic gauge field is simply
obtained by taking the tensor product of the SOð4Þmatrices
of (173) and (174). According to the SOð4Þ decomposition
rule22��

1

2
; 0

�
4

⊕
�
0;
1

2

�
4

�
⊗

�
Iþ
2
;
I−
2

�
4

¼
�
Iþ
2
þ 1

2
;
I−
2

�
4

⊕
�
Iþ
2
;
I−
2
þ 1

2

�
4

⊕
�
Iþ
2
−
1

2
;
I−
2

�
4

⊕
�
Iþ
2
;
I−
2
−
1

2

�
4

;

we see that the synthetic connection consists of the four
sectors:

AðIþ
2
;I−
2
Þ4 ¼AðIþ

2
þ1

2
;I−
2
Þ4 ⊕AðIþ

2
;I−
2
þ1

2
Þ4 ⊕AðIþ

2
−1
2
;I−
2
Þ4 ⊕AðIþ

2
;I−
2
−1
2
Þ4 :

ð179Þ

A standard way for deriving the spectra of the Dirac-
Landau operator is to take its square and make use of the
results of the corresponding nonrelativistic Landau prob-
lem. The formula is given by [6,62]

ð−i=DÞ2 ¼
X
a<b

Lab
2 −

X
a<b

Fab
2 þ 1

4
RS4 : ð180Þ

The symbol RS4 ¼ 6 is the scalar curvature of S4, and Lab
denote the angular momentum operators with the synthetic
gauge field

Lab ¼ −ixað∂b þ iAbÞ þ ixbð∂a þ iAbÞ þ r2F ab; ð181Þ

where F ab ¼ ∂aAb − ∂bAa þ i½Aa;Ab�. The operators
Lab are just the familiar SOð5Þ angular momentum
operators with the SOð4Þ monopole gauge field of the
indices ðIþ

2
; I−
2
Þ. We apply the results of Sec. V C to derive

the spectra

20The matrices of (173) are

σ
ð1
2
;0Þ4

mn ¼ 1

2
ηimnσi; σ

ð0;1
2
Þ4

mn ¼ 1

2
η̄imnσi: ð172Þ

21Recall that we have chosen the gauge group as the holonomy
group of S4.

22Since SOð4Þ ≃ SUð2Þ ⊗ SUð2Þ, we can apply the SUð2Þ
decomposition rule to each of the SUð2Þ s:

ðj; kÞ4 ⊗ ðj0; k0Þ4 ¼ ⨁
jþj0

J¼jj−j0 j
⨁
kþk0

K¼jk−k0 j
ðJ; KÞ4 ð177Þ

or

σðj;kÞ4mn ⊗ 1ð2j0þ1Þð2k0þ1Þ þ 1ð2jþ1Þð2kþ1Þ ⊗ σðj
0;k0Þ4

mn

¼ σðj⊗j0;k⊗k0Þ4
mn ¼ ⨁

jþj0

J¼jj−j0 j
⨁
kþk0

K¼jk−k0 j
σðJ;KÞ4
mn : ð178Þ
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ð−i=DÞ2 ¼ λðp; qÞ − 1

2
ðIþðIþ þ 2Þ þ I−ðI− þ 2ÞÞ þ 3

2
≥ 0:

ð182Þ

Similar to (131), the SOð5Þ indices p and q are given by

p ¼ N þ I − n; q ¼ N þ n; ð183Þ

where

I ≡ Iþ þ I−; n ¼ 0; 1; 2;…;MinðIþ; I−Þ: ð184Þ

In the first two cases of (179), we have I ¼ Iþ þ I− þ 1 ¼
I þ 1, and then

−i=D ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN þ 3Þ þ ðI þ 1ÞðN − nÞ þ nðn − 1Þ þ 2I þ IþI− þ 4

p
; ð185Þ

in which each of the positive and negative Landau levels holds the same degeneracy

DðN þ I þ 1 − n;N þ nÞ ¼ 1

6
ðN þ nþ 1ÞðI − 2nþ 2ÞðI þ N þ 3 − nÞðI þ 2N þ 4Þ: ð186Þ

The minimum energy eigenvalue in magnitude is achieved at N ¼ 0, n ¼ MinðIþ; I−Þ to yield j − i=Dj ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MaxðIþ; I−Þ þ 4

p
, and the spectra (185) do not realize zero modes. Meanwhile in the last two cases of (179), we

have I ¼ Iþ þ I− − 1 ¼ I − 1;

−i=D ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðN þ 3Þ þ ðI − 1ÞðN − nÞ þ nðn − 1Þ þ IþI−

p
; ð187Þ

in which each of the positive and negative Landau levels
of (187) holds the same degeneracy

DðN þ I − 1 − n;N þ nÞ

¼ 1

6
ðN þ nþ 1ÞðI − 2nÞðI þ N þ 1 − nÞðI þ 2N þ 2Þ:

ð188Þ

For fixed N, n, Iþ, and I−, the eigenvalues of (187) are
smaller than those of (185) in magnitude and realize zero
modes at N ¼ 0, n ¼ nmax ¼ MinðIþ; I−Þ.

B. Zero modes and the Atiyah-Singer index theorem

The Atiyah-Singer index theorem signifies equality
between the zero-mode number and the Chern number.23

For the present system, the Atiyah-Singer index theorem
may be expressed as

indð−i=DÞ≡ dimKerð−i=DþÞ − dimKerð−i=D−Þ ¼ c2;

ð189Þ

where =D� are defined as

=D� ¼ 1

2
ð1� γ5Þ=D ð190Þ

and c2 is the second Chern number of the SOð4Þ monopole
(121a). We evaluate the left-hand side of (189) to vali-
date (189).
For Iþ > I−, the zero modes are realized as those

of −i=Dþ in ðIþ
2
; I−
2
Þ ¼ ðIþ−1

2
; I−
2
Þ at N ¼ 0 and

n ¼ MinðIþ; I−Þ ¼ I−. We then find dimKerð−i=DþÞ ¼
DðIþ − 1; I−Þ and dimKerð−i=D−Þ ¼ 0:

indð−i=DÞ ¼ DðIþ − 1; I−Þ

¼ 1

6
ðIþ þ 1ÞðI− þ 1ÞðIþ þ I− þ 2ÞðIþ − I−Þ: ð191Þ

Similarly for Iþ < I−, the zero modes are realized as
those of −i=D− in ðIþ

2
; I−
2
Þ ¼ ðIþ

2
; I−−1

2
Þ at N ¼ 0 and

n¼MinðIþ;I−Þ¼ Iþ. We then have dimKerð−i=DþÞ¼0
and dimKerð−i=D−Þ ¼ DðI− − 1; IþÞ ¼ −DðIþ − 1; I−Þ,
and so indð−i=DÞ ¼ DðIþ − 1; I−Þ, which yields (191)
again. Finally, in the case Iþ ¼ I− ¼ I

2
ðI ¼ 2; 4; 6;…Þ,

the LLL of the nmax ¼ I
2
− 1 sector (187) does not realize

the zero modes (ð−i=DÞ¼�1≠0), i.e., dimKerð−i=DÞ ¼ 0,
which is also realized at Iþ ¼ I− in (191). After all, for
arbitrary SOð4Þ indices, Eq. (191) generally holds and the
most right-hand side is exactly equal to the second Chern
number (121a). This obviously demonstrates the Atiyah-
Sinder index theorem.

VIII. SUMMARY AND DISCUSSIONS

In this work, we fully solved the SOð5Þ Landau problem
in the SOð4Þ monopole background and explored non-
commutative geometry and 4D quantum Hall effect. For the

23Since the Dirac genus of sphere is trivial, we only need to
take into account the Chern number in (189).
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SOð4Þ monopole with a bi-spin index, ðIþ
2
; I−
2
Þ, we dem-

onstrated that the SOð5Þ Landau model is endowed with
MinðIþ; I−Þ sectors, each of which hosts the Landau levels
whose level spacing is determined by the sum of the SOð4Þ
bi-spins (Fig. 7). It was shown that the Nth Landau level
eigenstates in the n sector can be obtained as a block matrix
of the nonlinear realization (the blue shaded block matrix in
Fig. 4) with

ðp; qÞ5 ¼ ðN þ Iþ þ I− − n;N þ nÞ5: ð192Þ

The matrix geometry of the LLL in the n ¼ 0 sector was
identified as the fuzzy four-sphere whose radius is deter-
mined by the difference between the SOð4Þ bi-spin indices,
while the matrix geometry of the nonchiral case is trivial.
The classical S4 geometry was recovered as the Fisher
information metric in any cases. We constructed the Slater
determinant from the newly obtained monopole harmonics
and derive a Laughlin-like many-body wave function in the
SOð4Þ monopole background by applying the LLL
projection. We also investigated the SOð5Þ relativistic
Landau model and derived the relativistic spectrum and
the degeneracy. The number of the zero modes exactly
coincides with the second Chern number of the SOð4Þ
monopole as anticipated by the Atiyah-Singer index
theorem.
The SOð4Þ monopole is quite unique for its gauge group

being the only semisimple group among the SOðnÞ groups,
which endows the present system with a particular multi-
sector structure of the Landau levels. It may be interesting
to speculate experimental realizations of the present model
in real condensed matter systems of synthetic dimensions.
Of particular interest will be the nonchiral case Iþ ¼ I−,
in which the second Chern number vanishes while the
generalized Euler number does not and its physical
implications have not been understood yet. There are many
to be clarified in the present model itself, such as edge
modes, effective field theory, and extended excita-
tions. More explorations will be beneficial not only for
further understanding of higher dimensional topological
phases but also for noncommutative geometry and string
theory.
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APPENDIX A: THE PONTYAGIN NUMBER AND
THE EULER NUMBER

On the 4D manifold, the (first) Pontryagin number P1

and the Euler number χ4 are introduced as [57]

P1ðM4Þ ¼ 1

8π2

Z
M4

Rm1m2Rm1m2

¼ 1

32π2

Z
M4

Rm1m2Rm3m4 trðXm1m2
Xm3m4

Þ; ðA1aÞ

χ4ðM4Þ¼ 1

32π2

Z
M4

ϵm1m2m3m4Rm1m2
Rm3m4

¼ 1

128π2

Z
M4

ϵm3m4m5m6Rm1m2Rm3m4
trðXm1m2

Xm5m6
Þ;

ðA1bÞ

where Rm1m2 stand for the curvature two-form of the
manifold and Xm1m2

denote the SOð4Þ adjoint representa-
tion matrices:

ðXm1m2
Þm3m4

≡ −iδm1m3
δm2m4

þ iδm1m4
δm2m3

: ðA2Þ

The topological quantities for the gauge field (116) are
generalizations of (A1) by replacing the curvature two-
form of the adjoint representation matrices with the field
strength of arbitrary representation matrices.
For spheres Sd, we have

Rmn ¼ em ∧ en; ðA3Þ

and (A1) becomes

P1ðS4Þ ¼ 0; χ4ðS4Þ ¼ 2: ðA4Þ

Equation (A4) is realized as a special case of (121) for
the SOð4Þ vector representation ðIþ

2
; I−
2
Þ ¼ ð1

2
; 1
2
Þ. This is

because Xm1m2
(A2) are unitarily equivalent to σ

ð1
2
;1
2
Þ4

m1m2
(70):

σ
ð1
2
;1
2
Þ4

m1m2
¼ U†Xm1m2

U; U ¼ 1ffiffiffi
2

p

0
BBB@

1 0 0 −1
i 0 0 i

0 −1 −1 0

0 i −i 0

1
CCCA:

ðA5Þ

Consequently,

P1ðS4Þ ¼ c
ð1
2
;1
2
Þ

2 ; χ4ðS4Þ ¼
1

2
c̃
ð1
2
;1
2
Þ

2 : ðA6Þ

APPENDIX B: NONCHIRAL SOð5Þ MONOPOLE
HARMONICS

For a better understanding, we derive several SOð5Þ
monopole harmonics. We represent the nonlinear realiza-
tion matrix (104) as
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Ψð1;0Þ5 ¼

0
B@ ψ

½0;1
2
�

1 ψ
½0;1

2
�

2 ψ
½0;1

2
�

3 ψ
½0;1

2
�

4

ψ
½0;−1

2
�

1 ψ
½0;−1

2
�

2 ψ
½0;−1

2
�

3 ψ
½0;−1

2
�

4

1
CA: ðB1Þ

The upper column quantities, ψ
½0;1

2
�

1 ;ψ
½0;1

2
�

2 ;ψ
½0;1

2
�

3 ;ψ
½0;1

2
�

4 ,
denote the fourfold degenerate LLL eigenstates in the
SUð2Þ monopole background ðIþ

2
; I−
2
Þ ¼ ð1

2
; 0Þ:

ψ
½0;1

2
�

1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x5

2

r �
1

0

�
¼

�
cos ξ

2

0

�
;

ψ
½0;1

2
�

2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x5

2

r �
0

1

�
¼

�
0

cos ξ
2

�
;

ψ
½0;1

2
�

3 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p �
x4 þ ix3
−x2 þ ix1

�

¼
�
sin ξ

2
ðcos χ þ i sin χ cos θÞ
i sin ξ

2
sin χ sin θeiϕ

�
;

ψ
½0;1

2
�

4 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p �
x2 þ ix1
x4 − ix3

�

¼
�

i sin ξ
2
sin χ sin θe−iϕ

sin ξ
2
ðcos χ − i sin χ cos θÞ

�
; ðB2Þ

while the lower column quantities, ψ
½0;−1

2
�

1 ;ψ
½0;−1

2
�

2 ;ψ
½0;−1

2
�

3 ;

ψ
½0;−1

2
�

4 , represent the fourfold degenerate LLL eigenstates in
the SUð2Þ antimonopole background ðIþ

2
; I−
2
Þ ¼ ð0; 1

2
Þ:

ψ
½0;−1

2
�

1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p �−x4 þ ix3
−x2 þ ix1

�

¼
�− sin ξ

2
ðcos χ − i sin χ cos θÞ

i sin ξ
2
sin χ sin θeiϕ

�
;

ψ
½0;−1

2
�

2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ x5Þ

p �
x2 þ ix1
−x4 − ix3

�

¼
�

i sin ξ
2
sin χ sin θe−iϕ

− sin ξ
2
ðcos χ þ i sin χ cos θÞ

�
;

ψ
½0;−1

2
�

3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x5

2

r �
1

0

�
¼

�
cos ξ

2

0

�
;

ψ
½0;−1

2
�

4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x5

2

r �
0

1

�
¼

�
0

cos ξ
2

�
: ðB3Þ

Following the prescription in the main text, we can derive
the tenfold degenerate LLL SOð5Þ eigenstates in the n ¼ 0

sector of the SOð4Þ background ðIþ
2
; I−
2
Þ4 ¼ ð1

2
; 1
2
Þ4. From

the nonlinear realization matrix of ðp; qÞ5 ¼ ð2; 0Þ5, we
have

ψ ½0;0�
ð1;1Þ ¼

1ffiffiffi
2

p

0
BBB@

− sin ξðcos χ − i sin χ cos θÞ
i sin ξ sin χ sin θeiϕ

0

0

1
CCCA;

ψ ½0;0�
ð1;2Þ ¼

1

2

0
BBB@

i sin ξ sin χ sin θe−iϕ

− sin ξðcos χ þ i sin χ cos θÞ
− sin ξðcos χ − i sin χ cos θÞ

i sin ξ sin χ sin θeiϕ

1
CCCA;

ψ ½0;0�
ð3;3Þ ¼

1ffiffiffi
2

p

0
BBB@

0

0

i sin ξ sin χ sin θe−iϕ

− sin ξðcos χ þ i sin χ cos θÞ

1
CCCA;

ψ ½0;0�
ð1;3Þ ¼

0
BBB@

cos2 ξ
2
− sin2 ξ

2
ðcos2χ þ sin2χcos2θÞ

isin2 ξ
2
sin χ sin θðcos χ þ i sin χ cos θÞeiϕ

−isin2 ξ
2
sin χ sin θðcos χ − i sin χ cos θÞeiϕ
−sin2 ξ

2
sin2χsin2θe2iϕ

1
CCCA;

ψ ½0;0�
ð1;4Þ ¼

0
BBB@

−isin2 ξ
2
sin χ sin θðcos χ − i sin χ cos θÞe−iϕ
cos2 ξ

2
− sin2 ξ

2
sin2χsin2θ

−sin2 ξ
2
ðcos χ − i sin χ cos θÞ2

isin2 ξ
2
sin χ sin θðcos χ − i sin χ cos θÞeiϕ

1
CCCA;

ψ ½0;0�
ð2;3Þ ¼

0
BBB@

isin2 ξ
2
sin χ sin θðcos χ þ i sin χ cos θÞe−iϕ
−sin2 ξ

2
ðcos χ þ i sin χ cos θÞ2

cos2 ξ
2
− sin2 ξ

2
sin2χsin2θ

−isin2 ξ
2
ðcos χ þ i sin χ cos θÞ sin χ sin θ

1
CCCA;

ψ ½0;0�
ð2;4Þ ¼

0
BBB@

−sin2 ξ
2
sin2χsin2θe−2iϕ

−isin2 ξ
2
sin χ sin θðcos χ þ i sin χ cos θÞe−iϕ

isin2 ξ
2
sin χ sin θðcos χ − i sin χ cos θÞe−iϕ

cos2 ξ
2
− sin2 ξ

2
ðcos2χ þ sin2χcos2θÞ

1
CCCA;

ψ ½0;0�
ð3;3Þ ¼

1ffiffiffi
2

p

0
BBB@

sin ξðcos χ þ i sin χ cos θÞ
0

i sin ξ sin χ sin θeiϕ

0

1
CCCA;

ψ ½0;0�
ð3;4Þ ¼

1

2

0
BBB@

i sin ξ sin χ sin θe−iϕ

sin ξðcos χ þ i sin χ cos θÞ
sin ξðcos χ − i sin χ cos θÞ

−i sin ξ sin χ sin θeiϕ

1
CCCA;

ψ ½0;0�
ð4;4Þ ¼

1ffiffiffi
2

p

0
BBB@

0

i sin ξ sin χ sin θe−iϕ

0

sin ξðcos χ − i sin χ cos θÞ

1
CCCA: ðB4Þ
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Equation (B4) is realized as a symmetric combination of
the direct products of the monopole harmonics (B2) and the
antimonopole harmonics (B3):

ψ ½0;0�
ðα;βÞ ¼

�
1ffiffiffi
2

p
�

δαβ�
ψ

½0;1
2
�

α ⊗ ψ
½0;−1

2
�

β þ ψ
½0;1

2
�

β ⊗ ψ
½0;−1

2
�

α

�
ðα; β ¼ 1; 2; 3; 4Þ: ðB5Þ

With the SOð5Þ charge conjugation matrix

C ¼

0
BBB@

0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0

1
CCCA; ðB6Þ

we see that (B5) is equivalent to ðCΣð1;0Þ5
ab Þαβψ ½1

2
;0�

α ⊗ ψ
½0;1

2
�

β .
In (B5), the monopole and antimonopole harmonics

equivalently contribute to the nonchiral monopole harmon-
ics. In the group theory point of view, Eq. (B5) corresponds
to the symmetric ð2; 0Þ5 representation made of two ð1; 0Þ5
representations. Since the monopole harmonics and anti-
monopole harmonics, respectively, have the SUð2Þ gauge
symmetry, their tensor products (B5) enjoy the SUð2Þ ⊗
SUð2Þ ≃ SOð4Þ gauge symmetry. In general, the LLL
nonchiral monopole harmonics in the n ¼ 0 sector of the
SOð4Þ monopole background ðI

4
; I
4
Þ4 ðI∶even integersÞ can

be obtained as the symmetric representation of the tensor
product of two LLL monopole harmonics of the SUð2Þ
monopole background ðI

4
; 0Þ4 and the antimonopole back-

ground ð0; I
4
Þ4:

�
I
2
; 0

�
5

⊗
�
I
2
; 0

�
5

→ ðI; 0Þ5: ðB7Þ
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